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ABSTRACT: We study several aspects of holographic entanglement in two models known
as flats/BMSFT and (W)AdS3/WCFT. These are two examples of holography beyond
AdS/CFT where the boundary field theories are not Lorentz invariant but still feature
an infinite set of local symmetries. In the first example, BMS-invariant field theories
(BMSFTs) are conjectured to provide a holographic description of quantum gravity in
asymptotically flat three-dimensional spacetimes; while in the second example, warped
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conformal field theories (WCFTs) are proposed to describe quantum gravity in warped
AdSs3 or AdS3 backgrounds with Dirichlet-Neumann boundary conditions. In particular,
we derive the modular Hamiltonian for single intervals in both BMSFTs and WCFTs and
find the holographic duals in the bulk using the covariant formulation of gravitational
charges. We also extend the first law of entanglement entropy to these models of non-AdS
holography and discuss the bound on “modular chaos” introduced recently in the context
of the AdS/CFT correspondence.
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Dimensions, Gauge-gravity correspondence
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1 Introduction

The modular Hamiltonian plays an important role in the study of entanglement entropy
in both quantum field theory and holography. It can be formally defined as

/}'[mod = *logpAv (11)

where p 4 is the reduced density matrix of a state on a subregion .A. The modular Hamil-
tonian generates a symmetry transformation between operators in the causal domain of
dependence of A. In general, this symmetry is not geometrically realized and the modular
Hamiltonian is not a local operator. Nevertheless, there are several similarities between
modular Hamiltonians and ordinary Hamiltonians. For example, up to a normalization,
the Rényi entropy SXL) = (1 —n)"tlogtr (e‘”Hmod) resembles the free energy F(T') of a
thermodynamic system with Hamiltonian H,0q and temperature 7= 1/n. Similarly, the
entanglement entropy resembles the thermal entropy and satisfies the thermodynamical
relation S = —9F/IT,

Sq=—tr (pAlnpA) = Tlll_>ml O1/n %bgtr (e‘”Hmod) . (1.2)

In some special cases including the Rindler wedge in QFTs [1, 2] and ball-shaped regions
in CFTs [3], the modular Hamiltonian on the vacuum state becomes an ordinary Hamilto-
nian that generates a geometrical flow and can be written as a spacetime integral of local
operators.

The modular Hamiltonian has been useful in several aspects of the AdS/CFT cor-
respondence, including the derivation of holographic entanglement entropy [3], verifying
the first law and various entropy inequalities [4-6], deriving the gravitational equations of
motion from entanglement [7—10], proving the averaged and quantum null energy condi-
tions [11-14], and generating explicit prescriptions for bulk reconstruction [15-19]. Consid-
ering the significant role of the modular Hamiltonian in the AdS/CFT correspondence, we
would like to extend this and related concepts to models of holography beyond AdS/CFT.

One of the goals of this paper is to provide a general prescription for determining the
vacuum modular flow generator and the corresponding modular Hamiltonian in a specific
class of models of non-AdS holography. On the field theory side, we will show that the
modular flow generator ¢ can be determined by requiring that (¢) ¢ is a linear combination
of the vacuum symmetry generators; (ii) the diffeomorphism generated by ¢ leaves the
causal domain D of the interval A invariant; and (4ii) the flow e’ maps each point in
D back to itself. The modular Hamiltonian is then given by Hyoq = H¢ + const, where
H, is the Noether charge associated with the vector ¢ while the constant term guarantees
that trpq4 = 1. In particular, this prescription allows us to investigate the bound on
modular chaos [20] and the first law of entanglement entropy in QFTs that are not Lorentz
invariant. Using the holographic dictionary, we can extend the boundary modular flow
generator into a Killing vector in the bulk and compute the modular Hamiltonian using the
corresponding gravitational charge. This enables us to discuss the compatibility between



the geometric picture for holographic entanglement entropy, the first law of entanglement,
and the emergence of the gravitational equations of motion in the bulk.

We will apply the prescription described above to two models of holography beyond
AdS/CFT dubbed flats/BMSFT and (W)AdS3/WCET. The flats/BMSFT correspondence
conjectures that gravity in asymptotically flat three-dimensional spacetimes is dual to
a BMS-invariant field theory (BMSFT) at the null boundary [21, 22]. On the other
hand, (W)AdS3/WCFT conjectures that gravity in warped AdSs or AdSs spacetimes with
Dirichlet-Neumann boundary conditions is dual to a warped CFT — a two-dimensional
field theory invariant under a spacetime Virasoro-Kac-Moody symmetry [23, 24]. Both of
the aforementioned models share several features that depart from the AdS/CFT corre-
spondence in interesting ways. For example, neither BMSFTs nor WCFTs are Lorentz
invariant field theories and the causal domain of dependence of an interval A consists of
an infinitely long strip. As a result, the flow generated by the modular Hamiltonian differs
significantly from the modular flow in AdS/CFT, both in the boundary and the bulk sides
of these correspondences, as discussed in more detail later. Relatedly, the bulk dual of
entanglement entropy in these models consists of a spacelike geodesic — the set of fixed
points of the bulk modular flow — that hangs from the boundary interval A by a set of
null geodesics parallel to the modular flow [25, 26]. A general holographic entropy proposal
based on these so-called swing surfaces is given in [27].

In this paper we will derive the modular Hamiltonian on the vacuum and thermal states
for a single interval in flat3/BMSFT and (W)AdS3/ WCFT. The explicit expressions for
the modular Hamiltonian allow us to gain further insights into entanglement in both the
bulk and boundary sides of these models. For instance, a bound on modular chaos for
relativistic QFTs has been recently proposed in [20]. We will show that this bound is
satisfied in both BMSFTs and WCFTs despite the fact that these theories are not Lorentz
invariant and the existence of such a bound may not be a priori expected. We will also
use the modular Hamiltonian to derive the first law of entanglement entropy for highly-
symmetric states in WCFTs directly from a field theory calculation. On the bulk side
we will show how the modular flow generator of the vacuum and thermal states can be
extended into the bulk and describe how it can be used to determine the swing surface
whose area captures the entanglement entropy of an interval at the boundary. Finally,
we compute the gravitational charge associated with the bulk modular flow generator and
show that it matches the modular Hamiltonian at the boundary. This allows us to provide
a holographic derivation of the first law of entanglement entropy for special states in both
flat3/BMSFT and (W)AdS;/WCFT.!

The paper is organized as follows. In section 2 we provide a general prescription for
the derivation of the modular Hamiltonian in models of non-AdS holography, describe the
swing surfaces whose areas reproduce the entanglement entropy of the dual field theories
at the boundary, and discuss the holographic derivation of the first law. In sections 3
and 4 we apply these methods to the bulk and boundary sides of the flat3/BMSFT and
(W)AdS3/WCFT correspondences, compute the modular Hamiltonian, derive the first law
of entanglement entropy, and investigate the bound on modular chaos.

!The first law of entanglement entropy in flats/BMSFT was also discussed in [28, 29].



2 The modular Hamiltonian in non-AdS holography

In this section we review the generalized Rindler method proposed in [26] and provide
a general prescription for the calculation of the modular Hamiltonian associated with an
interval A at the boundary. We then extend the modular flow generator into the bulk and
use it to determine the holographic entanglement entropy, which is given by the area of
a swing surface that is homologous to A. We also propose that the gravitational charge
associated with the bulk modular flow generator is holographically dual to the boundary
modular Hamiltonian. Finally, using the holographic dictionary, we derive the first law of
entanglement entropy from the bulk equations of motion and discuss the derivation of the

equations of motion from entanglement.

2.1 The boundary modular Hamiltonian

We begin by describing the generalization of the Rindler method [3] proposed in [25, 26, 30].
The latter uses the symmetries of the vacuum state to map an interval (and its causal
domain) to a noncompact space whose generator of time translations is identified with the
modular Hamiltonian. We also describe a general prescription to determine the modular
flow generator that similarly exploits the symmetries of the vacuum.

Let us consider a holographic correspondence between a gravitational theory on a
(d+1)-dimensional manifold M and a quantum field theory on its d-dimensional boundary
OM. The field theory is not necessarily local but it is invariant under some symmetry group
G. We assume that the vacuum state of the field theory exists and that it is invariant under
a subgroup H C G. According to the holographic dictionary, H is the isometry group of
the spacetime in the bulk that is dual to the vacuum state in the boundary, while G is the
asymptotic symmetry group of the gravitational theory satisfying appropriate boundary
conditions. Let A denote a subregion of a co-dimension one boundary Cauchy surface
0% C OM. The boundary of A is denoted by 0.A and, in Lorentzian signature, its causal
domain is denoted by D C OM.

We further assume that a Hilbert space can be defined on a hypersurface 0¥ € oM
such that, given a state |¢)) in 9%, we can define the reduced density matrix associated
with A by tracing out the degrees of freedom on its complement A, namely

pa = trg[)(P]. (2.1)

Formally, we can define the modular Hamiltonian Hmoq by pa = e "med such that the
entanglement entropy is given in terms of the reduced density matrix p4 by

Sa=—tr(palnpa) = tr (paHmoa)- (2.2)

In general, the modular Hamiltonian is nonlocal and the entanglement entropy is difficult
to calculate. Nevertheless, in some cases that include ball-shaped regions on the vacuum
state of CFTs, the modular Hamiltonian becomes a local operator [3]. In these examples,
the causal domain D can be mapped to a Rindler spacetime by a symmetry transformation.
The entanglement entropy of the interval A is then mapped to the thermal entropy of the



Rindler space where the modular Hamiltonian is the generator of translations along the
Rindler timelike coordinate. This idea was generalized to nonrelativisitic quantum field
theories with warped conformal symmetries in [25, 30] and BMS symmetries in [26].

A generalized Rindler transformation x — & is a symmetry transformation in the field
theory that satisfies the following properties [26]:

(i) The transformation x — & = f(x) is a symmetry of the field theory where the
domain of f(x) is the causal domain D and its image is a noncompact manifold M,
the generalized Rindler spacetime. Here x and Z collectively denote the coordinates
on OM and OM, respectively.

(ii) The transformation z —  is invariant under a pure imaginary (thermal) identifica-
tion (z',...,2%) ~ (&' +4B',..., 8% +i3%). In particular, the vacuum is invariant
under translations along the &' coordinates for which Bl # 0, which guarantees that
the vacuum state in D is mapped to a thermal state in M. Consequently, the gen-
erator of the thermal identification ¢ = ), B0 leaves the vacuum invariant such

that ( =), a;h; where a; are constants and h; are the generators of H.

(iii) The generator of the thermal identification ¢ gives rise to a one-parameter flow 7[s]
through the exponential map e*¢. When s is real, ( generates a flow among points
in OM that leaves the causal domain D and its boundary 0D invariant. On the
other hand, a modular flow with s = i/2 maps a point in the causal domain D of
A to a point in the causal domain D of the complement A. Finally, the thermal
identification #°[0] ~ #‘[i] maps any point back to itself and corresponds to s = i.

If a generalized Rindler transformation satisfying the above properties exists, then we
can define a Rindler time

T =

=

k
Z om (B L, T ~ T+ 27, (2.3)
i=1

where k < d is the total number of nonvanishing B parameters. The partition function can
then be written as Z = Tre~2""o- where Hy._ is the Noether charge generating translations
along 7. As a result, the modular Hamiltonian is geometrically realized and identified with
the normalized Rindler time translation

¢ =2m0, = Zaihi~ (2.4)

If we let H; denote the Noether charges associated with the generators h; of H, then the
modular Hamiltonian is given in terms of the Noether charges by Hoq = H¢ +const where
the constant term guarantees that Trpy4 = 1 and

'Hg = ZaiHi- (2'5)

Note that the inverse temperatures ﬁ~’ in the generalized Rindler transformation are arbi-
trary parameters that do not enter the final expressions for the modular Hamiltonian or



the entanglement entropy. This is related to the fact that the modular flow generator ¢ can
be obtained without explicitly finding the Rindler transformation that maps the interval
A to the noncompact space M, as described in detail next.

A general recipe for the modular flow generator. We now provide a general pre-
scription to determine the modular flow generator for the vacuum state without explicitly
using the generalized Rindler map. Once we have an expression for the modular flow gen-
erator (, it is straightforward to write down the corresponding modular Hamiltonian Hy,0q-
Given a subregion A and its causal domain D in the field theory, we can determine the
modular flow generator ¢ by requiring it to satisfy the following properties:

(i) The modular flow generator is a linear combination of the vacuum symmetry gener-
ators h; such that ( =), a;h; where a; are arbitrary constants.

(ii) Up to an overall normalization, the a; coefficients are constrained by requiring that
the modular flow generator leaves the boundary of the causal domain 9D invariant.
In particular, under the action of {, an endpoint p € A can either be a fixed point
of ¢ or be moved along 0D.

(ii1) We can determine the overall normalization of ¢ by requiring that €/2 maps a point
in the interval A (but not in d.A) to its complement A. Alternatively, we require that
'S maps any point back to itself as this is equivalent to the periodicity condition on
local Rindler time 7 ~ 7 + 27i.

We will show that these properties determine the modular flow generator in BMSFTs and
WCFTs in sections 3 and 4, respectively, and that the results agree with known expressions
obtained from the generalized Rindler map [25, 26]. We will then use the modular flow
generator to compute the corresponding modular Hamiltonians in these theories.

2.2 A bound on modular chaos

Let us now discuss perturbations of the modular flow generator ¢ and their relationship
to the bound on modular chaos [20]. It has been recently shown that in unitary and
Lorentz-invariant theories, perturbations of the modular Hamiltonian dH,0q obtained from
deformations of the state or the shape of the interval A are exponentially bounded. More
concretely, if we denote the matrix elements of §H,0q4 between any two states [i;) and |);)
on subregion A by

Fij(s) = |(thi] €med®§Hmaqe ™" Pmed® [g))] (2.6)
then the bound on modular chaos reads
d
. d 3 <
SEI:EOO 7 log EJ(S)) < 2m. (2.7)

A stronger version of this bound has also been conjectured to exist for large N QFTs as
shown in detail in [20]. The bound (2.7) is saturated for deformations of the modular
Hamiltonian satisfying the following kind of eigenvalue problem

[Hmoda 6iHmod] = £2mi0+ Hmod- (28)



These deformations are dubbed modular scrambling modes in [20]. The modular Hamil-
tonian of 2d CFTs has been shown to satisfy the bound on modular chaos in [20, 31].
Moreover, for ball shaped regions in two and higher dimensional CFTs, perturbations of
the modular Hamiltonian arising from shape deformations of A along null directions have
also been shown to saturate the bound on modular chaos [32].

As argued in the previous section, the modular Hamiltonian associated with the vac-
uum state is the Noether charge associated with the Killing vector {. Let us now consider
shape deformations of the entangling surface A generated by certain linear combinations
of the global symmetry generators that leave the vacuum invariant. In this case, the eigen-
value problem (2.8) reduces to the problem of finding the set of eigenvectors of the modular
flow generator ( satisfying

[C’éid =421+, (2.9)

where 01 is a linear combination of the global symmetry generators h; with eigenvalue
427, respectively. In sections 3 and 4 we will show that variations of the modular Hamil-
tonian exist in both BMSFTs and WCFTs that saturate the bound on modular chaos and
correspond to modular scrambling modes. This indicates that the bound on modular chaos
is also obeyed, at least for shape deformations on the vacuum state, in theories that violate
Lorentz invariance, mirroring similar observations on the bound on chaos in WCFTs [33].
We will also provide a bulk interpretation of the modular scrambling modes based on the
geometric description of entanglement entropy described in the following section.

2.3 Bulk modular flow and swing surfaces

In this section we extend the modular flow generator into the bulk and describe how it can
be used to determine the bulk dual of the entanglement entropy of the boundary subregion
A. We begin by recalling that the modular flow generator (2.4) is a linear combination of
the global symmetry generators h; € H that leave the vacuum of the field theory invariant.

2 This means

In the bulk, H is the isometry group of the spacetime dual to the vacuum.
that each generator h; corresponds to an exact Killing vector H; in the bulk, such that the

H; and h; generators satisfy the same symmetry algebra and

Hi, = o (2.10)

where Hz} o denotes the vector H; at a cutoff surface M. More precisely, if we consider
a cutoff surface in the bulk at r = 1/e that is parametrized by coordinates z* with a =
1,...,d, then (2.10) means that Hﬂril/e
the bulk corresponds to a Killing vector £ that is given by

€= 0t (211)

= h{. As aresult, the modular flow generator in

where the a; coefficients are the same parameters featured in (2.4) such that 5‘ am = G-

2One exception to this assumption is warped AdSs with Dirichlet boundary conditions [34]. Although
the asymptotic symmetry algebra in a restricted phase space is described by two Virasoro algebras, there
is no bulk geometry with SL(2, R) x SL(2, R) isometries. Hence the discussion in this paper does not apply
to this particular example. Nevertheless, a generalized gravitational entropy in this setup is discussed in
ref. [35] and the holographic entanglement entropy is also found to differ from the RT/HRT proposal.



The boundary modular flow generator defines a boundary Rindler time (2.3) with pure
imaginary identifications which can be extended into the bulk by

¢ =270, T ~ T+ 27, (2.12)

where 7 now denotes the bulk Rindler time. Being a Killing vector field which implements
purely imaginary identifications implies that the modular flow generator (2.11) has a bifu-
cating Killing horizon whose surface gravity is 2w. The bifurcating surface is denoted by
V¢ such that & |7§ = 0. The future/past directed light-sheets of 7¢ are denoted by Ny and
are defined as the null geodesic congruences with non-positive expansion that extend from
V¢ to the boundary (¢ has zero expansion as is therefore an extremal surface). From these
assumptions and definitions we learn that:

e The light-sheets Ny are half of the future/past Killing horizon and hence invariant
under the flow generated by £. Using the fact that & ‘ am = G at the boundary, we
find that the intersection of the light-sheets N, U N_ with OM corresponds to the
boundary of the causal domain, namely (N4 U N_) N OM = 0D.

e From its definition, £ is normal to the light-sheets N U N_. As a result, we have

EuViénly, = 0. (2.13)

This is just Frobenius’ theorem which guarantees that the vector field is hypersurface
orthogonal, see e.g. appendix B of [36].

e From general properties of Killing horizons, the surface gravity on Ny is a constant
whose value depends on the normalization of the Killing vector £. The latter is
fixed by the normalization of the modular flow generator at the boundary, namely
&lom = ¢ = 2w0; with 7 ~ 74 27i. This means that the local Rindler time £ = 270,
in the bulk should also satisfy 7 ~ 7 + 2wi. In other words, the surface gravity must
be 27 such that

£V, EH| N, = E2meh. (2.14)

e Finally, on the extremal surface v¢ = Ny N N_, the modular flow generator satisfies
— eV _ nv
g\% =0, vHe \% =2, (2.15)

I

where nt" = nj b

ny — nyny is the binormal unit vector to v¢. This follows from the
fact that ¢ is an extremal surface and from the normalization of § in (2.14), the
latter of which has been determined by the normalization of ¢ at the boundary.

We will verify that these properties of the bulk modular flow generator are satisfied in both
flats/ BMSFT and (W)AdS3/WCFET in sections 3 and 4, respectively.

Let us now describe how the bulk modular flow generator can be used to determine
the RT/HRT surface in AdS/CFT and its generalization in models of non-AdS holography.
In the AdS/CFT correspondence, the surface 0.4 is the set of fixed points of both the bulk
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Figure 1. In three dimensions the swing surface homologous to the boundary interval A is given
by 74 = v— Uy U~; where v1 are null geodesics lying on the light-sheets Ny (blue) while « is the
portion of the bifurcating surface ¢ that connects v4 to y— in the bulk.

and boundary modular flow generators. This means that 0.4 C ¢ and that the extremal
surface v¢ extends all the way from 0.A at the boundary into the bulk. In other words,
Y¢ is just the RT/HRT surface. In contrast, in known examples of non-AdS holography
including flat holography and the (W)AdSs/CFT correspondence, the boundary endpoints
0A are only fixed points of the boundary modular flow. As a result, 0.4 ¢ 7¢ and the
extremal surface 7¢ cannot be smoothly attached to a finite interval at the boundary. In
this case, the bulk modular flow generator £ moves each point p € 0.A along a null geodesic
Yp)y € N+ U N_ that ends on 7¢. The surface that captures the entanglement entropy of
subregion A4 at the boundary is dubbed a swing surface and is defined by (see figure 1)

YA =7 U o, where Yo = UpeaaVp), 07 = e N wos (2.16)

where 5 are the ropes of the swing surface — a collection of null geodesics tangent to the
bulk modular flow that connect a point p € A at the boundary to a point ¢ in the bulk;
while ~ is the bench of the swing surface, which corresponds to the subset of fixed points
of the bulk modular flow generator whose boundary 07 is the intersection of ;5 with ~e.

By construction, the swing surface (2.16) is homologous to the interval at the boundary
and plays the role of the RT/HRT surface in non-AdS holography. In known models of
non-AdS holography such as flat3/BMSFT and (W)AdS3/WCFT, the ropes 9 of the
swing surface consist of two null geodesics 4+ and y_ that connect the endpoints 0.A of
the interval at the boundary to a spacelike geodesic in the bulk, namely to the bench of
the swing surface. The entanglement entropy of the boundary interval A is then given by
the area of the swing surface, namely [25, 26|

Sa= ‘Mej‘g““), (2.17)
where G is Newton’s constant. In a companion paper [27], we extend this geometric
description of entanglement entropy beyond the vacuum and other highly symmetric states
to cases where the modular flow is no longer realized geometrically.



2.4 Entanglement and the equations of motion

The bulk modular flow generator (2.11) allows us to express the modular Hamiltonian at the
boundary as a gravitational charge in the bulk. Then, assuming the gravitational equations
of motion hold, we provide a holographic derivation of the first law of entanglement entropy.
Conversely, assuming the first law holds, we show how the equations of motion can be
derived from entanglement.

The gravitational charge associated with the modular flow generator £ can be calculated
using the covariant phase space formalism [37, 38], the latter of which has been successfully
generalized to spacetimes that are not asymptotically AdS in [39-41] (see [42] for recent
developments). In the covariant phase space formalism, the infinitesimal variation of the
Hamiltonian generating a diffeomorphism along an arbitrary vector field n in a spatial
region Y can be written as

§H 9] = /E w[6,0, 6], (2.18)

where ¢ collectively denotes the fields of the theory and d¢ denotes infinitesimal per-
turbations around ¢. The symplectic d-form w[d1¢,d2¢] = §1O[P, d2¢] — 12O[p, d1¢] is
bilinear in d1¢ and d2¢ and defined in terms of the presymplectic potential O[¢,d¢].
The latter is determined from the Lagrangian describing the bulk theory of gravity via
0L = Eé¢+ dO[¢p, ¢] where E denotes the bulk equations of motion. In a region with no
topological obstructions, we can find a (d — 1)-form x/[¢, d¢] such that [8]

W[5n¢, 5¢} = an[Gf), 5¢] + 25Eﬂynueyv (219)

where e* = %%uz---u g drt? A Adxtatt and 5E,gw are the linearized equations of motion.
The explicit form of x,[¢, 0¢] in Einstein gravity is given in (3.48). Using Stokes’ theorem,
the bulk integral (2.18) can be written as an integral over the boundary 9% of 3 such that

SFH[¢] — 2 /E SEI, nte” = /E dxn[66, 8] = /6 § X090, ). (2.20)

Let us now consider the bulk modular flow generator ¢ defined in (2.11). Since ¢ is an
exact Killing vector, the symplectic form vanishes and the Hamiltonian (53{? in (2.20) is
exactly zero. The infinitesimal gravitational charge along a surface C is defined by

5Q¢[¢] = /C X¢[00, 9. (2.21)

The holographic dictionary instructs us to identify the gravitational charge evaluated at
the asymptotic boundary with the modular Hamiltonian, namely

5 (Humod) = 6Q2[9] = /A X166, 4], (2.22)

This states that the expectation value of the vacuum modular Hamiltonian on an excited
state dual to d¢ is calculated by the infinitesimal gravitational charge associated with the

~10 -



modular flow generator £ on a background ¢ dual to the vacuum. The holographic dictio-
nary (2.22) will be explicitly verified in flats/BMSFT and (W)AdS3/WCFT in sections 3
and 4, respectively. On the other hand, and in analogy with Wald’s derivation of black
hole entropy [37], we expect the holographic entanglement entropy of subregion A to be
identified with the gravitational charge evaluated on the swing surface v (2.16)

554 = 60161 = | xelbo.ol. (2.23)
YA

In [27] we propose a general prescription for holographic entanglement entropy based on
swing surfaces where we show that (2.23) is indeed satisfied in Einstein gravity.

So far we have kept the perturbations d¢ off shell. In what follows, we describe how
the bulk equations of motion imply the first law of entanglement entropy and vice versa.

First law of entanglement from the bulk equations of motion. If we assume that
d¢ satisfies the linearized equations of motion in the bulk, the left hand side of (2.20)
vanishes, implying that dx¢[¢,d¢] = 0. According to Stokes’ theorem, the infinitesimal
charge fc X¢[0¢, @] along a surface C is independent of C as long as the new integration
surface is homologous to the old one. This implies, in particular, that the surface charge
evaluated along the interval A at the asymptotic boundary equals the one defined on the
swing surface 4

/ Xelb6, 6] = / X166, 9], (2.24)
A

YA
which, using the dictionary (2.22) and (2.23), leads to the first law of entanglement entropy.
Thus, assuming that the bulk equations of motion hold, we find that the first law of
entanglement is satisfied as a consequence of Stokes’ theorem, the holographic dictionary
in egs. (2.22) and (2.23), and the fact that £ is an exact Killing vector of the background,
namely

B, =0 = 6(Mmoa) = 054. (2.25)

Towards the linearized Einstein equations from entanglement. We now reverse
the logic and try to derive the linearized Einstein equations from entanglement. Let us
assume that the holographic dictionary for the modular Hamiltonian (2.22) and for the
entanglement entropy (2.23) are both valid. Then, the first law of entanglement entropy
can be rewritten as the statement that the gravitational charges evaluated on A and 4
are equal, namely

6(Hmod) =054 = / xel9,09) — / xelg, 0g] = / Xelg, 6g] = 0, (2.26)

A YA ox
where 0¥ = AU~ 4 is a closed surface. Using Stokes’ theorem and eq. (2.20) we then find
/E SES, £’ =0, (2.27)

where we used the fact that 5?(? [¢] = 0 when ¢ is an exact Killing vector. From this
expression, one can try to obtain the local version of the bulk equations of motion in
analogy with the analysis of [8] (see [28] for a similar analysis in flat holography).
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3 Flat;/BMSFT

In this section we study a three-dimensional toy model of holography for asymptotically
flat spacetimes. The asymptotic symmetries of three-dimensional gravity in the absence
of a cosmological constant are described by an infinite-dimensional symmetry algebra —
the three-dimensional version of the BMS algebra [43-46]. This motivates the conjec-
ture that gravity in asymptotically flat three-dimensional spacetimes is dual to a BMS-
invariant field theory (BMSFT) at the boundary [21, 47]. Supporting evidence for and
related studies in this so-called flats/BMSFT correspondence include reproducing thermal
entropy in the bulk from a Cardy-like formula at the boundary [48, 49], entanglement en-
tropy [26, 28, 29, 50-54], correlation functions [55], geodesic Witten diagrams [56], one-loop
partition functions [57], and energy conditions [58] (see [59] for a review on BMS-invariant
field theories and [22, 60-69] for related studies).

In this paper, we will explore further aspects of entanglement entropy in flat holog-
raphy and study in detail the modular Hamiltonian in both the bulk and boundary sides
of the correspondence, discuss the bound on modular chaos, and derive the first law of
entanglement entropy.

3.1 A brief introduction to flat;/BMSFT

In this section we review holography for three-dimensional flat spacetimes focusing on
aspects related to symmetry.

3.1.1 Three-dimensional gravity in flat space

Let us consider three-dimensional Einstein gravity in asymptotically flat spacetimes satis-
fying the following boundary conditions near future null infinity [47]

grr =0, gru =—1+ 0(1/7"), gr¢ =0, Jup = o),

3.1
Guu = O(l)a 9o = TQ, ( )

where (u,r,¢) denote retarded Bondi coordinates and ¢ ~ ¢ + 27. In Bondi gauge, the
space of solutions to Einstein’s equations compatible with the boundary conditions (3.1)
can be parametrized by two periodic functions ©(¢) and Z(¢) such that

ds? = g datde’ = hyudu® — 2dudr + 2hygdudg + r2de?, (3.2)

where hy, and h,4 are given by

huw = O(9),  hug = E(9) + 5u0s0(9). (3-3)

The boundary conditions (3.1) lead to an infinite-dimensional asymptotic symmetry
algebra that is generated by the asymptotic Killing vector

n=[o(¢) + u€'(¢)]0u + €(¢)0y — 7€ ()9, + subleading, (3.4)
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where €(¢) and o(¢) are two arbitrary functions and o’(¢) = 0g0(¢). The conserved
charges associated with (3.4) are integrable in the space of solutions and are given by

1 ne— _ 1 mn
Q. = &TG/dgbe °Z(¢), Qs = 167TG/dczﬁe °0(9), (3.5)

where we expanded €(¢) and o(¢) in Fourier modes, i.e. €(¢) = > €,e™? and o(¢) =
>, 0ne™. Tt is not difficult to verify that the gravitational charges (3.5) satisfy the
three-dimensional BMS algebra with central extensions ¢z, = 0 and ¢j; = 3/G [46]

[Q6m7 Qen] = (m - n)Qeern + %m(m2 — 1)6m+n’07
[Qens Qo) = (M —1)Qp, . + Cl—]‘;m(m2 — 1)mtn.0 (3.6)
[QUmu Qan] =0.

This algebra corresponds to an Inonii-Wigner contraction of the Virasoro algebra that
can be obtained by taking the ¢ — oo limit of gravity on AdSs backgrounds satisfying
Brown-Henneaux boundary conditions where ¢ is the scale of AdS.

We are especially interested in the zero-mode solutions described by (3.2) with ©(¢) =
M and Z(¢) = J/2. Up to factors of 8G, the parameters M and J correspond to the
canonical energy and the angular momentum of the background spacetime. In particular,
M = —1 and J = 0 corresponds to the global Minkowski vacuum while the zero point
energy is usually taken at the null orbifold where M = J = 0. Solutions with M > 0 have
a Cauchy horizon and are usually referred to as flat cosmological solutions (FCS). We are
also interested in the vacuum in flat Poincaré coordinates which is described by

ds* = —2dudr + r’dz?, (3.7)

where z € (—00,00). This is the flat limit of the Poincaré patch of AdS obtained by
sending the AdS radius to infinity such that its boundary is a plane. Certain computations
simplify in this gauge, but these can be straightforwardly generalized to general zero-mode
backgrounds on the cylinder (see section 3.4 for details).

Locally, the zero-mode backgrounds with ©(¢) = M and Z(¢) = J/2 feature six
independent Killing vectors that can be written as

J J Loyt L osL

]‘ / " J /

(3.8)

where j € {0,%+1} while ¢; and o; are functions of ¢ (or z for the Poincaré vacuum) that
depend on the background spacetime. For zero-mode backgrounds with M # 0, ¢; and
oj read

1 4 .
M#0: €= e IVM, P p— (3.9)

1
VM VM
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while for the Poincaré vacuum (3.7) they are instead given by
M=J=0: ¢=-2" oj = -2t (3.10)

The Killing vectors (3.8) satisfy the Poincaré algebra under the Lie bracket, which is the
global part of the BMS algebra given in (3.6).

3.1.2 BMS-invariant field theories

Three-dimensional gravity on asymptotically flat spacetimes is conjectured to be dual to
a BMS-invariant field theory (BSMFT) at the boundary [21, 47]. The latter corresponds
to a class of ultrarelativistic quantum field theories that are invariant under spacetime
symmetries obtained by reparametrizations of the form

o= f(0), a=uf'(e)+9(e), (3.11)

where f(¢) and g(¢) are arbitrary functions and f'(¢) = Jsf(¢). In particular, the u
and ¢ components of the generator of the coordinate transformation (3.11) agree with the
corresponding components of the asymptotic Killing vector (3.4) on the bulk side of the
flat3 /BMSFT correspondence.

BMS-invariant field theories are equipped with a pair of conserved currents 7 (¢) and
P(¢) that generate the local coordinate transformations (3.11). Under the coordinate
transformation (3.11) these currents transform as

P(&) = (7' P(8) + T3 {69},

707 £1\2 7o~ N2 ~ CL 7 CM iy 7 ~ (3.12)
T() = ()P T(9) +2F 3 P(0) + (1) 5P'(6) + S 16,0} + L1(F.9). 9]

where ¢ = f
3.

() and u = af'(¢) + §(¢) denote the inverse of the coordinate trans-
formations (3.11

11) and we have dropped the ¢ dependence of f(¢) and §(¢) for conve-
nience. In (3.12), {-,-} denotes the ordinary Schwarzian derivative, namely {f,¢} =
" —(3/2)(f"/f")?, while [-,-] denotes the “BMS Schwarzian” which is given by

[3(]?//)2 _ f/f///] g/ j 3f/f”§” + (f'/)2§///
(f)? '

One way to derive (3.12) is to consider the transformation rules of the stress tensor in

[(f.9). 0] =

(3.13)

two-dimensional CFTs and then perform an Inénii-Wigner contraction to arrive at the
transformation rules for the currents of BMSFTs.? In particular, the BMS Schwarzian
arises from the expansion {f+¢§, ¢} = {f, ¢} +¢ [(f,7), ?]+O(€?). Alternatively, eq. (3.12)
can be deduced from the infinitesimal transformation laws of the currents obtained directly
from the BMS algebra (3.6).

Finally, the Fourier modes of the J(¢) and P(¢) currents are respectively given by

1

4 1 4
Lo= g [@0c™T@),  Mu= -5 [ o), (3.14)

3This step was done in [51]. To arrive at the transformation rules of P(¢) and J(¢) we need to take
eq. (21) there and replace: t — ¢, z — u, T® - P(¢), and T T (9) + uP'(¢).
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and satisfy the same BMS algebra of asymptotically flat spacetimes (3.6) where
Qe = Lo, Do, = Mo, (3.15)

The matching of the bulk and boundary symmetry algebras provides a first indication
of holography for asymptotically flat three-dimensional spacetimes. In particular, from
eq. (3.14), we deduce the holographic dictionary relating the bulk {Z(¢), ©(¢)} and bound-
ary {J(¢), P(¢)} variables, namely

E(¢) = —4GT(9),  O(9) = —8GP(9). (3.16)

Finally, we note that (3.16) is compatible with the holographic dictionary between the bulk
metric and the boundary stress tensor obtained in [61].
3.2 The boundary modular Hamiltonian

In this section we derive the vacuum modular Hamiltonian for a single interval in BMSFTs
defined on the plane. In particular, we find a general expression for the modular flow
generator by exploiting the global symmetries of BMSFTs and show that the bound on
modular chaos is satisfied in this class of ultrarelativistic field theories.

3.2.1 Modular flow for a single interval

We begin by considering a general interval A on the vacuum state with endpoints
OA = {(u—,2-), (us,24)}, ly=uy —u_y, ly=2zy— 2, (3.17)

where (u, z) denote the coordinates on the plane. The modular flow generator ¢ for the
vacuum (and other highly symmetric states) can be derived from the generalized Rindler
transformation or the general prescription described in section 2.1. Let us consider the
second approach and try to find a vector that satisfies the conditions listed towards the
end of section 2.1. The first condition tells us that we can write the modular flow generator
as a linear combination of vacuum symmetry generators

1
¢ = ("0 +C0. = Y (ajly +bymy), (3.18)

j=—1

where a; and b; are coefficients to be determined, while ¢; and m; with j € {-1,0,1}
denote the vacuum symmetry generators on the plane

EJ = —zj'H@Z - (] + l)zjuau, m; = —Zj+18u, (319)
which satisfy the BMS algebra

The causal domain D of A is illustrated in figure 2 and consists of an infinite strip
along the u coordinate. The coefficients a; and b; in (3.18) can be determined by requiring
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U+

Figure 2. Modular flow (red) for a single interval (blue) in BMSFTs. The causal domain of
dependence (gray) and the behavior of the modular flow near the endpoints differs from that of
CFTs. We also show the modular flow generated by ¢ in orange.

that the boundary 0D of the causal domain is invariant under the modular flow and that
eC maps any point in D back to itself. More specifically, by requiring that the modular

flow generator vanishes at the endpoints of the interval A we find
(aJraaOaa*) =a+(1,—z, _Z+7Z+Z*)7 (3 21)
(by,b0,b-) = by (1, —2— — 24,202 ) + ay (0, —u— —uj,upz +u_zq). '

In order to determine the remaining ay and by coefficients, we note that under the modular
flow e*¢ the trajectory (z(s),u(s)) obeys the following differential equations

Osu(s) = ¢, 0s2(s) = (7, (3.22)

where (" and ¢* can be obtained from eq. (3.18). The solution for z(s) is given by

ea+z+s+coz_ Zy — ea+z_s+002+ o

z(s) = , (3.23)

eO+245+C02— _ o042 5+CoZy

where ¢ is a constant, while the solution for wu(s) is not particularly illuminating and is
therefore omitted. Requiring z(s) = z(s + i) and u(s) = u(s + i), we find that a4 and by
are given, up to an overall sign, by

27 27 (uy —u_)

b= (3.24)

Ay = ———,
2y — 2

In this way, the coefficients in (3.18) are completely determined and found to satisfy

27
(a’+)a07a*) = H(lv —R- = Z+aZ+Z*)7
o , , (3.25)
(by,bo,b_) = m(u, —ug, 2uqzo — 2u_zy,u_zy —upzt).
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The modular flow generator ¢ for an arbitrary interval (3.17) can be written as

1
}:a¢-+bmj [T(2) +uY'(2)] 0y + Y (2):, (3.26)

where the functions T'(z) and Y (z) are given by

2mfuy (z—2-)"—u_(2—24)%]

T(z) = { S N (3.27)
0 otherwise,
_ 2m(z—2-)(2—24)

Y(z) = { e 2 € [z 2, (3.28)
0 otherwise.

The modular flow generator ¢ specified by the functions (3.27) and (3.28) is nonvanishing
only in the causal domain of dependence D of A. We can also define the modular flow
generator ¢ for the complement of A. It is not difficult to verify that ¢ can be written in the
form of (3.26), but with the functions 7T'(z) and Y (2) in egs. (3.27) and (3.28) nonvanishing
only for z & [2_, z4].

We now show that (3.26) is the same expression for the modular flow generator ob-
tained from the generalized Rindler method in [26]. The generalized Rindler transformation
(u,z) — (@, Z) maps the causal domain of dependence D of the interval A to a noncompact
space and introduces a thermal identification for the tilded variables (@, 2) ~ (— By, 343.).
The Rindler transformation is explicitly given by

mZ  2z—zy —z-

tanh — = ,
z ZZ

_ /3’ B Ru—ug —ul)l — (22 — 24 — 21,
v E - T2 — (22 — 24 — 2-)?] ’

where we have used I, = uy —u_ and [, = z; — z_. The modular flow generator (

(3.29)

corresponds to the generator of this thermal identification
¢ = B:0: — Bud, (3.30)
and agrees with (3.26) after using the Rindler transformation (3.29).

3.2.2 Modular chaos

We now show that the modular flow generator satisfies the bound on modular chaos de-
scribed in section 2.2. A general shape deformation of the modular flow generator (3.26)
can be obtained by varying the endpoints (u, z+). It is not difficult to show that varying
the endpoints of the interval A leads to a deformation of the modular flow generator that
satisfies the eigenvalue problem (2.9), namely

[€,0+C] = £2m0+C, 0+C = 6us0y, C + 0240, C. (3.31)

Geometrically, the eigenvector d4( moves the endpoint (u4,z4) an amount (duy,dzy)
while keeping the other endpoint (u_,z_) fixed (similar statements hold for 6_(). As a
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result, shape deformations of the interval A with one endpoint fixed saturate the bound
on modular chaos in BMSFTs and correspond to modular scrambling modes [20]. This
behavior differs from that of CFTs where the eigenvectors of the modular flow generator
move the two endpoints of A simultaneously along specific null directions. This difference
is related to the behavior of the modular flow generator near the endpoints of the interval
A: in CFTs, the modular flow generator reduces to a boost near the endpoints; while in
BMSFTs, it corresponds to the sum of two dilatations. We will comment on the physical
implication of this observation on the bulk side of the flat3/BMSFT correspondence in
section 3.3.1.

3.2.3 The modular Hamiltonian

We now have the necessary ingredients to derive the vacuum modular Hamiltonian for single
intervals in BMSFTs defined on the plane. Up to a constant, the modular Hamiltonian
can be obtained by replacing the coordinate space generators (3.26) with the corresponding
conserved charges, namely ¢; — L; and m; — M. On the real plane with real v and z
coordinates, the charges £; and M; are defined by

L= [aea1170:), M= [dzp() (3.32)

T o I on ' '

Then the modular Hamiltonian is, up to a constant, given by the charge associated with
the modular flow generator (3.26)

1

He= D (a;L5 +b;M;) = _% /:+ dz[T(2)P(2) + Y (2)T (2)], (3.33)

j=—1

where we have used the fact that the T'(z) and Y (z) functions (3.27) are non-vanishing
only within the causal domain D.

As a consistency check, let us consider an alternative derivation of (3.33). Note that
the ordinary Hamiltonian in Rindler space can be written as

S / az[3.5() - B.P(3)]. (3.34)

Using the finite BMS transformations of the currents J(z) and P(z) (3.12) under the
Rindler transformation (3.29), together with the derivative relations

5 1 " /
Fre G=-9 = 9" —g f (3.35)

f/’ f/3

we find that the Rindler Hamiltonian (3.34) indeed reproduces the expression given in
eq. (3.33), up to constant terms proportional to the central charges. These constant terms
do not contribute to variations of the modular Hamiltonian that result from variations of
the state and do not play a role in what follows. Another consistency check on the modular
Hamiltonian is that it satisfies the first law of entanglement entropy as we will discuss in
more detail later.
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3.3 Bulk modular flow and the first law

In this section we extend the vacuum modular flow generator into the bulk and use it to
determine the holographic entanglement entropy of an interval A at the boundary. We also
calculate the gravitational charge associated with the bulk modular flow generator using
the covariant formulation of gravitational charges [37-39]. In particular, we show that this
charge agrees with the modular Hamiltonian of BMSFTs and, following the discussion in
section 2.4, provide a holographic derivation of the first law of entanglement entropy.

In this section we work with the Poincaré vacuum (3.7) which is the spacetime dual to
the vacuum of BMSFTs defined on the plane. The discussion is still valid for more general
zero-mode backgrounds as described in section 3.4.

3.3.1 Bulk modular flow and holographic entanglement

Let us begin by extending the modular flow generator into the bulk which is used to give a
bulk interpretation of the modular scrambling modes discussed in section 3.2.2 and rederive
the holographic entanglement entropy of single intervals in flats/BMSFT [26].

The boundary modular flow generator (3.26) can be extended into an exact Killing
vector ¢ in the bulk by requiring that & ‘ am = G- This can be accomplished by substituting
the boundary symmetry generators (3.19) with the bulk generators of the Poincaré vacuum
given in egs. (3.8) and (3.10), namely ¢; — L; and m; — M;, such that

1
&= Z (aij + bij), (3.36)
=1

where the coefficients a; and b; are given in (3.25). More explicitly, the components of the
bulk modular flow generator can be written as
1
E =T +uY'(z),  €=Y()-2V'(:)=ST'(:), € =—10.  (337)
r r
where the functions T'(z) and Y (z) are given in (3.27).
We note that the modular flow generator ¢ has a bifurcating Killing horizon
U — Up

Ni:r= e (3.38)

and the bifurcating surface -y, which is the intersection of N and N_, is given by

l—u(2z—z -z )—gr r=— 2by (3.39)
4l TRy (22— 2 — 20l '

’yg:u:

It is not difficult to show that 7¢ is the set of fixed points of the bulk modular flow generator
¢ and that the latter satisfies egs. (2.13) and (2.14), namely

§uViéaly, =0, EVLE, = F2mel (3.40)
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Modular scrambling modes. Let us comment on the modular scrambling modes (3.31)
discussed in the context of the bound on modular chaos in section 3.2.2. We can extend
0+( into the bulk by replacing the boundary symmetry generators by the corresponding
generators in the bulk such that

1
026 = (0usduy + 0240, )(a;Lj + bjM;) = dusdy, & + 62102, €. (3.41)
j=—1

It follows that these variations of the bulk modular flow generator satisfy a similar equation
to (3.31), namely

[57 5i£] = :l:2775i£7 (342)

where [, ] is the Lie bracket. Furthermore, we find that 04¢ satisfy

5LE 0Ll =0 €0 €|y =0, 6E6E] £0. (3.43)

As a result, 6+& generates a deformation of 7¢ along N+, or equivalently, a deformation
of Ni. From (3.38) we learn that N4 depends only on the (uy,z;) endpoint. Thus, a
deformation of N, only changes the position of (uy,z1) while it leaves the other endpoint
(u_,z_) unchanged. This is consistent with the behavior of §;( on the BMSFT side of
the correspondence as described in section 3.2.2. Note that the behavior of the modular
scrambling modes in flats/BMSFT is different from that in the AdS/CFT correspondence.
There, a null deformation of the RT /HRT surface along Ny or N_ moves the two endpoints
simultaneously along opposite null directions, a picture that is consistent with the behavior
of the modular scrambling modes in CFT.

Holographic entanglement entropy. As described in section 2.3, the bulk modular
flow generator (3.36) allows us to determine the location of the swing surface whose area
yields the entanglement entropy of the field theory at the boundary. We first note that the
modular flow generator is null and proportional to 9, at the endpoints (u, z) = (ux, z4) of
the interval A. The ropes «+ of the swing surface correspond to null geodesics emanating
from the endpoints of A which are parallel to the modular flow generator such that

V4L U= UL, 2= Z4. (3.44)

These null lines intersect the bifurcating surface 7¢ (3.39) at the points Oy = ¢ N+
which are given by

2.,
Ov+ : <u:ui,z:zi7r::|:l2>. (3.45)

Let v denote the segment of ¢ lying between the ropes v+ which is bounded by the points
07+ (see figure 1). The swing surface 4 is then given by the union of the null ropes 4
and the spacelike bench v, namely

YA ="7-UyUs. (3.46)
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The swing surface (3.46) is homologous to the interval A at the boundary and its area in
Planck units reproduces the entanglement entropy of BMSFTs

Area(v4)
4G 2GL,

Sa= (3.47)

3.3.2 The first law in flat;/ BMSFT

We now show that the variation of the modular Hamiltonian matches the infinitesimal
gravitational charge associated with the modular flow generator (3.36) and derive the first
law of entanglement entropy. This provides an explicit example of the general discussion
in section 2.4 in the context of the flats/BMSFT correspondence.

The gravitational charge defined in (2.21) is given by an integral over the (d — 1)-form
X¢lg, 6g] which, in Einstein gravity, is given by

1
Xelg, 0g] = (S”V 69" — 'V 0g. + €,V 69" + 5590"V”€“ — 59"”Va£“>, (3.48)

16 G’
where €, = ﬁewm---u aa dxt3 N- - Adxtatt. For asymptotically flat spacetimes satisfy-
ing the boundary conditions (3.1), the on-shell fluctuations of the background metric (3.3)
are given by

Sgudatda” = 50 (z)du’® + [55(;2) + ;uﬁzé@(z)] dudz, (3.49)

where 00(z) and 6=(z) are two arbitrary functions. For these on-shell fluctuations, the
components of the one-form x¢([g, 6g] = xudu + x,dr + x.dz read

= 2rY 60 + 166’ + 2Y' (62 4 ub©’) (T +uY") (202 + us®’)
Xu = 32rGr ’ Xr = 32nGr? ’ (3.50)
1 )
X =160 {Td@ +2Y 6= + a [qud@ -3 (T +uY") (202 + ué@’)] }
where we have suppressed the z-dependence of §O, 6=, T', and Y for convenience.
As discussed in section 2.4, the gravitational charge ¢ QC fc X¢lg, 0g] acquires a

different physical meaning depending on the choice of the curve C In particular, when the
charge is evaluated along the boundary interval A we obtain

5Q&g] = Tom G/ z) 4 2Y (2)0=(z)] dz, (3.51)

where we used integration by parts and we note that the boundary term vanishes ex-
actly at the endpoints of the interval. Using the holographic dictionary between the
BMSFT currents P(z), J(z) and the bulk data ©(z), Z(z) given in (3.16), the gravi-
tational charge (3.51) matches the modular Hamiltonian (3.33) derived on the field theory
side of the correspondence,

0Q¢'(g) = 6(H¢) = 6(Humoa), (3.52)

verifying the holographic dictionary (2.22).
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On the other hand, as shown explicitly in [27], the gravitational charge evaluated on
the swing surface -4 is holographically dual to the entanglement entropy (2.23). Since
~v4 is homologous to the interval A at the boundary, Stoke’s theorem guarantees that
0 Qg““ [g] =9 Q? [9]. These results allow us to establish the first law of entanglement entropy
in flat3/BMSFT, namely

054 =698 [g] = 69 [g] = 6 (Hmoa)- (3.53)

3.4 The modular Hamiltonian and zero-mode backgrounds

In this section we generalize the results of previous sections to more general states in the
bulk and boundary sides of the flat3/BMSFT correspondence. More concretely, we derive
the modular flow generator and the modular Hamiltonian for thermal states in BMSFTs
which can be obtained by placing the theory on a thermal cylinder satisfying the following
identification of coordinates

(u, @) ~ (u, ¢+ 27m) ~ (u + By, p —iBy), (3.54)

where 3, and (4 are the thermodynamic potentials. In the bulk, these states are dual to
flat cosmological solutions described by the zero-mode backgrounds

ds® = Mdu? — 2dudr + Jdudd + r2d¢?, M >0, (3.55)

where the mass M and angular momentum J are related to the thermodynamic potentials
By and B4 by

7J 2T
— T By = ——. (3.56)

Bu Wi

Although we assume that M > 0 throughout this section, our results also hold for the
M < 0 case after analytic continuation.

Let us parametrize the interval A at the boundary in terms of the endpoints

OA = {(u_,¢_),(u+,q§+)}, lu5u+_u—7 Z¢E¢+_¢—~ (3'57)

The modular flow generator can be obtained using various methods: from the generalized
Rindler method, via a BMS transformation mapping the modular flow generator (3.26) from
the plane to the thermal cylinder (3.54), or by repeating the calculation in section 3.2.1,
but with the vacuum symmetry generators on the plane (3.19) replaced by the generators
on the thermal cylinder. The resulting modular flow generator can be written as

¢=[T(6) +uY"($)]0u + Y (¢)0s, (3.58)
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where the T'(¢) and Y (¢) functions are given by

T(¢) = y Smh}@) {(Jl¢ + 21, M) [mh(@) cosh(VMA¢) — csch(\/glqs)}
+ j‘]M [cosh(\/MAqﬁ) — cosh <*/¥l¢>] — 2JA¢sinh(\/MA¢)}, (3.59)
Y(4) = msmiz@) [cosh <‘/¥l¢’> - cosh(\/MAgz))], (3.60)

with A¢ = ¢p— (¢ +¢_)/2. For convenience, we have written egs. (3.59) and (3.60) directly
in terms of the zero-mode charges M and J instead of the thermodynamic potentials 5,
and 4. A similar calculation to the one described in section 3.2.3 then shows that, up to
a constant, the modular Hamiltonian for a single interval on a thermal state is given by

1 o+

He= dp[T($)P(6) + Y ()T (¢)]. (3.61)

—5- .

Let us now consider the bulk side of the flat3/BMSFT correspondence. The modular
flow generator (3.58) can be extended into an exact Killing vector in the bulk whose
components are given in terms of the 7'(¢) and Y (¢) functions by

€ =T(O) +uY'(8), € =Y(6)~ V() - 1T(6), € = 20" 1oy’ (3:62)

The gravitational charge associated with the bulk modular flow generator £ evaluated on
the boundary interval A is then given by

P+
08l = [ xclo.tol = g5 [ [T rov@n@]ae (o)

Using the holographic dictionary (3.16), we find that the infinitesimal gravitational
charge (3.63) agrees with the variation of the modular Hamiltonian, namely

5Qé4[g] = 6<HC> = 5</Hmod>' (3'64)

This provides additional evidence for the identification (2.22) discussed in section 2.4.

Finally, as shown in [27], the infinitesimal gravitational charge evaluated along the
swing surface equals the variation of the entanglement entropy, namely o Qg*‘ [g] = 6S4.
Thus, using Stoke’s theorem, we can generalize the first law of entanglement entropy to
thermal states in BMSFTs.
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4 (W)AdS;/WCFT

In this section we consider another class of holographic dualities where warped confor-
mal symmetries play an essential role. On the one hand, we have warped conformal
field theories (WCFTs) — two dimensional field theories featuring a Virasoro-Kac-Moody
algebra [23, 24]. Explicit models of WCFTs include chiral Liouville theory [70], Weyl
fermions [71], and scalars [72]. On the other hand, Virasoro-Kac-Moody algebras arise
as the asymptotic symmetry algebras of a variety of models that admit warped AdSs
spacetimes [73, 74], as well as AdS3 spacetimes in Einstein gravity with Dirichlet-Newman
boundary conditions [75]. We refer to this class of holographic models as (W)AdSz/WCFT.
Recent developments in (W)AdS3;/WCFT include reproducing the Bekenstein-Hawking en-
tropy of black holes from an analog of the Cardy formula in WCFT [24], average OPE co-
efficients of heavy-heavy-light correlators [76], bulk and boundary studies of entanglement
entropy [25, 30, 35, 54, 77, 78], one-loop partition functions [79], correlation functions [80],
the modular bootstrap [81], quantum chaos [33], Rényi mutual information [82], bulk re-
construction [83], complexity [84], connections to complex SYK models [85, 86], as well as
the emergence of warped conformal symmetries in non-extremal Kerr black holes [87].

In this paper we will further develop our understanding of holographic entanglement
entropy in (W)AdS3/WCFET by studying in detail the modular Hamiltonian and deriving
the first law of entanglement entropy from both field theory and holography. In what
follows, we will first consider the holographic correspondence between AdS3 gravity with
Dirichlet-Neumann boundary conditions [75] and two-dimensional warped conformal field
theories [24]. We will generalize our results to warped AdSs backgrounds in section 4.4.

4.1 A brief introduction to AdS;/WCFT

In this section we briefly review three-dimensional gravity with CSS boundary condi-
tions [75] and two-dimensional warped conformal field theories [24].

4.1.1 AdS; with CSS boundary conditions

Three-dimensional gravity with a negative cosmological constant admits consistent sets of
Dirichlet and Dirichlet-Neumann boundary conditions at the conformal boundary. Dirich-
let boundary conditions correspond to the standard boundary conditions of Brown and
Henneaux where the boundary metric is nondynamical [88]. These boundary conditions
play an important role in the AdS/CFT correspondence as they lead to an asymptotic
symmetry group described by two copies of the Virasoro algebra, matching the symme-
tries of the dual CFT. Alternatively, Dirichlet-Neumann boundary conditions render some
components of the boundary metric dynamical and lead to different sets of asymptotic
symmetries at the boundary [75, 89-92].

In this paper we are interested in the CSS boundary conditions [75] where one of
the components of the metric becomes dynamical. Denoting the coordinates of AdSs by
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u=@-+t v=p—t,and r, the CSS boundary conditions are given by

1 2
Grr = ﬁ + O(l/T4), Gru = 0(1/7‘3), Grv = 0(1/7“3), Guv = % + 0(1)7 ( )
4.1
6A
Guu = 12T (W) + O(1), g = c +0(1/r),

where ¢ = 3¢/2G, G is Newton’s constant, we have set the AdS scale ¢ to one, and J(u)
is an arbitrary function. These boundary conditions depart from those of Brown and
Henneaux in the second line of (4.1), which tells us that (i) the leading component of
guu (the boundary metric) is dynamical; while (i7) the subleading component of g,, (the
expectation value of the stress tensor in Brown-Henneaux) is a constant denoted by A.
Finally, we note that the boundary conditions (4.1) are compatible with varying values of
A which we assume to be the case throughout this paper (see appendix B of [75]).

In the Fefferman-Graham gauge, (4.1) is sufficient to determine the most general so-
lution to the equations of motion of pure Einstein gravity which is parametrized by A and
two chiral functions L(u) and J(u),

2
o dr

ds® = —-
r2

+ r2du[dv + J'(u)du] + L(u)(du)® + A[dv + J'(u)du]2
(4.2)

+ %AL(u)du [0+ /().

When J(u) is a constant, (4.2) describes a subset of the space of solutions of three-
dimensional gravity with Brown-Henneaux boundary conditions. In particular, this means
that the AdSs vacuum with L(u) = A = —1/4, as well as BTZ black holes at temper-
atures Tp = %\/Z and 17, = % L where L(u) — L is a constant, are also solutions
of three-dimensional gravity with CSS boundary conditions. When L(u) or J'(u) are not
constants, we interpret the corresponding backgrounds as solutions dressed with additional
boundary gravitons.

The boundary conditions (4.1) admit an asymptotic symmetry group described by
a Virasoro-Kac-Moody algebra. These symmetries are generated by the state-dependent
asymptotic Killing vector [75]

o(u) re'(u)

o /—cAjok 2

where k is the level of the U(1) algebra.* Expanding the Killing vectors in terms of Fourier

N =€e(u)(Dy + 0y) +

or +0(1/r), (4.3)

modes via e(u) = X, €, and o(u) = ¥,0,e"™" one finds the following conserved charges

Q.. = mo= [ dpem{L(w) ~ A1+ }, (4.4)

0, = o [ dp e /ZeATGE[1 + I (w)]. (4.5

4A state-independent version of the asymptotic Killing vectors (4.3) also exists [75], but integrability of
the corresponding charges requires A to be a fixed constant.
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which satisfy a canonical Virasoro-Kac-Moody algebra with central charge ¢ and level k,
c
[Q6m7 Q€n] = (m - n) Q6m+n + ﬁmgém—i—n,o’
[Qemv QO’n] — 7nQO'm+n) (46)
k

[Qo'my Qan] - §m 5m+n,0-

When the level is negative, the U(1) charges (4.5) are real for BTZ black holes (A > 0) and
imaginary otherwise (A < 0). This property of the U(1) charges is a direct consequence
of the state-dependent normalization of the Killing vector (4.3), the latter of which is
necessary to match the symmetries in the bulk and boundary sides of the AdS3/WCFT
correspondence. In particular, a negative level implies that the U(1) charge of the vacuum
is imaginary. This feature plays an important role in the holographic description of 3d
gravity with CSS boundary conditions as it guarantees, for example, that the black hole and
entanglement entropies computed in the field theory are both real quantities [24, 25, 30].
In this paper we will assume that the U(1) level of the Virasoro-Kac-Moody algebra is
negative (this means that we can set k = —1 but we keep k intact in all our calculations).

4.1.2 Warped CFT

Three-dimensional gravity with CSS boundary conditions is conjectured to be dual to a
two dimensional warped CFT on the boundary. The latter is a nonrelativistic quantum
field theory with enhanced local symmetries described by a chiral Virasoro-Kac-Moody
algebra [23]. In contrast to (chiral) CFTs with internal U(1) symmetries,® both the Virasoro
and U(1) parts of the WCFT algebra correspond to spacetime symmetries generated by
the coordinate transformations

o= flx), ¥ =y+g), (4.7)

where (z,y) denote the coordinates of the WCFT and f(x), g(x) are two arbitrary func-
tions.

The warped conformal transformation (4.7) is generated by two chiral currents denoted
by T'(z) and P(z) which transform as

T'(2') = (g;)Q {T(az) - 162{:0',3:}} + gigip(x) - Z(%)Q’ (4.8)

Pa') = (g;ﬁ) [p(x) + ’;gﬂ, (4.9)

where {-,-} denotes the Schwarzian derivative. When g(z) is constant, T'(x) and P(x)
transform as the holomorphic components of the stress-tensor and a U(1) current, respec-
tively. Furthermore, we see that the T'(z) and P(z) currents transform anomalously under
warped conformal transformations, as indicated by the central charge ¢ and U(1) level k.
In particular, when the theory is defined on the canonical cylinder where

(z,y) ~ (x + 27,y), (4.10)

The relationships between chiral CFTs and warped CFTs is discussed in detail in section 2 of [85].
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the generators of warped conformal transformations are given by

1 , 1 ,
= - ma = —— mr p 4.11
L, 27r/dxe (x), Pn 27r/dxe (x), (4.11)

and satisfy a Virasoro-Kac-Moody algebra with central charge ¢ and level k.

When describing WCFTs it is important to account for spectral flow transformations
that leave the Virasoro-Kac-Moody algebra unchanged but shift the vacuum expectation
values of the zero-mode charges. On the canonical cylinder (4.10), a WCF'T is characterized
by vacuum charges that are parametrized in terms ¢, k, and a variable u by

2
k
Ly ={Lo)=— -5, P = (P =-

ik
24 4 ’

5 (4.12)

A spectral flow transformation
x=a, y=1v —iux, (4.13)

maps the canonical cylinder to the reference cylinder (z’,3y’) where the theory features the
following zero-mode charges and a twisted identification of coordinates
c
E()vac — _ﬂ?
In addition, note that the reference/canonical cylinder is related to the reference/canonical

Po =0, (a\y) ~ (' +2my - 2mip). (4.14)

plane by a chiral exponential map z = e’ without any spectral flow involved.

Let us now describe the holographic dictionary relating the bulk and boundary sides

of the AdS3/WCFT correspondence. We first note that (4.7) is the same symmetry trans-

formation induced at the boundary by the asymptotic Killing vectors (4.3) provided that
we identify the bulk (u,v) and boundary (z,y) coordinates via the state-dependent map
ky

29,5,

Correspondingly, the gravitational charges (4.4) and (4.5) in the bulk are mapped to the

u=z, v=2x+ (4.15)

Virasoro-Kac-Moody generators at the boundary, namely Q. — £, and Q,, — Pp. In
particular, the bulk {L(u), J'(u), A} and boundary {T'(x), P(z)} variables are related by

T(z) = —g{L(u) —Al+ J’(u)}z}, P(x) = —k\/—cAJ6k[1+ J'(w)].  (4.16)

Finally, by comparing the vacuum charges (4.11) to the corresponding values of the gravi-
tational charges for the global AdS3 vacuum, we find that the p parameter is given by

C
S — 4.17
Iz ok (4.17)

4.2 The boundary modular Hamiltonian

In this section we derive the modular Hamiltonian associated with a single interval in a
WCFT. We pay special attention to the contributions from anomalies as the latter are
necessary to match variations of the modular Hamiltonian in the bulk and boundary sides
of the AdS3/WCFT correspondence. Finally, we compute the variation of the entangle-
ment entropy resulting from perturbations of the vacuum and show that the first law of
entanglement holds in WCFTs.

—97 —



Figure 3. The modular flow of a WCFT on the plane with p # 0. The interval A (blue line) lies
between (z_,w_) and (z4,w4) and its causal domain D is shown in gray. The modular flow (4.27)
in D is shown in red while the modular flow in the complement is shown in orange.

4.2.1 Modular flow for a single interval

We begin by deriving general expressions for the modular flow generator ¢ associated with
a single interval A in WCFTs on the plane and the (thermal) cylinder. As discussed in
section 2.1, the modular flow generates a symmetry transformation in the causal domain
of dependence of subregion A. For special states in WCFTs including the vacuum and
thermal states, the modular flow generator admits a geometric description as a linear
combination of the SL(2, R) x U(1) generators that leave the vacuum invariant. We first
derive the modular flow generator on the reference plane following the requirements listed
in section 2.1 and then use a warped conformal transformation to map this result to the
(thermal) cylinder.
Let us parametrize the entanglement interval A by the endpoints

OA ={(z—,w_), (24, w4)}, =2y — 20, ly=wy —w_, (4.18)

where (z,w) denote the coordinates on the reference plane where the zero-mode charges
vanish and (z,w) ~ (z,w — 2mwip). In analogy with BMSFTSs, the causal domain of de-
pendence D of WCFTs consists of a vertical strip along w which is bounded by z_ and
zy4 (see figure 3) [30]. Following the strategy outlined in section 2.1, we are looking for a
linear combination of global SL(2, R) x U(1) generators that leaves the causal domain of
A intact. On the plane, the global symmetry generators are given by

51 = —ZQaZ, Eo = —Zaz, 6_1 = —az, f() = —8w, (4.19)

such that the modular flow generator ¢ can be written as

1
¢= Z ail; + aoly. (4.20)

i=—1
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By demanding that ¢ vanishes along the boundaries 0D of the causal domain, i.e. that
Cloa x Ow, the a; coefficients are found to satisfy
1 z zZ_ AR
a] =cp———, ag = —COL, a_q1 = Co;, (4.21)
24 — 22— 24 — 22— 4 — 2
where cg is an undetermined overall constant. This residual degree of freedom is fixed
by requiring that ¢¢/2 maps a point in D to its complement or, alternatively, that e

maps a point in D back to itself. Let us consider a point with coordinates (z(0),w(0)) =
Z_6d02+—2+6d027
ed02+ 76d027

, w) where dj is a real parameter. Under the flow e, the point (z(0), w(0))

becomes
dozy _ cos ,doz—
z_e zy€e“%e _
(2(s), w(s)) = < dorr geosgdors W T a05> . (4.22)
Requiring that z(0) = z(7) we obtain
co = 2m, (4.23)

such that, up to a sign, the a; coefficients satisfy

1 Zy + 22—

Ziz_
apg = —2m +

a_y=2m (4.24)

ap = 27 , S e
24 — 22— 24 — 22—

2y — 2z
Note that these parameters agree with the holomorphic coefficients of the modular flow
generator in 2d CFTs given in [31].

On the other hand, the parameter ag is fixed as follows. As observed in section 3.1
of [82], the replica symmetry in WCFTs is implemented on the reference plane with iden-

27w — 2mip). This means that, as we map a point in D back to

tification (z,w) ~ (ze
itself using the modular flow, we must also translate the w coordinate an amount 2mpu.

Consequently, we find that ag satisfies

ap = 2. (4.25)

Using the SL(2, R) x U(1) generators (4.19), the modular flow generator on the causal
domain D is given on the reference plane by

27

¢ =2mply + ———
2+

(01— (24 + 2-)lo + 24.2-4_1], (4.26)

2
= —2mpdy, — o [242- — (24 +2-)2 + 22]82. (4.27)
24 — 22—

The modular flow generated by (4.27) is illustrated in figure 3.
From the modular flow generator on the reference plane (4.27), we can obtain the
corresponding expression on the thermal cylinder with identification

(z,y) ~ (x +iB,y —1i0), (4.28)
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by the following warped conformal transformation [25]

T — 2
z= 627, w=y+ (W).ﬁ (4.29)

Using (4.29) we find that the modular flow generator on the thermal cylinder is given by

— cosh e _
B ] (ax - 02”“@,), (4.30)

cosh w(2e—xy—x_)

(= —2mpudy — p 3

: iy
sinh 5
where x1 and x_ denote the boundaries of D in the (z,y) coordinates and I, = x4 — z_.

4.2.2 Modular chaos

We now consider the bound on modular chaos discussed in section 2.2 and show that this
bound is saturated in WCFTs for perturbations of the modular flow generator that result
from deformations of the shape of the interval A.

The modular flow generator for single intervals on the vacuum state is given by a linear
combination of the vacuum symmetry generators (4.27). Consequently, the variation of the
modular flow generator due to shape deformations can be written as

1
0C=0.C+0-C  0x(= ) 624(0:pai)li, (4.31)

i=—1

where the a; coefficients are given in (4.24). One can easily verify that 0.( satisfies the
eigenvalue problem (2.9) such that

(¢, 0+¢] = £2md+C. (4.32)

Using eq. (4.30), it is not difficult to show that a similar equation holds on the thermal
cylinder. Geometrically, d( is the result of moving the endpoints of A as follows

OA ={(z4,wy), (z—,w_)} = {(z4 + 024, wy + dwy), (2, w_ + dw_)}, (4.33)

where only z_ is kept fixed. We conclude that the shape deformations (4.33) saturate the
bound on modular chaos and correspond to modular scrambling modes [20]. In terms of
the causal domain D depicted in figure 3, these deformations move one side of the strip D
while keeping the other side fixed. This differs from both two-dimensional CFTs, where
the modular scrambling modes move the two endpoints simultaneously along a specific
null direction, and from BMSFTs, where such modes move one endpoint but keep the
other endpoint fixed. Finally, as discussed in [20] and reviewed in section 2.2, a bound
on modular chaos has been conjectured to exist in unitary and Lorentz-invariant theories.
The saturation of this bound (4.32) suggests that it is possible to extend the bound on
modular chaos to WCFTs despite their lack of Lorentz invariance.
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4.2.3 Entanglement entropy in WCFT

We now describe the generalized Rindler transformation used in [25] to derive the entan-
glement entropy of WCFT's at finite thermodynamic potentials. In particular, we will show
that the modular flow generator derived in section 4.2.1 is consistent with the expression
obtained from the generalized Rindler transformation. We also write down the entangle-
ment entropy of an excited state on the thermal cylinder, an expression that will be useful
in establishing the first law of entanglement entropy in WCFTs.

Let us consider a WCFT on the thermal cylinder (x,y) ~ (x + i3,y — i) where the
endpoints of the interval A are parametrized by

OA={(z—,y-), (x+,y+)}, lpy=ay —2_, ly=ys —y_, (4.34)

A generalized Rindler transformation is a warped conformal transformation satisfying the
properties listed in section 2.1 and it is given by [25, 30]

(T —2_)

tanh LEC = coth il tanh T2 —zy — )

2p 2p ’

it (é—?wu)fc: 2y —yy —y_ N (9—27r,u> <2x—x+—x_>7
B 2 B 2

where (1 is the spectral flow parameter described in section (4.1.2). The Rindler transfor-

(4.35)

mation (4.35) maps the causal domain of A to a generalized Rindler spacetime featuring a
thermal identification (Z,y) ~ (& +if,y — ). In particular, the modular flow generator ¢
corresponds to the generator of the Rindler thermal identification [54, 80]

¢ = B0;: — 00y (4.36)

which agrees with the general expression (4.30) derived in section 4.2.1.

Since the Rindler transformation (4.35) is a symmetry transformation, it can be im-
plemented as a unitary transformation between density matrices and it leaves the von
Neumann entropy invariant. As a result, the entanglement entropy of A reduces to the
thermal entropy of the (&, 7) system, the latter of which can be obtained by a generalization
of Cardy’s formula [24]. The entanglement entropy at finite thermodynamic potentials is
then given by [25, 30]

Sa(B,0) = —%k [ly + (9_;71-”)1;5] + %log <f€ sinh ﬂ-ﬁlx), (4.37)
where ¢ is a UV cutoff.

An alternative way to calculate the entanglement entropy (4.37) is to use the replica
trick [30, 80]. Using this approach, the entanglement entropy associated with the interval
A on an excited state |1)) was computed on both the reference plane and reference cylinder
in ref. [33].5 The change of coordinates (4.29) allows us to map the results of [33] to the

5This calculation is valid in the semiclassical limit where the central charge c is large, the Sugawara
combination of the conformal weight hy and U(1) charge gy of [¢), namely hy — qi,/k7 scales linearly with
¢, and the vacuum block is assumed to dominate heavy-heavy-light-light four-point functions.
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thermal cylinder such that the entanglement entropy Sjﬁ on a state |¢) with thermodynamic
potentials 8 and 6 reads’

R 0 —2mu iy c By . Ty
Sy= 5 [ly + <5 lo |+ 5 qyle + 5 log o sinh 55 ) (4.38)

where hy, and g, denote the conformal weight and U(1) charge of the operator Oy and ¥
is defined by

. 1
"y:
\/1 — 2 (hy — 43 /k)

4.2.4 The modular Hamiltonian

. (4.39)

The modular Hamiltonian is the conserved charge associated with the modular flow gener-
ator (4.30). This charge is defined up to constant terms, the latter of which receive contri-
butions from the anomalies originating from the warped conformal transformation (4.35).
We expect the variation of the modular Hamiltonian on a fixed subregion A to be indepen-
dent of the anomaly, as the later does not depend on the state. This is indeed true in both
CFTs and BMSFTs. However, additional subtleties arise in WCFTs when we try to match
variations of the modular Hamiltonian with the corresponding gravitational charge in the
bulk. This follows from the fact that the bulk and boundary coordinates are related by a
state-dependent transformation (4.15), which implies that the bulk (I,,1,) and boundary
(I, 1) parametrizations of the interval A satisfy

lu =1, ly =1z + il . (4.40)

’ 2Py Y

For this reason we must keep track of the constant [,-dependent contributions to the
modular Hamiltonian.

Let us now calculate the modular Hamiltonian using the Rindler method, which allows
us to keep track of the anomalies resulting from warped conformal transformations. We first
note that the range of coordinates (Z,7) in the generalized Rindler transformation (4.35)
is infinite. Assuming that edge effects can be ignored, it is convenient to introduce a large
spatial circle described by the following identification [30]

(Z,9) ~ (& 4 2ma, y — 27b), (4.41)

where a and b are given by

B B 6 . lm B 5—27w _ 0 —2mp 7l7
a—wlog<msmhﬁ>, b-(B >a (2775 >lx 2;. (4.42)

This effectively puts the theory in the (Z, ) system on a torus, which will allow us to read
the modular Hamiltonian directly from the torus partition function. Next, we introduce
an additional set of coordinates (Z,y) which are related to the Rindler ones (Z,y) via

"Note that in our conventions the U(1) charge qy in eq. (4.38) flips sign with respect to ref. [33].
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(Z, §) = (aZ,y — b). In these coordinates the spatial and thermal circles are respectively
given by
- b
(Z,9) ~ (& + 2m,9) ~ <x+zﬁ,yz¢9+zﬁ) (4.43)
In particular, the spatial identification (4.43) agrees with the definition of the canonical
cylinder (4.10), which allows us to use the charges defined in (4.11) as well as their vacuum
expectation values (4.12). Since the inverse temperature §/a in the thermal circle (4.43) is

small, we can use modular covariance of the partition function to approximate the partition
function [25, 30],

Z(B3,0) = Trexp [— gﬁo + (9 — bﬁ)%] (4.44)
k(~ b3 ab 42
~ exp [Zﬁ (9 - f) — i (5 b> pyac %a v ] (4.45)
I
= exp [162 log (7;86 sinh 5) +O( l/a)] (4.46)

where in the third line we used eqs. (4.12) and (4.42). The Hamiltonian associated with
the generator of the thermal identification ¢ = 39; — é@g can be read from (4.44) and reads

He = éﬁo - (é - bﬁ)ﬁo —log Z (4.47)

:—/d:v{ <é—bﬁ> (& )} log Z. (4.48)

where the log Z term is given in (4.46) and is added to make the trace of the thermal
density matrix p = e~ He equal to one. The reduced density matrix on A is related to p
by a unitary transformation which does not affect the trace. As a result, the Hamiltonian
defined in (4.48) leads to the modular Hamiltonian in A with the correct constant terms,
namely Hyoq = ?:LC.

The modular Hamiltonian in terms of the variables in the (x,y) coordinates can
be obtained from (4.48) by performing a series of warped conformal transformations
(Z,9) — (Z,9) — (x,y). As discussed earlier, we have to pay special attention to the
constant [,-dependent contributions to the modular Hamiltonian as the bulk parametriza-
tion of the interval A depends on the state. In the (&, ) coordinates, [, enters the partition
function only through the combination b/a. When the cutoff is taken to zero, the finite
b/a terms in (4.46) cancel out such that log Z is independent of I,. Thus, the [,-dependent
contributions to the modular Hamiltonian originate from anomalies in the warped confor-
mal transformation mapping the (Z,7) system to (z,y). Keeping track of the anomalies
we find that the modular Hamiltonian Hy,0q is given by

m(2r—x4—1_) ml
T B [cosh -5 - cosh v 6 — 2mp
Hooa = [ e upta) + | e |- (=) r] }

- %“ly - [162 - %(%u - 9)2} [”é oth (Wﬁl ) - 1], (4.49)
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where the first line depends on the conserved currents T'(x) and P(z) while the second line is
the contribution from the anomaly and the log Z term. Note that the modular Hamiltonian
is independent of the thermodynamic potentials B and 6 introduced by the generalized
Rindler transformation (4.35). This provides a consistency check of our calculations as the
tilded variables are not physical and should not appear in the final expression for Hyoq-
Finally, note that there is a divergent contribution from the anomaly that cancels the
divergent contribution from the log Z term in (4.46) so that the modular Hamiltonian (4.49)
is finite and independent of the UV cutoff.

When [, and [, are fixed, the second line of (4.49) does not contribute to the variation
of the modular Hamiltonian. However, due to the state-dependent map (4.15) character-
istic of holographic WCFTs, the [,-dependent term is physically relevant and necessary
to match the modular Hamiltonian to the corresponding gravitational charge in the bulk.
Consequently, the variation of the modular Hamiltonian is written as

T cosh TET=T+=2-) oo mhe 0_on
Humod = / dx{,uéP(x) + fﬂ[ o T g ] {(Y_r(x) —< 5 “)513(3;)}
x_ sinh 7
 pkdly
[ (4.50)

4.2.5 The first law in WCFT

The first law of entanglement entropy states that variations of the entanglement entropy
equal the variations of the modular Hamiltonian, namely 654 = 6(Hmoq). This is a fine-
grained version of the first law of thermodynamics which allows us to check the consistency
of WCFTs. We will show that the first law is indeed satisfied in these theories by studying
the variation of the entanglement entropy for both zero-mode excitations as well as local
excitations generated by the insertion of an operator, and comparing these results to the
variation of the modular Hamiltonian derived in the previous subsection.

Zero-mode fluctuations. Let us first consider the change of the entanglement en-
tropy (4.37) under infinitesimal variations of the zero-mode charges. The variation of
the entropy 054 is given by

uk uk (9 - 27T,u> c < 7y 7rlx> o
55, = Mg P ST L O 2 T o T ) 22 451

where we have included the variations of [, for completeness. In the canonical ensemble,
the variations of the thermodynamic potentials are related to the variation of the thermal
expectation values of the Ly and Py generators. The partition function of a WCFT on
a torus with canonical spatial circle (4.10) and thermal circle (4.28) can be computed by
exploiting modular covariance in the small 5 limit [24, 30]

ko? 9 2
2(8,0) = [45 - <27; )Pgac - 4;%“} (4.52)
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We then find that the vacuum expectation values of the zero-mode charges Ly and Py are
related to the thermodynamic potentials 8 and @ by®

dlog Z(B,0) k6  2mi0 4’
[’0 _ og (67 ) = - 77; P(\)zac o %LBaC’
o _ OB Z(8,0) kO 2mi |
0~ 90 “25 g0
Using the values of £§* and Py?¢ given in (4.12), the equations above imply that
B 31 P2 O—2mp) 2
==Y o(TE) = dom (4.54)

whereupon the variation of the entanglement entropy reads

_ ke By 2l e _(0=2mu
0S4 = 5 0ly — ply 0Py 2 (2 5 coth 5 >[5/J0 < 3 dPo|. (4.55)

On the other hand, using eq. (4.11), we find that for zero-mode fluctuations, variations

of the Virasoro and U(1) currents are proportional to variations of the zero-mode charges,
0T (x) = =Ly, dP(x) = —=dPy. (4.56)

Plugging (4.56) into (4.50), it is straightforward to verify that the variation of the modular
Hamiltonian matches the variation of the entanglement entropy (4.55), namely

0(Hmod) = 0.54. (4.57)
Consequently, the first law of entanglement entropy holds for zero-mode fluctuations.

Local excitations. We now show that the first law of entanglement entropy also holds for
variations of the entanglement entropy that result from the insertion of a local operator.
Let us consider a state |1) created by inserting a primary operator O, with conformal
weight hy, and charge ¢, at the origin of the reference plane [80]. The expectation value of
the currents on the reference plane can then be written as

T0(2) = 2 %hy,  PJ(z) =iz gy (4.58)

Using the transformation rules (4.8) and (4.9) under the warped conformal transforma-
tion (4.29), we obtain the following expectation values of the currents on the state |1)) on
the thermal cylinder

_4772 2mi (0 — 27 e k(0—-2mp 2
o) = ot 7 (T - g1 () 0
_ 2mi k(0—2mpu

8For convenience, we have written Lo and Po instead of (Lo)s,e and (Po)s,e where ( )0 denotes the
thermal expectation value.
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In particular, for the vacuum state where hyae = gvac = 0, egs. (4.59) and (4.60) correspond
to the vacuum expectations values of the currents on the thermal cylinder. These equations
also imply that the variation of the currents due to an infinitesimal change of the operator

O, satisfy
6—2 A2 2mi
5Ty (z) — ( ”“>5P¢(m) = T bhy,  6Py(x) = =Logy. (4.61)
& B B
As a result, the variation of the modular Hamiltonian (4.50) evaluated on the state |¢) is
given by
k 27l 27ly ly
6(Hmoa) = ~ 5501, + %5% + (2 = ; coth Wﬂ)&h‘”’ (4.62)

On the other hand, expanding the entanglement entropy of an excited state (4.38) to linear
order in dhy, and dqy, we find an agreement with the variation of the modular Hamiltonian

05% = 6(Hmod), (4.63)

which establishes the first law of entanglement entropy in holographic WCFTs that result
from the insertion of a local operator.

4.3 Bulk modular flow and the first law

In this section we consider the bulk side of the AdS3/WCFT correspondence, write down
the modular flow generator associated with a single interval on the boundary, and compute
the variation of the corresponding gravitational charge. We will show that the latter
matches the variation of the modular Hamiltonian on the boundary and use it to establish
the first law from the bulk side of the correspondence.

4.3.1 Bulk modular flow and holographic entanglement entropy

In order to extend the modular flow generator (4.30) from the boundary into the bulk we
first need to describe the holographic dictionary relating the bulk and boundary theories.
The modular flow generator (4.30) was defined on a thermal state in a WCFT, the latter of
which is dual to a BTZ black hole. In the Fefferman-Graham gauge the BTZ metric reads

d 2 T2T2
ds? — Lz 4 <r2‘ + “2”>dudv + T2du? + T2dv?, (4.64)
r T

where (u,v) ~ (u + 27, v + 27) and the endpoints of the interval A are parametrized by
0A = {(U_,U_>,(U+,U+)}, lu =Uy — U, lv =V4 —U_. (465)

The parameters T, and T}, in (4.64) are related to the charges and thermodynamic poten-
tials 8 and @ of a thermal state in the dual WCFT by the following holographic dictio-
nary [25]

T,
B:Tiv 9:27TM<T+1>7 n= _éa
u - (4.66)
lu = lx, lv = lx —l )
+ 2uT, Y

where the second line corresponds to eq. (4.40) with Py = kuT,.
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We can extend the modular flow generator (4.30) into the bulk by expressing it in
terms of the local Killing vectors of the BTZ background. The Killing vectors of (4.64)
compatible with the CSS boundary conditions are given by

_ 81; au eiQTuu ,,A 4 T2T2 2T27ﬂ2
Ly=——+, Lo=—+, Li=- o0y — “ Oy F T,10, 4.67
0 2Tv7 0 2Tu7 + 2Tu 7"4 _ T,ET,UQ u T4 _ TETE v+ LyTO0r ) ( )

where the normalization of the Lo, L4 Killing vectors is chosen to satisfy the SL(2, R)xU(1)
subalgebra of the asymptotic Virasoro-Kac-Moody algebra,

[Ly,L_] = 2Ly, (Lo, L+] = FLx, [Lo, Lo] = [Lo, L+] = 0. (4.68)

The linear combination of SL(2, R) x U(1) symmetry generators that asymptotes to the
modular flow generator (4.30) at the boundary is given by

¢=2nLo+aolo+a_1Ly +a1L_,
T

=27 Ly — 2w coth(Tyly) Lo + ————
o Teo (uu) 0—'—sinhTulu

[e—Tu(u++u—)L+ + eTu(u++u—)L_] , (4.69)

where we used the holographic dictionary (4.66) and the a; coefficients can be obtained
from (4.24) by a warped conformal transformation (4.29).
The modular flow generator £ features a bifurcating Killing horizon

Ny : r? = FT,T, coth [T, (u — uy)], (4.70)

and it vanishes on the bifurcating surface 7¢, which corresponds to a line that extends
along the v direction and lies at a finite radial distance from the origin,

Uy + u—

T r = \/T,T, coth T,l, /2. (4.71)

Ve u=

The surface ¢ is extremal but, in contrast to the standard RT/HRT surface in AdS/CFT,
it is not homologous to the interval A at the boundary. Finally, it is not difficult to check
that the bulk modular flow generator (4.69) satisfies the general properties described in
section 2.3, namely eqs. (2.13) and (2.14).

Modular scrambling modes. Let us now comment on the variations of the modular
flow generator considered in section 4.2.2. In the bulk, the variation of the modular flow
generator (4.69) is given by

1
616 = 6usdy, ( > aili+ 2771_)()) = Susdy, €. (4.72)

i=—1

In analogy with the flats/BMSFEFT case considered in section 3.3.1, the variations (4.72)
satisfy a similar equation to (4.32) with respect to the Lie bracket

[§,0+8] = £2m6.E, (4.73)
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which is isomorphic to the algebra between a boost generator and a null translational
generator of the effective Poincaré algebra in a small region of the spacetime [20]. We also
find that §+& and 6_€ are two independent null vectors satisfying

516 0.6 =0.6-6.6=0,  6.6-5-€#0, (4.74)
and that 6+¢ lies on the light-sheet N4, which follows from
0+§ - nny =0, (4.75)

where n . is the vector normal to Nx. We thus find that 61§ generates a null deformation
of 7¢ along N=. In other words, the mode d, { generates a deformation of Ny that does not
affect N_. At the boundary, this corresponds to a deformation of the boundary of the causal
domain D located at u = w4, while the other boundary at w = u_ is kept fixed. Similar
statements hold for §_¢&. Hence, the behavior of d¢£ is compatible with the behavior of the
modular scrambling modes 0+ ( discussed in section 4.2.2. Although the discussion here is
valid for cases where £ is an exact Killing vector, it is straightforward to generalize these
results to the more general cases considered in [27]. In that case, egs. (4.73) and (4.74)
remain valid near the corresponding swing surfaces, so that the geometric interpretation
of the modular scrambling modes still holds.

Holographic entanglement entropy. Following the general discussion in section 2.3,
we can construct a swing surface 4 that is homologous to A and is made up of the union
of the null geodesics v+ tangent to the bulk modular flow plus the spacelike geodesic v
connecting v_ to 74 along 7¢, namely

YA =7- Uy U4 (4.76)
The null ropes v+ can be conveniently parametrized in terms of the u coordinate by

1 sinh [i 2T, (uy — u)]
log
2T, ety

Vv =wvyt }, r= \/TuTvcoth[:i:Tu(ui—u)], (4.77)

where 2u € [us +u_, 2uy — €] for v4 while 2u € [2u_ + ¢, uy +u_] for v_. In particular,
the null geodesics v+ intersect the asymptotic boundary at

€ 12T,
(U,U,T‘) = <u:|: + 57 V4, €U> (478)

On the other hand, the bench ~ of the swing surface is a line that can be parametrized by

Ut + U— Uy + U A sinh Ty, 1, Tuly
U= —— = 1 _ =1/ T Ty coth 4.79
Yru 9 y U 9 =+ 2, 0og ( =T, y T uly CO 9 ( )

where A € [—1, 1]. Using the holographic dictionary (4.66), it is not difficult to verify that
the area of the swing surface in Planck units equals the entanglement entropy computed

at the boundary (4.37), namely

&M@H%:Afifﬂ- (4.80)
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4.3.2 The first law in AdS;/WCFT

In this section we compute the variation of the gravitational charge associated with the bulk
modular flow generator (4.69) in Einstein gravity. We will show that this charge matches
the variation of the modular Hamiltonian given in (4.50). Then, using the fact that the
swing surface 74 is homologous to the boundary interval A, we provide a holographic
derivation of the first law of entanglement entropy in AdSs/WCFT.

In the covariant formulation of gravitational charges, the variation of the gravitational
charge associated with the bulk modular flow generator £ is defined by

598 (9] = /Axs[gﬁg], (4.81)

where x¢[g,dg] is a one-form given in (3.48) and the variation g of the background metric
g must be compatible with the boundary conditions. For pure Einstein gravity with CSS
boundary conditions, the phase space in the Fefferman-Graham gauge is given by (4.2) and
we have

Sgudrtde” = r?6J" (u)du® + 6 L(u)du® + 2T25.J' (u)dudv + 6T2dv?
1 (4.82)
+5 [TngaJ’(u)du2 + (T25L(u) + T35T3)dudv} 7

where 0T, is independent of the coordinates as required by the CSS boundary condi-
tions (4.1). The one-form x¢[g,dg] is independent of the radial coordinate and the corre-
sponding gravitational charge is given by

A c 1 [coshl,T, —coshT,(2u—uy—u_) ,
=z Py L T Tydv ¢.
6Q¢ 9] 6/A { |:2Tu [ Sinh 1T, dL(u) + T,0J (u) | du + 6T, dv

(4.83)

We now have the necessary ingredients to establish the first law of entanglement entropy in
AdS3/WCFT. We first show that (4.83) matches the variation of the modular Hamiltonian
given in (4.50). In order to see this we can use the holographic dictionary between the bulk
and boundary currents (4.16) to relate the bulk and boundary fluctuations

6T (z) [6L(u) — 0T7 — 2726 (u)],  OP(z) = —pk[6T, + T,6J'(v)].  (4.84)

__¢
6

One of the subtleties of the AdS3/WCFT correspondence is that the map between the bulk
and boundary coordinates (4.15) depends on the state. Since [, and [, are held fixed in
the derivation of (4.83), we find that

oly=0l,=0 = 68l,=0, &l,=2u(ly—L,)5T,. (4.85)

Then, using eqgs. (4.84) and (4.85), we find that the gravitational charge in the bulk matches
the modular Hamiltonian at the boundary,

69¢'[9) = 6(Mmoa), (4.86)
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thereby explicitly verifying the general discussion of section 2.4 in the context of the
AdS3/WCFT correspondence.

Since the swing surface 74 is homologous to the boundary interval A, Stoke’s theorem
guarantees that the gravitational charges evaluated on 74 and A agree with one another.
In particular, for constant fluctuations of the zero-modes where 6 L(u) = 6T and 6J (u) = 0
we have

0Q*[g] = 5Q?[g] = (5{glvTv +5 log (Tl sinh luTu) } = 854(8,0), (4.87)

6 W€

where in the last equality we have used the holographic dictionary (4.66) and the expression
for the holographic entanglement entropy (4.37). This provides an explicit check for the
assumption (2.23) which states that the entanglement entropy can be calculated using the
gravitational charge associated with the bulk modular flow generator ¢ evaluated on the
swing surface 4. Finally, combining eqgs. (4.86) and (4.87), we establish the first law of
entanglement entropy in AdS3/WCFT,

054 =69 [g) = 6Q£'[g9] = 6 (Hmoa)- (4.88)
as described in general in section 2.4.

4.4 Warped AdS

We conclude by noting that the results derived in this section can be generalized to warped
AdSs; (WAdS3) spacetimes whose metric is given by [93]

14+ N\272)dr? 272 A2 (p4 — T272)?
gs? = LEAT)dr™ (r2+%’>dudv+ [Tf— =TT ) 2 4 7200 (4.89)

r2 4rd

Indeed, provided we use the bulk modular flow generator (4.69), we find that the same con-
ditions in egs. (2.13)—(2.15) are satisfeid in the WAdS3 background (4.89). Consequently,
the geometric picture for holographic entanglement entropy in WAdS3 is the same as in
AdS3 and the swing surface is described by the same set of null ropes (4.77) and the same
bench (4.79) found earlier.

As a simple example, we can consider the so-called S-dual dipole theory [93],

4

2 1
Slg, U, A] =/d3x g1 [R — 4(0U)? + €'V (2 - e4U) — ¢ A Fuy— 5

; A#AF} (4.90)

where we have set 16mG = 1 for convenience, U is a scalar, and F},, is the field strength
of the abelian vector field A,. This theory admits the above WAdS3 metric (4.89) as a
solution together with the following values of the scalar and vector fields

A rt+ T2T?
—4U __ 22 _ 2 U

When restricted to the sector of the phase space without bulk propagating modes, i.e. when
U is constant, the validity of the holographic entropy proposal discussed at the geometric
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level above, is enough to guarantee the validity of the expressions for the entanglement
entropy, modular Hamiltonian, and the first law found in previous subsections. In order
to show this, we can use the map described in [34] between the background fields of the
S-dual dipole theory (g, U, A) and an auxiliary AdS3 metric (¢) in Einstein gravity, namely

Guv = e (guu - A},LAV)' (4.92)

Such a map induces an isomorphism between the phase spaces of pure Einstein gravity
and the sector without bulk propagating degrees of freedom in the S-dual dipole theory.
In particular, this isomorphism preserves the symplectic structure and leads to the same
gravitational charges as in pure Einstein gravity. Furthermore, under this isomorphism
the WAdS3 background (4.89) is mapped to an auxiliary AdS3 metric §,, which is exactly
the BTZ solution (4.64) with the same values of the T, and T, parameters. Thus, when
evaluated on the same swing surface 74, the gravitational charges yield the same results as
in AdSs, namely, the same entanglement entropy, modular Hamiltonian, and the first law.
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