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Abstract
A transversely isotropic visco-hyperelastic constitutive model is provided for soft tissues, which accounts for large defor-
mations, high strain rates, and short-term memory effects. In the first part, a constitutive model for quasi-static deforma-
tions of soft tissues is presented, in which a soft tissue is simulated as a transversely isotropic hyperelastic material
composed of a matrix and reinforcing fibers. The strain energy density function for the soft tissue is additively decom-
posed into two terms: a neo-Hookean function for the base matrix, and a polyconvex polynomial function of four invar-
iants for the fibers. A comparison with existing experimental data for porcine brain tissues and bovine pericardium
shows that this new model can well represent the quasi-static mechanical behavior of soft tissues. In the second part, a
viscous potential is proposed to describe the rate-dependent short-term memory effects, resulting in a visco-hyperelastic
constitutive model. This model is tested for a range of strain rates from 0.1 /s to 90 /s and for multiple loading scenarios
based on available experimental data for porcine and human brain tissues. The model can be applied to other soft tissues
by using different values of material and fitting parameters.
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1. Introduction

Soft tissues represent body tissues that envelope, bind, connect, and support other body parts.
Mechanical behavior of a soft tissue can be characterized by non-linear elastic deformations, strain rate
sensitivity, hysteresis, viscoelastic responses (relaxation and creep), and permanent strains. Soft tissues
have been extensively studied using continuum mechanics and non-linear elasticity [1, 2].

Brain tissues [3–6], spinal cord tissues [7, 8], and ligaments [9] have been found to be transversely iso-
tropic. Body tissues exhibiting orthotropic material symmetry include cardiac tissues [10, 11] and arteries
[2]. The current study is focused on the constitutive modeling of transversely isotropic soft tissues, which
can be treated as hyperelastic or visco-hyperelastic materials.

For a hyperelastic or Green elastic material, a strain energy density function can be used to determine
all stress components. One approach is to use a polynomial strain energy density function to describe
the material response [12, 13]. The material parameters involved in such a polynomial function are
numerous and often do not have any physical meaning. These models tend to be numerically unstable
at high strains and violate convexity conditions [14]. Another approach is to work with a strain energy
density function that contains two terms — one for the matrix and the other for the reinforcing fibers
[14, 15]. The matrix is often modeled as a neo-Hookean material, a compressible Blatz-Ko material, or
a Mooney-Rivlin solid. The most commonly used reinforcing model is the ‘‘standard reinforcing model’’
[2, 16]. In this model, the strain energy density function for the isotropic matrix is augmented by a term
for the reinforcing fibers, which is a function (usually exponential or power) of a fourth invariant of the
right Cauchy-Green deformation tensor. It is assumed that the fibers have no influence on the mechani-
cal behavior of a soft tissue in compression, for its along-fiber shear deformation, or when it is stretched
perpendicular to the fiber orientation.

Constitutive modeling of soft tissues as hyperelastic materials can also be conducted by using separate
strain energy density functions for the matrix, fibers, and fiber–matrix interaction zone [17–19]. This
additive decomposition of the total strain energy into three separate terms is based on the experimental
finding that intralamellar fiber–fiber and fiber–matrix interactions make a significant contribution to
soft tissue stiffness. To describe the interaction energy, Criscione et al. [18] proposed five physically-
based invariants. A phenomenological model was developed by Peng et al. [8] for human annulus fibro-
sus by providing a new strain energy density function to account for the fiber–matrix shearing interac-
tion. Guo et al. [20] explained the shear interaction based on mechanics of composites, which was also
verified numerically [21].

The effect of strain rate on soft tissues is important, particularly for blast-induced traumatic brain
injuries. Experiments have demonstrated that brain tissues are sensitive to the time scale of loading. A
brain tissue responds immediately to loading, is sensitive to load variations, and remembers the history
of loading [22]. It has been experimentally observed that shear responses of human brain tissues are
rate-dependent [23–25]. Changes in strain rate generate additional amounts of stress in the soft tissue.
Tensile/compressive responses of brain tissues are also found to be rate-dependent [26, 27]. Brain tissue
responses under tension/compression loading stiffen considerably as the rate of loading increases [28].
Unlike shear responses, tensile/compressive responses are explicitly more sensitive at higher strain rates
[26, 27]. This is of particular importance in modeling traumatic brain injuries (TBI) induced by blast
events, where the duration of impact is on the order of milliseconds [29]. Explicit modeling of strain rate
responses will help characterize tissue properties near impact sites (particularly useful in modeling TBI)
over the expected range of loading rate.

In the current work, a new strain energy density function is proposed for soft tissues by modeling a
soft tissue as a transversely isotropic composite consisting of a matrix (base) material and reinforcing
fibers. The matrix is regarded as isotropic and described by using the neo-Hookean strain energy density
function. Another function is used to represent the contributions from both fiber stretching and fiber–
matrix interaction.

The rest of this paper is organized in the following manner. In Section 2, elements of continuum
mechanics essential for the formulation are presented. In Section 3, a new strain energy density function
for describing quasi-static responses of soft tissues is proposed and examined, and its predictions are
compared with those by a standard reinforcing model. Relevant issues on the polyconvexity of the
newly proposed strain energy density function and the ellipticity of the elasticity tensor are also briefly
addressed. In Section 4, a viscous potential is proposed for simulating rate-dependent responses of soft

748 Mathematics and Mechanics of Solids 21(6)



tissues (treated as transversely isotropic visco-hyperelastic materials), which is tested by comparing with
experimental data available for different soft tissues at various strain rates. The paper concludes in
Section 5 with a summary.

2. Elements of continuum mechanics

2.1. Kinematics

Let X be the position vector of a material point in the undeformed (reference) configuration, and x be
the corresponding position vector in the deformed configuration. The latter is related to the former
through the equation of motion

x= x(X, t), ð1Þ

where x is a function describing the motion. The deformation gradient tensor, F, is given by

F=
∂x

∂X
, ð2Þ

which is a two-point tensor mapping the vector dX in the reference configuration to the vector dx in the
deformed configuration (i.e., dx = FdX). It is required that F satisfy

J [ detF.0, ð3Þ

where J is the Jacobian representing the ratio of the deformed volume dv to the undeformed volume dV
(i.e., dv = JdV).

The right and left Cauchy-Green deformation tensors are, respectively, given by

C=FTF, B=FFT , ð4a;bÞ

where the superscript T denotes the transpose of the tensor.
The three principal invariants of C are defined as

I1 = trC, I2 =
1

2
(trC)2 � tr(C2)
� �

, I3 = detC, ð5Þ

which are identical to those of B. For an incompressible material, I3 = J2 = 1. For an isotropic hypere-
lastic material, the strain energy density function can be constructed using these three invariants, which
form an integrity basis [30–32].

For a transversely isotropic hyperelastic material with a preferred (fiber) direction described by the
unit vector a0 in the reference configuration, two additional invariants defined by

I4 = a0 � Ca0, I5 = a0 � C2a0 ð6Þ

are needed in the invariant formulation of the constitutive equations [33]. If the reinforcing fibers are
considered inextensible, then I4 = 1.

It should be mentioned that the number of invariants (i.e., five) required in the invariant formulation
corresponds to the number of independent stiffness or compliance constants needed for characterizing a
transversely isotropic linearly elastic material [34, 35]. A general discussion on the link between the
invariant formulation and the linearized elastic moduli of a transversely isotropic material has been pro-
vided by Schröder and Neff [36].

Note that among the five invariants defined in equations (5) and (6) only I3 and I4 can be physically
interpreted, with

ffiffiffiffi
I3

p
and

ffiffiffiffi
I4

p
being, respectively, the volume ratio and the stretch in the fiber direction

a0. This situation motivated the efforts in developing physically-based invariants, as alternatives to I1 ;
I5 defined in equations (5) and (6), for describing mechanical responses of transversely isotropic hypere-
lastic materials [18, 37, 38].

The rate of deformation tensor is given by
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D=
1

2
L+LT
� �

, ð7Þ

where L = rv is the velocity gradient. It can be readily shown that

L= F
�
F�1, ð8Þ

where the overhead dot represents the total time derivative, and the superscript ‘‘21’’ denotes the
inverse. It follows from equations 4(a), (7), and (8) that the total material time derivative of C is given
by

C
�

[
DC

Dt
= 2FTDF: ð9Þ

2.2. Stress tensors

For hyperelastic materials, the use of the principle of material frame indifference and the first and second
laws of thermodynamics leads to

S= 2
∂W

∂C
, ð10Þ

where S is the second Piola–Kirchhoff (P-K) stress tensor, and W (= W(C)) is the strain energy density
function (measuring the strain energy per unit undeformed volume). The Cauchy stress (measuring the
force per unit deformed area) can be computed from S in equation (10) as

s = 2J�1F
∂W

∂C
FT : ð11Þ

Equations (10) and (11) are for compressible materials.
For incompressible materials with J = 1, equations (10) and (11) become

S= 2
∂W

∂C
� pC�1, s = 2F

∂W

∂C
FT � pI, ð12a;bÞ

where p is the hydrostatic pressure acting as a Lagrange multiplier (associated with the kinematic con-
straint detC = 1), and I is the second-order identity tensor.

For a transversely isotropic hyperelastic material, the strain energy density function can be con-
structed using the five invariants I1 ; I5 [33], i.e.,

W = W (I1, I2, I3, I4, I5), ð13Þ

where Ii (i2 {1, 2, 3, 4, 5}) are functions of C defined in equations (5) and (6). It then follows from equa-
tions 12(a) and (13), with the help of the chain rule, that

S= 2
X5

j = 1

∂W

∂Ij

∂Ij

∂C
� pC�1, ð14Þ

where

∂I1

∂C
= I,

∂I2

∂C
= I1I� C,

∂I3

∂C
= I3C

�1,
∂I4

∂C
= a0 � a0 ,

∂I5

∂C
= a0 � Ca0 +Ca0 � a0, ð15Þ

which are directly obtained from equations (5) and (6).
Using equation (15) in equation (14) gives the second P-K stress as
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S= 2
∂W

∂I1

+ I1

∂W

∂I2

� �
I� ∂W

∂I2

C+
∂W

∂I4

a0 � a0 +
∂W

∂I5

a0 � Ca0 +Ca0 � a0ð Þ
	 


� pC�1, ð16Þ

where use has been made of I3 = 1 for incompressible materials and the ∂W/∂I3 term has been consoli-
dated with the hydrostatic pressure term.

Similarly, substituting equations (13) and (15) into equation (12b) results in, with the help of the
Cayley-Hamilton theorem,

s = 2
∂W

∂I1

B� ∂W

∂I2

B�1 + I4

∂W

∂I4

a� a+ I4

∂W

∂I5

a� Ba+Ba� að Þ
	 


� pI ð17Þ

as the Cauchy stress, where the ∂W/∂I3 term and one term containing ∂W/∂I2 have been consolidated
with the hydrostatic pressure term. In equation (17), a is a unit vector along the fiber direction in the
deformed configuration.

2.3. Constitutive laws

A constitutive law is required to describe the stress–strain relation of a material. A general constitutive
law for a material of integral type is given by [39, 40]

S(t) = Se(C(t))|fflfflfflffl{zfflfflfflffl}
Equilibrium
response

+ Sv(C
�

(t);C(t))|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Short-term
memory response

+

ð‘
d

S(G(t � s), s;C(t))ds

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Long-term
memory response

, ð18Þ

where S is the second P-K stress tensor, Se is an equilibrium term representing the elastic response, Sv is
the viscous stress tensor, S is a functional describing the history of G(t2s) = C(t2s) 2C(t), t is the pres-
ent time, and s is the elapsed time.

When only the short-term memory effect is included, equation (18) reduces to

S(t) =Se(C(t)) +Sv(C
�

(t);C(t)), ð19Þ

where the first term is the elastic (equilibrium state) stress, and the second term is the rate-dependent vis-
cous (non-equilibrium state) stress.

3. Quasi-static response

A quasi-static response represents an equilibrium response of a soft tissue as t ! ‘.
For transversely isotropic hyperelastic materials, it has been shown [33] that in addition to the three

principal invariants I1, I2 and I3 for isotropic materials, two invariants I4 and I5, which are defined in
equation (6), are required to fully describe the material response. Note that the invariant I4 is directly
linked to the fiber stretch, and the invariant I5 is related to the fiber stretch and registers the fiber–matrix
shear interaction additionally.

The invariant I4 has been extensively used to model soft tissues [2, 4, 14, 16, 41, 42]. As an example, a
strain energy density function of the following decoupled form has been proposed:

W I1, I2, I4ð Þ= Wmatrix I1, I2ð Þ+ Wfiber I4ð Þ, ð20Þ

whereWfiber(I4) is a convex function of I4 [14, 43]. Hyperelasticity models of the form shown in equation
(20) are known as standard reinforcing models.

However, the invariant I5 has rarely been used due to a lack of understanding of the energy contribu-
tion from the fiber–matrix interaction. By analogy with equation (20), a strain energy function involving
I5 can be defined to have the form:
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W I1, I2, I5ð Þ= Wmatrix I1, I2ð Þ+ Wfiber I5ð Þ: ð21Þ

Merodio and Ogden [44–46] studied models involving the invariant I5 and compared the resulting pre-
dictions with those by models containing the invariant I4. They found that the constitutive models
employing the strain energy density function of the form in equation (21) are considerably stiffer than
those models based on the strain energy density function of the form in equation (20). They also showed
that the models based on equation (21) can be numerically unstable, as I5 can have multiple minima [46].

Schröder and Neff [36] proposed a variety of strain energy density functions for modeling transversely
isotropic soft tissues based on the five invariants I1 ; I5 defined in equations (5) and (6).

Balzani et al. [47] suggested a strain energy density function for biological soft tissues by using a mixed
invariant K3 defined by K3 = I1I4 � I5. Physically, K3 is a polynomial invariant that controls the deforma-
tion of an area element whose normal is lying in an isotropic plane of the transversely isotropic material
and is perpendicular to a0 (the unit vector in the preferred fiber direction) [36]. This strain energy density
function contains three or more material parameters and has been used to fit experimental data obtained
under uniaxial tensile loading.

Motivated by the studies of Schröder and Neff [36] and Balzani et al. [47] and based on the observa-
tions that fibers have negligible compression stiffness (thereby not contributing to the strain energy when
under contraction) and the fiber–matrix interaction affects the mechanical response of a soft tissue, the
following strain energy density function is proposed for transversely isotropic soft tissues in the current
study:

We =
m

2
(I1 � 3) + m1(K4 � 7)q,

K4 = I2 + 2I1I4 � 2I5,
ð22Þ

where m is the shear modulus for infinitesimal deformations, m1 is a material constant, q is an exponent
(with q . 1), and K4 is a mixed invariant introduced in Schröder and Neff [36]. As a polynomial function
of the integrity bases I1 ; I5, K4 is invariant under the transverse isotropy material symmetry group,
since I1 ; I5 are all invariant under such transformations [47]. This newly proposed model has not been
used before and will be examined here.

It is required that the strain energy density function and the second P-K stress be zero-valued in the
reference configuration, where there is no deformation such that F = I, C = I, I1 = 3, I2 = 3, I3 = 1,
I4 = 1, and I5 = 1. Upon using equation (16), these requirements become

W jI1 = 3, I2 = 3, I3 = 1, I4 = 1, I5 = 1 = 0,

(W1 + 2W2)jI1 = 3, I2 = 3, I3 = 1, I4 = 1, I5 = 1 =
p0

2
,

(W4 + 2W5)jI1 = 3, I2 = 3, I3 = 1, I4 = 1, I5 = 1 = 0,

ð23Þ

where Wj[ ∂W/∂Ij (j = 1, 2, 3, 4, 5), and p0 is the value of the hydrostatic pressure in the reference con-
figuration. It can be readily shown that equation (23) will be identically satisfied by We when p0 is set to
be m. That is, the strain energy density function We proposed in equation (22) can satisfy the vanishing
stress and energy conditions in the reference configuration.

Also, We can be shown to be polyconvex for m . 0, m1 .0, and q . 1, since I1 and K4 involved are
polyconvex [36, 48]. The polyconvexity of this strain energy density function ensures the ellipticity of the
corresponding acoustic tensor for all deformations [36, 49], thereby leading to numerically stable consti-
tutive models.

To compare the new model proposed in equation (22) with standard reinforcing models of the form
given in equation (20) in predicting transversely isotropic soft tissue responses, the following model is
adopted:

W S
e =

m

2
(I1 � 3)� m0

2
Jm ln 1� (I4 � 1)n

Jm

	 

, ð24Þ
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where m0 is a material constant, n is an exponent (with n . 1), and Jm is the limiting value of (I123)
accounting for the extensibility [16]. This model is a generalized version of one strain energy density
function proposed by Horgan and Saccomandi [16] and is representative of the standard reinforcing
models of the type shown in equation (20).

The feasibility of the new model proposed in equation (22) for describing constitutive behavior of
transversely isotropic soft tissues will be studied along with that of the standard reinforcing model listed
in equation (24) by fitting experimental curves obtained under different loading conditions in the
remaining part of this section. The material is regarded as incompressible in the discussions herein.

3.1. Uniaxial loading

The stress responses to uniaxial loading along the X1 direction predicted using We and W S
e presented in

equations (22) and (24) respectively are examined here. For this case, the reinforcing fibers are taken to
be along the X1 axis, as shown in Figure 1.

For uniaxial loading in the X1 direction, the deformation gradient tensor F is given by

Fij

� �
=

l1 0 0

0 l2 0

0 0 l3

2
4

3
5, ð25Þ

where l1, l2 and l3, satisfying the incompressibility condition l1l2l3 = 1, are the principal stretches
along the X1, X2 and X3 directions, respectively.

The unit vector representing the fiber orientation in the reference and deformed configurations respec-
tively reads

a0 = e1, a= l1e1: ð26a;bÞ

For uniaxial loading along the fiber direction with l2 = l3, it follows from equations (4a), (5), (6),
(22), (25) and (26a, b) that the invariants I1 ; I5 and K4 in this case are

I1 = l2
1 +

2

l1

, I2 = 2l1 +
1

l2
1

, I3 = 1, I4 = l2
1, I5 = l4

1, K4 = 6l1 +
1

l2
1

: ð27Þ

For the strain energy density functions We and W S
e presented in equations (22) and (24), equation (17)

gives

a0

X2

X1

λ1

Figure 1. Uniaxial tension of a composite specimen with fibers and loading along the X1 direction.
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s11e = 2
m

2
+ 2m1nI4(K4 � 7)n�1

h i
B11 � 2m1n(K4 � 7)n�1B�1

11 + 4m1nI1(K4 � 7)n�1 a� að Þ11

� 4m1n(K4 � 7)n�1 a� Ba+Ba� að Þ11 � p,

sS
11e = mB11 +

2m0(I4 � 1)n�1

1� (I4�1)n

Jm

a� að Þ11 � pS,

ð28Þ

where ‘‘e’’ in the subscript represents the hyperelastic response, and ‘‘S’’ in the superscript denotes the
standard reinforcing model given in equation (24).

The deformation characterized by equation (25) is homogeneous. Hence, the equilibrium equations in
the absence of body forces will be satisfied if the hydrostatic pressure p is a constant.

For uniaxial loading along the X1 direction, s33 = 0. This result gives, from We in equation (22), W S
e

in equation (24), and equations (17) and (26b),

p = m + 4m1nI4(K4 � 7)n�1
� �

B33 � 2m1n(K4 � 7)n�1B�1
33 ;

pS = mB33:
ð29Þ

Using equations (29), (25), (4b), and (26b) in equation (28) then yields

s11e

m
= 2

1

2
+ gnI4(K4 � 7)n�1

	 

(l2

1 � l2
3)� gn(K4 � 7)n�1(l�2

1 � l�2
3 )

+ 2gnI1(K4 � 7)n�1l2
1 � 4gn(K4 � 7)n�1l4

1,

sS
11e

m
= l2

1 � l2
3 +

g0(I4 � 1)n�1

1� (I4�1)n

Jm

l2
1,

ð30Þ

where

g0 =
2m0

m
, g =

2m1

m
ð31Þ

are two dimensionless parameters.
The normal stress in the X1 direction, s11e, induced by the uniaxial tensile loading in the fiber direc-

tion (with l2 = l3) is plotted in Figures 2 and 3. The numerical values of s11e and sS
11e shown in

Figures 2 and 3 are obtained from equations (30) and (27). For illustration purposes, in the calculations,
q in We and n in W S

e vary from 1.5 to 5. Also, Jm in W S
e is selected to be 4.3. This value has been used

by Destrade et al. [50] to study soft tissues and is based on fitting experimental data for porcine
brainstems [5].

          
    (a)                                                                                 (b) 

Figure 2. s11e/m vs. l1 in the fiber direction: (a) current model with g = 10; (b) standard reinforcing model with Jm = 4.3, g0 = 10.
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Figures 2(a) and 2(b) illustrate the influence of the parameters q and n, respectively. Clearly, increas-
ing the value of q in the current model based on equation (22) increases the stress contribution from the
reinforcing fibers (see Figure 2(a)), while increasing the value of n in the standard reinforcing model
based on equation (24) reduces the stress contribution from the reinforcing fibers (see Figure 2(b)). Also,
it is seen that the effect of the parameter q is significant only when l1 is large. For small extensions, the
curves with different values of q or n (for n . 3) are almost coincident. In particular, the stress response
stiffens considerably at higher values of q.

Figures 3(a) and 3(b) show the effect of the parameters g and g0, respectively, on the stress response
predicted by the two models. It is observed that the stress s11e is a monotonically increasing function of
the stretch for any value of g or g0 considered.

3.2. Biaxial loading

For a planar biaxial deformation, the deformation gradient tensor F is given by

Fij

� �
=

F11 F12 0

F21 F22 0

0 0 F33

2
4

3
5, ð32Þ

where

F33 =
1

F11F22 � F12F21

= l3: ð33Þ

It then follows from equations (4a, b)–(6) and (32) that the fiber direction in the deformed configuration
and the five invariants are

a=Fa0 = (F11 cos u + F12 sin u)e1 + (F21 cos u + F22 sin u)e2,

I1 = B11 + B22 + B33, I2 = B11B22 + B11B33 + B22B33 � B2
12, I3 = 1,

I4 = a2
1 + a2

2, I5 = B11a2
1 + 2B12a1a2 + B22a2

2,

ð34Þ

where u is the angle between the reinforcing fibers and the X1 axis in the reference configuration,
thereby giving a0 = cosue1 + sinue2. Note that in reaching the first expression in equation (34) it has
been assumed that the fibers are inextensible with l = 1, where l is the stretch of the fiber along its
direction a0, so that la(x, t)= F(X, t)a0(X) reduces to a = Fa0 [51].

Upon using the plane stress approximation (s33 = 0), the expression for the hydrostatic pressure p
can be obtained from equation (17) as, with I4 = 1 for inextensible fibers,

(a) (b)

Figure 3. s11e/m vs. l1 in the fiber direction: (a) current model with g = 10, 25, 50, 100, q = 3; (b) standard reinforcing model with
g0 = 10, 25, 50, 100, Jm = 4.3, n = 3.
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p = 2
∂W

∂I1

B33 � 2
∂W

∂I2

B�1
33 + 2

∂W

∂I4

a� að Þ33 + 2
∂W

∂I5

a� Ba+Ba� að Þ33: ð35Þ

Using equation (35) in equation (17) gives the non-zero components of the Cauchy stress s as

s11e = 2
∂W

∂I1

B11 � B33ð Þ+ 2
∂W

∂I2

B�1
33 � B�1

11

� �
+ 2

∂W

∂I4

a� að Þ11 � a� að Þ33

� �
+ 2

∂W

∂I5

a� Ba+Ba� að Þ11 � a� Ba+Ba� að Þ33

� �
,

s22e = 2
∂W

∂I1

B22 � B33ð Þ+ 2
∂W

∂I2

B�1
33 � B�1

22

� �
+ 2

∂W

∂I4

a� að Þ22 � a� að Þ33

� �
+ 2

∂W

∂I5

a� Ba+Ba� að Þ22 � a� Ba+Ba� að Þ33

� �
,

s12e = 2
∂W

∂I1

B12 � 2
∂W

∂I2

B�1
12 + 2

∂W

∂I4

a� að Þ12 + 2
∂W

∂I5

a� Ba+Ba� að Þ12,

ð36a�cÞ

where

a� að Þij
h i

=

a2
1 a1a2 0

a2a1 a2
2 0

0 0 0

2
64

3
75;

a� Bað Þij
h i

=

a1 B11a1 + B12a2ð Þ a1 B12a1 + B22a2ð Þ 0

a2 B11a1 + B12a2ð Þ a2 B12a1 + B22a2ð Þ 0

0 0 0

2
64

3
75;

Ba� að Þij
h i

=

a1 B11a1 + B12a2ð Þ a2 B11a1 + B12a2ð Þ 0

a1 B12a1 + B22a2ð Þ a2 B12a1 + B22a2ð Þ 0

0 0 0

2
64

3
75:

ð37Þ

If there is no shear deformation, then the deformation gradient tensor is a diagonal matrix of the
form diag [l1 l2 l3], with l3 = 1/(l1l2) (due to incompressibility). For this special case, W is a function
of only two independent stretches, l1 and l2, in addition to the fiber angle u. However, if the symmetry
axis of the transversely isotropic material is not aligned with one loading direction, then a shear stress is
required to maintain a homogeneous deformation in the specimen. In such a case, the deformation gra-
dient tensor will have the form given in equation (32).

Figures 4 and 5 show the tensile stress–stretch curves for s11e and s22e in a specimen with the fiber
direction along the X1 axis subjected to equi-biaxial extension (with zero shear deformation), which are
obtained from equations (36a, b) with u = 0 (i.e., the fiber orientation in this case is along the X1 axis).

It is seen from Figures 4(a) and 4(b) that the axial normal stress–stretch curves predicted by both the
models for the biaxial loading case are similar to those predicted for the uniaxial loading case (see
Figures 2(a) and 2(b)).

However, the normal stress responses in the direction transverse to the fiber direction (i.e., the X1 axis)
predicted by the current model are significantly different from those predicted by the standard reinfor-
cing model, as shown in Figures 5(a) and 5(b). The current model predicts s22e–l2 curves exhibiting stif-
fening responses (similar to those exhibited by the s11e–l1 curves (see Figures 4(a) and 5(a)), which is
typical of the strain-hardening behavior experimentally displayed by soft tissues [4]. On the other hand,
the standard reinforcing model predicts an increasing extensibility with increasing stress, with no stiffen-
ing effect observed (see Figure 5(b)).

What is shown in Figure 5(b) can be explained as follows. For the fiber orientation along the X1 axis,
u = 0 and F12 = F21 = 0. It then follows from equations (32) and (34) that for the equi-biaxial deforma-
tion considered,
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Fij

� �
=

l1 0 0

0 l2 0

0 0 l�1
1 l�1

2

2
64

3
75,

a= l1e1,

I1 = l2
1 + l2

2 + l�2
1 l�2

2 , I2 = l2
1l2

2 + l�2
2 + l�2

1 , I3 = 1, I4 = l2
1, I5 = l4

1:

ð38Þ

Using equation (38) and the expressions of We and W S
e presented in equations (22) and (24) in equation

(36b) yields

s22e = 2
m

2
+ 2m1qI4(K4 � 7)q�1

h i
B22 � B33ð Þ+ 2m1q(K4 � 7)q�1 B�1

33 � B�1
22

� �
,

sS
22e = m B22 � B33ð Þ:

ð39a;bÞ

   (a)                                                                        (b) 

Figure 4. s11e vs. l1 in a specimen with the fiber direction along the X1 axis subjected to equi-biaxial extension: (a) predictions by
the current model with g = 10; (b) predictions by the standard reinforcing model with Jm = 4.3, g0 = 10.

 (a)                                                                                 (b) 

Figure 5. s22e/m vs. l2 (=l1) in a specimen with the fiber direction along the X1 axis subjected to equi-biaxial extension: (a)
predictions by the current model with g = 10; (b) predictions by the standard reinforcing model with Jm = 4.3, g0 = 10.

Kulkarni et al. 757



It can be seen from equation (39b) that s22e predicted by the standard reinforcing model contains no
contribution from the reinforcing fibers (represented by Wfiber(I4)), unlike that predicted by the current
model (see equation (39a). Therefore, the s22e–l2 curves in Figure 5(b) are essentially those of a neo-
Hookean solid based on equation (39b) that is derived from the first (neo-Hookean) term of W S

e given
in equation (24).

Next, the predictions by the two models are tested by comparing with the experimental data obtained
by Sacks [52] for equi-biaxial testing of transversely isotropic soft tissues of bovine pericardium. It has
been shown [7, 53] that material parameters determined only from uniaxial tension tests may not cor-
rectly describe biaxial deformation responses. Hence, the experimental data of Sacks [52] from equi-
biaxial tensile tests are simultaneously fitted to s11e and s22e predicted by the current model and the

 

[52]

[52]

Figure 6. Comparison of the predictions by the current model with the equi-biaxial tension test data for bovine pericardium of
Sacks [52]. The parameter values used are q = 5.01, g = 0.0018734, m = 23467.24 Pa, and m1 = 21.94 Pa.

 

[52]

[52]

Figure 7. Comparison of the predictions by the standard reinforcing model with the equi-biaxial tension test data for bovine
pericardium of Sacks [52]. The parameter values used are n = 5.7, g0 = 224.235, m = 88123.53 Pa, m0 = 9880211.14 Pa, and Jm = 4.3.
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standard reinforcing model, respectively. The predicted and experimental s11e–l1 and s22e–l1 curves
are shown in Figure 6 (for the current model) and Figure 7 (for the standard reinforcing model).

It is seen from Figure 6 that there is a fairly good agreement between the predictions by the current
model and the experimental data. In contrast, the predictions by the standard reinforcing model do not
agree very well with the experimental data, as shown in Figure 7. In addition, the transversely isotropic
responses of the bovine pericardium soft tissues revealed by the experimental data are well captured by
the current model, as shown in Figure 6.

For a general biaxial deformation with the deformation gradient tensor given in equation (32), the
non-zero components of the Cauchy stress are s11e, s22e, s33e, s12e, and s21e (= s12e). Using a thin sheet
approximation for soft tissues allows s33e to be set to zero, which then leads to the determination of the
hydrostatic pressure p from equation (35). For the current model, the resulting three expressions for the
non-zero stress components s11e, s22e, and s12e (= s21e) involve four independent constitutive func-
tions, namely, ∂W/∂I1, ∂W/∂I2, ∂W/∂I4, and ∂W/∂I5, for the incompressible material (see equations (36a–
c)). In order to fully characterize the transversely isotropic material properties, the minimum experimen-
tal tests required include: (a) planar biaxial tests with in-plane shear, and (b) through thickness shear
tests. However, for membrane tissues (like brain tissues) where thin sections can be prepared, planar
biaxial tests with an in-plane shear stress component would be sufficient for full characterization of the
material properties. To the best of our knowledge, the current multi-axial experimental data available
for transversely isotopic soft tissues are limited to equi-biaxial tests only.

3.3. Shearing deformation

Consider a simple shear deformation. When the simple shear of the amount k is applied in the X1 direc-
tion, as shown in Figure 8, the deformation gradient tensor F is given by

Fij

� �
=

1 k 0

0 1 0

0 0 1

2
4

3
5: ð40Þ

It follows from equations (4a), (5), (6) and (40) that

X2

1

X1
θ

k

a0

Figure 8. Simple shear deformation.
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I1 = I2 = 3 + k2, I3 = 1,

I4 = 1 + k2sin2u + 2k cos u sin u,

I5 = 3k2sin2u + 4k cos u sin u + k2( cos u + k sin u)2 + 1:

ð41Þ

Using equation (41) and the expressions of We and W S
e presented in equations (22) and (24) in equation

(17) then gives

s12e

m
= 1 + 2gqI4 K4 � 7ð Þq�1
h i

k + gq K4 � 7ð Þq�1
k + 2gqI1 K4 � 7ð Þq�1 sin u( cos u + k sin u)

� 2gq K4 � 7ð Þq�1 ( cos u + k sin u) k( cos u + k sin u) + 2 + k2
� �

sin u
� �

+ ksin2u
� 


,

sS
12e

m
= k +

g0 I4 � 1ð Þn�1 sin u( cos u + k sin u)

1� I4�1ð Þn
Jm

:

ð42Þ

It follows from equation (41) that for the shear loading along the fiber direction (i.e., u = 0), I4 = 1
and K4 = k2 + 7, and for the shear loading perpendicular to the fiber direction (i.e., u = p/2), I4 =
k2 + 1 and K4 = 3k2 + 7. When u = 0, I4 = 1 and the standard reinforcing model reduces to the neo-
Hookean model, while the current model contains the second term depending on the shear strain k. For
all other fiber directions (with u 6¼ 0 or p/2), K4 can be obtained from equations (41) and (22) as
K4 = 7 + k2(1 + 2sin2u) + 2k sin (2u):

For the simple shear loading in a direction f relative to the X1 axis in the X1X2 plane, the coordinate
system with the following base vectors:

e1 = cosfi1 + sinfi2, e2 =�sinfi1 + cosfi2, e3 = i3 ð43Þ

is adopted such that the shear loading is along the e1 direction [54]. Note that the angle f coincides with
the angle u only if the simple shear loading is along the fiber direction. In equation (43), i1, i2, and i3 are
the base vectors associated with the coordinate system (X1, X2, X3). The deformation gradient tensor is
then given by

F= I+ ke1 � e2 = 1� k sinf cosfð Þi1 � i1 + k cos2f
� �

i1 � i2 � k sin2f
� �

i2 � i1

+ 1 + k sinf cosfð Þi2 � i2 + i3 � i3:
ð44Þ

      

Figure 9. s12/m vs. k for f = 0, p/8, p/4 and g0 = g = 20, n = 2, q = 2, Jm = 4.3.

760 Mathematics and Mechanics of Solids 21(6)



It follows from equations (4a), (5), (6) and (44) that

I1 = 3 + k2;

I2 = 3 + k2;

I4 = 1� k sin (2f) + k2sin2f;

I5 = 1 + k2 + k 2 + k2
� �

� sin (2f) + ksin2f
� �

:

ð45Þ

Also, for the fibers along the X1 direction in the reference configuration (i.e., a0 = i1) and being
inextensible

a=Fa0 = 1� k sinf cosfð Þi1 � k(sin2f) i2, ð46Þ

where use has been made of equation (44).
Figure 9 shows the variation of s12/m with k predicted by both the models. From Figure 9, it is seen

that for the case with f = p/4 the standard reinforcing model predicts unstable stress–strain behavior
(i.e., decreasing shear stress for increasing shear strain) at high strains, while the current model predicts
the stress–strain response that is commonly observed in soft tissues under shear loading [25, 55].

To test the efficacy of the newly proposed model in fitting experimental data, the predicted shear
stress–strain curves are compared with the experimental curves provided in Hrapko et al. [24] for por-
cine brain tissues, as shown in Figure 10. Clearly, the predicted curves by the current model better cap-
ture the experimental curves for the brain tissues.

4. Rate-dependent response

Hyper-viscoelastic constitutive modeling combines the methodologies of viscoelasticity and hyperelasti-
city. One approach is to multiplicatively decompose the total deformation gradient tensor into an elastic
part and a viscoelastic part [22] following the work of Lee [56]. The decomposition method of Lee [56]
is based on the assumptions that the body is isotropic in the reference configuration and that the origin
in the stress–temperature space always lies inside the loading surface [57]. As a result, this approach can-
not be directly used to model anisotropic responses of soft tissues. Another approach to implementing

 

        
 (a)                                                                           (b) 

Figure 10. Comparison of the predictions with the experimental data of Hrapko et al. [24] for porcine brain tissues at the strain
rate of 0.1 /s: (a) the current model with q = 0.7012, g = 0.145, m = 360.61 Pa, and m1 = 26.1804 Pa; (b) the standard reinforcing
model with n =1, g0 = 0.07939, m = 503.84 Pa, and m0 = 20 Pa.
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hyper-viscoelastic models is to decompose the deformation gradient tensor into a dilatational part and
a volume-preserving part. This alternative approach is not restricted to any particular configuration.

For an isothermal deformation, the Clausius-Duhem inequality has the form [58–60]:

Dint =
1

2
S : C

�
�W
�

e � 0, ð47Þ

where Dint is the internal dissipation, S is the second P-K stress, C
�

is the total material time derivative

of C defined in equation (9), We is a hyperelastic strain energy density function, and We

�
is the total time

derivative of We. For We = We (C), equation (47) can be rewritten as

Dint =
1

2
S� 2

∂We

∂C

� �
: C
�
� 0 ð48Þ

for any C and C
�
.

For hyperelastic materials, the satisfaction of equation (48) for any C
�
requires that

Se = 2
∂We

∂C
: ð49Þ

For materials with only the short-term memory effect, the second P-K stress S has the form given in
equation (19). In order to account for the rate-dependent viscous effects observed in soft tissues, a vis-
cous (or dissipative) potential of the following form can be introduced [39, 59]:

Wv = Wv(C
�
;C), ð50Þ

where C
�
is the variable and C is acting as a parameter. Since both C and C

�
are objective, equation (50)

satisfies the material frame indifference principle. From equation (50), the internal dissipation Dint due
to the viscous effects can be computed as

Dint =
∂Wv

∂C
� : C

�
[

1

2
Sv : C

�
ð51Þ

for any C and C
�
.

Combining equations (48), (49) and (51) yields

S=Se +Sv, ð52Þ

where Se, as the elastic part of the second P-K stress S, is given in equation (49), and

Sv = 2
∂Wv

∂C
� ð53Þ

is the viscous part of S.
For incompressible materials, equation (52) can be modified to obtain

S= 2
∂We

∂C
+ 2

∂Wv

∂C
� � pC�1, ð54Þ

where p is a hydrostatic pressure. Equation (54) provides a visco-hyperelastic constitutive law for incom-
pressible materials with short-term memory effects.

In order to describe the short-term memory response of brain tissues, the following viscous potential
is proposed in the current study:

Wv =
1

2
m2J2(I1 � 3)n1 + m3J5(K4 � 7)n2 , ð55Þ
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where m2 and m3 are material constants, n1 and n2 are fitting exponents, and

J2 =
1

2
tr C2

�� �
, J5 = (a0 � a0) : C2

�
ð56Þ

are two invariants of C
�
[31, 59]. The general form of Wv that is invariant under the symmetry transfor-

mations of transverse isotropy is given in the appendix.
Using equation (55) in equation (53) gives

Sv = m2(I1 � 3)n1 C
�

+ 2m3(K4 � 7)n2 a0 � C
�
a0 + C

�
a0 � a0

	 

: ð57Þ

It is clear from equation (57) that Sv = 0 in the reference configuration where F = I and C
�
= 0 for any

values of m2 and m3. Also, it follows from equation (57) that

Sv : C
�

= m2(I1 � 3)n1 C
�

: C
�

+ 2m3(K4 � 7)n2 a0 � C
�
a0 + C

�
a0 � a0

	 

: C
�
� 0 ð58Þ

for any m2� 0 and m3� 0. That is, the viscous potential proposed in equation (55) is thermodynamically
admissible if m2� 0 and m3� 0.

To evaluate the newly proposed viscous potential presented in equation (55), predictions based on
equation (57) (for Sv) along with the quasi-static model proposed in equation (22) (for Se) are compared
with the rate-dependent experimental data of Donnelly and Medige [25], Tamura et al. [27], and Prevost
et al. [22]. The material constants for the new quasi-static model given in equation (22) are listed in

Table 1. Values of the fitting parameters in We for quasi-static responses in tension and shear.

Parameters Tensile response Shear response

m 279.41 Pa 359.74 Pa
m1 0.3315 Pa 0 Pa
q 6.7 1

Table 2. Values of the parameters in Wv for computing the viscous stress at different strain rates: uniaxial tension.

Strain rate (/s) m2 (Pa�s2) m3 (Pa�s2) n1 n2 First-order optimality measure Error Data

0.1 4676.07 15.665 1 4.85 0.00121 0.0278 Prevost et al. [22]
1 4367.78 119.665 1 0.30 0.04273 0.0262
4.3 0 95.29 1 0.823 0.1955 0.0597 Tamura et al. [27]
25 0 30.45 1 0.95 0.03202 0.04507

Table 3. Values of the parameters in Wv for computing the viscous stress at different strain rates: along-fiber simple shear.

Strain rate (/s) m2 (Pa�s2) m3 (Pa�s2) n1 n2 First-order
optimality measure

Maximum Error Data

0.1 19.971 170.79 1 0.19 2.667e-7 0.0201 Hrapko et al. [24]
1 302.72 50.7275 1 0.25 8.10e-6 0.0235
15 0 209.46 1 0.52 0.00869 0.0472 Donnelly and Medige [25]
30 0 146.37 1 0.55 0.04608 0.0388
60 0 57.585 1 0.43 0.54419 0.0581
90 0 46.05 1 0.463 0.3086 0.04980
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(a)                                                                       (b) 

Prediction:

Figure 11. S11 (= S11e + S11v) vs. l1 for porcine brain tissues under uniaxial tensile loading at different strain rates.

 (a)                                                               (b) 

 
          (c) 

Figure 12. S12 (= S12e + S12v) vs. k under simple shear loading at different strain rates. The experimental data plotted in (a) are for
porcine brain tissues, and those plotted in (b) and (c) are for human brain tissues.
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Table 1. The rate-dependent viscous stress Sv computed using equation (57) is added to the quasi-static

stress Se = 2
∂We

∂C
� pC�1 (see equation (12(a))) to obtain the total stress S = Se +Sv in the material. The

parameters involved in equation (57) and used for computing Sv are listed in Tables 2 and 3.
Figure 11 shows the material response to uniaxial tensile loading at strain rates ranging from 0.1 /s to

25 /s. Figure 12 displays the response to simple shear loading at strain rates between 0.1 /s and 90 /s. The
error in data fitting and success of minimization as indicated by the first-order optimality measure are
displayed in Table 2 (for tensile loading) and Table 3 (for shear loading).

Clearly, Figures 11 and 12 show that the normal and shear stresses predicted by the current visco-
hyperelastic model agree well with the experimental data available for the uniaxial loading [27, 22] and
simple shear loading [24, 25] cases, even though a unique set of fitting parameters could not be found
and used in fitting the experimental curves obtained at different strain rates shown in Figures 11 and 12.
This non-uniqueness has been mathematically shown to occur for many models [61]. A unique set of fit-
ting parameters can be estimated only if the identifiability criterion is satisfied, which requires that the
sensitivity coefficients of the model be linearly independent over the range of the measurements. This
criterion has been applied by De Vita and Slaughter [62] to show why their constitutive model for strain
rate-dependent behavior of soft tissues (anterior cruciate ligaments) fits the experimental stress–strain
curve of Pioletti et al. [63] at each strain rate very well but they could not determine a unique set of fit-
ting parameters that can be used to accurately fit the experimental curves at various strain rates. By fol-
lowing the procedure discussed in Beck and Arnold [61] and used in De Vita and Slaughter [62], it can
be readily shown that the identifiability criterion is not satisfied by the current rate-dependent model
over the range of the measurements reported in Donnelly and Medige [25], Tamura et al. [27], Hrapko
et al. [24], and Prevost et al. [22], thereby explaining the non-uniqueness of the fitting parameters. This
limitation of the current model is similar to that exhibited by the constitutive model proposed in De
Vita and Slaughter [62] and the well-known constitutive models of Fung, Mooney-Rivlin, Gent, and
Ogden applied in Rashid et al. [28, 64, 65] for strain rate-dependent behavior of soft tissues.

5. Summary

A transversely isotropic visco-hyperelastic constitutive model is provided for soft tissues based on conti-
nuum mechanics. A new form of the strain energy density function based on five invariants of the right
Cauchy-Green deformation tensor C is proposed to model quasi-static responses, and a rate-dependent

viscous potential involving two invariants of C
�
(the total material time derivative of C) additionally is

suggested to account for short-term memory effects. The predicted stress responses by the newly pro-
posed constitutive model compare well with available experimental data for porcine and human brain
tissues and bovine pericardium at different strain rates and under multiple loading conditions. The
model can be applied to other soft tissues by using different values of material and fitting parameters.
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Appendix: elasticity and viscosity tensors

Elasticity tensors, which are also known as linearized tangent moduli, are essential for finite element
implementation of constitutive models.

Note from equation (52) that the second P-K stress S is a function of C and C
�
. One can then write

[59]

S=Ee : C+Ev : C
�
, ðA1Þ

where

Ee [ 2
∂Se

∂C
, Ev [ 2

∂Sv

∂C
� ðA2a;bÞ

are the fourth-order elasticity and viscosity tensors, respectively. Using equations (49) and (53) in equa-
tions (A2a, b) gives

Ee = 4
∂We

∂C∂C
, Ev = 4

∂Wv

∂C
�
∂C
� : ðA3a;bÞ

For transversely isotropic materials, We(C) = We(I1, I2, I3, I4, I5) [33]. Using equation (A3a) then
gives the elasticity tensor as

Ee = 4
∂2We

∂I1∂I1

+ 2I1

∂2We

∂I1∂I2

+
∂We

∂I2

+ I2
1

∂2We

∂I2∂I2

� �
I� I� 4

∂2We

∂I1∂I2

+ I1

∂2We

∂I2∂I2

� �
(I� C+C� I)

+ 4
∂2We

∂I2∂I2

(C� C)� 4
∂We

∂I2

I4 + 4
∂2We

∂I1∂I4

+ I1

∂2We

∂I2∂I4

� �
½I� (a0 � a0) + (a0 � a0)� I�

� 4
∂2We

∂I2∂I4

½C� (a0 � a0) + (a0 � a0)� C�+ 4
∂2We

∂I4∂I4

a0 � a0 � a0 � a0ð Þ

+ 4
∂2We

∂I1∂I5

+ I1

∂2We

∂I2∂I5

� �
I� a0 � Ca0 +Ca0 � a0ð Þ+ a0 � Ca0 +Ca0 � a0ð Þ � I½ �

� 4
∂2We

∂I2∂I5

C� a0 � Ca0 +Ca0 � a0ð Þ+ a0 � Ca0 +Ca0 � a0ð Þ � C½ �

+ 4
∂2We

∂I5∂I5
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+ 4
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∂I4∂I5

(a0 � a0)� a0 � Ca0 +Ca0 � a0ð Þ+ a0 � Ca0 +Ca0 � a0ð Þ � (a0 � a0)½ �

+ 4
∂We

∂I5

∂2I5

∂C∂C
+ 4 I3

∂2We

∂I1∂I3

+ I1I3

∂2We

∂I2∂I3

� �
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3
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+ 4I3

∂2We
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∂We

∂I3

∂C�1

∂C
,

ðA4Þ

where I4 is the fourth-order identity tensor and use has been made of equation (15). For incompressible
materials, the dependence of We on I3 is suppressed, and equation (A4) reduces to that provided in
Weiss et al. [66] (without the last 10 tensorial terms).
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For transversely isotropic materials, Wv (C
�
) = Wv(J1, J2, J3, J4, J5, J6, J7, J8, J9, J10, J11, J12) [31,

59], where J2 and J5 are defined in equation (56), and the other 10 invariants are given by

J1 = tr C
�

� �
, J3 = det C

�
� �

, J4 = (a0 � a0) : C
�
, J6 = tr CC

�
� �

, J7 = tr CC2
�� �

, J8 = tr C2 C
�

� �
,

J9 = tr C2 C2
�� �

, J10 = tr (a0 � a0)CC
�

	 

, J11 = tr (a0 � a0)CC2

�	 

, J12 = tr (a0 � a0)C2 C

�
	 


:

ðA5Þ

It then follows from equations (53), (56), and (A5) that

Sv = 2
∂Wv

∂J1

I+ 2
∂Wv

∂J2

C
�

+ 2J3

∂Wv

∂J3

C�1
�

+ 2
∂Wv

∂J4

a0 � a0 + 2
∂Wv

∂J5

a0 � C
�
a0 + C

�
a0 � a0

� �

+ 2
∂Wv

∂J6

C+ 2
∂Wv

∂J7

CC
�

+ C
�
C

� �
+ 2

∂Wv

∂J8

C2 + 2
∂Wv

∂J9

C2 C
�

+ C
�
C2

� �
+ 2

∂Wv

∂J10

C a0 � a0ð Þ

+ 2
∂Wv

∂J11

Ca0 � C
�
a0 + C

�
C a0 � a0ð Þ

	 

+ 2

∂Wv

∂J12

C2 a0 � a0ð Þ,

ðA6Þ

where use has been made of the following results:

∂J1

∂C
� = I,

∂J2

∂C
� = C

�
,

∂J3

∂C
� = J3 C

�1
�

,
∂J4

∂C
� = a0 � a0,

∂J5

∂C
� = a0 � C

�
a0 + C

�
a0 � a0,

∂J6

∂C
� =C,

∂J7

∂C
� =CC

�
+ C
�
C,

∂J8

∂C
� =C2,

∂J9

∂C
� =C2 C

�
+ C
�
C2,

∂J10

∂C
� =C(a0 � a0),

∂J11

∂C
� =Ca0 � C

�
a0 + C

�
C(a0 � a0),

∂J12

∂C
� =C2(a0 � a0):

ðA7Þ

Substituting equation (A6) into equation (A2b) will lead to the general expression of the viscosity ten-
sor involving all 12 invariants J1–J12. This expression would be very long. A compact form for the visc-
osity tensor was provided in Limbert and Middleton [59] using a different notation.

When only the first five invariants of C
�
are considered in the viscous potential Wv, i.e., Wv = Wv(J1,

J2, J3, J4, J5), which includes the viscous potential proposed in the current study (see equation (55)) as a
special case, the viscosity tensor can be explicitly obtained from equations (A3b), (56), (A5) and (A7) as

Ev = 4
∂2Wv

∂J1∂J1

I� I+ 4
∂

2

Wv

∂J1∂J2

(I� C
�

+ C
�
�I) + 4J3

∂
2
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∂J1∂J3

(I� C�1
�

+ C�1
�
�I)

+ 4
∂2Wv

∂J1∂J4

I� (a0 � a0) + (a0 � a0)� I½ �

+ 4
∂2Wv

∂J1∂J5

I� (a0 � C
�
a0 + C

�
a0 � a0) + (a0 � C

�
a0 + C

�
a0 � a0)� I

	 


+ 4
∂2Wv

∂J2∂J2

(C
�
�C
�

) + 4J3

∂
2

Wv

∂J2∂J3

(C
�
�C�1

�
+ C�1

�
�C
�

)

+ 4
∂2Wv

∂J2∂J4

½C
�
�(a0 � a0) + (a0 � a0)� C

�
�
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+ 4
∂2Wv

∂J2∂J5

½C
�
�(a0 � C

�
a0 + C

�
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�
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�
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�
�

+ 4
∂Wv

∂J2

I4 + 4J3

∂Wv

∂J3

+ J3

∂
2

Wv
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 !
C�1
�
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�
+ 4J3

∂
2
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�

+ C�1
�
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�
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�
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�
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�
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�
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�
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� + 4
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�
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�
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�
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�
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+ 4
∂2Wv

∂J5∂J5

(a0 � C
�
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�
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�
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�
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∂Wv

∂J5

∂2J5

∂C
�
∂C
� :

ðA8Þ

Note that equations (A4) and (A8) are in the material description. The elasticity tensor Ee and viscosity
tensor Ev in the spatial description can be respectively obtained from the Piola transformation of the cor-
responding tensor in the material description [51].

For the strain energy density function We (see equation (22)) and the viscous potential function Wv

(see equation (55)) proposed in the current study, the elasticity tensor Ee and the viscosity tensor Ev can
be obtained by directly using equations (A4) and (A8).
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