THE PROFINITE COMPLETION OF MULTI-EGS GROUPS

ANITHA THILLAISUNDARAM AND JONE URIA-ALBIZURI

ABSTRACT. The class of multi-EGS groups is a generalisation of the well-known
Grigorchuk-Gupta-Sidki (GGS-)groups. Here we classify branch multi-EGS groups
with the congruence subgroup property and determine the profinite completion of
all branch multi-EGS groups. Additionally our results show that branch multi-EGS
groups are just infinite.

1. INTRODUCTION

Let p be an odd prime throughout and let 7' denote the p-adic tree. In the 1980s,
Grigorchuk [§], Gupta and Sidki [10] constructed subgroups of the automorphism
group Aut(7T") that provided further, and more easily describable, examples of in-
finite finitely generated torsion groups, cf. the Burnside problem. These so-called
Grigorchuk-Gupta-Sidki groups, or GGS-groups for short, were some of the early ex-
amples of branch groups. The class of branch groups also contains finitely generated
groups with other interesting properties, such as having intermediate word growth
and being amenable but not elementary amenable [9]. Just infinite branch groups
also form a natural partition of the class of just infinite groups [I7], where a just
infinite group is an infinite group with every proper quotient being finite.

Here we consider multi-EGS groups, which form a generalised family of GGS-groups
that also contains Pervova’s extended Gupta-Sidki (EGS) groups [13]. Pervova’s EGS-
groups were the first examples of finitely generated branch groups without the con-
gruence subgroup property, that is, when the profinite completion of the group differs
from its closure in Aut(7'); see Section 2 for definitions and details. The multi-EGS
groups were first defined in [I1] (though there termed generalised multi-edge spinal
groups) and a certain subfamily of them was known to have profinite completion dif-
fering from the closure in the congruence topology (cf. [11, Thm. 1.4(3)]). In this
paper, we classify the multi-EGS groups which have the congruence subgroup prop-
erty. Further we determine the profinite completion of the multi-EGS groups without
the congruence subgroup property.
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2 A. THILLAISUNDARAM AND J. URIA-ALBIZURI
Briefly speaking, a multi-EGS group
(1) G=(ayu ) [1<j<p1<i<r)),

where each r; € {0,1,...,p—1}, is an infinite subgroup of the profinite group Aut(T’)
that is generated by

e a rooted automorphism a of order p, which cyclically permutes the vertices
Ui, ..., up at the 1st level of T', and

e families b\¥) = {bgj ), e b%)}, j€{1,...,p}, of directed automorphisms shar-
ing a common directed path P; in T'.

We require the paths P, ..., P, to be mutually disjoint. The restriction 0 < r; < p—1,
for all j € {1,...,p}, is to ensure that none of the generators are superfluous. As G
is infinite, there is at least one j € {1,...,p} with r; # 0. Each non-empty family
b, j €{1,...,p}, is defined by a set of vectors EU), as elaborated in Section 2.

A multi-EGS group is a finitely generated, residually-(finite p) infinite group. It
is a fractal subgroup of Aut(7"), and from [II] it is known to be just infinite when
torsion. A restricted subclass of multi-EGS groups was identified in [II] as being
branch; see Section 2 for relevant terminology. As we shall see, this paper identifies
all multi-EGS groups that are just infinite and, respectively, branch. It turns out
that when a multi-EGS group G is branch, it is furthermore regular branch over G’
or 13(G).

We classify multi-EGS groups G that are branch over G’ (compare Proposition,
and we show that a multi-EGS group G is super strongly fractal if and only if it is
branch (compare Proposition [3.11)).

Let & denote the subclass of 3-generator multi-EGS groups (a, b, b(k)>, for some
distinct 7,k € {1,...,p}, with the associated linearly independent symmetric defining
vectors (e1,...,ep—1) and (fi,..., fp—1) satisfying the following condition: subject to
replacing the generators b, (k) with suitable powers, we have that e;, f; € {0,1}
and e; # f; for all 1 < i <p— 1. Our main results are as follows.

Theorem 1.1. Let G be a multi-EGS group as in .
(A) Suppose that G & & is regular branch over G'.

(A.1) Then G has the congruence subgroup property if and only if the defining vectors
ED, ... E® gre linearly independent.

(A.2) The profinite completion G of G is

pn

G =1im G/ (¢, (G' x - x @)).

neN
Here 1, : Stg(n) — G X L% @ is the natural map under the identification of
subtrees rooted at any level n vertex.
(B) Suppose that G € & is regular branch over G'.

(B.1) Then G does not have the congruence subgroup property.
(B.2) The profinite completion G of G is

n

G = 1im G/ (¥, (13(G) x -+ x 13(G))).
neN

pa—
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(C) Suppose that G is regular branch over v3(G) but not over G'. Then G has the
congruence subgroup property, and hence the profinite completion G of G is equal to

the closure of G in Aut(T).

The results of parts (B.1) and (C) are rather unexpected, when compared to part
(A.1). The proofs of (A.1), (B.1) and (C) use a similar strategy as was done for the
GGS-groups in [4, 2, [6] and for the EGS-groups in [13], though there are instances of
new methods and ideas. The proof of (A.2) generalises the techniques used in [13],
where the corresponding result was given for torsion EGS-groups.

We further have:

Corollary 1.2. Let G be a multi-EGS group that is (regular) branch. Then G is just
infinite.

It was shown in [2] that the GGS-group defined by the constant vector is the
classical GGS-group without the congruence subgroup property. Now any multi-EGS
group G defined by only the constant vector is excluded from Theorem because it
is not branch:

Theorem 1.3. Let G be a multi-EGS group with constant defining vector. Then G
is weakly regular branch but not branch.

Lastly, based on the work of Lavreniuk and Nekrashevych [12], we show that, for
G a branch multi-EGS group, every automorphism of G is induced by conjugation in

Aut(T).
Theorem 1.4. Let G be a branch multi-EGS group. Then Aut(G) = Npyy7)(G)-

Organisation. Section 2 of this paper consists of background material for branch
groups and multi-EGS groups. Section 3 contains preliminary results, the classifica-
tion of multi-EGS groups that are regular branch over G’, the proof that all multi-EGS
groups are super strongly fractal and the proof of Theorem [I.4] In Section 4 we prove
parts (A.1), (B.1) and (C) of Theorem In Section 5 we prove parts (A.2), (B.2)
and Corollary In the final section, we prove Theorem

Acknowledgements. We gratefully acknowledge the initial involvement of A. Gar-
rido in the project, and we especially thank G. A. Fernandez-Alcober for his useful
feedback. Furthermore we are grateful to J. Button, S. Giil, B. Klopsch, B. Kuckuck,
M. Noce, K. Rajeev and M. Vannacci for helpful conversations and we thank the
referee for the helpful comments.

2. BACKGROUND MATERIAL

Let T be the p-adic tree, meaning all vertices have p children and there is a dis-
tinguished vertex called the root. Using the alphabet X = {1,2,...,p}, the vertices
u,, of T are labelled bijectively by elements w of the free monoid X* in the following
natural way. The root of T is labelled by the empty word &, and for each word
w € X* and letter x € X there is an edge connecting u,, to uy,. We say that u,
precedes uy, or equivalently that u) succeeds u,,, when w is a prefix of A.

We recall the natural length function on X*: the words w of length |w| = n, which
we denote by X™, represent the vertices u,, that are at distance n from the root. These
vertices are called the nth level vertices and constitute the nth layer of the tree. The
boundary 0T, whose elements correspond naturally to infinite simple rooted paths, is
in one-to-one correspondence with the p-adic integers.
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Let u be a vertex of T. We denote by T, the full rooted subtree of T that has
u as its root and includes all vertices succeeding u. For any two vertices u = wuy,
and v = u), the map wuyr — u)r, induced by replacing the prefix w by A, yields an
isomorphism between the subtrees T, and T},. The subtree rooted at a generic vertex
of level n will be denoted by T,.

Clearly every f € Aut(T) fixes the root and the orbits of Aut(7") on the vertices
of T are precisely its layers. We denote the image of a vertex v under f by uf. The
automorphism f induces a faithful action on X* given by (uy)f = u,s. For w € X*
and z € X we have (wz)! = wfa’, for 2’ € X uniquely determined by w and f. This
induces a permutation f(w) of X which satisfies

(wx)f =wl2f@ and consequently (uwx)f = U, f oy f(w)-

We say that the automorphism f is rooted if f(w) = 1 for w # @. It is directed,
with directed path ¢ € 9T, if the support {w | f(w) # 1} of its labelling is infinite
and contains only vertices at distance 1 from the set of vertices corresponding to the
path £.

When convenient, we do not differentiate between X* and vertices of T', that is, we
do not distinguish between u,, and w, and simply refer to w as a vertex of 7. For an
automorphism f of T, the section of f at a vertex u is the unique automorphism f,
of T'= Tj, given by the condition (uv)! = ufvfe for v € X*.

2.1. Subgroups of Aut(T"). Let G be a subgroup of Aut(7T"). The vertex stabiliser
Stg(u) is the subgroup consisting of elements in G that fix the vertex u. For n €
N, the nth level stabiliser Stg(n) = ()=, Sta(uw) is the subgroup consisting of
automorphisms that fix all vertices at level n. Let T}, be the finite subtree of T" on
vertices up to level n. Then Stg(n) is equal to the kernel of the induced action of G
on T[n}

The full automorphism group

Aut(T) = lim Aut(Tj,)
n—oo

is a profinite group, where the topology of Aut(T) is defined by the open subgroups
Staut(r)(n) for n € N. A subgroup G of Aut(T) has the congruence subgroup property
if for every subgroup H of finite index in G, there exists some n such that Stg(n) C H,
and we say that H is a congruence subgroup. In other words, if the closure of G
in Aut(T) is the same as the profinite completion of G. A weaker version of the
congruence subgroup property is the p-congruence subgroup property for a prime p: a
subgroup G of Aut(T") has the p-congruence subgroup property if for every subgroup
H of finite p-power index in G, there exists some n such that Stg(n) € H (compare
7).

Each g € Stpu(r)(n) can be completely determined in terms of its restrictions to
the subtrees rooted at vertices at level n. There is a natural isomorphism

'3

Yt Stauwr)(n) — H| _, Aut(T,) = Aut(T) x Lo Aut(T).
Let w € X* be of length n. We further define
Puw t Staue(r) (Uw) — Aut(Ty,,) = Aut(T)

to be the natural restriction to Ty,,. For H < Stpuyr)(uw), we sometimes write
Hy, = ¢uw(H).
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A group G < Aut(T) is said to be self-similar if the images under ¢,, and 1, are

contained in G and G x -+ x G, respectively.

Let G be a subgroup of Aut(7T) acting spherically transitively, that is, transitively
on every layer of T'. Here the vertex stabilisers at every level are conjugate under G.
We say that the group G is fractal if ¢, (Stg(u,)) = G for every w € X*, after the
natural identification of subtrees. Furthermore we say that the group G is strongly
fractal if ¢, (Stg(1)) = G for every x € X, and we say that the group G is super
strongly fractal if, for each n € N, we have ¢, (Stg(n)) = G for every word w € X* of
length n; compare [15, Def. 2.4].

The rigid vertex stabiliser of w in G is the subgroup Ristg(u) consisting of all
automorphisms in G that fix all vertices v of T not succeeding u. The rigid nth level
stabiliser is the direct product

Ristg(n) = lel:

of the rigid vertex stabilisers of the vertices at level n.

We recall that the spherically transitive group G is a branch group, if Ristg(n) has
finite index in G for every n € N. If, in addition, the group G is self-similar and
there is a subgroup 1 # K < Stg(1) with K x -+ x K C ¢1(K) and |G : K| < oo,
then G is said to be regular branch over K. If in the previous definition the condition
|G : K| < oo is omitted, then G is said to be weakly regular branch over K. Lastly
we note that an infinite group G is just infinite if all its proper quotients are finite,
and we recall from [I1, Cor. 3.5] that a torsion multi-EGS group is just infinite.

Ristg(u,) <G

2.2. The collection ¥ of multi-EGS groups. We recall the definition of multi-
EGS groups from [II]. For j € {1,...,p} let r; € {0,1,...,p — 1}, with r; # 0 for

at least one index j. We fix the numerical datum E = (E®, ... E®), where each
EV) = (egj)7 e ,e,(%)) is an r;-tuple of (IF,)-linearly independent vectors
egj) = (egfl), e ,652_1) € (Fp)Pt, die{l,....m}

Write r = ry +---+17p, and we let 'V be the vector space spanned by the r vectors in
E.

By a we denote the rooted automorphism, corresponding to the p-cycle (12 --- p) €
Sym(p), that cyclically permutes the vertices at the first level of 7. We note that

S={feAut(T)|Vwe X" : f(w) € (a)} = hm Cp -1 Cp 1 Gy,
neN

the inverse limit of n-fold iterated wreath products of C,, is a Sylow-pro-p subgroup
of Aut(T'). The multi-EGS group in standard form associated to E is the group

G =Gg = (a, bW ... b®)
=({a}u{t) |1<j<p 1<i<r}) <8,

where, for each j € {1,...,p}, the generator family bl) = {bgj), e bg)} consists of
commuting directed automorphisms b € st Aut(T)(l) along the directed path

(@, p—ji+1),p—j+(—j+1),...) €0T

that satisfy the recursive relations

@) (@) ) )

wl(bgj)) = (a L BN i,Pfl,b(j) a1, ..., a wﬂ).

70
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The vector e(] ) is called the deﬁm'ng vector of bl(-] ). We say that el(] ) is symmetric if
e(k) = e(]) p for all 1 < k < E5=; otherwise e(J) is mon-symmetric.

A multz E GS group is a subgroup of Aut(T ) that is conjugate to a multi-EGS group
in standard form. We let & be the class of all such multi-EGS groups. Further we
define a multi-GGS group to be a multi-EGS group where 7; is non-zero for only one
index j (cf. [1]). In particular we write G; = (a,b"?)) for a multi-GGS group in
standard form.

The groups in % are infinite and act spherically transitively on 7. Furthermore
they are fractal, and by [15, Lem. 2.5], strongly fractal.

3. PROPERTIES OF MULTI-EGS GROUPS
3.1. Branching subgroup. We begin with a useful property of multi-GGS groups.

Lemma 3.1. Let G = (a, b)) € €, for some j € {1,...,p}, be in standard form
and suppose that either bU) features at least one non-symmetric defining vector or
rj > 2. Then

b1 (3(G))) 2 di(Ste, (1)) = G x 7 x G,
Proof. This follows from [I1], Prop. 3.4] and [0, Lem. 2]. O
Now we establish the subclasses of ¥ that are seen to be regular branch over the

derived subgroup, and then we prove that there are no other such subclasses. In other
words, we prove the following in several steps.

Proposition 3.2. Let G = (a,bM, ... . b®)) € ¥ be in standard form. Then G is
reqular branch over G’ if and only if

(i) there is a non-empty family b9, j € {1,...,p}, that features at least one
non-symmetric defining vector; or
(ii) dim V > 2.

The second part will be proved in two parts: when there is a non-empty family
b\ j € {1,...,p}, that has r; > 2; or when r; € {0,1} for all j € {1,...,p} with
all defining vectors being symmetric and G has at least two linearly independent
symmetric defining vectors.

First we identify a collection of exceptional groups in 4 let ¢4 be the subcollection
of groups that are conjugate in Aut(7T) to (a,b™),. b(p)> e % in standard form,

where for j € {1,...,p} every non-empty family b\ = {b } consists of a single

directed automorphism with constant defining vector e(J ) — (1,...,1).

Lemma 3.3. Let G = (a,bM) ... b®)) € €\ be in standard form. Then
Ui(35(8ta (1)) = 1(G) x -+ x 7(C).

In particular,

15(G) X 7 x 15(G) € ¥1(15(G)),
and G is regular branch over ~v3(G).

Proof. Let G = (a,bM ... b®)) € €\¥ be in standard form. The case where every
non-empty family bU), j € {1,...,p}, features at least one non-constant defining
vector has been settled in [I1, Prop. 3.3]. So we may assume that there is at least one
non-empty family with only the constant defining vector, and also that there is at least
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onen € {1,...,p} with b(™ featuring a non-constant defining vector. Without loss of
generality, we may further assume that all defining vectors in b(™ are non-constant.
We proceed as in the proof of [11l Prop. 3.3].

By spherical transitivity, it suffices to show that

13(G) x 1 x -+ x 1 C9i(13(Sta(1))).

Observe that v3(G) is generated as a normal subgroup by commutators [g1, g2, g3] of
group elements ¢, g2, g3 ranging over the generating set {a} U {bz(»J ) [1<j<p 1<
i < r;j}. Therefore it suffices to prove, for k,I,m € {1,...,p} with k& # [ and any

given ¢; € {bgj), .. ,b,(%)}, j € {k,l,m}, that the elements
(2) ([a,cx, ], 1,...,1),  ([a,cx,al,1,...,1),

(3) ([ek,cryal,1,...01),  ([ex, c,em), 1,000 1),

are contained in 91 (v3(Ste(1))).

By conjugation (cf. [II, Lem. 3.1]), we may assume throughout that the defining
vector of ¢; has the form (1,ez,...,ep—1).

The elements in are easier to deal with: observe that

a™

([ews ety em) Lo 1) = G ([ef e i) € bi(r3(Sta(1))),

and, as wl([cgk,cl‘ll]) = ([eg, ], 1,...,1), we can take d € Stg(1) (cf. [I5, Lem. 2.5])
such that ¥1(d) = (a,*,...,*), where the symbols * denote unspecified elements, to
deduce that

([ersciyal, 1, 1) = ¢ ([ef, ¢ d]) € ¥ (73(Ste(1))).

We next deal with ([a, ¢k, al,1,...,1). If b*!) features a non-constant defining vec-
tor, then ([a, cx, al,1,...,1) € ¥1(73(Stg(1))) follows from the proof of [I1, Prop. 3.3].
So assume that b(*) = {¢,} features the constant defining vector (1,...,1). Then we
have

k—1 k
vi([eg e ]) = (la, e, 1, ..., 1, [k, al).
n— n (n)
We consider wl((bgn))“ N = (ae(l ), . ,aepfl,bgn)). As bgn) has a non-constant defin-
ing vector, there exists some i € {1,...,p — 2} such that egn) #* egi)l. Then

(n)ygn—1—t (n) C)

Pi((by )" ) = (a%H k%05 ).
Next observe that s
(e ) =(ay...,a,ck,a).

Hence setting § = (bgn))“n_l_i(c%k_g)_ein and taking an appropriate power g of g
gives

Thus,
ak—l (lk
¢l([ck y C: ag]) = ([av Ck, CL], 1..., 1) € ¢1(’Y3(StG(1)))-
It remains to settle ([a, g, ¢, 1,...,1). Suppose that
wl(c?l) = (¢,a, ... alr1).

Then
(eI = (@ ol el e
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gives
wl((ckakﬂ)_fp—lc?l) = (a Tr1ep, %, ..., %, 1).
Hence
allef e (e ) e ]) = (aera i) )
which is equal to ([a, cx, ¢i], 1, .., 1) modulo (([a, cx,a],1,...,1))¢. O

Next we have the following result, which extends [I1}, Prop. 3.4].

Lemma 3.4. Let G = (a,b() ... b®)) € € be in standard form and suppose that, for
some n € {1,...,p}, the multi-GGS subgroup G, = (a,b™) satisfies the conditions
of Lemma[3.1. Then

p

1 (Ste(1)) =G x -+ x G.
In particular,
G x - x G Ty (@),

and G is reqular branch over G'.
Proof. By spherical transitivity, it suffices to show that

G'x1x---x1C¥ (G,
and in particular that

([a, 01,1, 1), (BP0, 1,0, 1) € v (@),
for all distinct j,k € {1,...,p} with 1 <1 <r; and 1 <m < ry when r;, 7 # 0.
The second set of commutators is straightforward to obtain:

([, 0]y = (B, 00],1,..., 1)

So it remains to show that ([a,bl(])],l,...,l) € Y1(@), for all j € {1,...,p} with
1 <1 <r; when rj # 0.

By assumption, we may exclude the case when b("™ = {b(”)} consists of just one
directed automorphism with symmetric defining vector. Without loss of generality,

by [11, Lem. 3.2], we may assume that egﬁ) =1forall 1 <i<r,.
As G, is regular branch over (G,)’, we have ([a, bl(-n)], L...,1) e (G) for1 <i<
7n. Thus

DI ) = (a1, 1, Y, atr-1]),

together with Lemma |3.3] enables us to deduce our required result. O

n—1

Thirdly, we deal with the case when every multi-GGS subgroup G; is only regular
branch over v3(G;) and not over (G;)'; that is, all defining vectors are symmetric,
and each family b\ consists of a single generator.

Proposition 3.5. Let G = (a, b®, ... ,b(p)> € € be in standard form with r; € {0,1}
forallj € {1,...,p}. Suppose all defining vectors are symmetric and there are at least
two linearly independent defining vectors. Then G is reqular branch over G' and

P1(Sta(1)) =G x -2 x G
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Proof. Let J = {j € {1,...,p} | r; # 0}. By assumption, we have G = ({a} U {b\9) |
j € JY). For k € J, write (f1,..., fp—1) for the defining vector of b*). By [I1]
Lem. 3.2], we may assume that f; = 1.
Suppose there exists j € J\{k} such that bU) is defined by (e1,...,e, 1) with
e1 = 0. Then
di(W), 0T = (1, L a0,
Let t € {2,...,p — 2} be such that e; # 0. Then for any [ € J\{j}, we obtain

P([O9)7 6M)]) = ([0, b0),1,..., 1, b9, 0", 1, 1),
which enables us to extract (]a, b(l)], 1,...,1) making use of Lemma Lastly,
Yr (09, W)™ ]) = (9, 63,1, 1)

shows that all generators of G’ x 1 x --- x 1, as a normal subgroup, are obtained.
Suppose now that for all j € J the defining vector of b) has non-zero first compo-
nent. Let j € J\{k} be such that the defining vector (ey,...,e, 1) of bU) is linearly
independent from (fi,..., f,—1). By replacing b9 with an appropriate power, we may
assume that e; = 1.
Let t = min{i | ¢; # f;} > 1. Consequently,

Pr (D) (0®) =) = DML, e et T 1T,

k

and, for m € {1,...,p} such that (e, — f;)m = —e; in F),, we have
P09 (0) (B8) =)™y =
(b(j)(b(j)(b(k))*l)m, a,a®,...,a% Lk, %, 1, a0 a®?a).

Hence, writing d for ((b@))® (@) (b*))=a"ym  we obtain

da(ld”, () ) ~)
=[(1,a®",...,a,aq, DB BENTIY™ q a2, a1 %, %),
DO, e s et 1)
= (1,.1.,1,[pD W RN =1ym gee=F] 1 1),
Now making use of Lemma together with
j)yal 1 NG —ak\m j —1\ym
Y[, ()™ W)y ™) = ([a, 0V (W)™, 1..L, 1),

gives, via spherical transitivity,

and as above, we are able to get ([a,b?)],1,...,1) for any I € J\{j}. O

We note that in the above, all except one of the defining vectors may be constant.

Now we rule out all other possibilities for being regular branch over the derived
subgroup. Let Z be the currently known collection of groups in % that are seen to be
regular branch over the derived subgroup; that is, the groups defined in Lemma [3.4
and Proposition (3.5 and their conjugates in Aut(7").

Lemma 3.6. Let G € €\%. Then G is not reqular branch over G'.
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Proof. Suppose G = (a,b) ... b)) for r € N and iy,...,4, € {1,...,p}, is in
standard form and not in . In other words, b(*), ... b(") have the same symmetric
defining vector. We write b for b(11),

It suffices to show that ([a,b],1,...,1) & 91(Stg(1)). In fact, we will establish this
result working modulo Stg(2). As b = (b())e7 ™" mod Stg(2) for 2 < j < r, it
suffices to consider the GGS-group G = (a,b). The result now follows from [4, Proof
of Thm. 3.7] and [2, Thm. 3.7]. O

Thus the proof of Proposition [3.2]is now complete.

3.2. Auxiliary results. The following results are necessary for the upcoming sec-
tions.

Lemma 3.7. Let G = (a,bW) ... b®) € €\Z be in standard form.

(i) If G is regular branch over G', then 11 (G") is a subdirect product of G X L.xa.
(i) If G is reqular branch over v3(G) but not over G', then 1 (v3(G)) is a subdirect

product of G X Poxa.

Proof. (i) We note that there is at least one j € {1,...,p} such that G; is not a GGS-
group defined by just the constant vector. The result then follows from considering
[0, Lem. 4] in combination with the proof of [2, Lem. 2.5].

(ii) Similarly, this follows from [2, Lem. 2.6]. O

Lemma 3.8. Let G = <a,b(1), e ,b(p)> € Z be in standard form. Then

P1(G") > 3(G) x -~ x 73(G).

Proof. This follows from Lemma [3.7(i) and the fact that G is regular branch over
G O

Let ¥ C ¥ denote the subclass of multi-EGS groups that are conjugate to a
multi-EGS group in standard form <a,b(1), e ,b(p)>, where all defining vectors are
symmetric and bl = {b(j)} for every non-empty family of directed automorphisms.
Further, as mentioned in the introduction, let & C % denote the subclass of multi-
EGS groups that are conjugate to a 3-generator multi-EGS group of standard form
(a, b, b(k)>, for some distinct j,k € {1,...,p}, with linearly independent symmetric
defining vectors (ei,...,ep—1) and (f1,..., fp—1) satisfying the following condition:
subject to replacing the generators b, p(*) with suitable powers, we have that e;, fi €
{0,1} with e; # f; for all 1 <i < p— 1. Note that for p = 3 the subclass & is empty.

Proposition 3.9. Let G = (a,bW), ... b)) € €\ (EUY) be in standard form. Then
Sta(1) < 13(G).

Proof. Note that St(1) is normally generated by bgj ) for all 1 <j<pandl<i<rj.
Further, for g, h € G,
[(b(ﬂ))g’ (bg ))h] _ [b(])[bm,g],bl( )[bl( )7hH

=P, 5" mod ~5(G),
p(@)

hence it suffices to show that [b; ,bl(k)] € v3(G) for all j # k with 1 < ¢ < 7y,
1< <rg.

Case 1: G ¢ ..
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First suppose that both bz(j ) and bgk) are defined by non-symmetric vectors (e, ..., ep—1)
and (f1,..., fp—1) respectively. Then, from Lemma 3.1, the subgroup G; = (a,b(j)>
satisfies

_ P
PG x - x GY) = St (1) < 3(Gy)

and likewise for GG;,. Hence

Y (L LY afr 1)) € 93(Gy) < s(G),
and
Y (0,011, 1) € 13(Gr) < 13(G).

Therefore
1

19,6 = (V) (6)] mod 45(@)
— 7 ([0, 07, 1,1, B, afr 1)) € 3(@),

as required. ‘
Next suppose that bZ(] ) is defined by a non-symmetric vector (ey,...,e,—1) and bl(k)
is defined by a symmetric vector (fi,..., fp—1). Then there is some t € {1,...,p—1}
such that e; =, af; and e,y =), 5 fp—+ with distinct o, 8 € {0,1,...,p —1}. Then
Gr(b) 0f) 70 ) = P B Lk )

(2
and
j i r1.(kK)\—Bak j k) —
(07 (B ) = (0P (B) Py 1)
where, in the first case, the 1 is at position t 4+ 1 and, in the second case, at position
p—t+ 1. Thus

1= (B9 By ()@ (pM)=Ae") ]
=, () A)[0F) 0] mod ~3(G)
= [bl(j), bl(k)]a*ﬁ mod v3(Q)

and since G'/v3(G) is of exponent p, we are done by taking a suitable power of the
above.

Case 2: G € S\ (S NZR).

First observe that

wmb%][WU“aﬁ>] mod 73(G)
= (Y, 6], 1,271, 1)),
hence it suffices to show that 17 (([pY), 5], 1,271 1)) € 43(Q).

As G € S\(SNZR), we have that bU) and b(k) are defined by the same non-constant
vector. Write (eq,...,ep—1) for this defining vector. Without loss of generality (cf.
[11, Lem. 3.1]), we may suppose that e; # 0. Let s € {1,...,p — 2} be minimal such
that es; # es11. Consider the following two elements:

D0 ) = (@780 a7 a0 )

and

S

(09 a)" ) =

(a1 . a2 (b(J))*laep*1 a1l germez N
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Now there exists an m € {1,...,p — 1} such that (e; — es11)m =, e;. Writing d for
(@) a* (W) ] € G,
we see that

1= ([d, (b))
Hence we are done.

Case3: Ge SNZ.

Let J ={j € {1,...,p} | r; # 0}. Suppose | € J and write (g1,...,gp—1) for
the defining vector of b). As before, we may assume that g; # 0, and let s(l) €
{1,...,p — 2} be minimal such that g,;) # gs@y41- Write m(l) for the non-zero
element of ), satisfying (gsi) — gs@y+1)m(l) =p g1. We write

d(1) = ([0®)a " a]e "y 010 4] € 6.

Now if there exists distinct j, k € J such that the defining vectors of b@) and b®*)
are linearly dependent, then replacing b*) with a suitable power, we may assume that
the two defining vectors are equal. The previous case yields [bU),b(*)] € v3(G) and
furthermore

Pr([d(), ) (6*) =) = (PO, 6D (*) 71,1, 1) =1 mod ¢ (3(G)).

Hence

k

N~ = (D, 4], 1,771, 1) mod 3(G).

(bW, 69,1, 1) = (pY,6M],1,...,1)  mod 43(G).
Therefore we may restrict to the case where the defining vectors associated to b\),
for j € J, are pairwise linearly independent.
Suppose that there are three directed automorphisms b, 5*), p(1) which have pair-
wise linearly independent defining vectors. Then without loss of generality, we may
assume that

(B = (09, a,a%, ... a2, a),
D ((BW)"
L1y = 0D, a9, a9, ... a9, a9-1),

for some exponents e;, fi, g; € F), subject to the vectors being symmetric and e; = 1.
The linear independence of the defining vectors implies that one may find

)= (") alt a2, afe2 afe),

xr1 T2 T3
A= 1 v y3 | € GL(3,p),
21 22 Z3
such that
z o= (09 )r (B )2 (b)),
y = ((0D) o (bR yo (b)) yoe,
2= (B9 )2 (0R) ™)== (00) ),
satisfies
() = (D)L (0"NT2(p1) T3 g s m s 1w, M w1, L %),

b(k))yz(b(l))ys’1’*’,7,1.7*7@,*,,711 w1,k %),

e ) ) )

(D92 (BN 22 (pDY23 1 s 1 s 1%, Mk a, %, L %),

< <
= =
—
S
—
1
—
—
S
>
o
)
S—
Ng
<
—
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where n +m + 3 < % and * are unspecified powers of a. Now the exponents of the
a’s in ¥1(x),¥1(y), ¥1(2) still form symmetric vectors. Hence

1= [z, = o,y = 2",y mod y3(G),
1:[x,zan+2] = [z, 2% mod 13(G),
We have
Yi(fy. 2" ) = ([0, 6917 [0, 6®172[a, 60171, 1) mod 1 (73(G)),
1 ([2,5%) = (la, b1 a, 6] [0, 0015 1, 1) mod ¢ (73(G)),
1([z,2%) = ([a, 091 [a,6M]2[a, bD),1,..., 1) mod ¥1(13(G)).

Thus, as A has full rank, one then deduces that
([a, 0], 1,1, ([0, 6™, 1, 1), (0,00, 1, 1) € 1 (73(G)),

and the result follows.

Therefore it suffices to consider the case when G has only two directed automor-
phisms ), b*) with linearly independent symmetric defining vectors. Again we may
assume that

(B = (0D, a,a%, ... a2 a),
Gr(OW)) = (6,0l a2, alrr alo),

As before, there is a matrix

B= < ; i; ) € GL(2, p),
and z,y € St(1) such that
Yr(z) = (B (0"N2 g a9 .. a9 1%, ... %),
Ui(y) = (B Y2 1 5. 1, a,%,...,%),

forsomel<s<p and g2,...,9s € F).

If there is a 3 < n < p such that the nth components of 1 (z) and v (y) are both
trivial, then we may argue as in the case of three directed automorphisms above.
Hence we assume that no such n exists.

Next, if s > 1 and there is a g; # 0,1 for 2 < i < s, then this implies that

vi([z,9) = vi(lz" ) mod ¢1(y3(G))
= ([a, (b ”)yl(b DL mod 91 (73(G))
=iz 90 mod ¢1(73(G))
= ([a, (b ”))yl(b )21 L 1) mod 9 (13(G)),

which yields
Y1([z,y) = ([a, D) 0F)¥2],1,...,1) =1 mod ¥1(13(@)).

This, combined with the fact that ¢y ([z,y]) = ([(b0))*1(b(F))*2 4], 1,...,1) modulo
V1(73(Q@)), yields ([p9),a],1,...,1) = 1 modulo t1(v3(G)), and the result follows.
[Note that the case when b*) | or b, is defined by the constant vector can be settled
in this manner.|
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Thus we are left with the case when ¢o,...,9s = 1, and for the same reason, for
each n > s+ 1, the nth components of ¢;(x) and 1 (y) form the set {1,a}. However,
these are exactly the groups in &, which are excluded from this result. O

Lemma 3.10. Let G = <a,b(j),b(k)> € &, for some distinct j, k € {1,...,p}, be in
standard form. Then [bY), b)) & ~43(G) and in particular, we have Stg(1)' £ v3(G).

Proof. For ease of notation, suppose that j = 1 and & = p, and we write b =
b@) and ¢ = b*). Further we suppose that ¥1(b) = (a,1,...,1,a,b) and (c) =
(¢,1,a,...,a,1). The general case follows similarly.

We first claim that
Di(G") 2 3Gy, ) x 1x T x 1,

where

x = [b,a][c,a], y = [b, c][a, b], z 1= [e, b][a, c].
Indeed, from Lemma we have 11 (G") > v3(G) x -~ - xv3(G). Additionally, modulo
v3(G) % Fox v3(G), we have:
¥1([la, 0], [a,0]°]) = (1,]a,b], 1,. .., 1,[b,a])
d1(([a, ], [a,0]%°]) = ([a,b], [b,a],1,..., 1)

By taking suitable products of cyclic permutations of the above two elements, we
deduce that 11 (G”) contains the elements

(1,.%.,1,[a,b],1,.1.,1,[b,a],1,...,1)
foralli € {0,...,p—2}and j €{0,...,p—i—2}.
Similarly, using
wl([[aa C]v [a7c]a]) = ([a,c], I, [Cv CL], I..., 1) mod 73(G) X . X 73(G)7
Qz)l([[ach [CL, C]CLQ]) = (]-7 [67 CL], [CL?C]v 17 ceey 1) mod 73(G) X p X 73(G)7
and their cyclic permutations, we see that ¢1(G") contains
(1,.t.,1,]a,c,1,.7.,1,[c,a],1,...,1)
foralli e {0,...,p—2}and 5 €{0,...,p—i—2}.
The above elements in combination with
wl([[‘% b]7 [CL, c]a]) = ([b¢ a]7 [Cv CLL L., 1) mod ’73(G) X 2 X 73(G)
yield the element
([b,a][c,a],1,...,1) = (z,1,...,1) € Y1 (G").
Furthermore, the elements
(1’ '?'7 17 [b7 a]? 17 '2'7 17 [C’ a]7 17 MR 1)7
for all i € {0,...,p—2} and j € {0,...,p — i — 2}, are also in 11 (G").
Finally, upon considering
¢1([[a7 b}v [CL,CH) = ([Cv b”(l, C]a [CL,C], P [CL, b]) mod 73(G) X S X ’73(G)7

it is straightforward to obtain (y,1,...,1) and (z,1,...,1). The claim is now proved.
Note that if [b, ¢] € 13(G), we would have

Ui (([a,c),1,...,1)) = [b,d] € G”.
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So we are done if we show that 11 ([b, ¢]) modulo 11 (y3(Stg(1))) is not an element of
¥1(G") modulo Y1 (v3(Sta(1))).

Write i = [a,b], v = [a, ¢] and ¢ = [b, ¢]. From our discussion above, it follows that

wl(G”) < ZJvUZJka»Wk>¢1(’7 (Sta(1)))
P1(73(Sta (1)) ¥1(73(Sta(1))) ’

where

Ty = (1,0, 1,77 e,

Uij _( VL 1,07 e L),
(17k'1?17lJ’C’ ""7]‘)?
= (L,k L 1,0¢1,..00),

with1<i<p—1,i4+1<j<p,and 1 <k <p. It is now clear that (u,1,...,1) &
1(G") /11 (73(Ste(1))), and the proof is complete. O

3.3. Super strongly fractal groups. We include here a result that is of independent
interest. It was established for multi-GGS groups in [16, Prop. 2.5.4] (see also [15]).

Proposition 3.11. Let G = (a, b®, ... ,b(p)) € € be in standard form. Then G is
super strongly fractal if and only if G € 4.

Proof. Suppose first that G ¢ ¢4. Since G is strongly fractal, we have ¢, (Stg(1)) = G
for every vertex x € X at level 1. We will show that ¢, (Stg(n)) = G for all vertices
u at level n, for n > 2.

Let K denote the usual branching subgroup of G, that is, K = G’ if G € #Z and

K = 43(Q) otherwise. Write K,, = ¢, 1(K x Pl K). Then

n n

Un(Kp) = K x - x K C (Ste(1) x -+ x Sta(1)) N (Sta(n) = tn(Sta(n + 1)).

Therefore K,, C Stg(n+ 1), and for each vertex u at level n, we have K = ¢, (K,) C
ou(Stg(n + 1)). Hence, for each x € X, we obtain by Lemma [3.7| that

so that ¢, (Stg(n + 1)) = G for every vertex v at level n + 1.

Now suppose that G € ¢, that is, G = (a, bl ,b(i’")>, forr € Nand iy,...,i, €
{1,...,p} with constant defining vector. By [15, Prop. 4.3], we may assume that
r>2.

As in [4, Thm. 2.4(i)], we have |G/Stg(2)| = pP*!, and from [3] (which is a direct
generalisation of [4, Thm. 2.14]), we obtain |G/Stg(1)’| = p"™*L. Certainly Stg(1)' <
Stg(2), and hence |Stg(2)/Stg(1)| = pPr—

Without loss of generality, suppose that i; < iy < -+ <i,. For ¢1,...,¢cs € Stg(1)
with s € N, we write (c1,...,cs)(® to denote (¢’ [1<i<s0<j<p—1).
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Observe that
Sta(2) (b (BER))=aR T <k < )G St (1)

Sta(1) Ste(1)’
(B (ple)) =TT < < 1)F St(1)
Sta(1)
(B @l0) =Y 1 < <= 1)@ Sta(1y
Sta(1)
= Cp X Py x C)p.

We deduce that for v € X a first level vertex,
pu(Sta(2)) = (W )T 1 <j<r-1)G"
Therefore, for x € X,
ue(Sta(2)) = (a(b)) 71 [p0) b0 | 1 < j k< r)C.

We write N = (a(b))~1 [p0) b)) | 1 < 4,k < )¢, From [T, Prop. 3.9], one
obtains
G/NG' = (a) = C),
where @ is the image of a in G/NG’. Therefore N # G, and hence ¢, (Stg(2)) # G,
as required. O

Thus, for branch multi-EGS groups, strongly fractal is equivalent to super strongly
fractal.

3.4. Automorphisms of branch multi-EGS groups. Here we prove Theorem [I.4]
By [12, Thm. 7.5], it suffices to show that all branch multi-EGS groups are saturated.
Recall that a group G < Aut(T) is saturated if for any n € N there exists a subgroup
H, < Stg(n) that is characteristic in G and ¢, (H,,) acts spherically transitively on
T, for all level n vertices v.

Proof of Theorem [I.4) If G is regular branch over G’, then we set Hy = G and H,, 1 =
H). If G is regular branch over v3(G), then Hy = G and H,41 = ~3(H,). By
Lemma the restriction of G (respectively v3(G)) on the first level vertices of the
tree is the whole group G. Hence it follows by induction that the restrictions of H,
on the nth level vertices is the whole group G and thus acts spherically transitively
on every subtree rooted at an nth level vertex. O

3.5. Normal subgroups in branch multi-EGS groups. We first recall, from [11],
the length functions on the groups G € ¥. Fix a group G = (a, b®, ... ,b(p)> €% in
standard form and consider the free product

T = (a) % (bM) % - x (b))
of elementary abelian p-groups (a) = C), and (B(j)) = <ng)’ . ,b&?} >~ O’ for'l <Jj<
p. Note that there is a unique epimorphism 7: I' — G such that @ — a and bZ(] ) s bZ(] )
for 1 < j <pand1 < i <rj, inducing an epimorphism from I'/T” = CpHrﬁme
onto G/G’. The latter is an isomorphism; see [I1, Prop. 3.9].

Each element § € I' has a unique reduced form

g =a*twya® wg -+ a™ w; a®t,



THE PROFINITE COMPLETION OF MULTI-EGS GROUPS 17

where I € NU {0}, wy,...,w; € (bW U---Ub®N\{1}, and av,..., 141 € [, such
that a; # 0 for i € {2,...,1}.

Furthermore, note that for each ¢« € {1,...,l}, the element w; can be uniquely
expressed as

w; = (g(k(i,l)))ﬁ(i,l) o (g(k(i,m)))ﬁ(w)

)

where n; € N, k(i,1),...,k(i,n;) € {1,...,p}, with k(i,m) # k(i,m+1) for 1 <m <
n; — 1, and the exponent vectors

B(i,m) = (B, m)1,..., B(i,m)ry,) € (Fp)Em\{0},
for 1 < m < n;, are such that

T (k(im)\BEm) _ 7 (k(i,m))\ B(i,m) 2 (k(i,m)\ BEM) g 0
(b( ( ))) = (b} ) 1o, (bg"kgi,m)))) k(i,m) |
The length of § is defined as 9(§) =ni + -+ ny.
Let G € € and 7: I' — G be the natural epimorphism as above. The length of
g € G is then d(g) = min{d(g) | g € 7 (g)}

The following result is important for Section 5. Recall the notation H,, = ¢, (H)
for H < StAut(T) (u)

Proposition 3.12. Let G = (a, bV ... bP)) € €\Z be in standard form. Then
for any non-trivial x € G there is a verter u such that Sty(u), = G where N is the
normal closure of x in G.

Proof. Tt suffices to find a vertex v such that a € Sty (v), and a*bl(J) € Sty (v), for all
1 <j<pand1<I<r;, where * represents unknown exponents. We note that the
result is true if r; # 0 for only one j € {1,...,p} and this r; = 1, by [13], so we will
inherently exclude this case.

We proceed by induction on the length d(z) of  in G, and we will make use of the
fact that G is fractal without special mention.

Case 1: Suppose d(z) = 0. '
Note that the non-trivial elements of length 0 are of the form a' for i € {1,...,p—1}.

We choose 1 < j < pand 1 <1 < rj such that bl(j ) is not defined by the constant
vector. Recall that
0 = @b 9

where bl(j ) appears in the (p — j + 1)st coordinate, and

Pr(a ) ) = (@b, a e, ) e
has b(j) ~1in the (p — j + i + 1)st coordinate. Thus

( i p—=17
D[, b)) = (ah,... afri alv-st D) afe-iv2

afr=i+i, (bl@))*lafp*jﬂﬂ Lafr-ivivz afp*l),
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where
_ ©) ) )
fi=e =€ o o = €p 1~ €p i1
f . (J)
p—i+1 = TC s
_ @) (4) (4) ()
Jo—j+2 = €11~ Clp—itlr "o Jo—j+i = €li-1— Clp-17
Foivint = (J')
p—j+itl = €15
o (4) (4) (4) (4)
Jo—jrite = €lit1 — G0 fp—1 1= €51 € j—i-1

If one of the above fi for k € {1,...,p}\{p—Jj+1,p—j+i+ 1} is non-zero, then
an appropriate conjugation shows that Sty (v), contains a non-trivial power of a, for
j) [ i b( )]aﬂ b

v = up. In order to get a*bl(] € Sty (v)y, we consider

If all of the above mentioned f;’s are zero, we have that b;j ) is defined by the
constant vector, which contradicts the choice of bl(] ).
(a, bl(j)) < Sty (v)y. By considering [a’, bk )] "for1<k<pand1<m<rg, we

obtain G = Sty (v),, as required.

Hence for v = u,, we have

Case 2: Suppose d(x) = 1.

Then we have =z = aAb(k)a“ for A\, u € F, and b*) € (b)) for k € {1,...,p} with
ri # 0. Conjugating by a*, we may assume x = b(*) g

Suppose w=0. We forrn z by conjugating x by an approprlate power of a so that
©p(T) = a’ for some i € {1,...,p— 1}. Then we consider [z, (b(]))aj |, with j and [
as before, which gives

eoll@, (67)” ) = [a )

and we proceed as in Case 1; remembering that as G is fractal, for every s € IF,, there
is g1 € Stg(1) such that ¥1(g1) = (x,...,%*,a°).

Next suppose p # 0. Now consider

Pi(((B7) ™)) = w1<a—u<b<k>>—1<b,<j>>—af‘*’€b<k> o)

= (@, () )T, o ),

where (b(k))_l(bl(j))_lb(k) is in the (p — k + p + 1)st coordinate. Then

o, B ) = (0, afork, gD afoien
o — (b(k))fl(bl(]'))flb(k)afpfk+u+l Jafv-rrure | qle-1),
where
P el el o Bk =l el
Tk = =€)y
fo-ki2 = ez(jf el(]p) PESTREEE Fomttn = el(];Z 1 el(,Jp) L

_ @
fpfk+u+1 =S

; () () ’) ()
Jo—ktps2 = elu+1_611"--afpf -1~ C%k—p-1-

We proceed as in Case 1.
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Case 3: Suppose d(z) =m > 1.

If x € Stg(1), then by [II, Lem. 3.10] there exists j € {1,...,p} such that
d(¢j(x)) < m, and we proceed by induction.

Now if z & Stg(1), then x = ya’ for some y € Stg(1) and some i € {1,...,p — 1}.
We consider & = [:U,bl(k)], for some k € {1,...,p} and 1 <[ < 1. The element Z
has length at most 2m + 2. Then there is a j € {1,...,p} such that d(p;(Z)) < m:
indeed, this is clear by [I1, Lem. 3.10] apart from the case p = 3 and m = 2. So
suppose p = 3 and that z is of length 2. Then

z = a"pl)gi2piz) i3

for i1, iz, i3 € Fp with i1 +ia+i3 # 0 and bU%) € (bUK) for j;, € {1,2,3} with r;, # 0,
where k € {1,2}. Equivalently,

T = ai1+2'2+i3 (b(jl))ai2+i3 (b(h))ai3

with iy + ig + i3 # 0. Now consider some b) € (b®)) for I € {1,2,3} with r; # 0. To
simplify notation, we write b = (b1))a2"3 ¢ = (p(12))a" g = p®) and i = iy + iy + i3
Then ‘

[z,d] = ¢ b7 d ™ bed.
Under 1, each of the directed automorphisms b, ¢, d will project an element of length 1
in exactly one coordinate. Since there are only three coordinates, and [z, d] consists of

the four directed automorphisms b, ¢, d and d“i, it follows by the pigeonhole principle
that there is a coordinate j € {1,2,3} such that d(y;([x,d])) is at most [4/3] = 1. O

3.6. Torsion groups. It is well known that GGS-groups are torsion if and only if the
components of the defining vector sum to zero modulo p. As the directed generators
of a multi-GGS group commute, it is clear that a multi-GGS group is torsion if and
only if for every defining vector, the components sum to zero modulo p. The same is
true for the groups in %', however it was pointed out to us by G. A. Fernandez-Alcober
that no explicit proof of this fact exists in the literature. We provide the necessary
details here.

Lemma 3.13. Let G = (a, b®, ... ,b(p)> € € be in standard form, associated to the
numerical datum E = (E(l), . ,E(p)). Then G is torsion if and only if

p .
PICY
/=1
forallje{l,....,p} and 1 <i<rj.

» 0

Proof. The forward direction is obvious, based on the known result for GGS-groups.
So we suppose that, for every defining vector, the components sum to zero modulo
p. Let g € G be arbitrary. We will show that g has finite order, by induction on the
length J(g).

If (g) = 0, then g = a” for some k € [F,, and the result is clear. If d(g) = 1, then
geGj=a, b)) for some j € {1,...,p}, and the result is clear. Hence we suppose
that 9(g) = n > 2 and that the result holds for all elements ¢’ € G with 9(¢) < n.

Case 1: Suppose g € Stg(1). If, for all j € {1,...,p} we have d(p;(g)) < 9(g), then
the result follows by induction. Therefore, we suppose otherwise, and hence, by [11],
Lem. 3.10], there is exactly one j € {1,...,p} such that d(p;(g)) = d(g) and ¢;(g) is



20 A. THILLAISUNDARAM AND J. URIA-ALBIZURI

a power of a for every i # j. It follows that ¢;(g) € Stg(1). By [1I, Lem. 3.10], for
all k € {1,...,p} we have 0(p;i(g)) < 9(g), and we may proceed by induction.

Case 2: Suppose g ¢ Stg(1). Then we can write g = a*h for some 0 # k € F,, and
h =7 ((ha,...,hy)) € Stg(1). Consider g? = 4, ((g1,.--,9p)), Where g = hy---h,
modulo G’ and 9(g;) = d(g), for all € {1,...,p}. Since

Sta(1) = (09" |je{1,....phie{l,....r;},k €F,)

the exponent sum of a in the product hy - - h), is zero modulo p, by our assumption.
Hence g1, ..., 9p € Stg(1), and we proceed as in Case 1. O

4. CONGRUENCE SUBGROUP PROPERTY
4.1. Regular branch over G’. We first prove one direction of Theorem [L.1[A.1):

Lemma 4.1. Let G = (a,b(M) ... b®) € € be in standard form and such that G is
regular branch over G'. If the defining vectors EM ... E®) are linearly dependent,
then G does not have the congruence subgroup property.

Proof. Let J = {j € {1,...,p} | rj # 0}. We may without loss of generality replace
directed generators by multiples of themselves, and by suitable products within their
families. Then, from the condition on the defining vectors, there is some ¢ € b\, for
some j € J, that can be expressed as

o= b?fl‘jbgrj . b?;m_j mod Stg(2),

for some m € N and b;, € bl . , b, € blim) where i1, ..., 4, are pairwise distinct
elements in J\{j}.
We show that G’ is not a congruence subgroup, by recursively constructing elements

t, € bilbh s bimG/ N CStg(n)
for each n € N. The result then follows by the fact that ¢ # b; b;, - - - b;,, modulo G’
(cf. [11, Prop. 3.9]).
To begin, suppose that ¥1(c) = (a%, ..., a1, ¢,a,...,a%-1). Then

wl(b?frjb?:%j .. .b?;m*j) =(a%,...,a% ', b, biy b, ,a, ..., a%").
We set
t1 = bi1bi2 T bim
and
£y = b2 e e
= b; by, - by, [bi, " by, @277 by, i )d

where d € v3(G). Now suppose t,—1 € bj by -+ b;,, G’ N eStg(n — 1). Set
T =7 (1,1, (Biybiy - biy) M1, 1,00, 1)) € G

(p—j+1)th coordinate

Then
L qi1—d g qia—d aim—i
tn —_— bil big blm :En
_ -1 €e; ep—1 €1 €j—1
=] ((a%,...,a%  ty_1,a",...,a% 1))

and thus A ‘
Vit (e ) = (1,270 1, e My, 1,070 1),
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Since ¢ ¢, 1 € Stg(n — 1), we have ¢ 't,, € Stg(n), as required. O

We note that these groups also do not have the p-congruence subgroup property
because the derived subgroup G’, which is of p-power index, does not contain any level
stabiliser. Also, as mentioned in [7], having the congruence subgroup property or the
p-congruence subgroup property is independent of the branch action of the group.

We now prove the remaining direction of Theorem [I.1[A.1) in two steps.

Proposition 4.2. Let G = (a, b®, ... ,b(p)> € € be in standard form and such that
the defining vectors EQ ... E® are linearly independent. Write 1 = rq + -+ + Tp.
Then G" > Stg(r +1).

Proof. This is in essence the same proof as for [6, Prop. 6]. O

Proposition 4.3. Let G = (a,b() ... b®) € € be as in Theorem (A) and
such that the defining vectors BV ... E®) are linearly independent. Then G has the
congruence subgroup property.

Proof. By [2 Prop. 2.4], it suffices to show that G” contains a level stabiliser.
We have from Lemma [3.8] that

¥1(G") 2 713(G) x - x 73(G).
From Proposition 3.9 we have

W (13(Q) > G x -2 x G

Hence
2
G" > @D;l(G/ % P« G/)
2
> by (Sta(r 4+ 1) x - x Sta(r + 1))
= Stg(T’ + 3),
making use of the previous proposition. O

The above result gives many examples of non-torsion branch groups with the con-
gruence subgroup property. Recall that a multi-EGS group G is non-torsion if at least
one of its defining vectors has exponents not summing to zero modulo p. Non-torsion
branch groups with the congruence subgroup property furthermore are not locally ex-
tended residually finite (LERF), (cf. [5, Ch. 3]), where a group G is said to be LERF
(or subgroup separable) if every finitely generated subgroup of G is closed in the profi-
nite topology; equivalently, if every finitely generated subgroup is the intersection of
finite index subgroups.

Proof of Theorem [1.1)(B.1). The method here is similar to the proof of Lemma
Let G = (a,bY) b)) for some distinct 7,k € {1,...,p}, with symmetric defining
vectors (e1,...,ep—1) and (fi,..., fp—1) satisfying e;, f; € {0,1} with e; # f; for all
1<i<p-—1.

We show that v3(G) is not a congruence subgroup, by recursively constructing
elements

tn € B9, 6 )y3(G) N Sta(n)
for each n € N. The result then follows by Lemma [3.10]
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Let t; = to = [(0)2" ™" p(®)] with
Pr ([ 60y = (1,278, 1, b9, 6], 1, 1) € 91 (Sta(2)).

Now suppose t,,_1 € [0, b*)]y3(G)NStg(n—1). Hence t,_1[b*),b0)] € ~3(G) and
there exists z,, € v3(G) such that

U (zn) = (1,278 1,601 [p™,09)],1,...,1).
Then t, = x,[(b0))* ", b®)] satisfies

wl(tn) = (171')71?7 11 tn—1, 17 cee 1) S wl(StG(n))a
and t, = [bY), b*)] mod ~3(G), as required. O

Likewise the groups in Theorem (B) do not possess the p-congruence subgroup
property.

4.2. Regular branch over 73(G).
Proposition 4.4. Let G be as in Theorem[1.1(C). Then St (5) < v3(G).

Proof. We may assume that G is not a GGS-group, as the result already holds by [2].
Suppose x € Stg(5) with ¢ (z) = (z1,...,zp). Working modulo v3(G), we will show
that zg =1 forall 1 < s <p.

Fix s € {1,...,p} and write h = z; € Stg(4). Then ¢1(h) = (h1,...,h,) with
hi € Stg(3) for all 1 <i < p.

Fix t € {1,...,p} and write g = hs € St(3). Then for

Y1(g) = (91,5 9p)

we have g; € Stg(2) for all 1 <14 < p.

For notational convenience, we will first prove the result for the EGS-group G =
(a, b, c) with symmetric defining vector (e1, ..., e,—1), where e; = 1 (cf. [1I], Lem. 3.1])
with b = b and ¢ = b»). The proof then generalises easily to the wider class of
multi-EGS groups with a single symmetric defining vector.

From the proof of [I3, Lem. 3.6] (which also applies in the symmetric defining
vector case), it follows that

gi € (D)@,
for 1 <i < p with [; € Z. Further, as [b, ] € v3(G), we have 1 = ¢ Pb? = (¢1h)? mod
v3(G). Hence we may assume [; € I, for 1 < i < p.
First we note that G'/v3(G) is normally generated by [a,b] and [a, ¢]. Therefore

gi = (c_lb)li [a, b]ki [a,c]™  mod v3(G)

where m;, k; € F, with 1 <7 < p.
Next observe that

¢1([b> C]) = ([avc]’ 1, 1 [b’ a])
¢1([bv ba]) = ([avb]v 1, 1 [bv (LD
%([b’ a]a) = ([b’ a]v [avb]’ 1, ;1)
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and similarly for ¥ ([c, ca]aj) for 0 < 7 < p— 1. Indeed we also have

(4) Y (L L b allas o)) € y3(G).
Hence, noting that G is regular branch over v3(G), we have
(5) (g = (') () ()% [a b)) mod 91 (15(G))
for k € F,. We claim that £ = 0. Indeed, if g € G is such that holds, then there
exists ¢’ € G such that ¢1(¢') = ((c7'b)", ..., (c7'b)»=1, (¢71b)'?[a,b]*). Then,

multiplying ¢’ with

(c—lba>ll (c—aba2)l2 L. (c—apflb)lp
gives the element v 1(,...,1,[a,b]*)) € G, which would imply that G is regular
branch over G’ if k # 0, a contradiction. Thus

Yi(g) = (710", (c7'0)7)  mod 91 (v5(G)).
Then the fact
wl_l((cflb, 1,...,1,b 1) = il = [b,al[a,c] mod v3(G)
gives that
g=v7H (A, .1, (c)N[b,al " [a, ] mod 13(G)
= (c_lba)lail[b, al'~%[a, "  mod 43(Q),

where [ = [y +--- + 1.
Recall that g = hy, for t € {1,...,p}. Thus, by , for some ay,...,qp € Fp,

Pi(h) = (M), ..., (e '0")*)  mod ¥1(v3(G))
= ((c_lb[b, al)®, ..., (c_lb[b, a])O‘P) mod Y1 (73(Q))
= ((c7'0)™, ..., (c7')* 1, (c7'b)*[b,a]* T T} mod 1 (13(G)).

In order to avoid getting the same sort of contradiction, we must have aq+- - -+, = 0.
Hence

h) = (€)™, (D)™ (¢71D)™) mod ¥ (13(G))
= (L,... *1b>al+ o) yi(([b,alla, €])?)  mod ¢1(73(G))
= 1(([b, a][a )?) mod ¢1(7s(G)),

for some € ).
Recall that h = x,, for € {1,...,p}. Thus, for some fi,..., 3, € F,,

Y1(z) = (([b,alla, )™, ... (b, alfa, €])?)  mod 1 (v3(G))
=1 mod ¢1(13(G)).
Thus we have that x € 73(G).

For the general case, when G has more than 2 directed generators, for g; € Stg(2),
we have . ' '
gi = (b(il))ﬁl(b(Jz))ﬁ2 e (b(]r))ﬂr mod G,
for some r € N>3, ji,...,75» € {1,...,p} with ji # jry1 for 1 < k < r —1, and
B1,--.,Br € Fp\{0} such that g1 +--- + 5, = 0.
Hence, using Proposition for each 1 < i < p, we have

Kl
gi = H gZ( ) mod v3(G),
k#l, 1,170
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where ggkl) € Stg,, (2) for G = (a, b p(1). One then applies the above argument

for each gl(kl). O
Proof of Theorem [1.1(C). Let G be as specified. We have v3(G) > St (1)’ by Propo-
sition and therefore 74(G) > 13(Stg(1)) = ¢ (13(G) x P v3(@)). By the
previous proposition, we see that ¥1(y4(G)) > Sta(5) Fox Ste(5). The result now

follows from the fact that ¥ (y3(GQ)) > 14(G) x - x 4(G) (compare Lemmata
and [3.7(ii)), making use of [2, Prop. 2.4]. O

5. THE PROFINITE COMPLETION

Now for the above groups G which have the congruence subgroup property, we have
that the profinite completion of G coincides with the closure of G in Aut(T"). This
section describes the profinite completion of the regular branch multi-EGS groups
without the congruence subgroup property; compare Theorem A) and (B).

Let n € N. Denote by K, the subgroup of G satisfying 1, (K,) = G’ x Fox G,

and by M, the subgroup of G satisfying ¥, (M,) = 13(G) x P v3(@G). Parts (A.2)
and (B.2) of Theorem are deduced from the following:

Theorem 5.1. Let G be a multi-EGS group that is regular branch over G'. Then for
every non-trivial normal subgroup N in G, there is an n € N such that N contains
M,,. Furthermore, if G & &, then N contains K, .

Proof. Tt suffices to prove the theorem for normal closures of non-trivial elements
x € G. Hence let N denote the normal closure in G of a non-trivial element = € G.
By Proposition there is a vertex v such that Sty (v), = G. Observe that

[Sty(v), Ristg(v)] < Risty(v).
Since G is regular branch over G’, we have Ristg(v), > G'. Hence

Ristn (v)o = ¢u([Sta(v), Rista(v)]) = 73(G),

and N > M,,|. By conjugation, the first statement follows.
Suppose now that G' ¢ &. By Proposition we have v3(G) > Stg(1) = Kj.
Therefore conjugation gives N > K|, |41, as required. O

Proof of Corollary[1.3 For the groups with the congruence subgroup property, the
result follows from [2, Prop. 2.4]. For the remaining groups, the result follows from

Theorem [5.1 and from the fact that vy3(G) x Pl v3(G) has finite index in G for every
n € N. ]

We observe below that all branch multi-EGS groups have the weak congruence
subgroup property, that is, every finite-index subgroup contains Stg(n)’, for some
n € N; compare [14].

Corollary 5.2. Let G € €\Y be a multi-EGS group. Then G has the weak congruence
subgroup property.

Proof. Indeed, if G has the congruence subgroup property then the result is clear. So
we first suppose that G ¢ & is regular branch over G’ and suppose N < G is a normal
subgroup of finite index. Then, by the previous result, there exists an n € N such
that N > K,,.
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We show by induction that K, > Stg(n)’ for all n € N. For n = 1, we in fact have
K7 = Stg(1)'. Next, suppose the statement is true for some n € N. Then

D1 (K1) = Kp X -7 % Ky, > Stg(n) x -7+ x Stg(n) > ¢1(Sta(n +1)').

Hence the result for this case.

Lastly, we suppose that G € & and let N < G is a normal subgroup of finite index.
By Theorem there exists an n € N such that N > M,,. Since v3(G) > G”, and
G" > Sta(3) by Proposition we obtain

n

(M) > G" x xG”>Sm()x?-xﬁgByzwA&Gm+3Y)
Hence the result. |

6. MULTI-EGS GROUPS WITH CONSTANT DEFINING VECTOR

Here we prove that a multi-EGS group G € ¢ with constant defining vector is
weakly regular branch but not branch. The corresponding result for a GGS-group
with constant defining vector was proved in [2], hence we assume in the sequel that
G is not of the form (a,b")), for some j € {1,...,p}.

Let G = (a,b,... b)) € & be in standard form. Let .J be the set of indices
j €{1,...,p} such that r; # 0. Now we set K = (b)a=! | j E J)¢. Note that upon
replacing b) with a suitable power, we may assume that 1) ((b( ))aj) = (bY9),a,...,a)

for all j € J. We write yi()—(b(J) e for j € Jand i € {0,1,...,p— 1}.

Lemma 6.1. Let G € 4 with K as above. Then
@)K:<'|0<i<p_1jejx
(ii) G’ <K and |G : K| =
(il) K ><K’<¢1(K’) <¢1(G’) <Kx-"xK,
(iv) K’ is generated, modulo ;' (K 'x-Cx K", by [y (]),yl(k)]c where 0 < 4,1 < p—1,
and j,k € J with ¢ € (bV) | j eJ).

Proof. (i) It suffices to check that ( ‘ | 0 < z' <p-—1,j € J)is normal in G. Now

this follows from the fact (y(]))b(k) (y(]) ) " for 0 <i<p-—1andjkel.
(ii) First, to show that G’ < K, it suffices to observe that K is normal in G, and
that for j,k € J,

(0, 0Da 1 = [a,0D)1* " € K and [a ", 0®]p®), g 1] = p®) pD)e7" € K

Hence |G : K| = |G/G' : K/G'| and as a = bY%) modulo K for all j € J, it follows that
|G : K| = p, as required.
(iii) We observe that for distinct j, k € J,

U1(Ja, b)) = (1,...,1,a 9 g, 1,..., 1) e K x - x K
and
wl([b(j)7 b(k)])
=(,...,1,[p9 a,1,...,1,[a,b®]1,... 1) € G x - x &
<Kx---xK.

Since G’ = ([a, b)), [p9), 6®)] | j k € J, j # k)¢ and K is normal in G, it then follows
that ¥4 (G') < K x -+ x K.
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For the remaining inclusion ¥1(K’) > K’ x --- x K', it follows from [4] that
([yl(j),yl(j)],l,...,l) € Y1 (K') for j € J and 0 < i, < p— 1. Hence it suffices to
show that ([yi(j),yl(k)], 1,...,1) € ¥1(K’) for distinct j,k € Jand 0 < i,1 <p— 1.

Let j, k € J be distinct elements. Without loss of generality we suppose that j > k.
We observe that y(()j) (yék))_1 =@ (Bp*F)~1 ¢ K and

G G = (1 L )T,

For 0 <i <p-—1, let g; be a conjugate of y(()j) (y(()k))_1 by an appropriate (b¢))" such

that ¥ (g:) = (1,..., 1,57, 1,...,1,@*)~1,1,...,1). Then, using h := (g, )*",
we obtain .
ei(lgn i) = (Lo LIy 1),
and the result follows.
(iv) We consider [yl(]),yl(k)]g for ¢ € G and write ¢ = ha%“c with h € G’ and
ce (b9 |jeJ). Thus

w1 = (e e
= [y ™1™ mod v (K x - x K)
Y ) e
= [ z(—jl—)a’yl(—&—)a] ’
where the equivalence come from the fact 1;(G”) < K’/ x -+ x K'. O

In particular, Lemma [6.1iii) shows that G is weakly regular branch over K'.
Let j € J. For G; = (a,b\9)) we set K; = (bWa=1)Cs.
Lemma 6.2. Let j € J. Then K'N K; = K.

Proof. As x is in K’, this implies that we can write z as a product of conjugates of
the commutators [y§m),y§k)], where 0 < ¢,] < p—1 and m,k € J. If this product
involves elements ygm) for m # j (in other words, if z ¢ K7), then by [I1, Lem. 3.10]
there exists a vertex u such that the section of z at u is b(™). However, this element
cannot then be in K;. Hence the result. O

Lemma 6.3. The elements yl(j), forjeJ and 0 <i<p—1, are of infinite order in
G and also in K/K'.

Proof. The first part follows as in [2, Lem. 3.3]. For the second, note that if (y(j ))” €

i
K’ for some n € N then (yz-(]))” € K'NK; = K} by Lemma The result now
follows from the fact that K;/K is torsion-free (cf. [2, Prop. 3.4]). O

Lemma 6.4. Let j € J. For every g € K; we have gg® - - ~gap_1 € KJ’ Furthermore,
if h € K} with ¥1(h) = (h1,..., hy), then hy---hy € K.

Proof. This is just [4, Lem. 4.3 and 4.4]. O
Proof of Theorem [1.5 We proceed as in [2, Thm. 3.7]. Let
L=vy7 (K x-* - xK').

By Lemma iii), we have L C Riste/(1). We prove that equality holds by con-
sidering g € Ristg/(z) for z € X and showing that g € L. From the definition of
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the rigid stabiliser of a vertex, all components of 11(g) are trivial, except possibly
the component corresponding to sition x, say h. We observe that h € K, since

(G C K x 2. x K by Lemma (iii). As g € K, we may write g as ([[;c; g9k
with gU) € K; and k € K’. Likewise, writing § = gg®- - g™, we obtain

gZ(Hg(j)).]}

jeJ

for k € K’ and v = g(j)(g(j))a'"(g(j))apfl. From Lemma we have gU) e
K} < K' for all j € J, hence g € K'. Now 91(g) = (h,...,h) and we may write
h=ljes h@)) .1 for I € K" and h¥) € K;. Thus

Y1(g) = (hy...,h) = [[(D,....29) mod K’ x ¥ x K.
jeJ
For cach j € J, write k) for ¢ (h),...,h)). Clearly k¥ € K' N K; = K.
From [2, Prop. 3.4], we have that K;/K ]’ is torsion-free and hence, taking the second
part of Lemma into account, it follows that h\Y) € K ]’ < K’ for all j € J. Thus

V1(g) € K' x -*- x K’ and g € L, as required.

Now suppose on the contrary that G is a branch group. Then |G : Ristg(1)] is finite
and by [2, Lem. 3.6], we have |G’ : Riste/(1)| = |G’ : L] is also finite. As L < K’,
it follows that G/K' is finite. However Lemma implies that K/K’ is infinite, a
contradiction. 0
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