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Structural charact er istics of transitionally rough and fully rough turbulent boundary 
layers are pr esented. These were measured in flows at different roughness Reynolds 
numbers dev eloping over uniform spheres roughness . Inner regions of the longitudinal 
component of normal Reynolds stress profiles and log regions of mean profiles 
continuously change in the transitionally rough regime, as the roughness Reynolds 
number , R e1,;, varies. These properties asymptotically approach fully rough behaviour 
as Rek increa ses, and smooth behaviour at low R ek. Profiles of other Reynolds-str ess 
tensor components, turbulence kinetic energy, turbulence-kinetic-energy production , 
and the turbulence-kinetic-energy dissipation are also given, along with appropriate 
scaling va riab les. Fully rough, one-dimensional spectra of longitudinal velocity 
fluctuation s from boundary-layer inner regions are similar to smooth-wall results for 
k1 y > 0.2 when non-dimensionalized using distanc e from the wally as the length sca le, 
and (r / p )½ as the velocity scale, where T is local shear stress, p is static density , and 
k1 is one-dimensional wavenumber in th e flow direction. 

1. Introduction 
Transitionally rough turbulent boundary layers exist for the rang e of roughness 

Reynolds numbers between smooth and fully rough flow regimes. The roughn ess 
Reynolds numb er , R ek, is defined as the ratio of the equivalent sandgrain roughness 
height , k5 , to viscous length, v/U 7 • Rek may also be viewed as the non-dimensional 
sandgrain roughness height in y+ coordinat es, where y+ = yU 7 /v, with Ur equal to 
the friction velocity , y the normal dista nce from the wall, and v the kinematic 
viscosity. Consequently, the magnitude of Re1,; may be compared to the y+ region 
where viscous stresses are important , which is ordinaril y at th e outer edge of the buffer 
zone, say y+ ~ 40. \Vhen R ek is much less than 40 (Rek < 5-10), wall roughness does 
not affect th e viscous-stress region , the viscous sublayer is totally intact and 
undisturbed , and th e flow is 'smoo th '. In boundary layers where Jiek is greater than 
40 (Rek > 55-90) , viscous effects are negligible and the flow is ' fully rough'. When 
the viscous sublayer is only partially altered by the presence of roughne ss, the flow 
is ' tran sitionally rough '. Her e, both bluff-body-form drag, and viscosity influence the 
near -wall flow, and log regions of mean-velocity profil es show dep endence on both 
v/Ur and k5 , where the former quantity is more important as 's mooth ' flow is 
approached, and the latt er, near ' fully rough' flow conditions. 

Of studies of the structure of boundary layers dev eloping over rough surfaces, Grass 
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(1971) employed flow visualization to elucidate features of the ejection-sweep cycle 
of events. He observed that ejection of low-speed fluid away from walls and the 
subsequent inrush of high-speed fluid toward walls are a common flow structure 
regardless of boundary-roughness condition. Differences in structure result as different 
dominant mod es of instability prevail for different wall roughnesses. Liu, Kline & 
Johnston (1966) also used flow visualization, but studied boundary-layer flow over 
d-type roughness consisting of square bars. Perry, Schofield & Joubert (1969) , Wood 
& Antonia ( 197 5), and others have also studied boundary layers developing over d-type 
roughness. The differences between d-type and k-type wall roughness ar e most 
apparent in pipe flows: wall roughness is d-type rather than k-type when flow 
properties scale on pipe diameter instead of roughness size. 

Pimenta, Moffat & Kays (1975) and Coleman, Moffat & Kays (1977) studied 
characteristics of boundary layers developing over the same k-type rough surface used 
in the present study: coplanar uniform spheres packed in the most dense array. 
Coleman focused on fully rough layers with acceleration, whereas Pimenta studied 
zero-pressure-gradient flows, both with and without transpiration. Pimenta showed 
that normalized profiles of the longitudinal component of turbulence intensity in fully 
rough layers had different shapes to transitionally rough profiles measured at one 
freestream velocity. 

Antonia & Luxton (1971) present energy balances for the turbulent kinetic energy 
and mean flow. From the former, the authors indicate that a large-eddy diffusion 
process may be relevant: large energy loss by diffusion from the inner layer being 
consistent with high turbulence intensity observed in the outer layer. Schetz & Nerney 
(1977) found that profiles of longitudinal-turbulence intensity normaliz ed with 
respect to the free-stream velocity increase with either surface roughness or injection 
rate in a study of flow near the surface of an axisymmetric body. Andreopoulos & 
Bradshaw (1981) present Reynolds-stress-tensor component profiles and triple-
product profiles in smooth and fully rough boundary layers. According to these 
authors, within 3-5 roughness heights, normalized triple products are larger in fully 
rough flows than in flows over smooth surfaces. 

Recent studies of spectra measur ed in flows developing over rough surfaces have 
been made by Perry & Abell (1977) , Champagne (1978) , and Sabot , Saleh & 
Comte-Bellot (1977). Perry & Abell (1977) studied flow in pipes with hexagonal weave 
roughness, and showed that, for y+ > 100, rough -wall spectra can be predicted from 
smooth-wall results by properly scaling the measurements. Champagne (1978) made 
measurements in a variety of flows, including atmospheric boundary layers developing 
over surfaces with known roughness characteristics. He demonstrated that fine-scale 
structures of turbulent velocity fields are consistent with Kolmogorov's normalized 
spectral shapes when compared at appropriate values of the turbulence Reynolds 
number Re).. Sabot et al. (1977) report the results of a study of the effects of roughness 
on the intermittent maintenance of Reynolds shear stress in pipe flow. In their paper, 
the authors indicate that the mean shear stress is maintained primarily by ejection 
events . When compared with smooth-wall flows, ejection in rough-wall-pipe flows 
have larger mean periods of occurrence, larger mean time duration and lengthscale, 
and larger negative instantaneous shear-stress peaks. 

The present paper describes measurements in transitionally rough and fully rough 
turbulent boundary layers over a range ofroughness Reynolds numbers. In §2, details 
of the experimental facility and measurement techniques are given. In § 3, attention 
is focused on the behaviour of hydrodynamic and thermal log region mean-profile 
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shifts. In §4, profiles of turbulence kinetic energy, turbulence kinetic-energy 
production, and the Reynolds-stress-tensor components are presented and discussed. 
Results from the present study are also related to other workers' observations of the 
ejection-sweep cycle of events. Section 5 contains a discussion of one-dimensional 
spectra, which allow conclusions to be drawn regarding spectral shapes in boundary 
layers developing over rough and smooth walls. Finally, concluding remarks are 
presented in §6. 

2. Experimental facility and techniques 
The wind tunnel used was the HMT roughness rig described by Pimenta et al. ( 197 5), 

Ligrani, Moffat & Kays (1979), and also by Coleman et al. (1977) , who provide a 
photograph of the rough surface. The test surface of the facility is 2.44 m long and 
consists of 24 plates, which can be electrically heated individually to maintain given 
temperature or transpiration boundary conditions. Each plate consists of 11 layers 
of 1.27 mm diameter oxygen-free, high-conductivity copper spheres packed in the 
most dense array and brazed together. According to Schlichting's (1968) tabulations 
for various sizes and shapes of roughness, the uniform spheres roughness has an 
equivalent sandgrain roughness size of 0.79 mm. Using fully rough velocity-profiles 
information , this was confirmed by Pimenta et al. (1975). The wind tunnel is 
closed-circuit, with a Plexiglas top wall which is flexible for alteration of free-stream 
velocity. For the present tests the top wall was adjusted to produce a zero pressure 
gradient along the test surface to within 0.5 mm of water for free-stream velocities 
from 10.1 m/s to 27.8 m/s. With devices which may be installed just upstream of the 
test section, the boundary layers in the wind tunnel may be artificially thickened 
(Ligrani & Moffat 1979; Ligrani, Moffat & Kays 1983). These devices were employed 
in the present study to produce layers having momentum thickness greater than 
0.70 cm. 

Experimental results are given for five different free-stream velocities. For the 
range of boundary thicknesses examined, transitionally rough behaviour exists at 
free-stream velocities of 10.1, 15.8 and 20.5 m/s, and fully rough behaviour exists 
when the free-stream velocity equals 26.8, and 39.5 m/s. Thus , in contrast to Grass' 
study where Re1c was altered by changing roughness size, Re1c is altered in the present 
study by changing the free-stream velocity. Experimental conditions for the presented 
Reynolds-stress-tensor component profiles are tabulated in table 1, where U00 is the 
mean free-stream velocity, o2 is the momentum thickness, Re8, is the momentum-
thickness Reynolds number, and Ur is the friction velocity. Apparent downstream 
locations, determined from momentum-thickness measurements (Ligrani et al. 1979), 
are denoted x2 and are also given in table 1. 

The wall heat flux was determined by energy balances on each segment of the plate. 
The power input to each segment was measured and then losses were subtracted to 
determine magnitudes due to convection on one side of a plate. Test-surface segments 
in the wind tunnel are each instrumented with thermocouples for wall-temperature 
measurements and energy-balance calculations. For all heat-transfer measurements, 
the wall temperature was maintained uniform within ±0.1 °C, with free-stream to 
wall temperature differences of approximately 20 °C. Mean fluid temperatures were 
measured using a chromel-constantan thermocouple mounted on a traversing 
mechanism with a micrometer for adjustment of probe positions from the wall. 
Free-stream temperatures were measured using an iron-constantan thermo-
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Symbol U00 (m/s) 82 (cm) Re" Ret, V, (m/s) X 2 (m) 

• 26.8 0.56 63.0 9570 1.247 1.78 ,.. 20.4 0.52 46.7 6710 0.940 1.78 ... 15.8 0.53 36.7 5440 0.722 1.78 
• 10.1 0.50 22.8. 3310 0.425 1.78 
0 26 .8 1.08 61.4 18700 1.206 4.61 
'v 20.4 1.03 44.4 13590 0.879 4 .66 
8 15.8 1.03 34.6 10650 0.680 4.75 

• 10.1 0.95 20.5 6310 0.393 4.64 

TABLE 1. Summary of measurem ent conditions 

couple probe. All temperature probes were calibrated in a Rosemount ~fodel 910A 
Temperature Calibration Oil Bath, using Hewlett-Packard :Model 2801.A Quartz 
Thermometer as a standard. 

Loca l skin-friction coefficients were determined from the Reynolds shear stresses 
and mean velocities, measured in th e near-wall region, using 

l _(-u 'v' )y _v_aul U(y)~r __ l_~r 2 2c, - u2 + u2 A + u2 A u dy u2 a u dy , 
oo oo ay y oo GX o oo X o 

where -u'v ' is the Reynolds shear stress, and U is mean velocity , wher e subscript 
oo denotes free stream. This equation was derived using the boundary-layer equation 
integrated from the wall to the posit ion y. The distance above the crests of the 
roughness clements used for determination of ½C1 was 0.330 cm due to limitations on 
hot-wire probe size. For all cases investigated, -u'v'/U ~ measured at y .= 0.330 cm 
was 96-98 % of½C1. Total wa ll shear stress is denoted by T w , and local total shear stress 
is denoted by T. Skin-friction coefficients determined with this method were in good 
agreement with those determin ed from o2 measurements and the two-dim ensional 
momentum integral equation (½C1 = do2/dx), showing a maximum deviation of only 
a few per cent. 

They origin for mean -velocity profiles was determined using the method of )Ionin 
& Yag lom (1971), which gives the same result as the met hod described by Perry et 
al. (1969). A corrected roughness size z0 is assumed to be invariant as y' is changed 
near the wall in a fully rough flow field. z0 is defined using 

u+ = !. 1n[y' +tiy] , 
K z0 

where K = 0.41, y' is measured from the roughness -element crests , and !l.y is the 
distance between crests and the velocity-profile origin below the crests. Perry et al. 
(1969) describe their technique for fully rough flows as one where a trial-and-error 
procedure is used to calculate a !l.y to give velocity -profi le log-region data which is 
straight with the appropriate slope. In the Monin & Y aglom method , fully rough 
velocity-profi le data follow straight lines when z0 is invariant between different 
positions in a profile. The velocity -profi le origin is then y = 0, and hence y = y ' + !l.y. 
In the present study, a !l.y of 0 .023 cm was determin ed at all fully rough meas uring 
stations and then used for profiles at all measurement conditions. Th ese methods do 
not allow determination of !l.y in transitionally rough flows for y+ < 40 becau se 
viscous effects cause mean profile u+ data to deviate from a linea r dependence on 
logy. However, the fully rough !l.y, 0.023 cm , gives transitionally rough log-r egion 
profile data which follow straight lines when y+ is greater than 40. 
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The mean velocity U and six Reynolds-stress-tensor components .u/2
, ·v'2

, w'2, 
- u' v', v' w', and u' w', were measured using standard hot-wire anemometer techniques 
(Ligrani et al. 1979). Two types of probes were employed, a DISA 55F04 horizontal 
wire and a DISA 55F02 slant wire, both mounted on traversing mechanisms similar 
to the one used for mean-temperature profiles. The sensing length of the horizonta~ 
wire was 1.25 mm, the slant-wire probe sensing length was slightly longer. A 0.45 mm 
long DISA 55A53 probe was also used to measure u spectra and to check spanwise 
uniformity with respect to individual roughness elements. The probes were used with 
TSI Model 1050 bridges operated in constant-temperature/constant-resistance mode 
with wire overheat ratios of 1.5. The bridges were connected to TSI :Model 1052 
linearizers , followed either by a Hewlett-Packard Model 2401 C int egrating digital 
voltmeter for mean voltage, or a TSI model 1076 r.m.s. meter for r.m.s. values of the 
fluctuating voltage. The directional sensitivity of the hot-wire probes was described 
using Jorgensen's (1971) equations. Five different rotational positions of the slant-wire 
probe were used in conjunction with horizontal-wire measurements to determine the 
six Reynolds-stress-tensor components. The hot-wire measurements were made when 
the flO\-V field was isothermal at the same temperature as was used for calibration 
and , thus , no temperature corrections were required. 

Spectra of the longitudinal velocity fluctuations were measured using digital 
data-sampling techniques and fast Fourier transforms. After leaving the hot-wire 
anemometer bridge and linearizer, the output was filtered to remove signals above 
8 kHz to pr event aliasing. A Hewlett-Packard 2440A analog-digital interface was 
then used to sample the signal at 20 kHz with a resolution of 12 bits. A set of 2048 
samples was taken from the signal using a program on a Hewlett-Packard 2100 
minicomputer, which first passes the samples through a Hamming data window and 
then discrete-Fourier-transforms each sample. The resulting spectra were averaged 
in ensembles of 64 to decrease statistical error. For each measurement, u' 2 values 
determined from the spectra showed excellent agreement with analog values measured 
after the hot-wire linearizer. 

Local turbulence-intensity levels, (u'2 )½ / U, never exceeded 30 % at horizontal-wire 
measuring stations, and 18 % at the slant-wire measuring stations. Thus, according 
to estimates made from results given by Tutu & Chevray (1975) , and Kawall, Shokr 
& Keffer ( 1983), mean-velocity and Reynolds-stress-tensor component error estimates 
lie within uncertainty intervals given by Ligrani et al. (1983): U, ±2 % ; u'2, ± 5 % ; 
v'2 , w'2 , - u' v', ± 10 % . These uncertainty estimates are valid for quantities measured 
with 1.25 mm long sensors, which may give spatially filtered signals for small y/8. 
Discussion of spatial filtering is given later in this section and in the Appendix. 

Within at least one roughness height of the surface, some periodicity in the flow 
would be expected due to the 'wavelike' character of the packed roughness elements, 
where the wavelength of the flow variations is on the order of the distance between 
the peaks of roughness elements. The 1.25 mm long horizontal wire ,vas chosen to 
provide a spanwise average of these variations. Measurements on the tunnel 
centreline, and at 7 .62 cm on either side of the centreline showed u' 2 and mean 
velocity to be spanwise uniform for y+ / Rek > 0.61. Measurements with the slant wire 
for y+ / Rek > 4.3 provided additional evidence of a two-dimensional flow field since 
profiles of w'2, -u'v' and v' 2 were spanwise uniform, and because u'w' and v'w' were 
negligible compared with -u'v'. These spanwise uniformity checks were made at 
locations where boundary momentum thickness equalled 0.558 cm, 0.864 cm, and 
1.038 cm. Measurements at three different locations with respect to one roughness 
element (above the crest, two different locations above troughs) were also made with 
the 0.45 mm long sensor; however, because of the probe configuration, it was placed 
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only as close to the wall as y+ / Rek = 4.3, and no three-dimensional, tim e-averaged 
flow variations were observed. 

Because it was desired that hot-wire sensors average any wavelike motion from 
roughness periodicity in the time-averaged flow near roughness elements, 1.25 mm 
long sensors were used for measurement of the time-averaged Reynolds-str ess-tenso r 
components. Because the 1.25 mm sensor spanwise averages, it also spatially filters . 
For this reason, 0.45 mm and 3.00 mm long sensors (in addition to the 1.25 mm 
sensor) were used to measure u-spectra and to check the effect of 'eddy-averaging' 
due to the finite spatial resolution of hot-wire sensors at U00 = 26.8 m/s and 
Re82 = 9570. 

The Appendix shows: 
(i) At y' /o = 0.078 (y+ = 261), the magnitude of measured u' 2 in creases by 12 % 

as l changes from 3.00 mm W = 234) to 1.25 mm W = 97) , and by 13 % as l changes 
from 1.25 mm to 0.45 mm W = 35). Here, z+ = lU 7 /v, where l is the length of the 
hot-wire sensor. 

(ii) In locally isotropic turbulence, normalized u-spectra measured with sensors 
having different lengths are consistent with results given by Wyngaard (1968). 

(iii) According to Wyngaard (1968) , at y/o = 0.078 (y+ = 261) , the 0.45 mm long 
sensor gives u' 2 which are 1.1 % less than if a sensor having totally adequate spatial 
resolution is employed. 

Thus, in inner-boundary-layer regions , u' 2 measured with a 1.25 mm long sensor 
are less than those obtained using a probe having totally adequate spatial resolution. 
The results given in §4 (and previously given uncertainty estimates) are pr esented 
within this context: all are consistent with each other, having the same amount of 
spatial filtering with respect to 1.25 mm wire length. 

The fully rough u' 2 variations with z+ at y+ = 261 are less than those observed near 
smooth walls by Willmarth & Sharma (1984) at y+ = 13.3, and by Johansson & 
Alfredsson (1983) at y+ ~ 16. This is because the amount of 'eddy-averaging' 
from hot-wire sensors having finite spatial resolution is dependent upon th e span-
wise extent of energy-containing eddies. Overall energy levels determined from 
spatially filtered, dimensional wavenumber spectra depend on the shape and 
magnitude of the true spectra, which may vary at different y+ and with surfaces 
roughness, particularly very near walls . 

Wyngaard (1968) shows how spatial filtering occurs from hot-wire sensors when 
the true spectrum follows Pao's (1965) formulation, valid for small-scale motions 
which are locally isotropic. When Reynolds numbers based on Taylor microscale Re;i_ 
are less than about 100, shapes of true longitudinal velocity spectra may be 
significantly different than Pao's equations. In particular, spectra may not have 
inertial subranges. As a result, spatial filtering from hot-wires may vary from 
Wyngaard's results. This is demonstrated by work by the first author at one Re;i_ less 
than 100, where u spectra show larger variations with non-dimensional wire length 
than given by Wyngaard . 

3. Scalar quantities and mean profiles 
In log regions of velocity profiles over rough and smooth walls, 

u+ = ! ln[JL]+B, 
K k5 

(1) 

where the value of B varies with Rek and roughness-geometry characteristics. Above 
an upper critical value of the roughness Reynolds numb er, Rek, R , the value of B is 
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FIGURE 1. Variation of log-r egion velocity-profile parameter B with roughness Reynolds number: 
0, sandgrain roughness , Nikurad se (1933) ; v/ , e, U00 = 10.1 m/s ; 8, , A, x, U00 = 15.8 m/ s; • , 
*, U00 = 26.8 m/ s ; <L U00 = 39.6 m/s ; <] , <] , Healzereta.l . (1974) ; A , • , <], Pimenta eta.l. (1975) ; 
O , x , *, pre sent study . ............._, B = 1/K In (R ek) +5.1, smooth-wall flow ; --- , B =:= 8.5 , fully rough 
flow ; --. equations (6) and (7), tran sition ally rough flow. 

constant and the flow is fully rough. According to Pimenta et al. (1975), for fully rough 
boundary layers over uniform spheres roughness, and Schlichting (1968), for fully 
rough flows in pipes with sandgrain roughness, 

B= 8.5. (2) 
There is also a lower critical va]ue, Rek , 8 , below which the fl.ow obeys the smooth-wall 
law of the wall. If Rek < R ek, 8 , B has the form 

1 
B=-ln(Rek)+C, (3) K . 

where O is a constant equal to 5 .10. For Rek, s < Rek < Rek , R the flow is transitionally 
rough and, according to Clauser (1956) and Rotta (1962) , Bis then a function of Rek 
and roughness geometry. 

Log regions of velocity profiles over smooth and rough walls may also be described 
using 

(4) 

where O retains its smooth-wall value and the veJocity-profile shift, !iU /UT, equals 
zero for smooth-wall flows. From (1) , for flows over rough surfaces , 

!iU = 0-B+~ ln[ks UT]. (5) 
UT K V 

Thus !iU / UT is the difference between log regions of rough-wall mean-velocity 
profiles and the smooth law of the wall. From (5) it is evident that the velocity-profile 
shift from the smooth law of the wall is dependent on B and Rek. This approach was 
first suggested by Nikuradse (1933) for flows in pipes and by Rama (1954) for 
boundary layers. Clauser (1956), Rotta (1962), and Schlichting (1968) also discuss the 
velocity profile shift . 
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3.1. Transitionally rough hydrodynam ic law of the wall 
Using (1), th e valu es of B can be determined from boundar y -lay er velocity profiles. 
Values of B versus Rek for th e roughness of th e pres ent boundar y -layer st udy , from 
Pim enta et al.'s (1975) study, and from Healzer, Moffat & Kay s' (1974) study (uniform 
spheres) are plotted in figure 1, along with B versus R ek dat a for sandgrain rou ghn ess 
in pip es from Nikuradse (1933) (also see Schlichting 1968) . As is ev ident from figur e 1. 
data for both t ypes of roughn ess can be pres ented by the parameter corre lat ion 

wher e 

and 

B = C+~ ln (Rek)+[ 8.5-C-~ lnR ek] sin (½rrg), 

g = 1, for R ek > Rek.R• 

g = 0, for Rek < Rek, s· 

(6) 

(7 a) 

(7 b) 

(7 c) 

In th e transitionally rough regim e, both the dat a and (6) approach fully rough 
behaviour as R ek increa ses. As Rek decreases, t he value of B incr eases for th e sp heres 
rou ghness , indic atin g an approa ch to smoot h behav iour repre sented by (3). For 
uniform-spheres roughness, R ek, R = 55.0 and Rek, s = 15.0 were used in (6) and (7). 
whereas R ek R = 90.0 and Rek s = 2.25 are recommended for sandgrain roughn ess. 

F or the ~niform-spheres r~ughn ess, figur e 1 shows that transitionally rough 
behaviour occurs over a smaller range of R ek than for the sandgr a in rou ghn ess. The 
quicker change from smooth to full y rou gh behav iour occur s as a result of the 
uniformity of the spher es roughness in contr ast to th e mor e gradual transition caused 
by sandgrains having a more irr egular distribution of sizes and shap es . H owew r . both 
types of behaviour are well represe nt ed by (6) and (7), where th e different geomet ric 
characteristics of the two types ofro ughn ess ar e tak en into account usin g appropriate 
values of R ek, Rand R ek, s · R ek, Rand R ek, s are thus fixed by t he roughne ss geo metry. 
where the depe nd ence of R ek, R and R ek, s on roughness geo metry may most likely 
be expressed in ter ms of the sta ndard deviation of the vari a tion of size. and shape 
of a given roughn ess. Th e mor e uniform t he roughness. t he la rger R e1,;, s and the 
smaller th e difference bet ween R ek, R and R e1,;, s· 

Exampl es of transitionally rough (15 < Re1,; < 55) and fully rou gh (Reh.> 55 ) 
mean-velocity pr ofiles ar e shown in u+ versu s y+ coord inates in figure 2. The smooth 
law of th e wall and the equation u + = y+ are a lso shown on the figure. Th e mean-profile 
data hav e distinct log regions over a range of y+. For la rger y+. th e profil es in figure 2 
diverge from straight lines as wake behaviour is encountered in the outer parts of 
the boundary laye rs. u + versus y+ coordin a tes are most appropriate for showing 
differences between smooth and transitionally rough mcan-Ycloeit y profiles. since log 
reg ions of smoot h-wall data collapse on one line and transitionally rou gh data shift 
below th e law of the wall. 

Th e tr ansition ally rou gh profil es in figure 2 cont a in dat a points for y+ < 40 which 
lie below lines whi ch repr esent log regions . Th ese data point s pro,·ide eYidem'e that 
viscous stresses are important compared wit h str esses cau:,wd by turbul t>nt -fiuid 
motion. If log-reg ion lines arc extrapolated to the u+ = y+ equation. the inter section 
point is designated asy+ = A+. thceffoeti\'c \'i sro us-sublaynthi r kn css . .-:J.+ magnitutks 
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30.0 ~----.--- - --,------,----------, 
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u+ 
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FIGURE 2. Rough-wa ll mean-velo city profil es, smooth-wa ll coordinates: data sy mbol s giYen on 
tabl e 1. - - , u+ = y+; - - , u + = 1/K In (y+)+5.1; -- , tran sitionally rough log-region , 
Re1c = 22.8; t, A+ at Re1c = 22.8. 

are then tied to the velocity-profi le shift since 

!:iU = C-A++!lnA+. 
Ur K 

(8) 

As the magnitude of the !:iU / U.,. velocity-profile shift becomes less, viscous-stress 
regions become larg er, and magnitudes of A+, the effective viscous-s ubl ayer thickness, 
become larger. 

A+ is the effective viscous-sublayer thickness which would exist if all near-wall 
molecular diffusion were conta ined in the regio n y+ < A+. In contrast , _A+ represents 
the viscous-sublayer thickness if viscous stresses decrease in importance gradua lly 
with y, as given by the Van Driest mixing-length equation 

l = Ky[l-exp(-y+j_A+)l. (9) 

Her e, mixing length l is defined as (-u'v')½/laU/ay 1- Th e re lation b~twcen A+ and 
_A+ then follows from (8) for smooth-wa ll flow, which gives A+= 10.8 for C = 5. 10. 
Now _A+ is typically about 25 in smooth -wall boundary layers without pr essur e 
gradient, so, for that case at least, 

_A+= 2.31A+. (10) 

_A+ may then be estimated using (10) , after A+ is calcu lated from (8), where (5), (6) 
and (7) are used to obtain !:iU/U.,.. Near-wall mixing lengths calcu lated with this 
approach are compared with mixing lengt hs from mean-velocity profiles in figure 3. 
The equations slightly over-predict the data ; however, overa ll trends arc the same 
since, in both cases, l/y decreases near the wall with decreasing ReA:· Thus the !:iU / Ur 
shift of log regions of mean-velocity profiles may be expressed in terms of changes 
of an empirical viscous-sublayer thickness, givin g some ev idence that ,·iscous-s ublay cr 
thickness and !:iU / Ur velocity -profile shift are link ed together. 
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FIGURE 3. Near-wa ll mixing-length distributions: 9, Bek = 61.4, U00 = 26.8 m/s ; 8 , B ek= 34.4, 
U00 = 15.9 m/ s; • , Bek= 21.0 , U00 = 10.2 m/s. Equations (9) and (10) : -- , Bek= 61.4; 
Bek = 34.0; ---- , Bek = 21.0 . 

3.2. Transitionally rough thermal law of the wall 
Even though turbulent diffusion is important in flow very near roughness in a fully 
rough flow, the only thermal-transport mechanism in the fluid immediately adjacent 
to rough surfaces is molecular conduction. This conducting fluid is contained in a thin 
film, called a conductive sublayer, which covers roughne ss elements and fills 
cracks between elements (Owen & Thomson 1963; Dipprey & Sabersky 1963) . The 
non-dimensional temperature drop across the conductive sublayer is given by 

(oto)+ = (Tw-Tcs)pcUT' 
qw 

(11) 

where Tes is the mean temperature at the outer edge of the conductive sublayer, Tw 
is the wall temperature, qw the wall heat flux, p the free-stream static density, c the 
free-stream specific heat, and UT the friction velocity. From experimental results, 
(ot0 j+ may be estimated using 

T+ = (ot0 )++Prt u+. 

With this approach for the uniform-spheres roughness of the present study, 

(otoi+ = kr g(Rek)0.20 (Pr)0-44 ' 

(12) 

(13) 

where the roughness-geometry-dependent constant k1 equals 1.00 . In equations (12) 
and (13), T+ = (T..v-T)/TT, where Tis the fluid mean temp erature and TT is the 
friction temperature qw/ pc UT. Pr and Prt are molecular and turbulent Prandtl 
numbers, respectively. Equation (13) is empirical, determined from a match to data, 
and based on an equation suggested by Dippr ey & Sabersky (1963) for fully rough 
flow, where the non -dim ensionalized mean-roughness height in the original equation 
is repla ced by Rek in this study. 

}lean-t emperature profiles in the log regions of turbulent boundary layers may be 
describ ed in terms of the conductive-sublayer t emp erature drop and other quantities, 
usmg 

(14) 
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FIGURE 4. Variation of log-region tempera tur e-pro file parameter Eth with roughness Reynolds 
number: [;jjl, Cl, U00 = 10.1 m/s; 8. , A , U00 = 15.8 m/s ; • , • , U00 = 26.8 m/s; <I, 
U 00 = 39.6 m/s ; open symbo ls , Pim enta et al. (1975); closed symbols, thermal boundary lay ers with 
unhe ated starting lengt hs.--, E versus Rek from velocity profiles;-· - ·- , E 1h = 1 / K In (Rek) + 4.15, 
smooth-wall flow;-··-··-, E 1h = 8.5, fully rough flow;----, equation (16) , transitionally rough 
flow. 

For given values of Pr and Prt , the temperature-profile parameter Bth is dependent 
upon roughness geometry and Rek. For smooth -wall flows, (ot0 )+ = 0 and 

p+ = Prt[~ In (y+) + cth ] . (15) 

Accordi ng to Kays & Crawford (1980) , Cth = 4.15 when Prt = 0.90 and Pr= 0 .710. 
Magnitudes of Bth may be determined from expe rimental results using (13) and 

(14). Th e results of such calculations are given in figure 4. Because the temp era ture-
profile shift is independent of unh eated starting-length magnitud e for thermal-
boundary-layer development (Ligrani & Moffat 1985) , Bth results were obtained for 
thermal boundary layers both with and without unheat ed starting lengths. As for 
the hydrod ynamic resu lts in figure 1, the Bth versus Rek distribution may be 
represented by a param ete r correlation which asymptotically approaches smooth and 
fully rough behaviour at the bounds of the transitionally rough regime. This 
correlation, given by 

(16) 

is repr esented in figure 4 and matches expe rimental data within ± 0.5 non-dimensional 
temperature units . When the flow is fully rough and Rek > 55, Bth is approximately 
8.5, as would be expected from hydrodynami c data. Th e hydrodynami c profi le 
parameter B is also included on figure 4, and shows a larger variation than B1h for 
the range of roughness Reynolds numb ers considered. How ever , equations for 
transitionally rough B and Bth are similar in form, and the meas ur ed variation of 
Bth with R ek is consistent with and complementary to the variation of hydrodynamic 
parameter B with roughness Reynolds number. 

Transitionally rough and fully rough mean-t emperatur e profiles are presented in 
figure 5, along with (14) for (ot0 )+ = 2.0, Bth = 8.5 and Prt = 0.90. Even though 
magnitudes of (ot0 )+ and Bth vary between profiles , all log-region data fall on the fully 
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FIGURE 5. Rough-wall mean-temperature profiles , rough-wall coordinates: • , U cc = 26.8 m/s , 
Rek = 68.4, 82 = 0 .356 cm, L12 = 0.353 cm; x, U 00 = 15.8 m/s , Rek = 38.2, o2 = 0.437 cm, 
L12 =0.465cm; V, U00 =10.1m/s , Re1c=22.4, o2 =0.569cm, L12 =0.587cm; 8, thermal 
boundary layer with 2.93 m unheated starting length, U00 = 26.8 m/s, Re1c = 61.9, o2 = 0.978 cm, 
L12 = 0.329 cm . - - , equat ion (14) with (010 )+ = 2.0, Eth= 8.5, and Prt = 0.90. 

rough mean-temperature line. Such behaviour results because decreases in (ot0j+ are 
nearly cancelled by incr eases in the quantity Prt Eth in the transitionally rough 
regim e. Here , l'.12 represents enthalpy thickness. 

For y/ks < 1.5, transitionally rough data in figure 5 fall below the fully rough line 
by increasing amounts as Rek decreases. 

4. Turbulence structure 
Figure 6 shows profiles of u' 2 / U; versus y' / o at different free-stream velocities and 

different roughness Reynolds numbers. As expected, the outer 80 % of the profiles 
are inv ar iant for the range of R ek shown. If U 00 were used as a normalization 
parameter, the shape of the u' 2 / U~ surface would be more complicated since it would 
vary for the range of roughness Reynolds numbers considered. For Re1r, greater than 
about 55, the u' 2 / U; profiles in figure 6 are fully rough and invariant over the outer 
97-98%. At Rek = 21.9, the u'2/U; approaches smoot h behaviour. In between the 
smooth and fully rough regions, the it' 2 profiles are transitionally rough, and inn er-
region distributions of u' 2 / U; change continuo usly from fully rough behaviour to 
smooth behaviour as the free-stream velocity of the flow changes. Fully rough u' 2 / U; 
profiles can then be distinguished from transitionally rough profiles , since inn er parts 
of transitionally rough profiles vary significant ly as Rek cha nges, whereas fully rough 
profiles do not. 

The most salient feature of fully rough u' 2 / U; profiles is a broad, flat ' hump ' with 
a maximum value at y+ = 25(}-400 or y' /o ~ 0.10. Such 'h umps ' are clearly evident 
in figure 7, where u' 2/U; data for different Rek and different boundary-layer 
thicknesses are plotted versus y+. The 'h ump s' are regions where production of 
longitudinal-turbulence energy is important. On the near-wall side of these regions , 

... --··- _,.,.. ..... ·-·- ··········--··--,----- - . .... . .. ·· -·- ·-----· ..... 
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FIG U RE 6. Summary of profiles oflongitudin al component of turbulenc e intensity , normalized using 
th e friction ve locity , for smooth, tra nsitiona lly rough and fully rough turbul ent boundary layers: 
e, Orlando et al. (1974) , U00 = 9.6 m/ s, smooth -wall flow; 0 , Pimenta et al. (1975). 
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FIGURE 7. Normalized longitudinal component of turbulence intensity vers us y+, compa red at 
different downstream locations and at different roughn ess Re ynold s number s . - - , Orlando et al. 
(1974) smoot h-wall flow ; other symbo ls shown on table 1. 
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u' 2 increases with y+. With regard to turbulent energy diffusion in a fully rough flow 
developing over sandpaper roughness, Andreopoulos & Bradshaw (1981) concluded 
that turbulent-energy sinks may exist near roughness elements so that turbulent 
energy is transported from inner layers toward the immediate vicinity of roughness 
elements. The energy balance of Antonia & Luxton (1971) near a rough surface 
shows that turbulent energy does not flow down gradients of turbulenc e kinetic 
energy q2 into near-wall regions, which, in the inner regions of their flow field, 
also indicates that transfer of energy by diffusion is not a gradient diffusion process 
(i.e. oq2v/oy =I= V oq2/oy , where Vis the mean velocity in they-direction). 

The large 'hump' in u' 2 / U; versus y' / o profiles which characterize fully rough flow 
may be a result of the most important ejection-sweep cycle differences due to 
roughness, which, according to Grass (1971), are 'associated with the detailed 
mechanics of low momentum fluid entrainment at the bed surface , following inrush 
phases'. Entrainment near rough surfaces is much more violent than near smooth 
surfaces, and ejected fluid rises almost vertically from between the cavities between 
roughness elements. Larger amounts of low-speed fluid (u' < 0 , v' > 0) may then be 
pushed farther from the wall to collide with inrushing high-speed flow (u' > 0 , v' < 0) 
in larger quantities than is the case for smooth-wall flows. As a result, the region of 
greatest mixing is moved farther from the wall and spread over a greater portion of 
the layer. 

In figure 7, the smooth-wall u' 2/U; profile of Orlando, Moffat & Kays (1974) has 
a peak at y+ about equal to 15. The transitionally rough profiles at Rek = 20.5 and 
Rek = 22.8 are similar since they also have their highest measured magnitudes near 
the same location. It will be shown that normalized u' 2 production is maximum near 
y+ = 15 in these transitionally rough flows, which would also be expected in boundary 
layers developing over a smooth surface. The two rough-wall profiles are different 
from Orlando's smooth-wall profile since their maxima have different values and 
because they do not appear to decrease with decreasing y+ very near the wall. 

At a given boundary-layer thickness, profiles in figure 7 intersect at one point. For 
02 ~ 1.00 cm , this intersection point lies near y+ = 100, and, for o2 ~ 0.50 cm, the 
point seems to be near y+ = 60-70. For y+ smaller than the intersection point, u' 2 / U; 
decreases with Rek. The u' 2 variations at these locations do not appear to approach 
zero as y+ decreases, most likely as a consequence of finite fluid velocities at y+ = 0, 
located between the crests and troughs of roughness elements. The u' 2 / U; profiles at 
Rek = 44.4 and Rek = 46.7 also have almost no variation with y+ very near the wall. 
For y+ larger than the intersection point, u' 2 / U; increases with Rek, resulting in the 
fully rough 'hump' and flattened inner region transitionally rough profiles described 
earlier. 

Variations of u' 2 / U; with Rek at y+ less than the intersection point are consistent 
with expected changes in the viscous-sublayer thickness. Ifroughness size is constant, 
a larger percentage of roughness elements will be exposed to interact with inrushing 
fluid as the viscous-sublayer thickness decreases. The form drag from roughness then 
acts as a much more effective arrest mechanism than when fast-moving fluid near 
the wall is slowed only by viscous forces , as near smooth walls. ·when Rek is large, 
inrushing fluid during the ejection-sweep cycle of events is thus more greatly impeded 
in its longitudinal motion (Grass 1971). Such resistance to longitudinal fluid motion 
very near the wall increases with increasing Rek and decreasing A+. 

The profiles in figure 7 are again presented in u' 2 / U; versus y' / o coordinates in 
figure 8. Here, the collapse of the outer parts of the profiles, regardless of Rek and 
boundary-layer thickness, is evident, provided Re82 > 5000. In the inner parts of the 
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FIGURE 8. Normalized longitudinal component of turbul ence intensity versus y' /o compared at 
different down stream locations and at different roughness Reynolds numbers: x, Re1c = 310, 
Andreopoulos & Bradshaw (1981); -+-, Re1c = 84.7, Grass (1971); -0- , Re1c = 20.7, Grass 
(1971) ; other symbols shown on table 1. 

profiles, where normalized data points differ with Rea. and Rek, magnitudes of u' 2 / U:. 
at a given free -stream velocity increase with Rea, Such a trend was also observed 
by •Pimenta et al. (1975) for Re 82 < 104 • Results from Gtass (1971) and Andreopoulos 
& Bradshaw (1981) are included on figure 8. The former have different shapes and 
maxima at different y' /o compared to results from the present study, whereas the 
latter show general qualitative agreement in terms of shape, lying between the two 
profiles at R e1c = 61.4 and Rek = 63.0. 

Profiles of the normal and transverse components of the Reynolds-stress tensor 
v'2 and w' 2 are given in figure 9. These quantities are normalized using the free-stream 
velocity and plotted versus y/o. For Rek > 34, the profiles are the same regardless 
of boundary -layer thickness or magnitude of Rek. However, at R ek = 20.5 and 
Rek = 22.8 , the profiles lie below the curve formed by data measured at higher 
roughness Reynolds numbers. This is partially due to low-momentum-thickness 
Reynolds-number behaviour at Rek = 22.8 since this profile was measured at a 
location where Rea was equal to 3310. However, at Rek = 20.5, the differences in the 
- - 2 
w' 2 / U200 and v' 2 / U200 profiles are believed to be entirely a consequence of a roughness 
flow regime which is closer to smooth behaviour than when Rek > 34. Thus, the 
transitionally rough regime may be divided into two parts: one for Rek > 34 where 
w' 2 / U200 and v' 2 / U200 profiles are the same as in fully rough flow, and one for Rek < 34 
where w' 2 / U~ and v' 2 / U200 profiles begin to diverge from the fully rough curve to 
approach smooth behaviour. 
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FIG URE 10. Normalized rough -wall boundary-layer Reyno lds shear-stress profil es versus y/o, 
compared at different downstream locat ions and at different roughness Reynolds num hers: symbols 
shown on tab le 1. 

The dependenc e of w' 2 and v' 2 on U 00 in the present study is consistent with work 
of Pimenta et al. (1975), who studied flow over the same type of roughn ess, but 
different from resu lts from other st udies. F or example, in Grass' (1971) study, v'2 

profi les for different Rek are invariant when scaled on Ur. In addition, magnitudes 
of v' 2 and w' 2 are, in part, a resu lt of pressure transfer from longitudinal fluctuations 
and, thus, all three quantities would be expected to have some depend ence on the 
same scaling variables. However, neither the friction velocity Ur nor the velocity 
scale (r / p )½ for the 'active', shear-stress-producing component of the turbul ent 
motion (Bradshaw 1967 a, b) collapse w' 2 and v'2 profiles together. t 

Profil es of the normaliz ed Reynolds shear stress, the correlation coefficient for the 
Reyno lds shear stress, and th e ratio of th e Reynolds shear stress to the turbulence 
kinetic energy are pre sent ed in figures 10 and 11. As expected, profiles of all three 

t Some authors refer to ' active ' and ' inacti ve' motions , as ' univ ersa l ' and ' non-univ ersa.J' 
motions , respectiv ely . 
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FIGURE 11. Cross-correlation coefficient for the Reynolds shear stress, and the ratio of the Reynolds 
shear stress to the turbulence kinetic energy, compared at different roughness Reynolds numbers 
and at different downstream locations: symbols shown on table 1. 
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FIGURE 12. Profiles of turbulence kinetic energy, normalized using the friction velocity, versus y / 8, 
compared at different downstream locati ons and at different roughness Reynolds numbers: symbols 
shown on table 1. 

of these quantities are invariant regardless of the free-stream velocity or magnitude 
of roughness Reynolds number. In view of Grass' (1971) results, this suggests that 
the type of mechanism resulting in the production of turbulence does not change with 
surface roughness, even though changes in the intensit y and distribution of this 
mechanism may occur. 
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FIGURE 13. Profiles of turbu lence kinetic energy, norm alized using the free -stream veloc ity , versus 
y/8 , compared at different downstream locatio ns and at different roughness Reyno lds numbers : 
symbo ls shown on table 1. 

Th e turbu lence kinetic energy q2 = u' 2 + v' 2 + w' 2 is now discussed referring to 
figures 12 and 13. Many of t he qualitative tre nds indicated by u' 2 data are also shown 
by the turbu lence -kinet ic-energy profi les. First, as for u' 2 profiles, the most 
appropr iate similarity var iab le for q2 pr ofiles is t he frict ion velocity, UT. This is 
evident in figure 12, where the outer 60-70 % of q2 / U~ versus y / o profiles show some 
simi larity when compared at differe nt Rek and different boundary -layer thickne sses . 
Such behaviour is cons istent with - u'v' / q2 data in figure 11, and t he near-universa l 
behaviour of -u'v' / ~ versus y/o. Differences in t he pro files in figure 12 may be due , 
in part , to the dependence of w' 2 and v'2 pro files on U 00 . 

Figure 13 shows profiles of q2 non-dimens iona lized using the free-stream velocity , 
U00 , and plotted vers us y/o. W hen norma lized in t his way, the q2 profi les show 
sign ificant differences througho ut the boundary layers when compared at different 
va lues of Rek and approximately the same thickness. However, the q2 / U~ versus y / o 
profi les show similarity when com pared at different thicknesses for a given free-stream 
velocity . This behaviour is dependent on t he universality of UT norma lization and 
½Cr variation between compared pro files and, t hu s, outer regions of q2 / U~ versus y / o 
profi les are not the same when compared at wide ly different Rek. 

Some understanding of t he turbu lence str ucture may be obtained by examination 
of equations for turb ulence kinetic energy and longit udina l velocity fluctuations u' 2 • 

The equation for the balance of different quant it ies contr ibut ing to t he magnit ude 
of the t urbu lence kinet ic energy is: 

uo(½q2
) + v0(W2

) +[u'v'0lll +~ [-1 (q2v') +p'v']- v[02 (q
2
)]+ e = 0. (17) ax oy oy J ay 2 ay2 

II II I IV V VII 

(18) 

II II I V V I VII 
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FIGURE 14. Normalized turbul ence-kinetic-en ergy production versus y+ : 0, U 00 = 26.8 m/s , 
Oz= 1.04 cm, Rek = 61.4; A , U00 = 15.8 m/ s, o2 = 1.00 cm, Rek = 34.4; [:] , U00 = 10.1 m/s , 
oz= 0.92 cm , Rek = 21.0 ; () , dissipation from spect ra inertial sub range , U00 = 26.8 m/ s, 
Oz= 1.04 cm , Re~, = 61.4; - -- -, equati on (19). 

Roman num era ls refer to: I , convection by mean flow; II , production ; III , turbulence 
diffusion; IV , pressure diffusion; V, viscous diffusion; VI, pre ssure- stra in corr elation 
terms; and , VII, dis sipation. Ev en thou gh viscous diffusion is negligible over most 
of the boundary-layer thickness, terms containing this quantity are includ ed in ( 17) 
and (18) owing to its importance in th e viscous sublayer for smaller R ek. 

The production term is - u'v'aU / ay. In the dete rmination of this qu antit y, both 
-u' v' and au Jay were determined from mean-velocity profiles. For th e form er , the 
total shear st ress throughout the layers was ca lculated using int egrated forms of the 
two -dimensional boundar y -layer equation s (Ligrani & Moffat 1985). Th e laminar 
compon ent was th en subtracted off in order to obtain - u'v'. Th e resulting - u'v' 
calculated profiles then showed exce llent agreement with turbulent shear-st ress 
measurement s such as the ones given in figure 10. Thus the present production 
distribution s are th e same as obtained from dir ect measurement , except that they 
are presented for smaller distances from the surface . 

The fl/ = - u'v'(aU /ay) production term appears in equations for q2 and u'2, but 
not in equations for v'2 and w' 2 • This term is shown in figure 14, normaliz ed using 
y / and plott ed as a fun ct ion of y+. fl/ follows the result 

(19) 

for 40 < y+ < 400-1000 , as do th e smooth-wall results of Bradshaw (1967 a). Thus, 
with th e normalization used in figure 14, non-dimen sional production curves for the 
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inner regions of the turbulent boundary lay ers show some similarity. When plotted 
versus y / o, the normalized production curves in the outer parts of the boundary layers 
collapse together. Th e larg est magnitude of inn er-regio n normalized production in 
figure 14 is present at Rek = 21.0 since a peak occurs near y+ = 20. This is consistent 
with results in figure 7 where large increases in u' 2 for y+ < 40-50 indicate a sour ce 
of longitudin al turbulent energy. Th e peak decreases in magnitude with R ek, and 
eventua lly disappears when Rek is greater than 55 and the fl.ow becomes fully rough. 
In fully rough fl.ow at Rek = 61.4, the magnitud es of dimensional production are 
more than one order of magnitude greater than those at Rek = 21.0, with maximum 
magnitudes at the minimum y+ where measurements were made , near roughness-
elem ent crests. Ant_onia & Luxton (1971) observed production in a rough-wall 
boundary layer is maximum very close to roughness crests; however, they also found 
a broad local peak at y/o ~ 0.15. 

As the roughness Reynolds number increases and a fl.ow changes from smooth to 
transitionally rough to fully rough behaviour, changes in the viscous-sublayer 
thickness will be accompanied by changes in the relative importance of terms 
contained in (17) and (18). Townsend (1956) discusses turbulent kinetic-energy 
balance near the smooth wall of a pip e fl.ow, indicating that turbulent diffusion and 
pressure diffusion may be larg er than production at the outer edge of the viscous 
sublayer, and that energy will be transferred by direct action of viscous stresses. In 
transitionally rough and fully rough layers, all types of diffusion are a lt ered by 
roughness. The production term, -u'v' oU/oy, increases by large amounts as Rek 
increases. The large amount of dissipation in the viscous sublayer diminishes as Rek 
increases. Changes of these terms are tied to important structural variation s, such 
as the complicated u' 2 profile alt erations with Rek observed over as many as 23 
sand grain roughness heights or 14 roughness spher e diameters from the surface 
(figures 6-8). 

5. Spectra and dissipation of turbulent kinetic energy 
The first Kolmogorov hypothesis states that the motion of sma ll-sca le turbulent 

st ru ct ur es is determined bye, the viscous dissipation of turbulent energy , and by v, 
the kinematic viscosity. One-dimensional spectra at larg e va lues of k1 , the one-
dimensional wavenumber, shou ld then be similar when normalized such that 

fu(k1) = f u(k1) = f(k ) 
v217 (ev5)! i 1J ' (20) 

where 1J = (v3/e)¼ is the Kolmogorov lengthscale and v = (ve)¼ is the Kolmogorov 
velocity scale. k1 is the component of the wavenumber vector kin the fl.ow direction. 
It is determined from local mean velocity and frequency n , using k1 = 2rcn/ U. The 
first Kolmogorov hypothesi s is valid for locally isotropic flow over an equi librium 
range of wavenumbers when the turbulent Reynolds number Re). is greater than 
40-100, where 

and .,\ is the Ta ylor microscale. 

Re),_= (u'2)½.,\' 
V 

Th e second Kolmogorov hypoth esis concerns the behaviour of a range of wave-
numbers (within the eq uilibrium ran ge) called the inertial subrange. In the inertial 
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FIGURE 15. Spectra of longitudinal turbulence intensity normalized using Kolmogorov length and 
velocity scales in a fully rough turbulent boundary layer, U00 = 26.7 m/s , o2 = 0.558 cm, 
Rei:=63.0; x , y' /o=0.078; 0 , y'/o=0.150; e , y' /o = 0.60; 0, y'/o=l.00. Smooth-wall 
channel flow:[:], y/o = 0.086; V, y/o = 0.625; ,0,., y/o = 1.00. ---, Pao (1965);--, equation (22) 
with a 1 = 0.47. 

subrange , negligible dissipation occurs, and the total energy flux across each 
wavenumber is constant and equal to the dissipation rate e. The spectra are given by 

(21) 

or, alternatively, (22) 

where a 1 is a universa l constant . From Pao's (1965) resu lts , a 1 was estimated to be 
equal to 0.47. Townsend (1976) suggests 0.50±0.05. 

Spectra of the long itudinal velocity fluctuations , measured in a fully rough 
turbulent boundary layer at Rek = 63.0 and o2 = 0.558 cm, are presented in figure 15. 
Examples from a smooth-wa ll channel fl.ow (centreline velocity= 14.2 m/s) are 
also included. On this graph, fu(k 1 ) represents the u' 2 energy per unit k1 and, thus, 

f~fu(k1)dk1 = u'2 _ (23) 

In figure 15, f u(k 1) is non-dimensiona lized using Kolmogorov sca les, where the 
magnitudes of the Kolmogorov sca le, as well as e, t he dissipation of turbulent kinetic 
energy, were est imated using (21) with a 1 = 0.47. Consequently, the spectra in 
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FIGURE 16. Normalized inner-layer frequency spectra, same measurement conditions as figure 15 : 
6., y'/8 = 0.078, y+ = 261; 0, y'/8 = 0.150, y+ = 485 . Smooth-wall boundary layer , Bradshaw 
(1967b): -, a= 0, y/8 = 0.20; ---- , a= -0.255, y/8 = 0.18; ---,a= -0.255, y/8 = 0.11 ; 
---,a= -0.255, y/8 = 0.044.llllll, Perry & Abell (1977): smooth-wall pipe flow,ju(k 1)/U;y versus 
k1 y-coordinates. 

figure 15 are forced to agree with (21) and (22) in the inertial subrange. Agreement 
with Pao's (1965) equation for isotropic turbulence is good at higher wavenumbers, 
and has not been forced except by relying on (21). At wavenumbers below the inertial 
subrange, spectra vary because of differences in the energy contained in the large-scale 
structures. Because magnitudes of the Kolmogorov lengthscale in the fully rough flow 
are about half those in the smooth channel flow (when compared at the same y/o), 
fully rough spectra in lfu(k 1)}/(u' 2) versus k1-coordinates reveal a larger percentage 
of energy at higher wavenumbers. If f!J ~ e in inner regions, this is consistent with 
(19) since the fully rough flow has larger UT. 

Magnitudes of the dissipation of turbulent kinetic energy, determined from spectra 
inertial subranges , are given in figure 14 for a fully rough turbulent boundary layer 
at Rek = 61.4 and o2 = 1.04 cm. At y+ = 472 and 891, the estimated dissipation is 
7-10 % lower than production. At y+ = 3500 and 5850, dissipation values are again 
slightly lower than production; however, considering the uncertainty of the dissip-
ation calculations, f!J ~ e at all four locations where spectra were measured in this 
flow. 

Appropriate velocity and lengthscales for the 'active' motion portions of inner 
regions of turbulent boundary layers are (7/p)½ and y, respectively. Fully rough 
spectra measured at y+ = 261 and y+ = 485 are presented in figure 16 non-
dimensionalized using these scales. Because 7 is constant and equal to7w fory/o < 0.2 
in the present zero-pressure-gradient, incompressible flows, the velocity scale (7 / p)½ 
is the same as UT. 
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The spectra in 16 are compared with Bradshaw's (1967 b) measurements from inner 
regions of two different self-preserving, equilibrium, boundary layers developing 
over smoot h walls: one with a zero-pressure gradient (a = 0) and one with an adverse 
pr essure gradient (a= -0 .255), where U00 oc xa. According to Bradshaw, his u' 2 

spectra are 'g rossly dissimilar for k1 y < 2 ', and results from the present study fall 
within the scatter of his measurements. In addition, the normalized fully rough 
spectra from the present study at y+ = 261 and 485 are the same for k 1 y > 0.2, closely 
following the smooth-wall result measured at y/o = 0.20 and a= 0. 

Perry & Abell (1977) present spectra measured in a smooth-walled pipe at y+ > 100 
and y/R < 0.1 (where R is pipe radius) for Reynolds numbers ranging from 80 x 103 

to 260 x 103 • Using these measur ements, these authors showed that broadband results 
from rough-walled pipe flow obey the same structural similarity laws as smooth-walled 
pipe flow, provided that both flows have the same larg e-scale geometry. The extent 
of Perry & Abell's smooth-walled pipe spectra infu(k 1)/yU; versus k1 y-coordinates 
is indicated in figure 16, and shows agreement with the present fully rough results 
when k 1 y > 0.1-0.2. In spectra from both flows, regions exist where fu(k 1)/U;y is 
proportional to (ki y)-1, where the smooth-pipe spectra show this over a wider k1 y 
range. 

The similarity of smooth and fully rough spectra in figure 16 for k1 y > 0.1--0.2 is 
a result of 'active' motions and universal wall structure in inner boundary-layer 
regions. For Rek values between smooth and fully rough flow regimes when the flow 
is transitionally rough, 'active' motion portions of the spectra would be expected to 
lie on the same curve. Spectral variations at low k1 y correspond to non-universal, 
'inactive' motions . 

6. Conclusions 
The change from smooth to fully rough behaviour in boundary layers over 

uniform- spheres roughness is more abrupt and occurs over a smaller range of 
roughness Reynolds numbers than for boundary-layer flows over sandgrain roughness. 
For mean -velocity and mean-temperature profiles, changes from smooth to fully 
rough behaviour are described using log-r eg ion velocity and temperature-profile shift 
parameters , B and Eth. 

The most salient changes in turbulence structure with Rek were observed in u' 2 

profiles within 23 sandgrain roughness heights from the surface. The changes are 
believed to be tied to variations in the thickness and character of the viscous sublayer, 
and changes in the intensity and distribution of the ejection-sweep cycle of events. 
These , in turn, are related to variations in the energy budget, as well as 'act ive' and 
'inactive' motions. The outer 95-98 % of distributions of u '2 / U; in rough-wall 
boundary layers approach invariance with Rek, as Rek both decreases and increases. 
Th e invariant u' 2 profiles for roughness Reynolds numbers greater than 55 correspond 
to fully rough behaviour, and th e invariant u' 2 profiles for Rek values less than 15 
approach smooth behaviour. In between, the flows are transitionally rough, and the 
distributions of u' 2 / U; in the inner 10-20 % change continuously from fully rough 
behaviour to smooth behaviour as the roughness Reynolds number of the flow 
changes. Fully rough u' 2/ U; profiles can then be distinguished from transitionally 
rough profiles, since inner regions of the transitionally rough profiles vary significantly 
with Rek, whereas fully rough profiles do not. 

When normalized using y/U;, the -u'v'(oU/oy) production term shows a peak near 
y+ = 20 when Rek = 21.0 and the flow is transitionally rough. This peak decreases 

FU! 162 
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Gold-
Designation Wire type - sensor material plated l (mm) d (µm) 

A Tungsten (platinum-plated) No 3.00 5.0 
B DISA 55F04-tungsten (platinum-plated) 
C Platinum · 

Yes 1.25 5.0 
No 0.45 2.0 

TABLE 2. Hot-wire sensing elements 

in magnitude with Rek and disappears as Rek becomes greater than 55 and th e flow 
is fully rough. 

The most universal normalizing parameter for the outer regions of u' 2 and q2 profiles 
is the friction velocity. In contrast, w' 2 and v' 2 profiles at different boundary -layer 
thicknesses and roughness Reynolds numbers greater than 34 collapse on the same 
curve when non-dimensionalized using the free-stream velocity. When the roughn ess 
Reynolds numbers are less than 34, w' 2 / U 00 and v'2 / U 00 versus y / o profiles diverge 
from the Rek > 34 curve to approach smooth-wall behaviour. 

Spectra of the longitudinal velocity fluctuations are in agreement with Kolmogorov 's 
first and second hypothesis at high-one-dimensional wavenumbers. Spectra in the 
inner regions of fully rough boundary layers also have similarity to spectra measured 
in boundary layers over smooth walls when k1 y > 0 .2 and when the results are 
non-dimensionalized using 'active' motion velocity and length scales (7/p)½ and y. 

All of the data reported herein is available in tabulated format in Ligrani et al. 
(1979), which is available from University Microfilms International, 300 N . Zeeb 
Road, Ann Arbor, MI 48106, USA. 

Professor J.P. Johnston and Professor W. M. Kays are to be thanked for fruitful 
discussions on the research. Professor Peter Bradshaw and Dr· J. F. Morrison 
provided many useful comments after reading several drafts of the manuscript. l\fr 
D. J. Vitanye wrote the software used to plot data in the three-dimensional format 
shown in figure 6. 

Appendix: The effect of hot-wire imperfect spatial resolution on 
measurement of fully rough turbulent boundary layers 

An experiment was carried out to determine the effect of hot-wire sensing length 
on measurement of small-scale turbulence in a fully rough turbulent boundary layer. 
Measurements were obtained using three sensors, each having a different length, as 
indicated in table 2 where sensor characteristics are given. Each sensor averages 
fluctuations from eddy motions along its length, because hot-wire sensors respond 
to eddies having effective sizes equivalent to the sensor length and larger. Thus, 
hot-wires have imperfect spatial resolution whenever a sensor length is larger than 
the smallest lengthscale of energy-containing eddies. 

Wires A, B and C were used to measure u' 2 in a fully rough turbulent boundary 
layer at U 00 = 26.8 m/s, o2 = 0.558 cm, and Rek = 63.0. Each sensor had a length-
to-diameter ratio l/d greater than 200 so that reduced response resulting from 
sensor-support stub conduction did not occur. In figure 17, distributions of u'2, 
measured using these wires, are different in the inner 30-40 % of the boundary layer. 
At y' /o = 0.078, the turbulence intensity u' 2 measured with the 0.45 mm long sensor 
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FIGURE 17. Lon gitudin al turbulence-intensity profiles in a fully rough turbulent boundary layer 
measured using hot wires wit h different sensin g lengths, U 00 = 26.8 m/s , o2 = 0.558 cm, R ek = 63.0; 
0, sensor A ; 8 , sensor B; •, senso r C (see table 1 ). 
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FIGURE 18. Spectra oflon gitudin al turbulence intensity in a fully rough turbulent boundar y layer, 
y' / o = 0.078 , measured using hot wires with different sensing length s: x , sensor A ; e, sensor B; 
0 , sensor C. 
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FIGURE 19. Spectra of longitudinal turbulence intensity in a fully rough turbulent boundary layer , 
y' /8 = 0.600, measured using hot wires with different sensing lengths: same symbols as figure 18. 

is as much as 13 % greater than that measured with the 1.25 mm long sensor. 
Similarly, u' 2 from the 1.25 mm sensor is as much as 12 % greater than that measured 
with a 3.00 mm long sensor. Because each sensor measures motions having length-
scales approximately equal to sensor length and larger, the difference between u' 2 

measured with two different length sensors approximates the energy level of motions 
having scales greater than the shorter sensor and less than the longer sensor. As y/o 
increases in figure 17, magnitudes of u' 2 measured using sensors A, B and C converge 
on the same curve. Thus, for y/o > 0.3-0.4, most longitudinal turbulence energy is 
due to turbulence motions, having spanwi_se lengthsca les greater than 3.00 mm. _ 

Aty' /o = 0.078, thedimensionalfrequencyspectrainfigure 18provideconfirmat10n 
that u' 2 differences are a consequence of small-scale structure. In this figure, at lower 
frequencies, the spectra are the same regardless of wire sensing length; however, when 
f > 500 Hz, the spectra diverge. Resulting differences are significant since they 
extend to frequencies low enough to be well inside the inertial sub-range. At a given 
frequency, the highest energy is measured by the smallest sensor. . 

Spectra at y' /o = 0.600, shown in figure 19, are different from those presented m 
figure 18, because spectra are the same regardless of wire-sensing length. This is 

..__ __ 
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FIGURE 20. Longitudinal turbulence intensity profiles in a smoot h-wall chann el, Reynolds numb er 
based on channe l half-width = 2.94 x 104, Uc = 14.2 m/ s: same symbo ls as figure 17. 
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FIGURE 21. Comparison of th e Wyngaard ( 1968) hot -wire-sensor lengt h correct ion with results from 
the present study for 1/ = 41 µm and y' /o = 0.078: ---; l = 450 µm , 11/l = 0.091 (used to determine 
f u(k1)a) ; x, l = 1250 µm, 17/l = 0.033; 0 , l = 3000 µm , 11/l = 0.014 . Wy ngaard (1968) : -· -, 
11/l = 1.0; - - -, 11/l = 0.35 ; - ------ -, 11/l = 0.10; ~, 11/l = 0. 
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expected from figure 17 results and provides a check on spectral measurement 
procedure. 

Additional checks on sensor performance, calibration and measurement procedures 
were mad e using a fully developed, smooth-wall channel flow. In the outer 90 % , 
figure 20 shows that hot-wire sensors A, Band C each measured the same (u' 2)½/ Uc 
profile, wh ere centreline velocity Uc equals 14.2 m/s. This further validates 
measurement procedure, and indicates that the smallest lengthscale of energy-
containing eddies is greater than 3.0 mm, even though much-smaller-scale activity 
would be expected closer to channe l surfac es. 

The spectra shown in figure 18 are compar ed in figure 21 with Wyngaard's (1968) 
correc tion graph to account for the effect of sensor spat ial resolution in isotrop ic flow. 
Jn order to make the compar ison, the actual spectrum f u(k 1) a, free of the effect of 
finite-sensor spatial resolution, was needed. This was computed by correcting the 
spectrum from the 0.45 mm long sensor using Wyngaard's procedure. The resulting 
'true' spectrum was then used to normalize spectra from the 1.25 and 3.00 mm long 
sensors, and the result s were then plotted on Wyngaard coordinates as shown in 
figure 21. Because the ' true' spectrum at y' /o = 0.078 agrees with Pao (1965), having 
an inertia l subrange and showing evidence of local isotropy at high wavenumbers 
(ReA = 199, e = 1.19 x 103 m2/s 3 ), results in figure 21 show good agreement with 
Wyngaard's correction graph, considering the scatter resulting from any detailed 
compar ison of spectra. Thus, the Wyngaard correction, which is based on Pao 's (1965) 
spectra l formulation, is suppor ted by the present measurements. 

According to figure 21, the true spect rum and the one measured with the 0.45 mm 
long senso r (rJ/l = 0.091) are 16 % different at k1 l ~ 1.0. However, because th e 
Wyngaard (1968) correction applies (in this case) only to the higher-fr equency 
spectrum parts containing only a very small portion of the total energy , magnitudes 
of u' 2 in figure 17 from the 0.45 mm sensor at y' / o = 0.078 (y+ = 261) are 1.1 % less 
than energy levels measured using a sensor ha ving totally adeq uat e spatia l resolution. 

These differences are expected to be larg er at sma ller y+. 
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