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Abstract 

The use of the Blocked-diffusion Warburg (BDW) impedance within electrochemical 

impedance spectroscopy (EIS) measurements can unveil diffusion properties of the 

electroactive material of modern batteries at different states-of-charge. The impedance 

response of the BDW comprises a diffusion response of charge carriers through a short-

diffusion distance (e.g. the solid-phase in electroactive material of battery electrodes) and a 

capacitive response due to accumulation of charge carriers in a blocked-interface (e.g. 

impermeable current collector of a thin film electrode). This study has developed a 

mathematical expression based on the Newton-Raphson iteration method to calculate the 

frequency and time constant during the transition from diffusion to capacitive response in the 

BDW impedance. The mathematical procedure to calculate the frequency during the diffusion-

capacitive transition response in the BDW has been written in a script in Matlab® software and 

is applied to BDW impedance responses reported in previous studies and extracted from EIS 

measurements in Li-ion and NiMH batteries. This study demonstrates that the time constant 

during the transition from diffusion to capacitive response in the BDW differs from the 

characteristic time constant commonly represented in the BDW mathematical expression. The 

characteristic time constant represented in the BDW mathematical expression is related to the 

rate of accumulation of charge carriers in the blocked-interface of the electrode. On the other 

hand, the time constant during the transition from diffusion to capacitance responses in the 

BDW impedance can be related to diffusion properties in solid-phase particles with 

heterogeneous size distribution in the electroactive material of modern battery electrodes.   
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1. Introduction 

Electrochemical impedance spectroscopy (EIS) is a nonintrusive experimental technique which 

has been broadly applied to characterise phenomenological processes in electrochemical 

systems. The use of equivalent electrical circuits (EECs) within the EIS technique has been the 

most accepted method to estimate electrochemical and diffusion mechanisms in 

electrochemical systems. EECs with Warburg impedances have been considered to 

characterise diffusion mechanisms in EIS-battery measurements carried out at different state-

of-charge, (SoC) [1,2,3,4,5,6,7,8]. The mathematical expression of the Warburg impedance has 

been derived from the Second’s Fick Law in the frequency domain using Laplace 

transformation. The Warburg impedance can be classified as semi-infinite diffusion Warburg 

(SDW), permeable finite-length Warburg (FLW), and blocked-diffusion Warburg (BDW). 

This classification results from the derivation of Fick’s Second Law of Diffusion with different 

boundary conditions, and the boundary conditions will be defined from the diffusion process 

of the electrochemical system studied. The SDW impedance considers diffusion of a particle 

in semi-infinite space [9]. The impedance response of the SDW can be represented by a line 

with a slope of 1 (or 45o with respect to the real axis) in the Nyquist plot. The FLW has been 

commonly applied to characterise oxygen transport limitations in EIS measurements of 

polymer electrolyte fuel cells (PEFCs) [10,11]. The FLW impedance response can be simulated 

by an infinite series combination of parallel resistor-capacitor circuits [12]. The BDW 

impedance is attributed to impermeable or blocking boundary conditions. Blocked-diffusion 

mechanisms can be manifested when charge carriers cannot penetrate through the back of the 

electrode, but they accumulate at the metal/electrode interface resulting in a capacitive effect 

[13]. The BDW impedance response is represented by a transition from a 45o straight-line at 

high frequencies to a vertical line in the Nyquist plot at low frequencies. The 45o straight-line 

response is attributed to diffusion of charge carriers across the solid-phase of the electroactive 

material and the vertical line response is attributed to accumulation of charge carriers in a 

blocked-interface. The active material in a battery electrode can be comprised of solid-particles 

with different geometry (e.g. planar, spherical, cylindrical) and heterogenous size distribution. 

The blocked-interface can be related to the current collector in a battery electrode. Fig. 1 shows 

the interface between the active material comprised of spherical solid particles and current 

collector in a battery electrode where 𝛿𝑠 can be related to the actual geometry of the solid 

particle and 𝛿 is the total diffusion distance of ions moving from the solid-phase particles to 

the blocked-interface (e.g. current collector) in the electrode. The blocked-diffusion 
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mechanisms can also be manifested when carrying out EIS measurements in batteries at open-

circuit voltage (OCV). A deviation (frequency dispersion) of the frequency response from the 

ideal frequency response of the impedance diffusion of a battery can be manifested. Frequency 

dispersion in the impedance diffusion of an electrode has been attributed to non-homogenous 

charge distribution in the electrode due to roughness of the material [14] and heterogenous 

particle size [15] in the active material. The theory of anomalous diffusion, diffusion and 

trapping impedance in intercalation materials have been considered to predict frequency 

dispersion in the impedance diffusion of electroactive materials [16,17]. Under these conditions 

a BDW impedance with frequency dispersion can be defined [18]. Some studies have been 

focused on the interpretation and estimation of the different time constants associated with the 

Warburg impedance. Barbero [19] reported a theoretical interpretation of the FLW impedance 

based on the Poisson–Nernst–Planck model. Nguyen and Breitkopf [20] develop an algorithm 

to calculate the different time constants associated with the impedance response generated from 

a Randles circuit containing a FLW impedance. T.M.W.J. Bandara and B.-E. Mellander [21] 

estimated the time constants represented in the impedance response of a Randles circuit 

connected in series with a capacitor representing a blocking electrode. The authors reported a 

mathematical expression for the frequency during the transition from a semicircle to a straight-

line feature at low frequencies in the Nyquist plot. The frequency associated to the transition 

from diffusion to capacitive response in the BDW has been estimated through a graphical 

interpretation of the impedance response on the Nyquist plot [16,22]. However, this graphical 

interpretation cannot be carried out if the BDW impedance response is overlapped with other 

frequency response mechanisms on the overall EIS response of the electrode [15]. In this study 

a mathematical expression to estimate the frequency and time constant during the transition 

from diffusion response to capacitive response in the BDW impedance has been developed. 

The methodology developed in this study can be extended and applied to battery impedance 

models comprising different BDW configuration and representing different particle geometry 

in the electrode as the diffusion-capacitive transition response at low frequencies is represented 

in EIS measurements carried out in electrodes with different particle geometry [15]. This study 

could assist the understanding of diffusion mechanisms in modern batteries and could also 

provide an insight into diffusion properties in the solid-phase of the active material of modern 

battery electrodes using EIS. 
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Figure 1. Active material /blocked interface (current collector) in electrode. 

 

2. Representation of Warburg impedance response  

Figure 2 shows the impedance response of the FLW and BDW. The impedance response of the 

BDW with frequency dispersion is shown in Fig. 2 as well. A transition from a 45o straight-

line to a vertical line in the BDW impedance response is observed in Fig. 2a. A transition from 

45 degree in phase angle to 90 degree in phase angle of the BDW impedance response is shown 

in Fig. 2b. The 45 degree in the phase angle of the BDW impedance shown in Fig. 2b is 

attributed to diffusion of charge carriers (e.g. ions) through a short-diffusion length in the solid-

phase of the electroactive material in the electrode. The 90 degree in the phase angle of the 

BDW impedance shown in Fig. 2b is attributed to accumulation of charge carriers in the 

blocked-interface of an electrode (e.g. impermeable current collector of a thin film electrode 

or the reflective centre of a nanoparticle at accessible low frequencies [15]). The transition 

from the 45o straight-line to the vertical line in the BDW shown in Fig. 2a is attributed to the 

diffusion of charge carriers in a short-diffusion length of the solid-phase particles which 

thereafter the charge carriers are accumulated in the blocked-interface of the electrode 

behaving similar to the electric charge in a capacitor and resulting in a vertical line in the 

impedance response at low frequencies. As previously mentioned different factors such as 

geometry [14,15], anomalous diffusion [16] yield a nonhomogenous accumulation of charge 

(frequency dispersion) in the blocked-interface of the electrode. A nonhomogeneous 

accumulation of charge carriers (frequency dispersion) in the blocked-interface yields a vertical 
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line with a slope in the impedance diffusion response (BDW with frequency dispersion) as 

shown in Fig. 2a. Oldenburger et al. [23] demonstrated that the change of slope in the vertical 

line of the BDW at low frequencies can also be attributed to hysteresis effect during EIS 

measurements in Li-ion cells.  

 

 

 

 

Figure 2. Impedance responses for finite-length Warburg (FLW) and Blocked-diffusion 

Warburg (BDW), a) Nyquist plot, b) phase angle  
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The characteristic time constant for the diffusion process is commonly considered in the 

equations that represent the FLW [10,24] and BDW impedances [25,26]. The characteristic 

frequency fW calculated from the characteristic time constant and represented in the phase angle 

of the BDW impedance shown in Fig. 2b considers that around 60% of the charge carriers have 

accumulated in the blocked-interface before reaching a full accumulation at 90 degrees in phase 

angle and at lower frequencies. The time constant of a first order system such as the Randles 

circuit (resistor-capacitor configuration) represents the transient output response which has 

reached 63.2% of its total change [27].  The diffusion and accumulation of charge carriers from 

the solid-phase to the blocked-interface can be represented in the phase angle of the BDW 

impedance as shown in Fig. 3. The characteristic frequency fW shown in Fig. 3 is lower than 

the frequency fD-C related to the diffusion-capacitive transition response (kink of the BDW 

impedance response shown in Fig. 2a). The estimation of the time constant TD-C during the 

transition from diffusion response to the capacitive response in the BDW impedance shown in 

Figs. 2 and 3 could provide relevant information about diffusion properties in the solid-phase 

of particles of modern battery electrodes. It is possible to define a diffusion coefficient of 

charge carriers in the solid-phase of active material related to the frequency transition fD-C [22] 

which is different from the diffusion coefficient related to the characteristic frequency fW in the 

BDW impedance. 

 

Figure 3. Representation of diffusion mechanisms on the phase angle of the BDW impedance  
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In the literature, a mathematical equation has been derived [28] to calculate the frequency fmin 

at which the imaginary component Zim of the FLW impedance response reaches at minimum 

value in the Nyquist plot as shown in Fig. 2a. This study carries out a step by step mathematical 

calculation of fmin in the FLW impedance response using the Newton-Raphson iteration 

method. The mathematical procedure to calculate fmin in the FLW impedance response will be 

considered a baseline for the development of a mathematical expression to estimate the 

frequency fD-C during the transition from diffusion to capacitive responses in the BDW 

impedance. The mathematical procedure to estimate the frequency fD-C from the BDW 

impedance is based on the Newton method with a fixed-point iteration and has been written in 

a script in Matlab® software.  

 

It is possible to estimate the frequency fD-C through a graphical interpretation of the BDW 

impedance response in the Nyquist plot (kink of the curve as shown in Fig. 2a) [22,29]. When 

the slope of the straight-line at low frequencies decreases in the BDW with frequency 

dispersion, it becomes more complicated to visually distinguish between the diffusion and 

capacitive responses in the BDW impedance response. In addition, the BDW impedance 

represented in the EIS response of batteries may be overlapped with other electrochemical 

mechanisms during the redox reaction making difficult the estimation of the frequency fD-C 

through a visual inspection of the Nyquist plot. Song et al. [15] reported that EIS measurements 

carried out in Li-ion batteries at low Li+ concentration results in an overlapping effect between 

the semicircle at high frequencies related to the charge transfer reaction and the BDW response 

at low frequencies represented in the Nyquist plot.   

 

In a previous study [18], an EEC comprised of a BDW considering frequency dispersion was 

fitted to EIS measurements carried out in a NiMH battery at different SoC. The reported values 

of the parameters from the BDW mathematical expression are considered to simulate the 

impedance diffusion response of the BDW at different SoC. The developed mathematical 

expression to calculate the frequency transition fD-C from diffusion to capacitor response is 

considered within the BDW impedance response extracted from the EIS measurements in the 

NiMH battery reported in the previous study [18]. It is possible to gain an insight into diffusion 

mechanisms in the solid-phase electroactive material of the electrode during the discharge of 

the NiMH battery. 
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3. Analysis using the Finite-length Warburg impedance  

The equation that represents the FLW impedance is expressed as follows [24]: 

 

ZFLW = RW
tanh(iωTFLW)

n

(iωTFLW)n
                                                                                                        (1) 

 

where n = 0.5, ω = 2πf is the angular frequency and i is the imaginary component of a 

complex number. 

 

RW =
RTδ

z2F2cO
∗ D

                                                                                                                                          (2) 

 

is defined as resistance for the diffusion process of chemical species and    

 

TFLW =
δ2

D
                                                                                                                                               (3) 

 

defined as the time constant to diffuse chemical species through a finite-length medium. 

 

The impedance response generated by Eq. 1 has been depicted in Fig. 2. Eq. 1 can be separated 

into real and imaginary components by considering trigonometric relations [12,20]. Eq. 1 can 

be expressed as: 

 

ZFLW = RW
tanh(α+iβ)

α+iβ
                                                                                                                            (4) 

 

where                                                                                                                                                                               

 

α = sn cos(nπ/2)                                                                                                                                (5) 

 

and    

 

β = sn sin(nπ/2),                                                                                                                                 (6) 
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Eqs. 5 and 6 have been estimated considering the following relations:  s = ωTFLW, (is)n =

sneniπ/2, and eniπ/2 = cos(nπ/2) + i sin(nπ/2). 

 

Multiplying Eq. 4 by the conjugate of the denominator and considering trigonometric identity 

for tanh yields: 

 

ZFLW =
RW(α−iβ)

α2+β2
sinh(α+iβ)

cosh(α+iβ)
                                                                                                                      (7)   

Considering trigonometric identities in Eq. 7 e.g. sinh(α + iβ) =
eα+iβ−e−α−iβ

2
   yields: 

 

ZFLW =
RW(α−iβ)

α2+β2
eαeiβ−e−αe−iβ

eαeiβ+e−αe−iβ
                                                                                                                      (8) 

 

Considering Euler formula   e±iβ = cos β ± isin β  and trigonometric identities, e.g. 

cosh(α + iβ) =
eα+iβ+e−α−iβ

2
 and arranging Eq. 8 yields: 

 

ZFLW =
RW(α−iβ)

α2+β2
cosβ sinhα+isinβ coshα

cosβcoshα+i sinβ sinhα
                                                                                                (9) 

 

Eq. 9 can be defined as: 

 

ZFLW =
RW(α−iβ)

α2+β2
ad+ibc

ac+ibd
                                                                                                                          (10) 

 

where  a = cos β, b = sin β, c = cosh α, and d = sinh α. Multiplying Eq. 10 by the conjugate 

of the denominator yields:  

 

ZFLW =
RW(α−iβ)

α2+β2

cd(a2+b2)+iab(c2−d2)

a2c2+b2d2
                                                                                                     (11) 

 

Substituting a, b, c, and d in Eq. 11 as previously defined in Eq. 10 yields: 

 

ZFLW =
RW(α−iβ)

α2+β2

coshαsinhα(cos2β+sin2β)+icosβ sinβ(cosh2α−sinh2α)

cos2βcosh2α+sin2βsinh2α
                                                  (12) 
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Considering trigonometric identities e.g. cos2β + sin2β = 1, cosh2α − sinh2α = 1, 

2sinh α cosh α = sinh 2α, cosh2α = (cosh2α + 1)/2, and arranging Eq. 12 yields: 

 

ZFLW =
RW(α−iβ)

α2+β2
sinh2α+i sin2β

cosh2α+cos2β
                                                                                                               (13) 

 

Eq. 13 can be separated into real and imaginary components  ZFLW = ZFLW_Re + iZFLW_Im as 

such: 

 

ZFLW =
RW

α2+β2
αsinh2α+βsin2β

cosh2α+cos2β

⏞            

ZFLW_Re

+ i
RW

α2+β2
αsin2β−βsinh2α

cosh2α+cos2β

⏞            

ZFLW_Im

                                                                      (14)  

 

Substituting the parameters 𝛼 and 𝛽 defined in Eqs. 5 and 6 into the second term on the right-

hand side of Eq. 14 that represents the imaginary component yields: 

 

ZFLW_Im =
RW

sn
cos(nπ/2) sin⌊2snsin(nπ/2)⌋−sin(nπ/2) sinh⌊2sncos(nπ/2)⌋

cos⌊2snsin(nπ/2)⌋+cosh⌊2sncos(nπ/2)⌋
                                                    (15) 

 

If 𝑛 = 0.5 in Eq. 15 and considering that cos(π/4) = sin(π/4) = √2/2, it is possible to 

represent the imaginary component of the FLW impedance, as such: 

 

ZFLW_Im =
RW

√2s

sin√2s−sinh√2s

cos√2s+cosh√2s
                                                                                                             (16) 

 

Note that Eqs. 15 and 16 do not include the imaginary unit i, but the numbers generated from 

Eqs. 15 and 16 represent the imaginary numbers of the impedance ZFLW represented in Eq. 14. 

 

Fig. 4 shows the imaginary components of the FLW generated from Eq. 16 at different 

frequencies 𝜔 considering s = ωTFLW and the local minimum value represented through the 

zero slope. The minimum value of a function F(x) can be calculated through the estimation of 

its roots when the derivative of the function is equal to zero as such F′(x) = 0. 
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Figure 4. Imaginary component as a function of the frequency in FLW (Eq. 16). 

 

3.1 Newton-Raphson iteration method 

The value where imaginary components of the FLW generated through Eq. 16 at different 

frequencies reaches a minimum value (minimum of the function) can be estimated through the 

Newton-Raphson method. The iterative process of the Newton-Raphson method can be 

expressed as follows: 

 

xj+1 = xj −
F(xj)

F′(xj)
                                                                                                                                (17) 

 

where j = 0,1,2, . . . . k is the iterative sequence of the root x to be found on the function F(x) 

with the condition F(x) = 0. One of the disadvantages of the iteration process represented in 

Eq. 17 is that if the converged solution for x corresponds to a zero slope in the function when 

F′(x) = 0, then the iterative sequence represented in Eq. 17 will never converge on a solution. 

This is the case for the function ZFLW_Im(s) represented in Eq. 16 and shown in Fig. 4 in which 

it is required to find 𝑠 when the derivative of the function is equal to zero  ZFLW_Im
′(s) = 0.  

 

The local minimum of a function when F′(x) = 0 can be estimated through the Newton method 

considered as an optimization algorithm. The local minimum value of the function ZFLW_Im(s) 

considering the condition  ZFLW_Im
′(s) = 0 can be estimated through a modification of the 

Newton-Raphson iteration method as such: 
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sj+1 = sj −
ZFLW_Im

′(sj)

ZFLW_Im
′′(sj)

                                                                                                                       (18) 

 

j = 0,1,2, . . . k is the iterative sequence for a converged solution sk to be found and ZFLW_Im
′ 

and ZFLW_Im
′′ are the first and second derivative of Eq. 16 with respect to s. Nowadays, the use 

of computational software allows the calculation of differential equations and the 

implementation of iterative processes. For instance, Matlab® is a programming language 

which allows symbolic programming and computing. It also allows to obtain the derivative of 

symbolic functions using defined syntaxes, e.g. the derivative of a symbolic function can be 

obtained with the syntaxis Y=diff(X). An initial guess s0 during the iteration process of Eq. 18 

has to be defined, the number of iterations 𝑠0, 𝑠1, 𝑠2,….sk will depend on the proximity of the 

initial guest s0 to the converged solution for ZFLW_Im
′(s) = 0.  

 

3.2 Frequency fmin at the minimum imaginary component of FLW impedance 

Malevich et al. [10] fitted an EEC comprising a FLW component within EIS measurements 

carried out in a PEFC. Parameters of the FLW reported by Malevich et al. [10] such as RW =

0.09 and TFLW = 0.172 have been considered to demonstrate the calculation of the frequency 

at the minimum imaginary component Zim of the FLW impedance through the iteration process 

represented in Eq. 18. The iteration process represented in Eq. 18 does not require the parameter 

TFLW as this is contained in the nondimensional parameter s = ωTFLW in Eq. 16. 

 

Table I shows the results of the iteration process of Eq. 18 and considering an initial value 𝑠0 =

1. It also demonstrates that the solution converged with a value of 𝑠𝑘 = 2.54. The iteration 

process shown in Table I was calculated using a script written in Matlab® software as shown 

in Appendix A1. The converged solution 𝑠𝑘 = 2.54 will be achieved despite any value of 𝑅𝑊 

in Eq. 16, as the parameter 𝑅𝑊 increases or decreases the magnitude of the bell-shaped curve 

shown in Fig. 4 without changing its shape. 
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 j sj sj+1 error % 

0 1 2.06895 18.566 

1 2.06895 2.43791 4.044 

2 2.43791 2.53449 0.242 

3 2.53449 2.54062 9.269e-04 

4 2.54062 2.54064 1.363e-08 

 

Table I. Iteration process considering the initial condition 𝑠0 = 1 in Eq. 18. 

 

Based on the converged solution for 𝑠𝑘 = 2.54 expressed in Table I and considering s =

ωTFLW, it is possible to define an equation to calculate the frequency 𝑓𝑚𝑖𝑛 at which the 

imaginary component Zim of the FLW impedance response reaches a minimum value, as such: 

 

fmin =
2.54

2πTFLW
                                                                                                                                            (19) 

 

Eq. 19 has been reported in the literature with a pre-factor of 2.53 instead [30,31]. Eq. 19 

expresses that the time constant where the imaginary component Zim of the FLW reaches a 

minimum value  Tmin = 1/(2πfmin) is a factor 2.54 smaller than the characteristic time 

constant TFLW represented in the FLW equation (Eq. 1). 

 

Fig. 5a shows the impedance spectrum of the FLW generated from Eq. 1 and the parameters 

RW = 0.09  and TFLW = 0.172 reported in the literature [10] for a range of frequencies 𝑓 =

10 𝑘𝐻𝑧 − 0.001 𝐻𝑧. Fig. 5b shows the imaginary components Zim of the FLW impedance 

response as a function of frequency and calculated through Eq. 16. The frequency 𝑓𝑚𝑖𝑛 at which 

the imaginary components Zim reached a minimum value and calculated through Eq. 19 was 

evaluated to be 2.35 Hz. 
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Figure 5. Simulated impedance spectrum for Finite-length Warburg Impedance, a) Impedance 

response using Eq. 1, b) Imaginary component as a function of frequency calculated through 

Eq. 16. 

 

4. Analysis using the Blocked-Diffusion Warburg Impedance  

The mathematical treatment presented in section 3 previously will assist the development of a 

mathematical expression to calculate the frequency for the transition from diffusion to 

capacitive responses in the BDW impedance. In a previous study [18], the BDW impedance 

equation considering frequency dispersion was derived from fundamental diffusion theory and 

was represented as follows: 

 

ZBDW = RW
coth(iωTBDW)

0.5p

(iωTBDW)0.5p
                                                                                                 (20) 
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with  

 

TBDW = (
δ2

D̂
)

1

𝑝
                                                                                                                        (21) 

 

where TBDW is the power-law time constant distribution from the power law frequency 

response (frequency dispersion). 𝐷̂ is a parameter with units m2s−p which differs from the 

conventional diffusion coefficient D with units m2s−1 and can be related to anomalous 

diffusion [16,25]. For a given value of p, the characteristic frequency 𝑓𝑊 can be obtained from 

the characteristic time constant TBDW as such fW = 1/(2πTBDW). The characteristic frequency 

𝑓𝑊 is represented in the phase angle of the BDW impedance response as shown in Fig. 2b. 𝑅𝑊 

is similar to Eq. 2. For the specific case that p = 1, Eq. 20 represents the conventional BDW 

impedance [13] and simulates the transition from a 45o straight-line related to diffusion 

mechanisms to a vertical line representing a capacitive response as shown in Fig. 2a. Eq. 20 

with p < 1 (frequency dispersion) simulates a vertical line with slope in the low frequency 

range as shown in Fig. 2a. Eq. 20 has also been considered to characterize corrosion processes 

in concentrated solar power (CSP) plants through EIS measurements [26]. 

 

Eq. 20 can be expressed as: 

 

ZBDW = RW
coth(α+iβ)

α+iβ
                                                                                                                            (22) 

 

where 𝛼 and 𝛽 have been defined in Eqs. 5 and 6 considering n = 0.5p and s = ωTBDW 

 

Following the same derivation steps and trigonometric identities expressed in Eqs. 7-12, Eq. 

22 can be expressed as: 

 

ZBDW =
RW(α−iβ)

α2+β2
sinh2α−isin2β

cosh2α−cos2β
                                                                                                               (23) 

 

Eq. 23 can be separated into real and imaginary components ZBDW = ZBDW_Re + iZBDW_Im as 

such: 
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ZBDW =
RW

α2+β2
α sinh2α−βsin2β

cosh2α−cos2β

⏞            

ZBDW_Re

− i
RW

α2+β2
αsin2β+βsinh2α

cosh2α−cos2β

⏞            

ZBDW_Im

                                                                       (24)  

 

Substituting the parameters 𝛼 and 𝛽 defined in Eqs. 5 and 6 into the second term on the right-

hand side of Eq. 24 that represents the imaginary component of the BDW impedance yields: 

 

ZBDW_Im = −
RW

sn
cos(nπ/2) sin⌊2snsin(nπ/2)⌋+sin(nπ/2) sinh⌊2sncos(nπ/2)⌋

cosh⌊2sn cos(nπ/2)⌋−cos⌊2snsin(nπ/2)⌋
                                              (25) 

 

Note that Eq. 25 does not include the imaginary unit i, but the numbers generated from Eq. 25 

represent the imaginary numbers of the impedance ZBDW represented in Eq. 24. 

 

Fig. 6a shows the imaginary components as a function of frequency calculated through Eq. 25. 

The two responses associated to the diffusion and capacitive processes in the BDW can be 

observed in Fig. 6a. The slope of the capacitive response depends on the parameter n 

represented in Eq. 25. The frequency fD-C for the transition from diffusion to capacitive 

responses can be considered at the interception between the diffusion and capacitive responses 

as shown in Fig. 6a. The frequency fD-C represented by the imaginary components shown in 

Fig. 6a can also be represented by the phase-angle of the BDW impedance response as shown 

in Fig. 6b. A converged solution for s in the function ZBDW_Im(𝑠) expressed in Eq. 25 and 

located at the diffusion-capacitive interception response shown in Fig. 6a is required to be 

found to estimate the frequency fD-C. 
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Figure 6. Diffusion and capacitive responses from BDW impedance as a function of 

frequency, a) Imaginary component, b) phase angle of impedance response 

 

4.1 Fixed-point method within Newton-Raphson iteration  

The Newton-Raphson iterative method expressed in Eq. 17 was applied to Eq. 25 considering 

that a converged solution would be achieved at the condition ZBDW_Im(s) = 0. However, the 

iteration process converged into an incorrect value for s and it was not related to the diffusion-

capacitive interception response shown in Fig. 6a. A modification of the Newton method that 
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considers a fixed-point iteration process was used to find a converged solution for s in the 

diffusion-capacitive interception response shown in Fig. 6a.    

 

During a fixed-point iteration, the sequence j = 0,1,2, . . . k  in  xj+1 = g(xj) converges to r 

because r is a fixed-point of the function g(x), i.e. g(r) = r. 

 

Newton’s method expressed in Eq. 17 is a form of Fixed-point iteration: 

 

g(x) = x −
F(x)

F′(x)
                                                                                                                                 (26) 

 

where g(r) = r   because F(r) = 0 

 

The derivative of Eq. 26 can be expressed as: 

 

g′(x) =
F(x)F′′(x)

[F′(x)]2
                                                                                                                                 (27) 

 

The iterative process of Eq. 27 can be expressed as: 

 

xj+1 =
F(xj)F

′′(xj)

[F′(xj)]
2                                                                                                                                  (28) 

 

The use of the Newton method with the fixed-point iteration expressed in Eq. 28 can be applied 

to the function expressed in Eq. 25 to obtain a converged solution for 𝑠 at the diffusion-

capacitive interception response shown in Fig. 6a, as such: 

 

sj+1 = [
ZBDW_Im(sj)ZBDW_Im

′′(sj)

(ZBDW_Im
′(sj))

2 ]

1/𝑝

                                                                                                                    (29) 

 

where j = 0,1,2, . . . k is the iterative sequence for a converged solution sk, the exponent 1/𝑝 

calculates a converged solution of sk for any given value of p (change in slope of capacitive 

response shown in Fig. 6a). Noting that the same exponent 1/p has been defined in Eq. 21 

related to the power-law time constant TBDW in BDW with frequency dispersion. The exponent 
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1/p in the time constant of the BDW has been associated to anomalous diffusion [16,25], 

ZBDW_Im
′ is the first derivative and ZBDW_Im

′′ is the second derivative of Eq. 25 with respect 

to the variable s. 

 

The iteration process expressed in Eq. 29 can be written in a script in Matlab® software. As 

previously mentioned in section 3.1, Matlab® software allows symbolic programming and 

computing and allows to obtain the derivative of symbolic functions using defined syntaxes. 

The number of iterations will depend on the proximity of the initial guest 𝑠0 to the converged 

solution sk. The converged solution for sk calculated through Eq. 29 only changes with the 

parameter p regardless the value of 𝑅𝑊 and TBDW in Eq. 25 as the converged solution for the 

variable s corresponds to the nondimensional expression s = ωTBDW. Any value of 𝑅𝑊 is 

required during the iteration process, but the value of 𝑅𝑊 only increases in magnitude the 

impedance response shown in Fig. 6a and does not change the slope of the diffusion and 

capacitive responses shown in Fig. 6a. Values for  p = 1 (no frequency dispersion) and p =

0.78 (frequency dispersion) considering that n = 0.5p have been considered for the estimation 

of the converged solution sk through the iteration process from Eq. 29. Table II shows the 

iteration results for p = 1 and using the iteration calculation process expressed in Eq. 29. Table 

III shows the iteration result for p = 0.78. The iteration results expressed in Table II and III 

and using Eq. 29 were calculated using a script written in Matlab® software as shown in 

Appendix A2. 

 

j sj sj+1 error % 

0 1 2.13395 45.108 

4 3.13196 3.29470 15.249 

14 3.82222 3.83682 1.305 

34 3.88716 3.88724 0.008 

44 3.88751 3.88752 5.847e-04 

Table II. Iteration process p = 1. 
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j sj sj+1 error % 

0 1 3.09133 34.623 

2 3.94928 4.35848 7.825 

4 4.55406 4.64666 1.731 

9 4.72459 4.72667 0.038 

14 4.72841 4.72846 8.542e-04 

 

Table III. Iteration process for p = 0.78. 

 

Fig. 7 shows different converged values for sk considering different values of p during the 

iteration process in Eq. 29 and using the Matlab script shown in Appendix A2. The resulting 

values of sk increase with decreasing 𝑝 < 1. The converged solution expressed in Table II for 

p = 1 resulted in sk = 3.8875 and for p = 0.78  resulted in sk = 4.7285 as expressed in Table 

III. These results lie in the curve shown in Fig. 7. 

 

 

Figure 7. Converged values for sk using Eq. 29 

 

4.2 Frequency and time constant for diffusion-capacitive transition response 

Considering that s = ωTBDW, it is possible to define a mathematical expression for the 

converged solution 𝑠𝑘 (Fig. 7) and the frequency 𝑓𝐷−𝐶 for transition from diffusion to 

capacitive responses in the BDW impedance as such: 

 

fD−C =
sk

2πTBDW
                                                                                                                                          (30) 
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The time constant TBDW represented in Eq. 21 represents the time constant when 60% of charge 

carriers have been accumulated in the blocked-interface. This was discussed and graphically 

represented in terms of characteristic frequency fW = 1/(2πTBDW) and the phase angle of the 

BDW impedance as shown Figs. 2b and 3. From Eq. 30, it is possible to define a relation 

between the characteristic time constant TBDW and the time constant 𝑇𝐷−𝐶 for the diffusion-

capacitive transition response in the BDW as such: 

 

TD−C =
TBDW

sk
                                                                                                                                         (31) 

 

Eq. 31 can be redefined from Eq. 21 as: 

 

TBDW = sk (
δ𝑠
2

D̂𝑠
)

1

𝑝
                                                                                                                   (32) 

 

where 𝐷̂𝑠 is a parameter with units 𝑚2𝑠−𝑝 which differs from the conventional diffusion 

coefficient DS with units 𝑚2𝑠−1 and is related to anomalous diffusion [16]. 𝐷̂𝑠 will be coined 

as “diffusion constant” for simplicity. 𝐷̂𝑠 is the diffusion constant related to the frequency 𝑓𝐷−𝐶 

and time constant TD−C during the diffusion-capacitive transition response. Peng et al. [22] 

related the ionic chemical diffusion coefficient of lead halide perovskite materials of solar cells 

with the frequency during the diffusion-capacitive transition response in the BDW response. 

𝐷̂𝑠 is higher than the diffusion constant 𝐷̂ of charge carriers in the blocked-interface represented 

in the characteristic time constant TBDW  in BDW impedance (Eq. 20). Hence  TBDW > TD−C 

or 𝑓𝑊 < fD−C as shown in Figs. 2b and 3. A higher value of 𝐷̂𝑠 compared to 𝐷̂ could be related 

to the fact that a higher concentration of solid-particles is distributed across the electrode 

compared to the concentration of solid-particles interacting within the blocked-interface. The 

solid-phase electroactive material and the blocked-interface (current collector) in the electrode 

have been depicted in Fig. 1. 𝛿𝑠 can be related to the actual geometry of the particle which is 

less than the total diffusion distance 𝛿 of ions moving from the solid-phase particles to the 

blocked-interface (e.g. current collector) in the electrode as shown in Fig. 1. 
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4.2.1 Estimation of 𝐟𝐃−𝐂 in the BDW impedance  

For the specific case when  p = 1, Eq. 30 calculates the frequency 𝑓𝐷−𝐶 for the transition from 

a 45o straight-line (diffusion) to a vertical line (capacitive) in the Warburg impedance response, 

as shown in Fig. 2a. Under this condition, Eq. 30 can be expressed as: 

 

fD−Cp=1 =
3.8875

2πTBDW
                                                                                                                                          (33) 

 

where the pre-factor 3.8875 represents the converged solution of sk in the iterative process of 

Eq. 29 and expressed in Table II and shown in Fig. 7. Eq. 33 implies that the frequency 𝑓𝐷−𝐶 

during the transition from diffusion to capacitive response is a factor 3.8875 higher than the 

characteristic frequency related to the characteristic time constant fW = 1/(2πTBDW) 

represented in the BDW impedance, Eq. 20. The frequencies 𝑓𝐷−𝐶  and 𝑓𝑊 have been depicted 

in the Nyquist and Bode plots shown in Fig. 2. ZView software (Scribner Associates, Inc.) 

considers a pre-factor of 2.53 (similar to Eq. 19 for FLW impedance) instead of the pre-factor 

3.8875 in Eq. 33 for calculation of 𝑓𝐷−𝐶 in the BDW. But no analysis or justification is 

described in the documentation of the ZView software for using such a pre-factor of 2.53 in 

the BDW impedance. In addition, when p = 1 in the BDW impedance, the time constant 𝑇𝐷−𝐶 

expressed in Eq. 31 is a factor 3.8875 smaller than the characteristic time constant TBDW 

considered in the BDW. 

 

When p = 0.78 in the BDW, the frequency 𝑓𝐷−𝐶, calculated through Eq. 30 and with the 

converged solution from Table III and shown in Fig. 7, is a factor 4.7285 bigger than the 

characteristic frequency fw. 

 

Fig. 8a shows the impedance response of the BDW calculated with Eq. 20 and the parameters 

RW = 0.4, TBDW = 0.1 p = 1 and p = 0.78  and a range of frequencies f = 10 kHz −

0.001 Hz. Fig. 8b shows the angle phase of the BDW impedance response from Fig. 8a. The 

frequency 𝑓𝐷−𝐶 during the diffusion-capacitive transition response calculated through Eq. 30 

and shown in Fig. 8b for 𝑝 = 1  resulted in 6.187 Hz and for 𝑝 = 0.78 resulted in 7.526 Hz. 
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Figure 8. Simulated impedance spectrum for Blocked-diffusion Warburg Impedance with 

RW = 0.4, TBDW = 0.1 p = 1 and p = 0.78; the frequency 𝑓𝐷−𝐶 calculated with Eq. 30 for 

p = 1 is 6.187 Hz and for p = 0.78 is 7.526 Hz, a) Impedance response calculated from Eq. 

20, b) phase angle of impedance response 

 

4.2.2 Estimation of 𝐟𝐃−𝐂 in the BDW impedance response of a Li-ion battery 

In a previous study [32] an EEC comprising a BDW was fitted to EIS measurements carried 

out in a Li-ion battery as shown in Fig. 9. The contribution of the BDW on the overall EIS 
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response was predicted at frequencies from 0.01 Hz to 0.002 Hz as shown in Fig. 9. The BDW 

was related to the impedance diffusion response of Lithium ions Li+ on the solid-phase of the 

electroactive material in the electrode. The impedance response from 1 Hz to 0.01 Hz was 

related to the impedance diffusion response of Li+ on the solution-phase of the porous electrode 

and was predicted through a FLW. More details about the EIS response of the Li-ion battery 

and the representation of the electrochemical mechanisms at different frequencies in the 

impedance spectrum can be found in the previous study [32]. Fig. 9 demonstrates that it is not 

possible to estimate through a graphical interpretation of the impedance spectrum the frequency 

𝑓𝐷−𝐶 during the transition from diffusion response to capacitive response of the BDW. The 

BDW response at frequencies from 0.01 Hz to 0.002 Hz is overlapped with other mechanisms 

represented in the range of 1 Hz to 0.01 Hz in the impedance spectrum. 

 

 

Figure 9. EIS measurements in a Li-ion battery fitted with an EEC comprised of BDW [32]. 

 

The values for RW = 0.001, TBDW = 1.4, p = 0.78 representing the BDW in the EEC from a 

previous study [32] have been considered for calculation of the frequency 𝑓𝐷−𝐶 in the diffusion-

capacitive transition response. Fig. 10a shows the impedance spectrum of the BDW calculated 

with Eq. 20 and the parameters RW = 0.001, TBDW = 1.4 p = 0.78 estimated in a previous 

study [32] and with a range of frequencies f = 10 kHz − 0.001 Hz. Fig. 10b shows the angle 

phase of the BDW impedance response from Fig. 10a. The frequency 𝑓𝐷−𝐶 during the transition 

from the diffusion to the capacitive response calculated through Eq. 30 and the iterative process 

from Eq. 29 and shown in Fig 10b resulted in 0.537 Hz. The frequency 𝑓𝐷−𝐶 and time constant 
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𝑇𝐷−𝐶 are related to the diffusion of Li+ on the solid-phase in the electroactive material of the 

Li-ion battery. It is possible to estimate the diffusion-length of solid-particles 𝛿𝑠 from the time 

constant 𝑇𝐷−𝐶 by considering diffusion coefficients in solid-particles reported in other studies. 

Gruet et al. [33] developed an impedance model for porous electrodes in Li-ion batteries and 

considered diffusion coefficients reported in the study of Smith et al. [34]. The diffusion 

coefficients were estimated using a higher order CFD model [35]. 

 

 

 

 

Figure 10. Simulated impedance spectrum for Blocked-diffusion Warburg Impedance with 

RW = 0.001, TBDW = 1.4 p = 0.78 estimated from a previous study [32] in EIS measurements 
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in a Li-ion battery. Frequency 𝑓𝐷−𝐶 calculated with Eq. 30 resulted in a frequency of 0.537 Hz, 

a) Impedance response calculated with Eq. 20, b) phase angle of impedance response. 

 

5. Estimation of  𝒇𝑫−𝑪 in the EIS response of a NiMH battery at different SoC 

In a previous study [18], an EEC comprised of a BDW was fitted to EIS measurements carried 

out in a NiMH battery at different SoC. The EIS measurements were carried out in a 9.6V 

rechargeable NiMH AA 2500mAh, battery pack. The NiMH battery was initially fully charged 

and then it was discharged at a constant current of 3.3 A until a voltage of 9.18 Volts was 

measured. The load was disconnected and the battery pack was left at open circuit (equilibrium 

condition) for one hour. Thereafter, EIS measurements were carried out at open circuit voltage 

(OCV) under a potentiostatic configuration and with an a.c. perturbation of 10 mV to ensure 

steady-state conditions during the impedance measurements and at frequencies from 20 kHz to 

0.005 Hz. The same procedure was carried out for EIS measurements at OCV of 8.4, and 8 

Volts. Further information about the EIS measurements carried out in the NiMH battery can be 

found in the authors’ previous study [36]. An EEC comprised of a BDW considering frequency 

dispersion was fitted to the EIS-NiMH battery measurements at OCV values of 9.18, 8.4, and 

8V. Fig. 11 shows a comparison between the EIS-NiMH measurements and the impedance 

response predicted by the EEC with BDW. The semicircle at high frequencies is attributed to 

the rate of charge transfer during the redox reaction and the straight-line with slope at low 

frequency was attributed to nonhomogeneous accumulation of charge (capacitive response) in 

the blocked-interface (current collector) of the electrode. The impedance response (straight-

line) predicted by the BDW at low frequencies was overlapped with the impedance response 

(semicircle) at high frequencies predicted by a Randles circuit. Therefore, it is not possible to 

accurately estimate through a graphical interpretation on the Nyquist plot the frequency 𝑓𝐷−𝐶  

during the transition from diffusion to capacitive response in the BDW with decreasing SoC in 

the NiMH battery. 
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Figure 11. EIS measurements in a NiMH battery fitted with an EEC comprised of a BDW 

[18]. 

 

In this study, the reported values of 𝑅𝑊, TBDW, 𝑝  from the BDW extracted from the EIS 

response of the NiMH battery are considered to simulate the BDW impedance at different OCV 

values. Table IV shows the parameters of the BDW at different OCV. In addition, Table IV 

shows the frequency 𝑓𝐷−𝐶 and time costant 𝑇𝐷−𝐶 for diffusion-capacitive transition response 

calculated through Eqs. 30, 31 and the iterative process from Eq. 29. The resulting values of 

the parameter sk at different values of p lie on the curve shown in Fig. 7. 

 

OCV 𝑅𝑊, Ω TBDW, s p 𝑓𝐷−𝐶 , Hz 𝑇𝐷−𝐶 , s 𝑠𝑘 

9.18 0.0191 8.409 0.62 0.1596 0.9974 8.4307 

8.4 0.0211 9.446 0.606 0.1528 1.0416 9.0687 

8 0.0271 10.06 0.612 0.139 1.1452 8.7845 

 

Table IV. Parameters of BDW at different open-circuit voltage reported in a previous study 

[18] and calculated with Eqs. 29, 30,31. 

 

Fig. 12 shows the simulated BDW impedance response predicted by Eq. 20 at frequencies from 

10 kHz to 0.001 Hz and with the parameters 𝑅𝑊, TBDW, 𝑝 shown in Table IV at different OCV. 

The real component Zreal of the BDW impedance response is increased with decreasing OCV 

as shown in Fig. 12a. The magnitude of the straight-line at low frequencies increases with 

decreasing OCV as shown in Fig. 11. The frequency 𝑓𝐷−𝐶  for diffusion-capacitive transition 
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response in the BDW impedance decreases with decreasing OCV as shown in Table IV and 

shown in the phase angle of the Bode plot from Fig. 12b.  

 

 

 

Figure 12. Simulated impedance spectrum for BDW with parameters estimated from a 

previous study [18] in EIS measurements in a NiMH battery. Frequency 𝑓𝐷−𝐶 calculated with 

Eq. 30, a) Impedance response calculated with Eq. 20, b) phase angle of impedance response. 

 

The magnitude of the diffusion impedance response shown in Fig. 12 is directly proportional 

to the diffusion resistance 𝑅𝑊. The time constant  𝑇𝐷−𝐶 for diffusion-capacitive transition 
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response is smaller than the characteristic time constant TBDW represented in the BDW equation 

(Eq. 20) as shown in Table IV. The time constants TBDW and 𝑇𝐷−𝐶 increased with decreasing 

OCV as shown in Table IV. The diffusion time constant 𝑇𝐷−𝐶 is directly proportional to the 

diffusion length 𝛿𝑠 and inversely proportional to the diffusion constant 𝐷̂𝑠. The solid-phase 

electroactive material is consumed during the discharge of the battery [37], therefore the 

diffusion length 𝛿𝑠 in the solid-phase electroactive material of the electrode decreases with 

decreasing SoC in the batteries. The diffusion constant 𝐷̂𝑠 has a bigger effect on the BDW 

impedance [38] and is reduced with decreasing OCV. Hence an increase in time constant 𝑇𝐷−𝐶 

with decreasing OCV is observed in Table IV. The hydrogen diffusion coefficient in NiMH 

electrodes decrease with decreasing the battery SoC [39]. The diffusion constant 𝐷̂𝑠 is 

dependent on diffusion length δ𝑠 as a reduction in diffusion length δ𝑠 (solid-phase electroactive 

material) yields a reduction of ion concentration.  

 

The time constant  𝑇𝐷−𝐶 increased by 4.2% when discharging the NiMH battery from 9.18 to 

8.8V. 𝑇𝐷−𝐶 increased by 9 % when discharging the NiMH battery from 8.8V to 8V.  A lower 

diffusion constant 𝐷̂𝑠 yields a higher increase in 𝑇𝐷−𝐶. The BDW impedance responses shown 

in Fig. 12 were extracted from the EIS measurements shown in Fig. 11 and carried out in a 

NiMH battery pack of 8 cells with a nominal voltage of 9.6V [18,36]. A lower diffusion 

constant 𝐷̂𝑠 and a higher 𝑇𝐷−𝐶 in EIS measurements of the NiMH battery pack can be related 

to the fact that EIS measurements at 8V OCV were carried out close to the nonlinear discharge 

response (knee of discharge) of the NiMH battery. The knee of discharge feature during the 

battery discharge response is commonly apparent at voltages lower than 1V/cell [40]. This 

study can assist other theoretical studies for the interpretation of impedance diffusion of 

electroactive materials at low ion concentration in which transport of charge carriers from 

different diffusion interphases in the electrode may play an important role [15,41]. 

 

6. Discussion  

The analysis of this study has been focused on the BDW equation that corresponds to the 

diffusion impedance response of an electrode with planar particles. BDW impedances 

considering diffusion of ions in the electrodes with different solid-particle geometry e.g. 

spherical, cylindrical have been considered for the analysis of EIS measurements in Li-ion 

batteries [42,43]. This modelling framework could assist the estimation of the frequency and 

time constant for the diffusion-capacitive transition response in EIS measurements carried out 
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in electrodes with different solid-particle geometry. The methodology developed in this study 

and presented in Section 4 can be applied to the different BDW impedance equations 

considering different solid-particle geometry in the electrode as the diffusion-capacitive 

transition response at low frequencies is represented in the impedance response of battery 

electrodes with different solid-particle geometry [15]. A recent study reported by Li et al. [44] 

demonstrated that voltage oscillations during the galvanostatic discharge/charge in Li-ion 

batteries can be attributed to the multi-particle phase-separation reaction. The voltage 

oscillation period could be a function of particle size distribution in the electrode. It is possible 

to extend this EIS study by comparing the diffusion time constant of charge-carriers in the 

solid-phase of electrodes with different particle geometry. This information can be relevant to 

assess the dynamic response of a battery management system during the charge/discharge of 

batteries with different solid-particle electrode structure. 

 

The characteristic frequency fw on the phase-angle of the BDW impedance shown in Fig. 3 

indicates that a total of 60 % of the charge carriers has been accumulated before reaching a full 

accumulation (90 degree in phase angle) of charge in the blocked-interface of the electrode. 

The characteristic frequency fW and frequency fD-C for diffusion-capacitive transition response 

in the BDW impedance response will change at different battery SoC. A variation of the phase 

angle related to the characteristic frequency fW and represented in the BDW impedance 

response with decreasing SoC in a battery is expected as well. This has been demonstrated in 

Section 5 of the manuscript when analysing the BDW impedance response from EIS 

measurements in a NiMH battery at different SoC. A change in the diffusion time constant 

which is related to the characteristic frequency of the diffusion impedance at low frequencies 

has been reported in EIS measurements of Li-ion batteries at different SoC [43]. The diffusion 

constant 𝐷̂ represented in the characteristic time constant TBDW of the BDW (Eq. 20) is related 

to the concentration of charge carriers (60%) approaching a full accumulation of charge (100%) 

in the blocked-interface (e.g. current collector) in the electrode. When the parameter p related 

to frequency dispersion in the BDW was reduced 𝑝 < 1, a vertical line with slope at low 

frequencies was predicted, as shown in Fig. 2a. Song et al. [15] simulated the effect of particle 

size and different geometry distribution of solid particles on EIS of Li-ion batteries. The slope 

of the vertical line at low frequencies attributed to the blocked-interface of the BDW decreased 

with heterogenous particle size distribution. The relation between the parameter 𝑠𝑘 predicted 

from the Newton-Raphson iteration (Eq. 29) combined with the estimation of diffusion 
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constant 𝐷̂𝑠 [20,22,29,45] in Eq. 32 can provide an estimation of the actual diffusion length 𝛿𝑠 

(geometry) in the solid-particles of the electrode. Bandara et al. [46] estimated the diffusion 

coefficient in polymer electrolytes of Li-ion batteries using EIS measurements and a 

mathematical function for dielectric analysis in electrolytes. Meyers et al. [47] demonstrated 

that if the diffusion coefficient is increased in the diffusion impedance of a porous electrode 

composed of spherical intercalation particles, the impedance response approaches the limit of 

purely capacitive behaviour (straight-line at low frequencies). The diffusion constant 𝐷̂𝑠 

represented in Eq. 32 is related to the concentration of charge carriers in the solid-phase 

electroactive material of the electrode. An increase in the diffusion constant 𝐷̂𝑠 yields a 

decrease in the time constant 𝑇𝐷−𝐶 and an increase in the frequency 𝑓𝐷−𝐶 for the transition from 

diffusion to capacitive response in the BDW impedance response. The diffusion constant is 

also inversely proportional to the diffusion resistance 𝑅𝑊. In addition, an increase in the 

diffusion constant 𝐷̂𝑠 will reduce the diffusion response of the BDW at high frequencies and 

the BDW impedance response approaches the limit of purely capacitive behaviour (straight-

line at low frequencies) as reported by Meyers et al. [47]. The diffusion constant 𝐷̂𝑠 will change 

for different geometry of the solid particles (planar, cylindrical, spherical) and for heterogenous 

geometry distribution of solid particles in the electrode. A heterogenous solid particle 

distribution could not only yield frequency dispersion in EIS measurements p < 1, but also 

could yield a reduction in the plateau voltage which is related to a decrease the miscibility gap 

(metastable uniform compositions) between the two-phases in the particles [48].  

 

It has been reported changes in the impedance response of batteries occur at different SoC and 

SoH [49,50,51]. It has also been reported that a change in the frequency represented in the 

Nyquist plot and associated to the intersection between a semicircle at high frequencies and the 

BDW response at low frequencies occur in the impedance response of a Li-ion battery at 

different Li concentrations [15]. Jiang et al. [52] reported a nonlinear increase in ohmic and 

charge transfer resistances estimated from EIS measurements in Li-ion batteries with different 

ageing states. Martínez et al. [43] studied the electrochemical mechanisms from metal-hydride 

electrodes used in NiMH batteries through EIS measurements and using an impedance model 

representing a porous electrode. The results demonstrated a variation of the hydrogen diffusion 

time constant estimated from the EIS measurements of the electrodes at different SoC, the 

hydrogen diffusion time constant is related to the characteristic frequency of the hydrogen 

diffusion impedance. Capron et al. [53] estimated the solid-state diffusion coefficient in Nickel 

Page 31 of 36

https://mc04.manuscriptcentral.com/jes-ecs

Journal of The Electrochemical Society

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



For Review Only

Manganese Cobalt oxide (NMC) electrodes using EIS measurements. The solid-state diffusion 

coefficient estimated from the SDW impedance decreased during long-term cycling of the cell. 

Based on the studies reported in the literature, there is a correlation in the electrochemical and 

diffusion mechanisms in batteries at different SoC and SoH, but some physical parameters are 

more affected than others, e.g. a higher increase in charge transfer resistance than ohmic 

resistance estimated from EIS measurements in Li-ion batteries with different ageing states has 

been reported [52]. Further EIS analysis is still required to be carried out to assess the change 

in diffusion mechanisms (e.g. diffusion coefficient of charge carriers in electrodes with 

different solid-particle geometry) estimated through BDW impedances and during the battery 

lifetime. This could assist the development of algorithms in an energy management system to 

minimise losses during the dynamic performance of a battery management system [49]. 

 

 

7. Conclusions 

The frequency 𝑓𝐷−𝐶 and time constant 𝑇𝐷−𝐶 during the transition from diffusion response to 

capacitive response in the BDW impedance has been calculated through the Newton-Raphson 

method. The characteristic time constant TBDW represented in the BDW impedance equation is 

related to the rate of accumulation of charge carriers in the blocked-interface of the electrode 

and differs from the time constant 𝑇𝐷−𝐶 during the diffusion-capacitive transition response in 

the BDW. The BDW impedance response with frequency dispersion (𝑝 < 1 in the BDW 

impedance equation) can be related to a heterogenous solid particle distribution in the 

electroactive material of the electrode. A change in the time constant 𝑇𝐷−𝐶 and frequency 𝑓𝐷−𝐶  

for the diffusion-capacitive transition response in the BDW can be attributed to a change in the 

diffusion constant 𝐷̂𝑠 of charge carriers in the solid-phase of particles in the electrode. 

Estimation of frequency 𝑓𝐷−𝐶 and time constant 𝑇𝐷−𝐶 from EIS measurements in NiMH and 

Li-ion batteries has been carried out in this study. The time constant 𝑇𝐷−𝐶 in the BDW 

impedance response increased with decreasing SoC in a NiMH battery. The increase in time 

constant 𝑇𝐷−𝐶 can be attributed to a reduction in diffusion constant 𝐷̂𝑠 related to reduction in 

the ion concentration in the electroactive material during the discharge of the battery. This 

study could assist the assessment of the EIS response of battery electrodes with heterogenous 

geometry distribution of solid particles in the electrodes. In addition, this study could assist the 

assessment of the state of health in battery electrodes through EIS measurements in which the 

concentration of the electroactive material is consumed and cannot be replace with increasing 
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degradation of the battery. Other application of this study is to characterise diffusion of 

corrosive species characterised with BDW impedance and EIS measurements in molten salt 

environments for solar power plants [26]. 

 

Appendix A.  Newton-Raphson Iteration in Matlab® software 

A1. Script to calculate the iteration process represented in Table I for FLW 

Rw=0.09; 

syms s 

%%% Definition of Imaginary component through Eq. 16 

Zim=(Rw/((2*s)^0.5))*(-sinh((2*s)^0.5)+sin((2*s)^0.5))/(cosh((2*s)^0.5)+cos((2*s)^0.5)); 

%%% First and second derivatives of Eq. 16 

dZim=diff(Zim); 

ddZim=diff(dZim); 

f_Zim=matlabFunction(Zim); 

f_dZim=matlabFunction(dZim); 

f_ddZim=matlabFunction(ddZim); 

%%% Initial guest for S0 

s=1 

%%% Iteration process Eq. 18 

for k=1:1:100 

    s1=s-(f_dZim(s)/f_ddZim(s)); 

    s=s1; 

end 

%%% Converged value for s 

sk=s; 

 

A2. Script to calculate the iteration process represented in Table III for BDW 

Rw=0.4; 

p=0.78; 

n=0.5*p; 

syms s 

alpha=(s^n)*cos(n*pi/2); 

beta=(s^n)*sin(n*pi/2); 
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%%% Definition of Imaginary component through Eq. 25 

Zim=-(Rw/(s^(2*n)))*((beta*sinh(2*alpha))+(alpha*sin(2*beta)))/(cosh(2*alpha)-

cos(2*beta)); 

%%% First and second derivatives of Eq. 25 

dZim=diff(Zim); 

ddZim=diff(dZim); 

f_Zim=matlabFunction(Zim); 

f_dZim=matlabFunction(dZim); 

f_ddZim=matlabFunction(ddZim); 

%%% Initial guest for S0 

s=1; 

%%% Iteration process Eq. 29 

for k=1:1:100 

    s1=(((f_Zim(s).*f_ddZim(s))./(f_dZim(s).^2)))^(1/p); 

    s=s1; 

end 

%%% Converged value for s 

sk=s; 

 

 

List of Symbols 

𝑐𝑂
∗  concentration of charge carriers in equilibrium (bulk) (mol/cm3) 

𝐷           diffusion coefficient (m2/s) 

𝐷𝑆 diffusion coefficient in solid-phase (m2/s) 

𝐷̂          parameter related to frequency dispersion (m2s-p) 

F faraday constant (96485 C/mol) 

𝑓𝐷−𝐶 frequency for diffusion-capacitive transition process (Hz) 

𝑓𝑊          characteristic frequency (Hz) 

𝑖 imaginary component in impedance 

p frequency dispersion factor (dimensionless) 

R ideal gas constant (8.3143 J/mol-K) 

𝑅𝑊 resistance for the diffusion process (Ω) 

sk            converged value in Newton-iteration process (dimensionless)        
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T temperature (K) 

TFLW             characteristic time constant in FLW (s) 

TBDW             characteristic time constant in BDW (s) 

𝑇𝐷−𝐶 time constant for the diffusion-capacitive transition process (s) 

𝑍𝐵𝐷𝑊        blocked-diffusion Warburg impedance with frequency dispersion (Ω)      

𝑍𝐹𝐿𝑊 finite-length Warburg impedance (Ω)  

z electrons released or consumed 

ZBDW_Im imaginary component in BDW impedance (Ω)  

ZFLW_Im imaginary component in FLW impedance (Ω) 

 

 

Greek 

𝛿 diffusive distance in electrode (m) 

𝛿𝑆 diffusive distance in solid-phase (m) 

 angular frequency (rad/s) 
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