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ABSTRACT: The hadronic light-by-light contribution to the muon anomalous magnetic
moment depends on an integration over three off-shell momenta squared (QZQ) of the cor-
relator of four electromagnetic currents and the fourth leg at zero momentum. We derive
the short-distance expansion of this correlator in the limit where all three Q? are large
and in the Euclidean domain in QCD. This is done via a systematic operator product
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expansion (OPE) in a background field which we construct. The leading order term in
the expansion is the massless quark loop. We also compute the non-perturbative part of
the next-to-leading contribution, which is suppressed by quark masses, and the chiral limit
part of the next-to-next-to leading contributions to the OPE. We build a renormalisation
program for the OPE. The numerical role of the higher-order contributions is estimated
and found to be small.
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1 Introduction

The Standard Model (SM) is the theoretical framework developed to describe particle
physics at its most fundamental level, and is able to predict the anomalous magnetic
moments of the leptons with a high number of significant digits. At the current level of
precision, all the building blocks of the SM leave sizable numerical imprints for the muon
anomalous magnetic moment, or, a, = (¢ — 2),/2. Summing all the contributions, one
finds [1]

as™ = 116591 810(43) x 107", (1.1)

showing a 3.70 tension with the very precise experimental value [2, 3],
a® = 116592 091(63) x 107" (1.2)

The experimental value is expected to be significantly improved [4, 5]. In case the discrep-
ancy grows this could be a sign of new physics beyond the SM.

The current uncertainties in the theoretical prediction are dominated by contributions
from the hadronic sector. Since the relevant energy scale, i.e. the muon mass, is far below
the region of applicability of perturbative QCD, the assessment of these contributions
resorts to the use of non-perturbative tools. Further improvements are needed in order to
find a SM value at the level of precision competing with that of the future experimental
one. Decreasing the errors on the hadronic contributions would therefore shed some light
on whether or not the current tension is a hint of new physics. An overview and assessment
of the current theoretical situation is the white-paper [1].

In this paper, we focus on the hadronic light-by-light (HLbL) scattering contribution,
represented by the diagram in figure 1. The calculation of the (g — 2), requires the inte-
gration of the HLbL tensor over ¢, ¢o and q3, with the fourth photon in the static limit,
i.e. g4 — 0. Working with three Euclidean squared loop momenta %2 = —Q%, this means
one has to consider different kinematic regions of Q%. We consider the short-distance regime
with photon virtualities Q% ~ Q3 ~ Q% > A%QCD’ and derive so-called short-distance con-
straints by means of an operator product expansion (OPE). The second important regime is
with mixed virtualities, namely Q3, AQQCD < Q? ~ Q3, and has been considered in ref. [6].
There has been a lot of recent work in the latter regime refs. [7-14].

The first full calculations of the HLbL were made using models in refs. [15-17]. More
recently a dispersion theory based approach as in refs. [18, 19] has allowed for better con-
trol of the low-energy region. In the latter approach one considers individual intermediate
states, for which short-distance constraints such as those derived herein can be used, ex-
amples are refs. [7, 8, 13, 14, 16, 20]. One should of course be careful in comparing at the
correct kinematics.

The naive OPE in the vacuum for the HLbL tensor, which is valid for Q2 ~ Q3 ~
Q3 ~ Q2> A(2QCD7 has the perturbative quark loop as its first term. The quark loop has
always been used as an estimate for the whole contribution, using constituent quarks and
in various models see e.g. refs. [21-26] and for the contributions from heavy quarks [27].
However, the naive OPE breaks down for the (g — 2),, kinematics with ¢4 — 0 [28]. The



OPE of the HLbL tensor in this kinematics must be performed by taking into account
that the static photon needs to be formulated as a soft degree of freedom. It was shown
in ref. [28] (see also ref. [6]) how this could be done by factoring out the soft photon
as a background field. The background field can originate either from the hard degrees
of freedom (e.g. the massless quark loop) or the soft ones (e.g. the so-called di-quark
magnetic susceptibility contribution). The resulting OPE, originally formulated for baryon
magnetic moment sum rules in refs. [29] and [30], and whose application to other hadronic
(9—2),, contributions was introduced in ref. [31], has the massless quark loop as the leading
term and the di-quark magnetic susceptibility of the vacuum as the leading quark-mass
suppressed contribution. In this work we extend the results of ref. [28] by computing the
leading non-perturbative corrections not suppressed by masses. We also provide some more
details about the calculations of ref. [28]. Our result should be useful to help reducing the
error coming from the intermediate and short-distance regime [1].

In section 2 we briefly recapitulate the definitions of the four-point function of four
electromagnetic currents, its decomposition in scalar functions and how it can be used
for the muon g — 2 HLbL contribution. This follows the conventions of refs. [18, 19]. It
also gives the relation between the needed derivative of the four-point function and the
three-point function in a constant field background that is used in the remainder of this
paper.

In section 3 we give a complete description of the OPE in a constant background field
and compare it to the usual vacuum OPE [32] and the one used in flavour-breaking tran-
sitions. We in addition comment on the physical meaning of the obtained matrix elements
and build a renormalisation program. The renormalisation program is needed to systemat-
ically separate short-distance and long-distance effects while cancelling divergences. Both
infrared and ultraviolet divergences are addressed. We also estimate the values of the ma-
trix elements. The content of this section can in the future be used to obtain predictions
for other Green functions in different kinematic regions.

Details on the calculation of the different non-perturbative pieces are provided in sec-
tion 4, in particular we explain the different tools used, existing and newly developed, to
obtain our analytic results and how the different infrared divergences systematically cancel.
Finally, making use of the results of that section and the estimates of the matrix elements,
in section 5 we calculate the numerical contribution of the different pieces for the (g —2),.
Final remarks and conclusions are made in section 6. Several intermediate derivations are
relegated to the appendices as well as the full formulae.

2 The HLbL tensor

As can be seen in figure 1, the HLbL process involves a four-point correlation function of
electromagnetic quark currents, i.e.

4

o d ! . .
TTHH2H3H (g1 o, q3) = —z/(273)44 (H/d4113i€ zqwn) (o|T HJMJ (x]) 0). (2.1)
i=1

j=1



Figure 1. HLbL contribution to the (g —2),.

The currents are given by J*(x) = ¢ Q,y"q with the quark fields ¢ = (u,d, s) and charge
matrix @, = diag(e,) = diag(2/3, —1/3,—1/3). The tensor in (2.1) is the same as II**A in
ref. [28], but with the internal notation slightly changed in the definition in order to make
manifest some of its symmetry properties. This will be systematically exploited in the
following sections. Moreover, the integral over ¢4 is introduced to remove the J-function of
1

conservation of momentum," i.e.

4

Zqi =0. (2.2)

This defines g4 as the negative of that in ref. [28], which again is a choice to maximise the
number of explicit symmetries.

The conservation of the electromagnetic current implies that the HLbL tensor satisfies
the following Ward identities,

Qi p, 2131 (g, g2, q3) = 0, Vi € [1, 4], (2.3)

where g4 must be rewritten in terms of the other three momenta through (2.2). Note that
the last Ward identity implies that all the information on the HLbL tensor is contained in
its derivative [33],

aﬂm H2p13V4

TS0 (g1, g, @3) = —Ga,m—g— (41,42, 43). (2.4)
)y 4

In the (g — 2), kinematics, the loop integral over the loop momenta gi,¢2 and g3
can be rewritten as an integral over the Euclidean momenta 12 = —qf > 0. The fourth
photon, i.e. with momentum ¢4, is taken in the static limit. This corresponds to taking the
g4 = —q1 — @2 — g3 — 0 limit after doing the derivative in (2.4). Notice how in this limit

OITH1H213V4 OTIH1H213 4

lim 7(Q17Q27Q3) = — lim

» 42, ) 2.5
=0 0gu, p, 4130 9q1.m (q1,42,3) (2.5)

i.e. it is anti-symmetric in the indices p4v4. This can be proven by multiplying both sides
of (2.4) by q4, 4, then taking the derivative with respect to g4 and setting a = v4. The

The integral could be performed instead in any other of the four momenta, leaving the HLbL tensor as
a function of the other three.



resulting linear and anti-symmetric structure of the HLbL tensor is directly related to the
fact that F,, = 0,A, — 0, A, is the lowest dimension gauge invariant photon operator.

Let us take advantage of the work of refs. [18, 19] to find general relations between
OTIH1H213V4
944, juy
identities above, one can rewrite in full generality the HLbL tensor as a linear combination

the tensor and its explicit contribution to the (g —2),. Making use of the Ward

of 54 scalar functions II;(q1, g2, g3) according to [18, 19]

54

TIFH2H304 (g1 gy, q3) = Z THHESIATL (g1, g2, g3) - (2.6)
i=1

kA i terms of the Lorentz basis built with ¢i,¢2, g3 and the

Expressions for the
metric g,, can be found in refs. [18, 19]. In particular, the T/"#2/3* gsatisfy the same

Ward identities as the HLbL tensor. As a consequence, in the static limit g4 — 0

OTTH1 Hak3va 54 gHikmsv
[

a0 Og ; R i(a1, 42, q3) (2.7)

In the static limit ¢4 — 0, the remaining tensor can thus be written as a function of 19
linear combinations II; of the original II;(¢1, g2, ¢3). Only 6 I1; functions contribute to the
(9 —2), and one finds

2 3 0 00 1
ot = 2% [Taen [Taq [ arvis ot
12
X ZTZ'(QMQ%T)ﬁi(QIaQQaT)? (2.8)
i1

where the integration variable 7 is defined via Q3 = Q2 + Q3 + 27Q1Q>. The functions
Ti(Q1,Q2,7) can be found in refs. [18, 19] and

o, =11, Iy = Cys {ﬂl} ; 3 =14, Iy = Co3 [fh} :
I = II7, s = Cro [013 [ﬁ7H , Iy = Co3 [ﬁﬂ ;

IIg = C13 {ﬂn] ; Iy = IIy7, Mo = M9,

M = —Cas [ﬂ54} , My =1Isy. (2.9)

The exact definition of the II; functions is given in refs. [18, 19]. The Cjj in (2.9) represent
interchanging ¢; and ¢;. In order to find general Lorentz projectors from the derivative of
the tensor in the static limit, i.e.
OTTH1H2p3V4

lim ———r— (2.10)

=0 dqy
to the IT; functions, we start by taking 19 independent projectors in the {q1, g2, g3, g} basis.
Any other projector can be related to that set through the Ward identities given above.



Applying them to (2.7) returns a system of 19 equations dependent on the 19 IT;. A solution
to that system of equations for the relevant II; is given in appendix A. In practice, this
means that for any contribution to the HLbL tensor in any basis, one can compute the
associated (g — 2), contribution by taking the derivative with respect to ¢4, then taking
the static limit ¢4 — 0, applying the 6 Lorentz projectors given in appendix A to find the
associated II; and finally using them in the integral of (2.8).

As explained above, the integral of (2.8) requires the knowledge of the HLbL tensor
with three Fuclidean momenta @; at different kinematic regions and the fourth in the static
limit ¢4 — 0. In this work, which extends the results of ref. [28], we focus on the kinematic
region where the three loop momenta are large. As was shown in ref. [28], if one defines

3

1 [ dqs ( - 4. i z) :
TIFE213 (g1 go) = —— d*x;e | (0|T JH (25) | |v(qa)) . (2:11)
q1,92 e / (27_[_)4 H/ H Y44

j=1

then in the static limit for the studied kinematic region, one can factor out the soft photon
contributions according to

TI#1H2HS (g qo) = TIRHH2HSHY4 (g, 00)(0]eg Frapua | (qa)) - (2.12)

As mentioned in the introduction, the soft background field F),, can originate from the
hard degrees of freedom or the soft ones. One then finally has [28]

OITH1H213 14

lim — Tl ) g0 (2.13)

qa—0 8qZ4
For this OPE the massless quark loop is the leading term and the di-quark magnetic
susceptibility of the vacuum is the leading, quark-mass suppressed, non-perturbative con-
tribution. In this work we compute the leading non-perturbative (not mass-suppressed)
corrections.

3 The operator product expansion: a theoretical description

In this section we describe the OPE and the associated renormalisation program. From
this we systematically separate the long-distance effects from the short-distance ones. The
general framework and operators involved are presented in section 3.1 whereas the mixing
of these operators is elaborated on in section 3.2. Finally, the OPE developed as well as
operators and corresponding matrix elements involved are discussed.

3.1 General framework

Perturbative calculations are known to provide a huge predictive power in the framework of
Quantum Field Theory. However, when the calculation of a given observable involves the
interplay of two (or more) very different scales, large logarithms between them slow down,
if not spoil, the convergence of the series. These large logarithms can be avoided in many
cases through the OPE [34, 35], which integrates out the heavy degrees of freedom leaving
the low-energy (long-distance) dependence encoded in effective operators, in such a way



that the contributions from higher-dimension operators become suppressed by extra powers
of the high-energy scale [36-38]. There are cases in which this logarithmic re-summation
is not enough, since one (or several) relevant couplings of the theory diverge when its
running is performed. This is the case for QCD, where a low-energy description in terms
of approximately free quarks and gluons does not hold and the matrix elements between
initial and final states cannot be computed within perturbative QCD. The contributions
from the operators whose quantum numbers are compatible with the transition must be
fitted to data, computed with effective field theories or other non-perturbative methods,
such as lattice QCD, dispersion relations or model estimates.

In the OPE of two-point correlation functions [32], all the local operators with the
same quantum numbers as the QCD vacuum, such as the identity or gq, can give a contri-
bution to the Green functions.? In the OPE used in flavour-breaking transitions (e.g. see
ref. [36]) all the local operators with quantum numbers compatible with the studied tran-
sition among hadrons can give a contribution. In the OPE we are working with [29, 30],
applied to (2.11), any local operator with the same quantum numbers as F),,, can absorb
the remaining soft static photon and, as a consequence, give a contribution [28, 31]. Higher-

dimensional operators are suppressed by extra powers of (%) , providing a hierarchy

of contributions with a systematic counting. Up to dimension 6 and order «y a basis of

those operators is®

St =eegl,,
S92, uv = qo0wq,

S3, 0 =1 (G g,
Sa, 0 = 14G w59
S5, = qq eeqFpy,

o
S6, = ?s GgﬁGgﬁ eegFuu,

S?, uy = Q(GM/\DZ/ + DVG,u)\)'VAq - (:u A 1/) )
Stgy, i = s (G q qlq) -

A~ N N~/ /o~

cO J O Ot = W N =
NN N NG N N

We use here the notation of ref. [39]. In particular, G, = igsA*GYy,,, G = %e‘“”\pG,\p,
covariant derivatives act on all objects to their right and tr (757“7”70‘75 ) = —44eMB For
S1..7,uv the quark field ¢ refers to a given flavour and there are in principle different
operators for different flavours ¢q. Notice, however, that taking into account that the
(massless) QCD vacuum preserves SU(3)y, the contributions of the operators to the studied

transition depend, in the chiral limit (m, = mgq = ms; = 0), on a common constant

2The words n-point function, correlation function and Green function are all used but have the same
meaning.

3Notice how the order in as depends on the short-distance structure of the studied Green function. For
example in baryon sum rules, the four-quark operators S¢s; do not enter as-suppressed. In our calculation,
at order g7 one may have a contribution from a three-gluon operator [29], but it enters suppressed by gs,
loops and flavour (in the SU(3)y limit its contribution vanishes, since it transforms as a singlet and the
photon field transforms as an octet).



multiplied by the corresponding quark electric charge. Note that with the conventions of
ref. [39], G* is order gs.* The four-quark operators are only indicated generically in (3.8).
A decomposition valid in the chiral limit into twelve operators is given in appendix B. In
fact, only two combinations of four-quark operators contribute as discussed in section 4.
The adopted notation is analogous to the one in ref. [36].

In order to perform the OPE of the tensor in (2.11), one applies Wick’s theorem with
any number of needed (suppressed) extra (QCD or QED) vertices coming from the Dyson
series. The uncontracted operators must then be Taylor expanded (e.g. see ref. [39]), so
that the resulting expression is of the form?®

TIMH2H8 (qy | gg) = %C—«'T,muzuwuq(qh q2)<§“4y4> — OTmapzpspava (q1,q2) X’S <€un4y4> :
(3.9)
where Xg contains the magnetic susceptibilities of the operators,’ (Si ) = eeq X &(Fu).

Even when this was a first step to achieve the separation between short-distance and
long-distance effects, such a separation is not yet complete. Let us illustrate this with
the simplest contributions: the quark loop and the (di-quark) magnetic susceptibility,
represented in figure 2. In figure 2b one has short-distance contributions that arise from
expanding the Dyson series and introducing vertices in the soft lines, represented by a blob.
Since there is no momentum flowing, the resulting series, Y ¢,a2(0), is manifestly diver-
gent. This kind of effects must be subtracted, since they belong to the non-perturbative
domain. A slightly different problem arises with figure 2a. The quark loop runs over all
possible momenta. If the low-momenta contributions do not vanish, they must somehow
be subtracted and reabsorbed into the long distance matrix elements. This is the case
for the (’)(mg) mass corrections, whose (not regulated) Wilson coefficient, Cm37 leads to
divergent series Y, ¢, a(Q?)log" (Q*/m?), i.e. the coefficients are not well defined in the
chiral limit. The mg dependence in the coefficients originates from the low-energy domain
and must be included in the operator expectation values as well.

The way of achieving these subtractions is by dressing and renormalising the Shv
operators (normal-ordered operators in the notation of ref. [40], tree-level operators in the
notation of ref. [36]). Following a notation close to the one in ref. [36], the dressed operators
Qg” in terms of the tree-level ones S are obtained by reinserting them into the Dyson

series, leading to a result of the form
Qp’ = M(e)SH (3.10)

where the € = —% dependence appears in dimensional regularization as a consequence
of ultraviolet divergences in the loop diagrams. The infrared divergences that can appear
are regularised using the quark mass. The resulting redefinition of the matrix elements”

4In fact, the gluon tensor is named F*¥ in that reference. We rename it as G*” to avoid ambiguity with
the electromagnetic field strength Fj,,. Similar renamings should be obvious.

SFurther technical details on the computation of the different pieces are given in section 4.

5We will define the susceptibilities more precisely later.

"We need here the condensates induced by the external field. We refer to those as matrix elements to
distinguish them from the usual (vacuum) condensates.



Figure 2. Example of contributions of HLbL in the studied kinematic region. (a) The quark
loop. (b) The di-quark magnetic susceptibility. A complete separation between short-distance and
long-distance effects should subtract possible divergent low-momenta contributions from the quark
loop and possible divergent perturbative series arising from soft lines.

involves two steps, calculating the relevant contributions leading to an expression at one-
loop order of the form

—2aé

M(e) =T+ —L— M; + Myem (3.11)

A~

€

9 9 . . . . . m.
where M; and M., are perturbations either in e, in g5 or in powers of AQgD and

1

€

% —vE +log(4m). a depends on the dimension of the operators when d # 4. The ultraviolet
divergences are unphysical, and are removed via renormalisation. A convenient and simple
renormalisation scheme is by performing the operator renormalisation in the M S scheme,
which basically removes the % factors and takes out from the bare operators the non-

canonical part of their dimension, proportional to 2ae:

qu - Afs(ﬂa €) q%(#) ) (3.12)
R Mg M2ae
ZMS(:UHG):]I‘FT, (313)
- N o T)’L2 R ) .
1) = Unrs(p) S* = (H —alog <M§> M; + Mrem> Shv. (3.14)
Putting this back into (3.9) one finds
1 . L
IR a1, 2) = ORI 1,02) U () Qs (1)
1 7 . .
= gc%1u2u3u4 4(q1aQ2)<Qm,H4V4(M)>- (3.15)

This equation defines the regularized and renormalised Wilson coefficients. The renor-
malised Wilson coeflicients,

T

CIIBHAIAE (g, o, ) = UL () CHI#2H311 (g gy) (3.16)



become free from long-distance effects and infrared divergences, completing the desired
separation. For the matrix elements we define the magnetic susceptibilities X = (X1,...).8

<Q'M757W(N)> = €X<6unu> (3.17)

The contributions we calculate explicitly in section 4 are: the leading contribution
stems from Q}” at d = 2 and corresponds to the massless quark loop. This operator

receives mass corrections suppressed by powers of T—; The first correction from a different
operator comes from the d = 3 di-quark operator, Q4”, which happens to enter suppressed
by one power of the quark mass becoming effectively d = 4. This contribution using the
mixing as defined in (3.11)-(3.14) removes the m2log(m?2) part of the quark loop and
together with that forms the d = 4 contribution. The d = 5 contributions from Q’gi,) are
also suppressed by one power of the quark mass. Q%" give the first contributions that
are not suppressed by the quark masses. The mixing here again removes contributions
proportional to log(mg) and other infrared divergences. We therefore calculate with respect

. Ad m2 A¢ A A}
to the massless quark loop the corrections of orders g, %, oF g> %(jD , My %gD My %(jD ,

3Aqcp
q Q4

A4
g2 %SD through operator mixing as defined above and calculated in section 3.2. This is

m, . The computation of the last three is needed, since they give contributions to the

analogous to the mixing between bi-linear quark condensate and gluon condensate in the
usual vacuum OPE [41-43].

3.2 The operator mixing

In this section we calculate the mixing matrix ﬁm However, there are some parts that
can be ignored. These we discuss first. The original Wilson coefficients contain in principle
infrared divergent parts that arise from attaching extra vertices to the soft zero-momentum
lines. These long-distance contributions, explicitly independent of momenta, systematically
cancel with analogous terms in the dressing procedure, which in addition are independent
of the studied physical process, so we simply ignore them in both sides of the calculation.
An example of this is sketched in figure 3. The top graphs show the contribution from S5 ,,,
to the correlator we calculate and the bottom line contributions to the mixing matrix. The
contribution from the top right is via the diagram in the bottom right absorbed into the
definition of the operator @2, .

As a consequence, only mixing terms with loops need to be considered for the calcula-
tion of UM—S This limits the type of terms that can show up. Then, at this stage, we have
two possibilities. 1) If no more (QCD or QED) vertices are added, the original operator
can only mix with lower dimensional ones, since loops imply connecting the fields of both
operators with propagators. The only remaining scale to compensate dimensions is m, and
as a consequence M (€) becomes a my perturbation, with n positive. The calculation for
U% is of this type. 2) Alternatively, one can have mixing terms with operators with equal
or higher dimensions that show up by adding fields through introducing extra vertices.

8The four-quark operators have a slightly different definition of the susceptibilities to get the charge
behaviour correctly, see section 3.3.4. X5 is often referred to as the (di-quark) magnetic susceptibility.



- 5 4
Ca(q) 5> Ca(q)BS;
= 1l(q) ~ Ca(q)Q2
@ ~ <@> + %<@>
SQ BSS
Figure 3. An example of a cancellation for contributions arising from attaching extra vertices
to soft, at zero momentum, lines. The circle with “2” inside refers to the S, operator defined

in (3.2), B indicates the extra factor compared to the left diagrams. All Lorentz indices have been
suppressed for clarity.

However, these new vertices come with an extra cost (gs or e), and then they can also be
regarded as perturbations, an example of this type is U% Finally, when studying the

mixing of lower dimensional operators with higher dimensional ones, one finds terms that
(;TL
mixing with the quark condensate

go as m_". A well-known case of this in the usual vacuum OPE is the gluon condensate

) — L /98 ma qaw |,
(@q) = 12mq<7rGWG >+ . (3.18)

However this kind of mixing is simply absorbing in the renormalised operator unphysical
(infrared) divergences contained in the perturbative Wilson coefficients. The quark mass

is used as an infrared regulator as well as for calculating genuine quark mass corrections.”

The first step is thus the dressing of the tree level operators and the computation of
the associated matrix M (e). All the diagrams involved are shown in figure 4. The first
diagram for each operator always corresponds to identity term in (3.11). The procedure
should be done, as is also the case for the usual vacuum OPE, only including operators up
to the dimension considered.

The only way Q]” mixes with other operators is by introducing extra electromagnetic
vertices. Since Q" is already O(e), the resulting corrections are O(e?), and thus do not
need to be considered. The first non-trivial case is that of the operator @Q4”. The non-zero
element of M (¢) and thus Um are calculated in the next subsubsections. As in section 4
the calculations in this section benefit very much from using the radial gauge.

3.2.1 QY

The mixing with Q" = ee,F*” requires an extra electromagnetic vertex and closing the
quark lines. This corresponds to the second QQo-diagram in figure 4. Let us sketch it in

9The procedure is equivalent to what is used in the usual vacuum OPE [40-44].
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0 0
(772 é 2,uv +
Stw Mg(€) S
0 0
Q&,uu ~ /%\ + Q-GL;U/
S5 M3s(€)S6 yu
0 0
Sur /é\ + QGA;U/
S5 Mis(€)S6 1
g,uv ~ /%\ + Qgﬂuu ~
St M(€)Sour S8

Figure 4. Topologies involved in the computation of the matrix M (e). All the possible permuta-
tions of the bosonic lines attached to the fermion loops must be considered. The numbered circles

refer to the operators defined in (3.1)—(3.8). The “outside” black dots form the operators that
mix in.

some detail to illustrate the procedure:

Qg,uy = qouwqo = qowq eiS = qowq (1 +ie / ddx €q Q(l')ryyl Az/1 (m)Q(x) + .. >

Fuu —ipy -
= qouq (1 +ie eq% lim of? /ddaje PrEG(z)y" q(z) + - > (3.19)

p1_>0 p1

Nemy 1 9
An? <_é HOg(mQ)) L

where we have used that we are working in the radial gauge, A,(x) = %x”Fyu [39, 41].10
Taking into account (3.11) and (3.14), one finds

= S2, + 51, w

. N.m m?
21 _ Ny q
Usrs(n) = 12 log <M2 > . (3.20)

Through the MS renormalisation we have introduced a subtraction point, u, which is
the scale of separation between long-distance and short-distance effects. In particular this
mixing term, when plugged into (3.16), removes the (infrared divergent) long-distance parts
from the loops associated to the perturbative O(m%) corrections by effectively replacing
log sz /mg — log Q? /2.1 Notice how, in contrast with the usual vacuum OPE, where
these divergences can only start at (’)(mg) (and be regulated by the quark condensate),

10The results are of course gauge-independent.
HTp ref. [28] this replacement was not done for the mg quark loop numerics.

- 11 -



the divergences in this OPE with respect to the quark loop start at (’)(mg). They become
regulated by Q4”.

At the order we are working with, Q5" also mixes with Q§” through the third Qo-
diagram in figure 4, leading to

1

T2 () = - 21
Usrs(1) Tom3 (3.21)

pv

The Wilson coefficient proportional to % combined with this matrix element cancels the
q

power divergence of the (unregulated) Wilson coefficient associated to S, while the mass

correction to the Wilson coefficient associated to S1" gives a finite contribution that needs

to be included. Once again, this interplay is analogous to the corresponding one in the
vacuum OPE [40-43].

322 QY

Since Q5 and Q)" are already O(gs) and two lines need to be closed to form a loop to give
a non-zero contribution, they only mix with the gluon matrix element at the order we are
working with (see figure 4), giving a finite contribution to its associated regulated Wilson

coefficient. One finds,

1
36 _
Um(ﬂ) = 36my (3.22)
1
46 _
UMS(N) - q . (323)

Since Q%" is already order e, it can only mix with @} and Q%" at the order we are
working with. Dimensional analysis shows that the mixing with Q4" only modifies the very
tiny and safely neglected O(mg) contribution. The mixing with Q" is the same as the
mixing of the quark condensate with the gluon condensate, as in (3.18), since at the order
in e we are working with the photon does not see strong interactions [32, 40-43],

1

- 3.24
12m, ( )

56
U]VTS(M) =
3.23 QY
The last operator to treat is Q4" which through the topologies shown in figure 4 only mixes

with QF”. One has

1 m?
76 _ q
Uirs(w) = 1 (1 —2log 2 ) . (3.25)
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3.2.4 Full matrix Ugrg(p)
Putting all the elements together one finds for N, = 3

1 0000 0 00
2
THlogE 1000~y 00
1

0 0100 o 00

. 0 0010 o 00
U = 24mq : 3.26
MS(M) 0 0001 _ﬁ 00 ( )

0 0000 1 00

2
0 00004 (loghF~1)10
0 0000 0 01

3.3 Values of the matrix elements

Apart from providing model-independent information on the kinematic dependence of the
non-perturbative corrections for the short-distance HLbL, in principle this OPE can be
used to study different Green functions with all its (Euclidean) momenta large except for
one soft photon. This might also allow to obtain more information on the expectation
values (or the susceptibilities). However in absence of the latter we need to determine the
values in a different way. We can find values for all of them with a number of assumptions
that should at least give the correct order of magnitude.

3.3.1 QL" and Qf”

The matrix elements associated to Q£ and Qf" are directly related to the quark and the
gluon condensates, respectively. The former one is well-known, since it is the order param-
eter of the spontaneous chiral symmetry breaking of QCD, both from chiral perturbation
theory and the lattice. Updated lattice values can be found in ref. [45]. The gluon conden-
sate is not so well-known, since separating its effect from those of the perturbative series
is non-trivial. However its order of magnitude is known, namely Xg ~ 0.02 GeV* [32].

3.3.2 QY, QY and Q"

The matrix elements (0|/Q5”[v(q4)) = X;(0]e e,F"*|v(ga)) are directly related to the values
of QCD two-point functions at zero momentum, ITy g, (¢?). In order to see that, let us take
a generic dressed operator f o- Its contribution to a matrix element with a final static
photon can only arise through an extra electromagnetic vertex. Then, in the static limit,

(01QLV(aa)) = (0145 qemyie / d*zeq Ag(w)J? (2)|7(q1)) = —(0e eq F* |y(qs)) TFG" (0),
(3.27)

where
CD,apv —iqx « v av v o CD
H(}Qi " (q) = /d4x6 @wT(JYx) ZO(QCD)(O)) = (¢"9* — ¢"g M)H(}Qi @®). (3.28)

These two-point functions can be computed at large Euclidean momenta through the OPE
in the vacuum [32].
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One could compute these matrix elements in chiral perturbation theory. In fact, pro-
moting the global SU(3)y symmetries to local ones lead to trivial transformations for the
operators Q4”, Q5”, Q4" and QL”. The resulting effective low-energy Lagrangians are given
in ref. [46].12 At the lowest order the XZ-MiS (u) are directly proportional to the low-energy
constants Ai’MS(,u). However, this gives no extra information by itself in the SU(3)y limit,
since the A“™5 (1) are not known.

For X5, X3 and X4 we obtain an educated guess by making use of (3.27) and extrap-
olating the argument for X5 from refs. [47-50]. First of all, in the large- N, limit the QCD
spectrum is made of an infinite number of free, stable meson states [51-53]. The two-point
functions in that limit are then saturated by the exchange of resonances. Owing to the
quantum numbers of the studied two-point functions, the corresponding resonances must
be vector mesons [54]. The low-energy part of the N, = 3 QCD spectrum is actually close
to the sum of narrow width resonances predicted by the large-N. limit, while at higher
energies a transition towards the flat perturbative QCD spectrum is observed. Taking all
this into account, and that in the chiral limit the VT two-point function vanishes in the
perturbative regime, it is reasonable to assume that the physical spectrum is saturated by
the contribution of the lowest vector meson, i.e. the p meson. Using the formalism devel-
oped in ref. [55] and adding a tensor source [46, 50], one can write the two-point functions
of (3.28) on the form

Cr;
M0, (¢%) = 5. 3.29
JQ; (q ) q2 — Mg ( )
Here, the Cr, are constants. It then follows that
Cr,
X; = M2 (3.30)

In order to estimate the C'r,, we can match the ansatz of (3.29) with the short-distance OPE
of (3.28). This is sometimes referred to as a vector-meson-dominance (VMD) estimate.

We find

2(qq)
I;q,(q%) = ol (3.31)
_ v )\2 _
o @GS Fowa) _ 5{qq)
]'_‘[JQ3 (q ) - 6q2 == _mO 6(]2 ) (332)
_ v )\2 —
o (@G Fowa) _ 5{qq)
This leads to
2
X2 = 7<§Q>7 (334)
M3
2
m _
X3 = —6M°3 (qq) (3.35)
2
m _
Xy = —6]\}3 (qq) - (3.36)

12Since the symmetry transformation of Q4”, Q4" and Q4" are identical, their Lagrangians are function-

ally equivalent and only the low-energy couplings are different.
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The obtained value for X5 is, in fact, in very good agreement with a precise lattice deter-
mination [56, 57].' No precise modern evaluation of m3 can be found in the literature.
However, once again, some numerical estimates are available [58]. The estimates of X3 and
X, are new to the best of our knowledge.

Notice how, once again, the mass correction to (3.31) leads to an infrared divergent
term which is regularised by the mixing of the tensor current with F),, of (3.20),

(01Q5%17(9)) = ieeqeallgiiny (q)

N, 1 1 —q? 1
= ieeq (q'e” — ) L [1 Toe gl <7an) Tl mﬁ]

272 2 2
= Zyrs() (01Qb (W) (@)
. apuy NCMzgmq -0 WU UV v
= zeeqeaHRMiS(q, ) — Weeq(—z(q €’ —q¢"e")), (3.37)
with )
2 _ mgNe 1 —q
HR,J\/Ts(Q K = ) (1 - 510g MQ) . (3.38)
3.3.3 QW

Our largest uncertainty comes from @7, where we simply perform a dimensional guess
inspired in its mixing with the gluon matrix element. One has

X7 ~ %<%GG> . (3.39)

Notice how the derivative term of this operator makes non-trivial its low-energy effective
realization when trying to promote invariance under the global symmetry to a local one.

3.3.4 Q4 and Qg

For the four-quark operators there are only two combinations that contribute. These are

2
g A _ A
Séﬁ = —ESGWI\U Z qATA ?a(JA@;)B QB’YU’Y5§QB ) (3.40)
AB
2
95w _ A _ A
85 = =5 @Y et da INACe, 055 V07 0B - (3.41)
AB

These do not mix with other operators at the order we work so the Q%'; are the same. Note
that the two operators only differ in the way the quark charges appear.
For both operators we define a generalised magnetic susceptibility

(QkY) = X P, (3.42)
In the massless limit we can also use
< g;> = X ™Y e, (3.43)
B

which is a definition more similar to (3.17). This is not possible for Q’gg.

13The sign differs from the one quoted there, presumably because of a number of non-trivial convention
differences. They give the VMD estimate also with the opposite sign.
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The operators Qg and Qg can be decomposed in a basis of 12 four-quark operators
containing different flavour and Dirac matrices (see appendix B for details on the reduc-
tion). However, in the large- N, limit not all of these survive. In particular, one finds that
only two are non-vanishing due to the factorisation of two colour singlet currents in this
limit. These are

(0190489 34 + 40,00 Ps917(9)) No 00 = 3 (010, Xsa]7(0))(@9) = 3 As.iiX2(qa)eq,i Fyw -
7

(3.44)
In the first equality we have performed the sum over flavour indices for the quark conden-
sate. In the second step we have projected out the flavour matrix Ag which is traced with
the quark charge matrix. Here one sees why only these two matrix elements can survive.
First of all, the quark charge matrix is a linear combination of A3 and )g, so the relation
Tr(Ag\p) = 2 d4p implies that only matrix elements with Az or Ag are non-zero. In addition,
the only non-vanishing two-quark condensates are (gq) and the di-quark matrix element
qouvq- To leading order in N, one therefore finds

~N¢—o00 ~Nc—o0 TTOg

X =X =-2
8,1 8,2 9

X2(qq) - (3.45)

Alternatively one can directly evaluate the large- N, limit of the two matrix elements needed
by using AgagAays = 20060,3. Then use Fierzing and the charge matrix equivalent of (3.44).
The result agrees with (3.45). This way one sees also directly that g4 = ¢p in the non-
zero part of the matrix elements at large N.. The entire contribution to HLbL is then
proportional to ) 4 63 "

4 Calculation of the HLbL contributions

In this section we consider the analytic calculations of the various contributions in the
OPE discussed above. They are the fully connected quark loop, diagram topologies with
one quark line non-contracted (related to two-quark operator matrix elements), diagram
topologies with two quark lines non-contracted (giving rise to four-quark operator matrix
elements) as well as the gluon matrix contribution. One check we have performed on all
contributions is that

qllul]:[NIHZP«S — QQMHMLMQMS — q3M3HM1M2M3 — 0, (4'1)

where [T#1#213 ig defined in (2.11).

This work relied heavily on FORM [59, 60]. The Feynman integral reduction for the
quark loop and the gluon matrix element contributions was done with Reduze 2 [61] and
Kira [62]. In the supplementary material we provide the analytic results as FORM output
in the file results.txt.

4.1 The quark loop

The quark loop contribution arises from allowing for a soft emission from one hard vertex,
which is equivalent to modifying a quark propagator by an external background field [29,
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41], as shown explicitly in ref. [28]. Starting from (2.11), the needed background field,
F,, 4, is simply obtained by Taylor expanding the photon field appearing in the Dyson
series. In the static limit in the radial gauge one has

Aty = |

52" Frgpy = lim %am TR, (4.2)

qa—0
Define the quark propagator for a quark of mass my as

P+ my

= = 4.
S(p) p2 —mg‘i‘ig ( 3)

One may then write IT%#2#3#4" in a very compact way. After having contracted all the
quark fields in the definition of the tensor in question one finds

d*p
HH1H2#3N4V4 —
F (qlv(IQ) / (27’[‘)d

Nce;1 0

lim —- | Y Tr(v’“‘S(erql+Q2+Q4)7“4S(p+q1+q2)7’“5(p+q2)7“25(p)) ,
2 o0 0qy o(1,2,4)

(4.4)

where (i, j, k) denotes a member of the permutation group acting on the set {i,7j,k} =
{(qe, pe) Yeegi jry- In other words, o (4, j, k) simply states that we sum over all permutations
of momentum and Lorentz index pairs. Using iteratively the relation

B
g Sp+aqs) =—SpP+a)v*S{p+q), (4.5)
4

allows for a systematic computation of the quark loop. Applying the projectors given in
appendix A and reducing the (ultraviolet finite) integrals, the result is left in terms of scalar

tadpole, self-energy and triangle integrals. Expanding these in the masses,'* one finds
~ ~ ~ 2
I, 5(Q1, Q3, Q3) = T 5(QF, @3, Q3) + m T, 4 (QF, @3, Q3,m3) + O(my) (4.6)
where
N N el Q Q2
o _ ‘' ( ( ) 2 (m,n)
s =t 32 [ sl (GF) i s (&) v oz
i,5,k,n 3 2
(4.7)
ol

A QZ)\nQ 2

bjkn 4.8

m,n m,n Q m,n Q m,n Q
x[dg,j,k) Z(Jk)F—i—ql(]k)log(Qz +r2]k)log Q% +s”k)log m3 .

q

MTaking into account that the mass dependence goes as ~ A+ B mﬁ log(mﬁ) + Cmg + O(mg), one needs
to be careful in order to obtain the correct coefficients as the naive Taylor expansion does not hold.
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Figure 5. Diagrams with one cut quark line without gauge boson (a), and with gauge boson (b).
The crossed vertices represent a gauge boson insertion on a propagator.

Here, A = \(¢?, ¢3,q3) is the Kéllén function defined through
Nt 43, @3) = ai + a3 + a3 — 24165 — 24743 — 24343, (4.9)
and F = F(Q?,Q3,Q3) the massless triangle integral

d*k 1
Cm)A kA —q)?(k —q1 — q2)*

The different coefficients (¢, d, f, g, h, p, q,r, s) can be found in appendix C. Explicit analytic

F(Q7,Q3,Q3) = (47r)2i/ (4.10)

formulas for F(Q?, Q3, Q%) in terms of Clausen, Glaisher and L functions can be found in
ref. [63]. Spurious singularities in the A — 0 limit cancel against the zeros of the triangle
function F for the different II;.

As explained above, one finds logarithmic infrared divergences for ﬂ:ns(z’ (Q%,Q3,03).
Rearranging the logarithms, they can be expressed on the form log % Once the operator
renormalisation is performed through (3.16), all the infrared divergences exactly cancel.

This yields the finite result

AT . ~ 2
IM9(Q1, @3, Q3 1*) = T 5(QF, @3, @3) + mi I T (QF, Q3, Q3 4*) + O(my) . (4.11)

As a consequence, while the massless quark loop corresponds to the leading term in the
short-distance regime, the naive mass correction does not. Infrared divergent logarithms
must be substracted first.

4.2 Contributions from diagrams with one cut quark line

Several kinds of contributions need to be taken into account up to the computed order from
topologies in which, starting from (2.11), one quark line is left uncontracted: see figure 5.
There are several expansions involved. First, the uncontracted quark fields must be Taylor
expanded. Working in the radial gauge both for the gluon and for the photon, the Taylor
expansion [39, 41] of the quark bilinears can be written as:

_1 n
qa(xi)qb(xj) = Z (nlnzlwi’“l T Tt T qa(O)DMI .o DHEr DL Dl/mqb(o) )
o ime

(4.12)
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Since our computation goes up to dimension D = 6, we need to expand up to three
derivatives. A lower number of derivatives in that expansion can give contributions (apart
from the di-quark magnetic susceptibility, which, as shown in ref. [28], gives a contribution
already at D = 4 when combined with masses) when combined with mass terms from the
hard propagators or from soft gluons or photons coming from hard propagators. A first
simplification consists in realizing that one can put the gluons and photons together with
covariant derivative terms. Extending the results of refs. [39, 41], one finds

a(w) (B (w) + e, A°(u) ) al;) =

i Dt e ale) [D“l, [D“?, ..., [D*r, DE]}] q(z;).

p=1

(4.13)

In fact, it can be shown that for a given flavour the sum of all the contributions that enter
into our computation can be reduced to a compact form. Define I'4 to be an element in
the set of Clifford matrices according to

DO | =

e {H,f,v“m"%,a"” ="y ]} (4.14)

The compact expression for IT#1#2¢3 g then

H,UIMQNZS (C]h q2) —

3 . _ A
—€q qgﬁllljﬁm Z (_1)n<0|un1 cee Dl/nCAF Qh’(qél))
A7p7n7a(17273)
x Tr {’V“SFA'y’“iS(—ql)fyl’liS(—ql) c YIS (—q1)y*?iS (g3)y P iS(gs) - - .’)/VniS(Q3)} ,

(4.15)

where o(1,2,3) again denotes a pairwise permutation over ¢; and p;. The coefficients c4
are defined as

Tr (FAFA)] h , (4.16)

such that one in a standard fashion can decompose in a spinor basis according to

4iq; = ZCAF qrq. (4.17)

Here, all dependence on the other quantum numbers such as colour or flavour has been
suppressed.

The proof of (4.15) up to the order that we need, i.e. up to p = 3, can be found in
appendix D. Note that already for p < 3 the proof involves a very large cancellation of
contributions, and the compact form allows for a much simplified calculation of the diagram
topologies with one cut quark line.

The reduction of the matrix elements (0|gD,, ...D,, T'*q|v(qs4)) into the matrix el-
ements of section 3 is rather involved. Omne needs to recursively exploit spinor algebra
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relations, symmetry transformations under Lorentz, parity and charge conjugation as well

as the equations of motion of the quarks and the gluons. The resulting non-zero matrix

elements are of eight types. With zero derivatives we have

1
o) = X3,
q

With one derivative one has

1 m
P (gD v 5q) = —Tng’Eylalaﬁ<Faﬂ> ;
q

and with two they are

1, i
@D D) = P (XE - XE)

1 1
J<QDV1DV275(]> _ _EXéeulugaﬁ<Faﬂ> ,
q

1
g@Dmeamaz@ — AlgV1V2 <FO‘10‘2> + A, (g”lal <FV2a2> + gu2a1<Fu1a2>
q

— gz (preeny ngz<FV1a1>> ]
Here, we have defined the linear combinations

X5—X3
- (m3xg + xg) + MK

Al = 3 )
o x2xd)  x3 g
12 '

For three derivatives there are two contributions. These are

1
; <qDV1DV2DV3'7V4q> :A3 (gV1V2 <FV3V4> _ gV2V3 <FV1V4>>
q

+A4(gV1V4<Fl/2V3> +gV3V4<FI/1V2>>

+ A5 gV2V4 <FV1V3> ,

1 _
(gD D" DY ) = Ag g )
q

+A7(gulug<pugzx4>+gV2V3<FV1V4>>

A (gHER) = g ) )

—90 —

(4.18)

(4.19)

(4.20)
(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)



Here, F' = %e“”aﬁ}mﬁ and the A; are given by

Az = i( —5XS 42X — Bmg XA+ 2quf‘;) , (4.27)
Ay = 2%1( — X34 XT - 3mg X5 — mg X4+ 4qu§) , (4.28)
As = i( —oX3 = XT - 3m, X3 — 2m XE + 2qug) , (4.29)
Ag = i( - 6X§vl + XTI — qug — 2qu§ + 2qug + 2m2X§> , (4.30)
A7 = i( — Xg' X7 — mg X3+ mg XE 4 2m XE + 2m§X§) : (4.31)
Ag = i (ngl + 3qu§) . (4.32)
The operator
S = —ﬁﬁwm Z QA'Y/\&(]AQ_'YU’YE)&(] (4.33)
: 2 ~ 2 2

enters from using the gluon equation of motion. Its susceptibility is defined as
(She 1) = eg X g (F™). (4.34)

Using the above decompositions in (4.15) and rewriting the S into the Q! and
replacing the ng with the corresponding X;, one finds

] 4 )My — 2% ~—2§ ~—2k
Iy = e Z C%,ﬁpmg X, QU7Q,7Q5. (4.35)
i7j7k7n7p

m7n7p

The numerical coefficients c; J can be found in appendix C.

4.3 Contributions from four-quark operators

The four-quark operator contributions arise from cutting two quark lines.'® The resulting
diagrams become split in two parts and, as a consequence, introduce flavour mixing. An
extra gluon propagator needs to be included from the Dyson series expansion to connect
the quark lines. The resulting contribution, up to permutations of ¢(1,2,3), is shown in
figure 6 where the gluon can be connected in three different positions in the quark line
above and in two different positions in the one below. These diagram contributions can be
compactly written as

1 A A
[IFHH213 (g, ) = — Z<€3A QA§FW1PQAGQBQBiFw2QQB>

16 “D 2
1
X li —TrlT ( H3 G (— € €g #3)
Q3—>i%}—q2 0(122:3) qg eV ( q3)’y . (qg)f}/ ]

X Tr [_rp,m (71 8(=a1)7"28 (g3)7" +7°S (—a3)7" S (a2)** +wls<—q1>765(q2>w)] :

(4.36)

15 Afterwards one needs to add the one coming from the one cut line and the gluon equation of motion.

- 21 —



Figure 6. Contributions from four-quark operators obtained cutting two quark lines. All possible
ways to connect the gluon to the quark lines must be considered.

Figure 7. An example of a topology of the gluon matrix element contributions.

where T%? € {y¥,7“~5} and I} € {7y, —y“v5}. In fact charge conjugation requires that
A and B must be different to get a non-zero matrix element and one of the remaining two
possible contributions vanishes when taking the traces. Recalling the definition of Yg;
in (3.42) we find

Q1 + Q3

I, =1y = 8X g9 22, 4.37
Q1Q3Q3 (437

- - Q-Qi
M54 = 8Xg2—c—5-5 4.38
oLy (439
I, =7 =139 = 0. (4.39)

A reduction of all possible four-quark matrix elements into a basis of 12 independent ones
is given in appendix B for the chiral limit, i.e. m, = mq = ms = 0.

4.4 The gluon matrix element

The gluon matrix element contribution arises from all the possible combinations in which,
starting from (2.11), one extra QED and two extra QCD vertices are added (see figure 7).
The gauge boson fields Fy,,, G}, and wa are then Taylor expanded according to (4.2).
Since all the quark fields are connected, the colour chain always leads to the same colour

T (A“ Ab) o (4.40)

trace, namely

2 2 2
Once the colour and the space-time terms from the Taylor expansions have been factored
out, the remaining six-point function is fully symmetric under the exchange of indices.
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Taking advantage of this symmetry, one can rewrite the whole contribution as a sum of
permutations according to

47r2<ozSGéf”Gzl,> , 0
32d(d — 1) (9V5V69M5u6 - g,usl/esgusue‘) E qlz_lino @

4
Hlélcl;%iii (qla q2) = eqFl/4[J,4

d*p
. / (2m)d 2. Tr<7M35(p+ G+ @2+t a5 +a6)y" S+ g2+ aa+ g5 + o)
o(1,2,4,5,6)

X 2S(p+ qa+ g5 + q6)Y" S (p + g5 + q6) V" S(p + q6)7’“"5(p)> :
(4.41)

Here, 0(1,2,4,5,6) is the set of pairwise permutations of u; and ¢; for i = 1, 2, 3, 5, 6.
Also, the equation has been written in terms of d = 4 — 2¢ for renormalisation purposes.
Using (4.4) iteratively in the above equation, then taking the momentum limits, calculating
the Dirac trace and projecting the results into the I1;, one finds the results in terms of
ultraviolet finite integrals. We do this by reducing the loop integrals to combinations of
triangle, self-energy and tadpole integrals with the help of the package KIRA, all the time
carefully performing both the expansions in € and in the quark masses. Without including
operator mixing the result takes the form

Q Q3 —2 k
Haem,s = XGSqu{”k“‘fl . fﬂlog<@% +h ) z Q" Q7 Ry,
4,5,k
(4.42)
where ¢, f, g and h are numerical coefficients given in appendix C.

When operator mixing is taken into account, the found divergences, which scale as i

q
and log el exactly cancel respectively with the X7 and X7 contributions. The dependence

on the trl?:mgle integral also cancels, leading to a fully analytic gluon matrix element con-
tribution. One should note that the final expressions for this contribution are very simple,
even compared to the quark loop, and there are substantial cancellations along the way
that lead to this simple form.

5 Numerical results

HLbL integral in (2.8). Using the

In this section we present numerical results for the full a,
relations in (2.9) between the set of functions IT; and the H given in the appendices as well
as section 4.3, we evaluate aELbL for the matrix element as well as loop contributions. We
use the matrix elements as estimated in section 3.3. For this purpose, we use the CUBA
library [64], in particular the Vegas integrator building on Monte Carlo sampling the three-
dimensional integral. The results have been checked as well with an adaptive deterministic
integrator implemented by us. Care has to be taken in the numerics since A can vanish or
get very small and appears with rather high negative powers in some expressions. Those
areas in the integration have to be treated by expanding the loop functions around the

A = 0 points analytically, some of these limits are given explicitly in appendix C.2.
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We investigate the various contributions first at two benchmark values of the lower
momentum cut-off, i.e. Q123 > Qmin € {1,2} GeV. Then we proceed to investigate how
the different pieces scale with Qi and compare the respective sizes. For notational con-
venience, we refer to the contributions with respect to the corresponding X;.

At the sought precision level it is sufficient to assess the order of magnitude of these
corrections. Therefore, in want of precise input we resort to simplified input as discussed
in the previous section. For this purpose, we use

My = Mg = 5 MeV ms = 100 MeV = Qmin » as = 0.33. (5.1)

Given the smallness of the matrix element and quark mass correction contributions we did
not take into account the running with p of the various inputs but kept them fixed. The

benchmark points for Qumin € {1,2} GeV are presented in table 1. Since the contributions
i
present the respective contributions, labelled X3, and X, s, of these. The table shows

from the matrix element Xo come in both suppressed at order m, and at order m;, we here
that power correction are suppressed by at least two orders of magnitude with respect to
the quark loop. This is also visible in figures 8-10 where we consider the scaling with
Qmin- The T; (Q1,Q2,7) in (2.8), when expanded for large Q;, are of order mi, except for
T which is mﬁ. The variation with Qi from dimensions is thus 1/ anin for the massless
quark loop, 1/Q%. for the d = 4 contributions and 1/Q8 . for the d = 6 contributions.
The scaling is found to agree with naive dimensional counting.

The power corrections not suppressed by quark masses, i.e. X4, X7, Xg1 and Xg o, are
found to be numerically suppressed. This is partially explained by their extra suppression
in powers of Aqcp. Their numerical impact is similar to the one of the di-quark magnetic
susceptibility, X9, and clearly more important than the perturbative mass contributions.
We find that even at 1GeV, all these power corrections are suppressed by at least two
orders of magnitude with respect to the massless quark loop. Even though this result
motivates studying whether the smallness of the corrections pinpoint a trend also for the
purely perturbative ones, no strong conclusions should be derived from it.

6 Conclusions and prospects

The leading asymptotic behaviour of the HLbL for the (g — 2), kinematics has been con-
firmed to be given by the massless quark loop contribution. Although this had been com-
monly assumed previously, this is by no means obvious due to the static limit associated
to the (g —2), definition with the external photon leg at zero momentum. The main result
of this work and of ref. [28] is to show how a proper short-distance expansion can be done
in the limit of Q% ~ Q3 ~ Q% > AzQCD'

In order to show that the quark loop is the first order of a well-defined expansion, the
soft photon has been formulated as a long-distance, or, background, degree of freedom,
following previous works of refs. [29, 30]. We stress that using the vacuum OPE valid for
HLbL when all the four Euclidean momenta are large, one would for the (g—2),, kinematics
have obtained a divergent expansion [28].
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Contribution | Inputs (GeV units) | Qmin = 1 GeV | Qmin = 2GeV
X1 1.73-10710 4.35-10711
X1 2 —5.7-107% | —-36-1071
Xom Xy=—4-1072 -1.2-1072 | -73.107"
Xo 3 Xy=—-4-102 6.4-1071 1.0-10710
X3 X3=351-10"3 -3.0-107% |  —4.7.10716
X4 X, =351-1073 3.3-1071 5.3-10716
X5 X5 =-1.56-10"2 —1.8-10713 —2.8-10715
X6 Xg=2-10"2 1.3-10713 2.0-10715
X7 X;=3.33-10"3 9.2.10~13 1.5-10714
Xs1 Xg1=—1.44-10"1 3.0-10713 4.7-1071
Xso Xsgo=-144-10"*"| -13-107% | -—20-1071

Table 1. Numerical results for aELbL for the indicated inputs.
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Figure 8. Numerical contributions from the X; and X5 pieces in absolute value using the inputs
from table 1. As expected, the quark loop fully dominates.

A comprehensive description of the resulting OPE has been provided, including a
detailed explanation on how to achieve a complete and systematic separation of short and
long distance effects while cancelling internal divergences. The physical meaning of some
of the resulting matrix elements is also given, and we have used those to present estimates
of all of them. The obtained results could in the future be used to analyse other Green
functions and their phenomenological applications.
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Figure 9. Numerical contributions from the X3_5 pieces in absolute value using the inputs from
table 1. The massless quark loop is shown for comparison.
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Figure 10. Numerical contributions from the X¢_g pieces in absolute value using the inputs from
table 1. Even when they are not suppressed by the quark mass size, they are found to be small
compared with the massless quark loop contribution.
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The resulting OPE is applied to the HLbL in the (g —2), kinematics for Q1, @2, Q3 >
Aqcp. As a consequence of setting one of the momenta to zero, the long distance effects
become functionally more important. The quark loop is still found to be the dominant
contribution, but the first non-perturbative correction becomes suppressed by just one
power of Aqcp (plus one power of my), in contrast with the A%CD (gq) suppression in the
OPE applicable when all the Euclidean momenta are large.

However, no operators allowed by the symmetries are found to enter without quark
mass suppression below A?‘QCD with respect to the quark loop contribution. These A?QCD
contributions are computed and their role for the (g —2), is estimated. They are found to
be very small. Whether or not this may be indicating that the quark loop gives a precise
description of the HLbL at relatively low momenta (i.e. Q; ~ 1 GeV) will only be known
once the two-loop perturbative corrections have been computed. This calculation is already
under way and will be presented in a future publication.
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A A set of Lorentz projectors for the 11,

In this appendix we present a set of projectors useful for projecting to the set of II;. Note
that due to gauge invariance this set is not unique. We have derived and used a second set
of projectors. Obtaining the same results with both projectors is one of the checks we did.
Below we only present one of the sets of projectors.

A —
PEY (q1,q2,03) = =8\ "2 qi a7 g3 a505 +23 19" 9" a)

—8A 39" q o df — AN (3 + a3 —a7) g“"Qf(JgQg
-8\ 210 R AN (- B+ @) 9 B (A.1)
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VA —
PE% (q1,q2,3) = 8N (645 + 110345 — 29055 + 4543 + 1145+ 11¢7 5 + 1447 4343

—q10505 — 444195 —29¢1 43 — 41 4345 + 661 g5 + 4 a5 —44qY g5 +1147) ¢ 4 43¢5 d

+A 2 (g5 —6q505 —as +207 03 — 1) 9" 9 df+ A2 (a5 — g5 — 647 a3 +247 a5 — ) 9" 9 b
— AN (§+3q3q5 — 4345+ 31 g5 + 847 503 — 441 03) 9" 1 4 b
220 (B3 —aia3) 9" 9 AT (35— — 247 5 +247 65— a1) 9" 9
+2X7% (3¢5 +g55 — gs 03 — 345 — 307 g3 + 447305 + 94703 — 3q1 43 — 9qi @5 +345 ) g {45 aF
+207% (g3 — 455 — o+ 24745 —a1) 9" 9™ ¢f
—207% (B33 —ai43) 979" b+ A7 (45— 20503 — a2 +24i a3 —ai) 979" d

3

6

3
4 A
245 — 94595 — 30545 + 41 43+ 6474543 — 341 43) 9" R b ds
6
3

GB—B—AG G245 —q1) 9779 b
(6§ —d3d5 —as a3+ a5 — i3 +4aiddal —3aias —3di 3 +3di 3 —a5) 9" i b df
—AN? (245 + 4305 — 30345 — 91 g5 + 647 4503 —34143) 9" L r o
+A7?% (695 — 64595 — 64243 +645 — 5047 g5 + 7247 4543 + 1097 95 +2241 43

—38¢1¢5+2247) "7 g by +A7? (645 —50q5 45 +22q545 +2245 — 647 g3

+7247 4543 —38¢7 42— 64143+ 1041 45 +647) 9™ 7 45 ¢, (A2)
PEY7 (g1, q2,93) = 80A ™ (—208 — a3 a3 + 4343 +245 +247 43 — 3474345 —6ai a3 +241 a3
+6¢105—247) i 07 Gy dbah —2A " (B +a5—ai) 9" 9 ) +20 77 (23— a3 +47) 9" 9™ b
+20A7% (g3 +0303 —afa3) 9" i af a5+ 232 a3g" g o]
—2X72 (g3 —a7) 9" 9”7 ¢ — AN TP (3q5+44303+3d5 —6¢7 45 — 6415 +341) 9" a{ a5 4§
— N (BB —-1) 99 22 39" 9 220 (3 + a5 — af) 97 9 S
+200 7% (g5 +20303 +a5 — 20703 — 24545 +a1) 9" 4 3 a5 +207 2 (g3 + @505 — i a3 ) 9 i db
—4A7 (205+4303 302 +4703 + 60103 —3a1) 9" A5 a5 o+ 4N (63 —aE +a7) 6779 df
+200 P (33— — i3 +203 5 —at) 977 v db df — 203 P (43— a5 + 41 a3) 9 dfas b
+4XT? (605 —Ta503+as +307 a5 +8a1 05— 941) 9 ai bl
—4X"3 (3¢5 +44303 — Ty — 67 43 +401 3 +341) 9™l b af (A.3)
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VApo
P“ P (q1,92,43)

2A (63— -301) 9" 9 b -8\ g™ R ai ¢

22\ (G+a—a7) 997 22 (3 -3 —aF) 99" df
L 261 @) 9" g g =22 (B3 -3 +43) 979 b
227 (3 -3 —43) 979 - AN 9" g

+8\” 3(2q3+q2q3 30y —4aiaz+aias +241) 9" ¢ r df
+8A (4¢3 30505 — b —3q1 3 +20165 — 1) 9" R by — 4N
+807 (205 - 46363 + 23 + 4163 + 41 45— 3q1)9”"qlAq2q3
+8A 7% (4g3 - 3545 — g5 — 3T a5 + 24745 — 1) 9" d{ 5 b
—8A7? (2¢5 — 455 +2q2 — 9qlq3+11qug+7ql)g”fﬁqzqg
—8A% (20390303 + Ty — A 3 + 117 g3 +241) g db

HUVAPT _
Pﬁsg (QMQQ)Q?)) -

—4té¢3+4Y) &l @

=80A"% (¢35 —q3—

@) ataf @y ah et —22 2

(3-36—ai) 9" 9™}

(63 —a5—243) 9" 9™

- 4 4 4
160A"* (65— d3a3 — a3+ a5 — a3+ i3 a3 — 4l a3 — 4t d

s —22"2g3g

uv Ao

uv Ao

97 2221 g" g™ qf

uy o\ o

—4\"3 (245 + 4343 — 393 +qia5 +64i 05— 34}) 9" ar a db —

oy 2q2‘gu)\guo'q§+4)\f3
V—2072G39"7 g A — 20 239" g
AN~ ( ~ 76303 — 445 — 247 3+ 347 3 +41) 9" > 0§

3013 +20145 —q

—4N"2g3 9" g g}
—4N 243917 " g5 —
+4\" (4q3 + 7q2 q3

+4X73 (3¢5 — 64543

— 4N (¢3—243 03+ a5 —Tai a3 +3d7 a5 —4q

+

Ho VA

+3€12 Q1Q3 —qi

G+ G20 95—

—4XN (g3 —243 03+ a5 +3a1 a3 — a3

°
(
AN (4g5 3305 —
(a5
(

—4X? (g5 +3G5 03—

4QQ - 2(11 CI3

vApo _
P" 7 (q1,q2,q3) = —40A " (g3 —qi

—)\ (%‘qg‘ﬂh)

~A"2(3-343

guugkaq5+2)\—2

—q}) g g gh AN

Uo VA P

D" b
% —2q1) g q2 a5 a5 —
D at ngg
4) 97 q1q2q3
203 —4qt) 9 dl dbdy
4 Ao
T3 +4) 9 ) dh d

)Y S b+ A% (a5 +a5—q

227

239" g"7 g}

(35— 0305 — 205 — 6415 — 1 @5 +341) 9" d a5

p

4)\221/0)\;)

(63—3) " 9" af + 772 (43
222G gl 5 a5+ AN 2439 g ¢ 202 (63— ¢F) 97 9" b

2(@B—a}) " 9" ar

+2X07? (33— 64503 — 1745 —6¢3 a5+ 14¢7 g5+ 341) 9" af a5 &
+207° (25 — 144343 — 843 + 64703 + 164743 —8a) 9" it dbal —
207° (3¢5 — 64303 +393 — 647 a3+ 14q705 — 1741) 9" i ¢y
—2273 (203 +63¢3 —8q3 — 4¢3 3 + 1647 43 —8q1) 9" Y > o
—207% (3¢5 —6g303+33 +A 3 +4q g5 — Tq1) 9™ af b
+2)7° (3g3 +49303 — Ty — 64303 +4q7 45 +341) 977 Al b a

— AN 2q2guag/\pq3

a9 9 " 4;3

) 9" g ¢}

5-3q1) ¢"q" ¢

2\~ 2g”ng &

where X\ = \(¢?,¢2,4¢3) is the Killén function defined through

Nt g3,43)

=qi+q5+q3—2¢}q3 -
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B Four-quark reduction

In this section we reduce the number of four-quark matrix elements from the basis
JiAaq;paakcy 9 ps: Where the barred Greek indices denote colour, the capital ones flavour
and the latin ones spinor, into one with only twelve non-zero elements.

First of all, due to confinement only colour singlet operators can give contributions.
From this one has

4iAaq;BaIRCy D5 =

]. /A/ ] B, k./c/ l D/ /A/ k/c/ l D/ J,B/

qu'A'q]'B'Qk'C'QZ'D' [5(15575 ( iA 055 Oro O1p ++- N i 9kc 958 ip (B.1)
1 /Al / ! / 1Al / 1 iRl

_5545557<N zA&;Bf?(skC(le+51A5k05lD5JDB>:|'

Next, taking into account that the QCD vacuum preserves SU(3)y in the flavour sector up
to small quark mass corrections, the contributing four-quark operators must break SU(3)y
in the same direction as the octet charge operator. There are therefore four independent
flavour structures which contribute and can be taken to be

O1=QaBScDGiAGBICAUD ; (B.2)

O2=QcpdaBTiAG BILCUD (B.3)

O3 =QapdBcqiagiBIkCUD (B.4)

O4=QBcOADGALBIKCAUD - (B.5)

The charge operator can be expressed with Gell-Mann matrices through
)\3 )\8
=t B.6
-F+5r (8.6

and the third and fourth operators O3 and O4 can be rewritten using a Fierzlike identity:

da dc
03,42( 28 Qep+Qan 3D (>‘AB)‘ p—MNapAop+ XA —AApAtp)

ED] Z)\z BACD — 6 Z)\Z BAeD+—7= \f (NapAep+AapAtD) (B.7)

1 _ _
- EA,%XB A%D) 4iA9;BARCUD -

Orthogonal operators O; satisfying
On=Plpcp GiadiBacdip
with PipcpPpapc=0"",
can be obtained from linear combinations of the operators O; (i=1,...,4) as

1
O = 5 (01 +02) R (B.Q)
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02 = 3 (01-02), (B.10)
1
4

R _ _
Os = 5 (O3—04) = (AhB)%D—/\%B)\%D—l—)\ﬁB/\%D—)\5AB>%D) 3iaqjBdkcqp, (B.11)

5

7
~ 3 3 (1 S 1 S
O4= <O3+O4 2 (O +02)> =— < > NapAep—= > AupAep
25 vE\ 12 65
1 1
+4\/§ (NABAED T AABAED) —12)\,843)\8013) 4iAqiBAkCUD - (B.12)

This leads to
GindBTc@ip = Y PEapcOn. (B.13)
n
Finally, the fact that the vacuum expectation values of the operators must be proportional
to Q implies

(Ga;a)2q) = V3{Gqia ), (B.14)
(@GN qiqea) = V3{@\q;qea) , (B.15)
(@GN GUN @) =GN GaN @) = (@GN GaN @) — (G GaN1a) | (B.16)
(@GN @) a) = — (@G ;@ q) = (G\"¢;@ A "q), forn=2,....5,
(B.17)
1
<(7i>\1q]'ffk)\lfﬂ>=—§<€Yi>\"qg@k)\"(ﬂ>, for n=6,7, (B.18)
1
(TGN g @\ ) = Wi (@NqaXa) +{@ @\ qr)) (B.19)

and the final flavour decomposition reads

G4iA9jBAkC D =

1 /\
5@1‘)\1%%)\2% — @M@ QA1) ( 5

/\%C )\BA )\DC /\BA )\DC )\ A%C
2 2 2 2 2 2 2

%

_ _ A PV PP AL A8 A A3
Mg aa (Z 2425 zz badbe _Apadbe f( Ba2DC | 254 gC>>
=1

)\SBA—i-\f)\BA 5DC’+5BA )‘%C+\/§)‘%C>

1
Z(G: Nad:d G0 T\
+5 (G280t + 04 8qz)< 5 3 T3 5

NpatVBA\ha0pc  dBa )\%CJF\/g)‘?bC) . (B.20)

1
Z (G Nl G0 — G0 G\
+ 5 (@A Tkt — 145G 8qz)< 5 3 3 2

Only the spinor reduction remains. As usual, one can decompose each operator above
according to
Oijwr = ZCACBOi TOIACES N W v (B.21)
A,B
where I'* is an element in the spinor basis of (4.14) and c4 the corresponding normalisa-
tion defined in (4.16). However, many restrictions apply. Proportionality with F),, leaves a
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small number of independent Lorentz structures possible. Moreover, since Oijkl are by con-
struction either symmetric or anti-symmetric under the exchange (ij) <> (kl), the reduced
matrix element Oijklfij BrkLA ig trivially related to Oijklf‘ij ADKLE, Taking advantage of this
and requiring that the reduced matrix elements should be odd under charge conjugation
one finds

1, _ _ i _ _ _ _
5(%)\1%‘%/\2611—qi)\zqg'%)qcﬂ) 6l (’Y]mk ’Yﬂ’nk> [q/\l’mqq/\TYuq_q)\2')’,uqq)\l'}’1/Q}
1 v l,l, — — — —
tol ((7 ¥5) i (V5 )ik — (V5 i (v ')’5)lk:) [quw%qqu%%q—qkzw%qq/\wu%q}

1 A v e _ _ _
64g>\o¢ (Jﬁ Ulk —O‘]ZAU”{: ) X §gp,3 [qaupAquUﬁu)ﬁq_qaup)Qq qU,BV)\1Q:| (B'22)

_ _ 1 .
TGN q = 5 (0 "o +05i00), ) [quqquowq}
1 _ _
+@6W“m€myw2m ((’Y;ﬁs)ji(%)m—(%)gz(%%)lk) [q)\17u275qq)\17y2(4

1
32 (U]z 75lk+75jzo'lk ) [q)\lo',uuqq)\l’)/SQ] , (B23)

1 L
TNk £ 0105 Tk Asql = 32< ol ok Ezi00, [qawz\sqqqiqawqqz\sq]

1 vV 1%
+a€“ = 16#11/1#21/2((%’Yshz(%)m?(’Yu)gz(%%)lk)
X [ciAsv“Q'ysq " qEY" 159Gy q}

1 _ _ _ _

+t35 (Uﬂ Vs ik EV55i0l), ) [q(f"”/\sqq%qiqa“”qq/\s%q} - (B.24)

This reduces the original set of 1679616 matrix elements to a basis of 12 non-zero ones.

C Explicit expressions for the 1

In this appendix, we seperately list the form factors I1; for the contributions from the quark
loop, one cut quark line topologies and the gluon matrix element. Note that those for the
two-cut quark line topologies were given in section 4.3.

C.1 The quark loop
Recall (4.11)

2
AMS 0 1 4
MS =11 S—{—m I ‘Im O(my). (C.1)
The two terms above are given by
. N 64 Q2 Q2
¢ (m,n) n (m,n) (m,n) —n )2i
11,5 = 2t 3 [ 2ol ow (2 )+ os (5 )| @iy agt,
gk, 3 2

(C.2)
’\’fn,2 n
quMS q Z A Q 2
é.4,kn , , (C.3)
m,n m,n m,n Q m,n Q ’mn Q
{di ik )"'pz(‘,m )F—l-ql( )log <Qg + 1(17 )log Q; +5; 5% )log ,
3 ©?
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where the non-zero coefficients are

A= c
fii3 =2, f557=—4, £50 =2, fls3 =2, A1 =14, fl50=—2, fic1=—4, ©5)
fiie=-2, figo=2, '
9054 =2, 9011=2, 9650=—4, 911 =2, giio=8, ghi0=—4 (C.6)
h(()162% L, h01121 =-1, ho 5 0— -1, h(()132—1 =1, h 1 2 =3, hg}i?()) =4, hgé?)q =3, )
hSOZ()) =-3, h(2112)—1 =3, hgo?)—l =-1, '
(—41335—2 (_1%4——6, (—413%3—4 (—1:%2—4 (—41341 =—6, C(—Alfg,ozl 64—:?5—2
64034)1 36, 841?% =20, 08%2?% =64, (()4333 =34, 6443()) =12, 54,1773;,4 =-6, Cg%o?:; =—20, (C.8)
M =168, ) = 28, 5% = —66, 5F) =4, 5D = —64, H) =28, b =104,
0 =4, cé“a?% =34, o) =66, cff‘fi 1 =6, c%”% =12, %) =2,
000 =12, foid=—6, fi53 =—60, fo54 =66, f54 =36, [y =—06, fogi =1
f0,70 6, f1(4046 -6, f14145) =216, f1(,42’j14):_138 f1(4?;43):_3607 f1(4442)—270 f1(4541 =48,
f1(4é,0 =-30, f2(4045 =—60, f2(jl1j14) =—138, f2(,42’f1§ =T44, f2(4342 =—204, f2(4441) = —300,
54543 =54, fioq =66, fi13 =—360, fi53 =—204, i) =480, f30=—30, 5 =3
1454 =210, f44241) =300, /{50 =30, 58 =66, f5Y) =48, ;50 =54, f55H =12,
foid=—30, fio0 =

(C.9)
(4 4) o7=1, 9(4141) 6= "3, 9(4142) 5=1, 9(41432 4=9, 9(4142 3= "9, 9(41453 2=—1, 9(414€2> 1=3,
9(4143():—1, g =1, gl =50, g8 =13, g% =184, {58 =119, g8} =106,
Gosi ==T5, goig=—4: 911 =—3, g3 =—13, g1 =486, g5 =162, g5} =559,
il =207, gi5 =44, g5t S=1, gilgh = —184, gt} = —162, gf5 =908, gi!) =135,
gsio=—124, g4 =5, g5 =119, g{) =559, ¢{’s") =135, g =170, i =5,
958 =106, gi'i =207, g0 =124, gi" =1, gl =75, gl =44, g1 =3,
96(34043 —4, ggjl—éll),o =-1,

(C.10)
W =1, A =25, B =63, hih =1, BS4Y =91, hi) =45, hi) = —297
hiela =19, B =3, a{% =50, (") =243, h% 7%:—500 hith =19, a{hY =258,
hi's=—67, hS") S =1, AY) = —185, K3 =338, Ay =454, AYYY = 563, K5 =51,
R =5, hSh =28, Y =578, YL =428, ASLY =85, n{tY 3— -5, Wi =151,
h{ =51, i =175, K" 4{2_—1, Wit =—46, h{N) =111, h{"Y) =3, Bl =23,
het ! o =—1.

(C.11)
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(713()) 4=6, 0(7132 3=—12, C( 1 % =12, 0(712,0 =—6, Cg’—BiA =4, C(()T(’)?:)s =64, C(()7i3% =68,
=112, ¢ =24, %) ;= 16, T5) =116, ¢{) =100, {5y =104, §*) , =24,
éfo?i =16, cgf% =—108, (7 3{ 1=-—16, :(3703()) =30, ¢} 7% 0=4
(C.12)
f(g7 %6) 24, f07145 =36, fo 2 4 =—156, fo 3, 3 =24, fo 4, 2 =144, f07541) =—60, f(g7é4(2 =-12,
fio =36, f1(7144) =288, fil53 =312, f{53 =—576, f{;) =36, fi50 =48, fy4 =84,
fz(7 3? —600, f2 2, 2 432, f2(7?;41) 456, f2(7440) =—060, f3704?3 =216, f§7{42) =144,
35 = =552, figy =—144, fi) =180, fi550 =60, f5 =12, £T4=—48, f550 =12,
(C.13)
9(714()) 6=2, 9(7142) a=—18, 9(714:3 3 =32, 9(7142 2 =—18, 9(714(3 0=2, 9(()77—41) 6=2, 9(()76452 =104,
955 =126, gi'3) =—368, gisn =—58, gi'i1 =184, g5 =10, g =8, gl{Ts}) =158,
95714:’2 =544, 957242) =652, 95 3.1 N = =—440, QYJB =78, 957—41) A= =10, 95704?2 = —160,
g5 =—924, g3 =208, ¢l =170, ;') =358, i) =176, g3} =170
94(17:11) o =-—10, 94(17041) =-136, 9517143 =78, 9é7fl) 1=38, 9;7043 =-10, 96(3,77741),0 =-2,
(C.14)

ho! 6 =2, hisR =56, i) =46, hi3h =176, n(3) =214, h{} =8, K5 = —42,

W™ s =—8, h{h =16, n{}% =536, A5 =256, h{%) = —400, h{"}) =112, KSTY , =10,
hyToh =336, i) =—300, A3 =800, A3 =—30, Ky =352, K" =360,

hiTyl =160, h{"Y , =10, A = —40, a1 =170, BSY) =8, KTyl =48,

h§ o =2,
(C.15)
7, 7, 7, 7, 7 7,
(()1012)—16 ((31102):_12701(3123)1:_47 51 2):_1276511 2 =8, 2103)12—4, (0’16)
17,3 (17,3) (17,3 (17,3) 17,3 17,3) 17,3)
(504)—4 fo13 =—4, fozz)——12 f031 =20, f(g,4,0)— -8, f1(03 =—4, f1(12 =
Lo =—44, 190 =16, £y =—12, 7 =—a4, (77 =48, 577 =20,
17,3 (17,3
35,1,0)—_16 f4 o) =8,
(C.17)
17,3 17,3 17,3 17,3 17,3 17,3
9603)—20’ 9((),1,2):_167 9((),2,1):_287 9(()30)—247 g§7072):—16, gg 1 1)—104 (C.18)

17,3 17,3 17,3 17,3
G50 =24, TV =28, o7 =24, g7 =24,

17,3 17,3 17,3 17,3 17,3 17,3 17,3
héo:s)—lo hé12)—_28 hé21):24 h((JSO):_4 h(()4 )1:_2 hgoz):12 h§11):52

Wiy =—68, h{'3? =4, Y =52, h§TY =44, nYY =28, n{7Y =4, n{§? =2,

(C.19)
(39,3):74’ 0(39’3):16,(:(5’?:5”)2 o4, 0(393) —16, (393) -4 (393)4774, (()33;)7 a4,
G5 =48, cilyy) =48, e =—44, iy =4, 05335’)3—16 705 =48, {7 =176,
) =48, Y =16, 50V, =24, oY =48, SN =48, 5P =24, 7 =16,
o =—a4, Y =16, V=4, 5P =4,

(C.20)
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39,4 394 394 394 394 394
e =20, f0) =24, £ =84, 5 =176, £y =84, fE =24,

S’ =—20, fi5) =24, f7) =288, f1(329’34):264 P =264, 3D = 288,

o =24, fiD =sa, (0 =264, (5 =192, (Y =264, ) =84, (C.21)
S0 =—176, fé?’f’;‘ =264, f33§f>—264 £ =176, £ =84, £ = 288,

i?;b‘l) =284, f5(309f) = 5531904) = égog(;l) =-20,

(39,4) (39,4) (39,4) (39,4) 10, (39,4) (39,4) 9 (39,4)

95906="2, 9501 5=8, 9154 =—10, g5 4o = 95951 ="8, 95160=2: 9o,—16=—2

b0 ==T76, gona’ =T4 G025 =216, gizn =—302, giay’ =52, g5y =38,
gD =8, g =74, gOVD = 502, ¢ =340, ¢ =296, ¢ = —126,
g5 = ~10, g3 =216,

g5n’ =340, g5y =680, gy’ =86, giloy) =302, g1y =296, g5y’ =86,

g(39 4) 10, (39 4) —52, ‘(](39,4):71267 (39 4) _s, g(39 A) 38, (39 4) ) =2,

—12_ 4,1,0 11_ 5,0,0 —

(C.22)
W= =2, s =38, niVY =126, h'yy) = 86, hi%ys =86, hi'y) =126,
hSed) = =38, Wit = —2, BP0 =8, a0 = —52, VY = —296, By =680,
WP =296, n*0y) = —52, AP =8, h(39 =10, hiys) =302, h$Yy) =340, ©.29)
hSeD = =340, W) =302, BSYY, = —10, Ky = —216, h{Y =592, By =216,
h$D, =10, B = —74, B8 = —74, h$YY =10, BP0, = -8, B =76,
h(?’f i)l—fg h(39 4) _2 h(39 4)1:2
Clon=—2, %7 )1 =4, B ==2, Yy =2, Y =14, 1) = -4, 77 =14,
=2,

(C.24)

551433) — 18, f052423) —30, f(54 3) -6, f(54 3) -6, f(54 ,3) —18, f1(,5£4,’13) — 54, fl(f’);,o?») =12,

54,3 543 54,3 54,3 54,3
o) =30, 0 =54, fY =6, 1Y =12, 1500 =6,
(C.25)

54,3 54,3 54,3 54,3 54,3 54,3 54,3
9(—1 0)4:_1 g( 1,1,)3—2 9( 13)1—_2 9( 1,4,)0—1 9(() _1)4—1, 96,1,2) = —48, 9((),2,1) =40,

(54,3) (54,3)

54,3 54,3 54,3 54,3 54,3
9030 =75 91, -13=—2, gg ,0,2 )= =48, 9%,2,0) =-206, 95,0,1) =—40, é 1 o) =20, § —1)1 =2,
54,3 54,3
gfg,o,o) =-T, ( 71)0 =-1,
(C.26)
WOt =1, hed = =10, by =26, By =17, A7) =2, w0Y =48, n°)Y = 78,
hias =8, Yyt = 14, hg% 03> =34, h{MY) =2, By =24, hffi)o =1,
(C.27)
and
o =—4, (C.28)
q(1131 1,1— =-2, q(1138 0=2, q(()li) 0=2, (C.29)

— 35 —



P R B D S > S g PR g

o121, 1,-17— —1,2,—2= 45 To,—1,0 0,1,-2 = 1,-1,-1—
7’5101) 2 =3, Té,lfl),fz =-1,

(C.30)

(—110)—1 1=-1, 5(—1103 _o=1, (1 Oi =1 (C.31)

d(42) 14—1 d 203——3, d422%2:2 d(452%1:2 d(422:2,0:_3 d(42241—1—1 d412)_24—1
AU =10, d%% =6, d*7) =8, dN% =1, d*) _ =6, di"7) =3, 4§, =6,
d(()402% =-36, dé4i23 =2, d(()4é2) 1 =15, d(472%,2 =2, dg{? 1=38, df{f()) =2, dgz,li?)fl =-20,
d(4 ) 2,1 — =2, dz —1 ,0— =1, d(4 2) Z1=15, d34 2% 0= -3, dg,l—?,—l =—6, dz(f,l’—z%,—l =1,

(C.32)
A =10, o =10, p) 20, o5 =, 48 =16, {1 =10, {12 =208,
P =8, pilio =64, phios =24, pii’ =8, pisl = =96, pii’ = =8, Pl =64, (C.33)
p4(1403()J —16,
q(413),1 5= 4, q(4133 41 =16, q(4131) 3= 32, q(4132) o =40, q(413§ 1 =28, 9(41342 0=38, q(4 31) 4 =16,
a5 =160, g3 =40, {5’ =128, g5 = —24, qi"?) ;= 32, i) =40, ¢{}*} = —200,
q§4233 16, qéil—?)l)g =40, q§4031) =128, q§4133 =16, q§4_31) 1 =—28, q§4033 =-24, q4(14—31) 0=25

(C.34)
7’(413)71 5= =2, T(4i3()) 1 =12, 7’(4131) 3= =30, Tgli?z),z =40, 7’(7453,1 =-30, 7”81172,0 =12,
7’(4135) =2, 7"(()4}1) =4, (4 %) =-80, (()4i3% =112, (84é31) =8, 7"(()4:3,33 =52, 644311 =8,

0,3
r =2, 5 = 72, r§ =100, 7] =88, r4Y =10, r§% =120, 4% = 72,

4,3 4,3 4,3 4,3 4,3 4,3
rs) =2, e =28, rihY =10, #(YY g =—4, Y =8, () =2,

—1,-17
C.35)
3(410)71 =2 (C.36)
7,2 (7,2) (7,2 7,2) 7,2 7,2)
61(2)—13:2 d202—_4 d2%0:4 d(23—1 Q’d(—l,)—2,3 d(1—12—_20)
7,2 7,2 7,2 7,2 7.2 7,2
d2) =12, d"?) =20, d7) =10, d{7) , =8, di7) =24, i) =20, o
d? =20, di"?) =12, &%) j=4, {3, =20, d;72;0:_8 di? =10,
d(7_2) _1:27
Pooa= -T2, piia=—T2, pil3] =120, p50 =24, p{s2 =120, pi’}’) =96, p{'s) =72,
7, 7,
Pgogg =-24, pé,ly,)(% =72, pg,o?()) =—24,
(C.38)
q(284—4 q(7231)3: 16, q(73)2=24, q(72’3321=—16, (—72320—4 9(71383_ —40, q(73)2:48,

7,3 7.3 7.3 7.3 7.3 7.3 7,3
q( 12)1:24a q( 13)»0: —32, q((),71),3: -8, q(()oz)**144, q(()ll)**lﬁ& q(()’273:64, ‘15,71),2:24,

7,3 7,3 7,3
qg 01) 184, 5 1, (% =—40, 571),1 =-24, qé,o,(% =—4, q:(a 71)0—8
(C.39)
r§T) = =8, r = =144, {5 =72, (5 =80, #{T) =24, #(3 =80, () = 152,
s =24, {0 =64, r{7) =8,
(C.40)
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17,1 17,1 17,1
d(—1 —)1 0="4, d(—1 0)—1 =4, d(() —1)—1 =4, (C.41)

pios =24, T =24, piled) =24, (C.42)
¢"1? =4, ¢"[P =, q(m) —4, g5 =8, 50 =—40, ¢{!T 7, =4, (C.43)
7”(—1173)12— 2, 7"(—11702)1—8 (—11712) —12, 7”(—11722) 1 =8, 7 (—117??) 2 =2, 61502)——207
o2 =16, 13 % =4, r{TY =8, {07 =16, {77 =8, p{0F = -4, {1 =2,
(C.44)
sUTO =2, (C.45)
d(—329 z)1 3= d(—329 5)2 =8, d(—329 12)1 =-12, d(—:))29,722,)0 =8, d(—329:§,)—1 == d(—gf E)2 3=-2,

39,2) (39,2) 39,2 39,2 39,2 39,2)

d( 1, —1 =18, d—1,0,1 =-16, d(—l,l,)o =-16, d(—l,z,)—l =18, d(—1,3,)—2 =-2, dg,—z,z =8,

d$P =16, dd =32, d)? = 16, 45, =8, 473 =12, 7)) =16, (C.46)
39,2 9,2 39, 9,2 39,2 39,2

d§0—)1 =-16, dg 1, —)2—_12 dé 2)0—8 d; —1)—1—18> dé,o,—)2:8v d§’,7—2,)—1 =-2,

39,2)
dg -1, —2_ 2’

Py =48, piyy =—a8, piay) =—48, p{’yy) =48, 03 =—48, pi}Y =192, (Cam
LD =15, o0 = s, 1) = a5, o020 =15 |
d k=8, ¢ WP =24, ¢35 =24, V=8, {75 =8, ¢y =128, ST =72,
a5an =—64, aiorh=—24, 407 = =72, aiT0 =144, 4507} =24, 4 =64,
qé?g’f,)o =-8,
(C.48)
A =8, 8 =6, n0D =140, n02D =64, 30, =8, 10 Tym 2, 5D =72
rive) =12, 1Y = 24, r§00 =04, 1000 = 128, r5)Y =24, #{0Y) = 8,
rioth = -8,
(C.49)
A g dD =y, (C.50)
Poto =24, piop =—24, (C.51)
%% 5==2, 45%5h =6, ¢ =6, % =2, ¢O1 % 5 =2, ¢, =14, O T =16,
a6y =6, qF17h =—14, ¢*1)) =6, o7} =16, ¢4 =2,
(C.52)
£524 E)1 3= -1, 7(52473)2 =4 (7551712)1 =—0, 7"(75;:22,)0 =4, (54 2) —1=—1, 7'(75;1,73)2,3 =1 (5f7§)1 =2,
rOth =8, 1O =5, rih =2, o0 =12, 856‘3) =26, 12 =4, P =8,
i =—4, rt =2, P00 =5, PP =1,
(C.53)
SO0y G0 g (C.54)

C.2 Some massless quark loop limits

Here we give the explicit limits for the massless quark loop in the regimes where two
momenta become much larger than the other, this is a subset of the regions where A
becomes small. In order to find them, we change the variables to one of the large momenta,
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the small one and the angle between them. We then expand in the small over the large

momentum. All negative powers of A cancel and the leading contribution in the ratio of

small over large momentum is always independent of the angle and is given below. The

choice of third variable is not unique, however the results to the order given are always the

same.

C.2.1 Qi~Q3>Q»

721l 1 [ <Q2
—— =—— |3log 1)4—5] ,
cgNe 907 Q3

7T2f[4 _ 1
eaNe 3Q3Q%°
7T2f[7 1

elN.  3Q3Q%

721117 1 [ <Q2
=—— |6log 1> —5} ,
cgNe  18Q% Q3

7T2f[39 1
ech 3Q3Q71
7T2f[54 _ 1

e!N.  6Q3Q%

C.2.2 @Q1~Q2>Q;3

7T2ﬁ1 . 1
egNe Q3Q3%’
7T2ﬁ4 . 1
egNe 3Q3°
71'2f[7 _ 1
ech 3Q87
7T2f[17 _ 1
ech 3Q§Q% ’
7T2ﬂ39 - 1
ech ?)Q%Q‘Q1 ’
97
7T H54 7
=0 .
egNe (@;7)

C.2.3 Q2~Q3>Q
721l 1 [ <Q2
—— =—— |3log 3)4—5] ,
ejJLNC 9Q§ Q?
7T2f[4 _ 1
eaNe 3Q2Q%°
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(C.69)
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o(

211,
ech

(C.70)

(C.71)
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egNe
w2115

(C.72)

1
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lagraimns wi

C.3 Contributions from d

The explicit expressions of the II; for the one-cut quark line diagrams can be written as

(C.73)

X, Qr¥Q,7 Q5%
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where the non-zero coefficients are

(C.75)
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15 415 4 415 41,5 41,5 41,5 415 4
C_ 132~ —4, Cp,2,2= 55 €031 = —4, €112~ —16, C1,21 = -8, C1,30= —4, C20,2= 3
3 3 (C.83)
4,15 415 415 4,15 41,5 41,5
Co11 = -8, Co3 1= —4, C3 12~ —4, C30,1 = —4, C3,1,0 = —4, C3,2,-1~= —4,
41,4 41,4 41,4 41,4 41,4 414 414
€112~ —-16, C121~= -8, €130~ —4, €211~ -8, €220~ 8, Co3, 1= —4, C3.1,0= —4, (C.84
414 _ 4 84)
C32,-1— %
41,3 41,3 41,3 41,3 41,3 41,3 41,3
C_1,3,2 =4, Co,31 = 4, €112~ 16, C121~= 8, €1,3,0 =4, Co11 = 8, Co3 1= 4, (C.85)
413 g 413y AL3_ 0 413 :
C3_12=%, C301=4%, €310~ %, C32, 1%
41,2
i1 =8, (C.86)
432 16 430 432 432 16 439 432
€0,2,2 = 3 Cii2=—16, ¢;57=-8, ¢ga=—, i1 =8, &5 =8, (C.87)
708_ 8 708 16 708 8 705 8 (C.88)
€032~ — 37 €230~ 3 €302~ 37 €320~ — 3’ :
71,5 71,5 715 71,5
€0,32= -8, €230~ -8, C30,2= 8, C39.0= -8, (0.89)
71,4
Ca)300 = —8; (C.90)
71,3 71,3 71,3 71,3
Co,32 = 8, Ca30~= 8, €302~ -8, C32.0~= 8, (C.91)
1708 28 1708 4 AT08 32 1708 16 1708 _% 17,0,8 _E
0,2,3 3 » ~0,3,2 3 » ~1,1,3 3 v ~1,2,2 3 » ~2,0,3 3 v ~2,1,2 3 ? (C 92)
17,08 16 1708 4 1708 4 1708 4
Ca21 3 @230 T 73 €302 = 30 €20 T T3
17,07 8 1707 8
€23 T30 203 T3 (C.93)
1715 8 1715 17,15 1715 8 1715 17,15
023 = 3> €11,3 = —16, Cl22 = -8, C20,3 = R Co1,2 = -8, Coo1 = 8, (C.94)
C17,1,4__é ATLA g AT14_ e AT14_ g c17,1,4__§ A4 g
0,2,3 3 » ~0,3,2 v ~1,1,3 ’ ~1,2,2 ’ +~2,0,3 3 v ~2,1,2 ’ (0.95)
1704 g AT14_ 4 AT14_y AT14_ 4
Ca21 > Ca30 =%, C302 T3 C320 =%
17,1,3_ 16 1718 _ 16 JAT18 _g 713 _ 16 17,13 _ o 713 _ g (C.96)
€o,2,3 = 3 C11,3 =10, €109 =06, Cop3 = 3 Co12 =0, Cao1 =G, :
17,1,2
cis =8, (C.97)
1732 _ 16 1730 16, T2 g T2 16 1732 —8. (L7322 _g (C.98)
€0,2,3 = 3 €113 = » €122 = » C203 = 3 Co12 = » G221 =0, :
39,0,8 39,0,8 39,0,8 39,0,8 39,0,8 39,0,8
Cooa =4, Coss =4, o035 =4, ¢35 =4, ¢5g5 =4, ¢35 =4, (C.99)
39,1,5 39,1,5 30,1,5 39,15 39,15 39,15
Co,3 =8, Cogs =8, Cag3 =8, Ca3g =8, C303 =8, C334 =8, (C.100)
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39,1,4 39,1,4 39,1,4 39,1,4 39,1,4 39,1,4
3T =8, ¢ =8, =38, =8, ¢ =8 =3, (C.101)

€0,2,3 0,3,2 2,0,3 2,3,0 » €3.0,2 y €320 =
39,1,3 39,1,3 39,1,3 39,1,3 39,1,3 39,1,3
Cosg =8, ¢p3s =8, ¢y =—8, o35 =8, c305 =—8, 534 =—8, (C.102)
08 4 sa0s 4 sa0s 16 5408 16 sa0s 4 sa0s 16
0,2,3 30 @32 T3 (22 3 (131 3 €203 T30 (212 3 (C.103)
5408 4 5408 4 5408 16 5408 4
2,3,0 37 3,02 3 C31,1 EEE €3,2,0 Y
5415 _ 4 5415 g (SLLS _g SALS_ g 5415 _ 4 5115 4
032 ~ 37 Cl22 =9°, €131 Co12 = Co30 = 3 C302 = 3’
(C.104)
5415 _ g SAL5_ 4
3,1,1 1 G320 =73
5414 _ 4 5414 8 5414 g SAld_g  5hld4_, 5l 8
0,23 — %5 €32 30 ‘122 v €1,31 » €2.0,3 y Co19 = 5, © )
.105
54,1,4 8 5414 8 5414 g (Hhla 8
230 ~ T30 @02 T3 €311 =79, C390 3
5413 4 sa13 g SMLB__g 5413 _g 5413 4 s34
0,32 — 55 €122 =79, €131 )y Co12 =06, Ca30 =735 C30,2 = 3>
3 A 3 3 (C.106)
H4L3 g 5413
C31,1 y €320 3
54,1,2 54,1,2
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C.4 Gluon matrix element contributions

Before taking into account the contributions coming from the mixing with other operators,
the contributions have the form
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After including the mixing via (3.16), the divergences exactly cancel and the renor-
malised form factors can be expressed as

2 N, 7
nGGm_XﬁR&Z{l]k+g§],llog<g;>+h lo <%>}Q121Q223Q32k, (C.126)
1,5,k
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where the associated coefficients g( ,)ﬁ and h( L are the same as above and
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D Derivation of (4.15) up to n=3

(C.127)

(C.128)

(C.129)

(C.130)

(C.131)

(C.132)

Up to the order that we need, we have only contributions either without explicit gauge

bosons or with one of them, which can be put together owing to (4.13). Let us start

by writing down the expansion coming from the contributions without gauge bosons (see

figure Ha). Starting from (2.11) and using the decomposition (4.17), one trivially finds (up

to permutations of the set P={1,2,3}):

N1u2,u3 32/ d'qy (H/d4xz lqzxz) <0|Q($1)CAF q(x3)[v(g4))

x Tr [7“3FA7“1iS(x1 —x9)YH?iS (2o —xg)] .

(D.1)

Taking Fourier transforms for the propagators, expanding the quark fields according

to (4.12), rewriting the outcoming space time variables z; ,, as lim,, A_,Oi&e_ipmmi, inte-
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grating and taking derivatives iteratively using (4.4), one finds:

H,Ul,LLQ,U«S —

—e2N N (=)0l DY+ DY DM DY eal gl (qa))
»3 (D.2)

X Tr | AT A0S (—q1 )y iS (—q1) -7 iS (—q1)7"21S (g3)7"1iS (g3) - -7 ™iS (g3)

where {} indicates symmetrization (normalized by the number of terms) and g3 = —¢q; —¢o.

For the topologies with one gauge boson, the only change with respect to (D.2) is an
extra vertex in the quark chain, which can be allocated in two different positions plus the
boson field itself (see figure 5b):

Hpaps
I3 =

4 3
i3 e [ 4 (121 / d‘*w) Ol(e)eal (Be(z) i, Ad(=Dalan)ly (a0)

X (Tr

AT ANLGS (21 — 9)YH20S (29 —Z)")/EiS(Z—xg)] ) .

AT ANGS (21 — 2)V0S (2 — 0 ) Y245 (12 —51:3)]

+ Tr

Using (4.13), the matrix element in (D.3) can be rewritten

/

— . —X vi,.. — anyl ”xl/;n
Q(fL’l)(Bg(u)—l—zqug(u))q(:cig):Z( 1) n!( 1) _—
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pu U
X
;qzo p+1 (p— Q)

X @DV --- DY» D¥1 ... D¥a DE D¥at1 ... D¥p DV1 ... D¥mg,

(D.4)

from which, following the same procedure as above, the contributions from one gauge boson
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can be re-expressed as

(10p, 4 )™ (10 ) - (10 )”;n
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The next simplification consists in realizing that after taking the derivatives and the limits,
all the traces start with 4#3I'4~4#1 and all the propagator on the left of v#2 are of the form
S(—q1) and all the propagators on the right are S(q3), which has a simple diagrammatic
interpretation. On the other hand, we can always relabel the dummy Lorentz indices in
such a way that the remaining quark current takes as indices gD --- D"»q. Taking all this
into account, any possible term in the sum can be uniquely codified as a pre-factor times
a set of numbers separated by a “wall” term, v. For example, we define

3(31v2) 5362Tr[’y“3FA'y”1iS(—q1)7”3iS(—q1)’y”1 iS(—q1)7v"*1S(q3)y"%1S(q3)]

- (D.6)
X <0’qDl/1 T DygcAFAQ|fY(Q4)> )

where we have dropped the index A on the L.h.s. since the Lorentz structure of the various
traces does not depend on it. In this symbolic notation, one finds respectively, for n =0
(D=3)and n=1 (D =4), using (D.2),

ks — _(y), (D.7)
HEEH = (1v) +(vl). (D.8)

From the same equation, the n=2 (D =5) piece coming from the topology without gauge
bosons (N B) is

1
555N = —(102) = 5 [(v12) + (210) + (v21) + (120)], (D.9)
while the bosonic piece B leads, using (D.5), to
H’g“g’g —5[(211})—(121})—1—(1}21)—(1}12)]. (D.10)

Summing, one finds

TTHLA2HS — _[(102)+(v12) 4 (120)]. (D.11)
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Finally, for n =3, using (D.2), one finds

T, é[(1230)+(132v) +(2130) -+ (2310) 4+ (3120) + (3210)
+(0123) + (v132) + (v213) + (v231) + (v312) + (v321))] (D.12)

1 1
+ 5[(121}3) +(21v3)]+ B [(1v23)+(1v32)].
From (D.5), the contributions of the same order that come from p=2 are

T ans — %[(1231})+(1321))+(213v)+(231v)+(312v)+(321v)
+(0123) + (v132) 4 (v213) + (v231) + (312) + (v321)] (D.13)
—(2130) — (2310) — (v312) — (v132),

fromp=n=1
1
I/ Hehs = 5[(123v)+(2131})+(231v)+(1v32) —(132v)—(312v) —(321v) — (1v23)], (D.14)
and from p=m=1

Tjtehs, = —%[(v213)+(v321)+(v231) — (v123) — (v321) — (v132) — (1203) +(210v3)] .
(D.15)

Summing all of them
T HEks = H%lﬁé,lﬁBJrBHBerBs =[(123v)+(1203)+(1v23) + (v123)]. (D.16)

This simplification occurs for every Dirac structure I'4 and therefore also for their sum.
This completes the needed derivation. We conjecture that the duality holds at all dimen-
sions'® and that its trivial generalization holds for any number of external legs, greatly
simplifying calculations for this kind of topology.
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any medium, provided the original author(s) and source are credited.
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