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Abstract

In this thesis, several challenges in both ground-motion modelling and the
surrogate modelling, are addressed by developing methods based on Gaus-
sian processes (GP). The first chapter contains an overview of the GP and

summarises the key findings of the rest of the thesis.

In the second chapter, an estimation algorithm, called the Scoring estimation
approach, is developed to train GP-based ground-motion models with spatial
correlation. The Scoring estimation approach is introduced theoretically and
numerically, and it is proven to have desirable properties on convergence
and computation. It is a statistically robust method, producing consistent
and statistically efficient estimators of spatial correlation parameters. The
predictive performance of the estimated ground-motion model is assessed by a
simulation-based application, which gives important implications on the seismic

risk assessment.

In the third chapter, a GP-based surrogate model, called the integrated emulator,
is introduced to emulate a system of multiple computer models. It generalises
the state-of-the-art linked emulator for a system of two computer models
and considers a variety of kernels (exponential, squared exponential, and two
key Matérn kernels) that are essential in advanced applications. By learning
the system structure, the integrated emulator outperforms the composite
emulator, which emulates the entire system using only global inputs and outputs.
Furthermore, its analytic expressions allow a fast and efficient design algorithm

that could yield significant computational and predictive gains by allocating
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different runs to individual computer models based on their heterogeneous
functional complexity. The benefits of the integrated emulator are demonstrated
in a series of synthetic experiments and a feed-back coupled fire-detection

satellite model.

Finally, the developed method underlying the integrated emulator is used to
construct a non-stationary Gaussian process model based on deep Gaussian

hierarchy.



Impact Statement

The method presented in Chapter 2 of this thesis provides a statistically robust
way to construct ground-motion models with spatial correlation, which have
the potential to generate shake intensity maps with higher accuracy and better
uncertainty measurements. The method would provide researchers with better
understanding about the uncertainties of ground-motion intensities. In addition,
it would also benefit the government and (re)insurance companies on assessing
their exposures to seismic risks accurately as high-quality ground-motion models

play key roles in catastrophe models.

The integrated emulator introduced in Chapter 3 of this thesis opens the door
for the uncertainty quantification of many complex systems of computer models,
which are computationally expensive to run and thus prohibitive to implement
further analysis. The fast formulae and adaptive design of the integrated
emulator allow natural scientists, biologists, meteorologists to build efficient
surrogate models for their sophisticated systems of simulators, and therefore
any subsequent inferences such as sensitivity analysis, uncertainty propagation

and model calibration become feasible.

The non-stationary Gaussian process (GP) model proposed in Chapter 4 of
this thesis addresses the non-stationarity and heteroscedasticity inherent in the
datasets that cannot be handled by the conventional stationary GP model. The
flexibility of the non-stationary GP model is powered by the state-of-the-art
deep learning technique. In addition, our non-stationary model could greatly
expand the capacity of the integrated emulator because many real-world data

and scientific simulators are by nature non-stationary.
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Chapter 1

Introduction

1.1 The Basics of Gaussian Process

Gaussian process (GP) has gained its popularity in recent decades due to
its successful applications in the machine learning community, e.g., Williams
and Rasmussen (2006); Damianou and Lawrence (2013); Cutajar et al. (2019).
However, Gaussian process is itself not a new concept and has a long history
in statistics. At its early phase, Gaussian process is actively used for spatial
analysis, e.g., Mardia and Marshall (1984). It is then utilised for computer
experiments, e.g., Santner et al. (2003) and more recently in the area of

uncertainty quantification, e.g., Bilionis and Zabaras (2016).

Definition 1.1 (Gaussian process) A real-valued stochastic process (Y;)ien
is called a Gaussian process if the random vector Y = (Y1,...,Y,)" forn € N
follows the multivariate Gaussian distribution with mean p € R™ and covariance

matriz 3 € R™ ", denoted by
Y ~ N(p, ), (1.1)
where the i-th element of p is given by p; = E(Y;) and the ij-th element of 3

is given by ¥;; = cov(Y;, ;).

In this thesis, the Gaussian process is mainly used for regression (i.e., supervised

learning) where for each Y; there is a corresponding input vector x; that
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represents its covariates (or features). In such an case, the elements of mean

and covariance matrix of the Gaussian process can be specified as follow:

i =m(x;)

Eij :0'2]€(Xi7 Xj),

where m(-) is the mean function, and k(-,-) is the kernel function that is
symmetric and positive semi-definite. When k(x;, x;) = k(||x; — x;l|2), it is

called stationary and isotropic. Examples of this class of kernel function include

e Exponential:

k() = exp (——”Xi _hXjHQ) 5

with a positive range parameter (or length-scale) h, which indicates the
value of ||x; — x| at which the correlation is around 0.37, i.e., when
|x; — x;||2 = h the correlation p;; is given by

h

k(x;, x;) = exp (_E> = exp(—1) ~ 0.37.

e Squared Exponential:

X; — X 2
k(-,-) = exp (——H 2h2JH2) :

This type of correlation function is sometime called Gaussian ;

e Periodic:

K(,) = exp <_2sin2<wux};-2— xjuz/w) |

where p determines the distance between repetitions of the function;

e Matérn:

K = ;) (ﬁux;l— xj||2> K (@nx;l— xj||2>

with positive parameters v and d, where I'(+) is the gamma function and
K, () is the modified Bessel function of the second kind. The Matérn
kernel can be simplified to exponential and square exponential kernels by

setting v = 1/2 and v — oo respectively.
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Anisotropic kernels can be constructed from stationary and isotropic ones by

replacing the Euclidean distance |x; — x;||2 by the Mahalanobis distance:

\/(Xz‘ =) T (% — %),
where I' is an arbitrary positive definite matrix and when I' = T the Mahalanobis
distance becomes the Euclidean distance. Examples of other types of kernel
functions are illustrated in Williams and Rasmussen (2006). The Gaussian
process for regression tries to represent the relations between Y; and x; via the
chosen kernel function. For example, Figure 1.1 presents some random paths
generated from a zero-mean Gaussian process with one dimensional feature
(i.e., x; € R) and covariance matrix specified by the exponential and squared

exponential kernel functions.

4 4k
4 2 0 2 4 -4 2 0 2 4
T T
(a) Exponential (b) Squared Exponential

Figure 1.1: Random sample paths between Y and x € [—4, 4] generated from a
zero-mean Gaussian process with one dimensional input feature and
covariance matrix specified by the exponential and squared exponential
kernel functions where h = 1 and o2 = 1.

Given a set of N observations {x?, yP} with x? = (xP,...,x%)" and
yP = (yP,...,yR)7, the Gaussian process predictive distribution of Y* at

an unobserved input position x* is then given by
YV ~ N (mx*)+K' = (y? —p), o> —K'Z'K), (1.2)

where K = o° (k(x*7X1D)7 .- '7k(X*7X]1\)f))T; B = (m(X?), s am(Xll\)f))T§ and

the ij-th element of X is given by ¥;; = o%k(xP?, X?). Note that the predictive

D

)

distribution (1.2) interpolates the observations {x?, y?} because when x* = x
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we have K31 being an unit vector with the i-th element equal to one.

The real-world data often have noise and such feature can be incorporated into
the Gaussian process model (1.1) by adding a nugget term 7 > 0 to the diagonal
elements of ¥. In this case, the Gaussian process predictive distribution (1.2)

becomes to

YV A N (mx)+ K (Z+7D) " (y? —p), o> +7-K' (T +7I)'K).

(1.3)
However, by introducing the nugget term 7 the predictive distribution (1.3)
no longer interpolates the observations. Instead, as 7 increases the mean and
variance of the Gaussian process predictive distribution (1.3) tend to m(x*) and
0% + 7 (Mohammadi et al., 2016). If the nugget 7 is set to a sufficiently small
value, then it can be treated as a regularisation term that enhances the condition
number of 3 to prevent from the ill-conditioning problems (Andrianakis and
Challenor, 2012). In fact, Gramacy and Lee (2012) suggest to always include
the nugget in the Gaussian process models, even the underlying process is
deterministic, to retain statistical robustness in cases such as the data are

sparse and non-stationary.

We note that this section only gives a general overview of the most basic form
of the Gaussian process model for regression. In each chapter of the thesis,
we will present and detail different modifications of this base form to address

challenges in different contexts.

1.2 Scope of the Thesis

This thesis explores methodological developments in three research fields,
namely the ground-motion modelling, the surrogate modelling and non-

stationary modelling, on the basis of Gaussian processes.

Ground-motion models, also known as ground-motion prediction equations
(GMPEs) and attenuation relationships, are empirical models widely used in

probabilistic seismic hazard analysis (PSHA), to predict ground-motion inten-
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sity measures (IMs) occurring at sites due to a nearby earthquake of a certain
magnitude. Ground-motion models require robust estimation techniques. The
accuracy of the estimated ground-motion models is important for assessing
earthquake risk and resilience of engineered systems. In the last decade, the
increasing interest in assessing earthquake risk and resilience of spatially dis-
tributed portfolios of buildings and infrastructures has motivated the modelling
of ground-motion spatial correlation. This introduces further challenges for
researchers to incorporate spatial correlation into the ground-motion models
and develop statistically rigorous and computationally efficient algorithms to
perform the estimation of the models. To this aim, in Chapter 2, repeated
Gaussian processes are used to represent ground-motion models with spatial
correlation and a one-stage estimation algorithm, called the Scoring estimation
approach, is introduced to fit the constructed models. By comparing, both theo-
retically and numerically, to the state-of-the-art estimation algorithm proposed
by Jayaram and Baker (2010), we find that the proposed Scoring estimation
approach presents comparable or higher accuracy in estimating ground-motion
model parameters, especially when the spatial correlation becomes smoother.
The approach is also capable of quantifying the uncertainties in spatial correla-
tion. The statistical robustness of the estimation approach further allows us to

investigate the impact of spatial correlation on ground-motion predictions.

Gaussian process-based surrogate models (also known as Gaussian process
emulators) have been used to emulate systems of computer models in many
fields including environmental science, biology and geophysics because of their
attractive statistical properties. However, their construction often neglects
system structures and thus requires additional computational costs (which
may become unaffordable for some expensive systems) to achieve a satisfactory
accuracy. To address this issue, in Chapter 3, we generalise the linked emulator
(proposed by Kyzyurova et al. (2018)) for a system of two computer models
to an integrated emulator for any feed-forward system of multiple computer

models. The integrated emulator combines Gaussian process emulators of
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individual computer models, and implicitly takes the system structure into
account. Comparing to the composite emulator, which is a GP emulator of
the entire system built with only global inputs and outputs, the integrated
emulator can achieve orders of magnitude prediction improvement for moderate-
size designs. Thanks to the analytic expressions, the predictive performance
of the integrated emulator can be further enhanced by an adaptive designing
strategy that only refines the GP emulators with insufficient accuracy. The
skills of the integrated emulator are shown in several synthetic experiments

and a multi-disciplinary satellite model.

Conventional Gaussian process models assume stationarity, which is often
insufficient in real-world data. In Chapter 4, we introduce a new type of
non-stationary Gaussian process model which utilises the state-of-the-art deep
learning technique and thus is demonstrated to be flexible to learn the non-

stationarity and heteroscedasticity embed in the data in an automatic manner.

In Chapter 5, key findings of the thesis are summarised. Some future research
directions and associated challenges are discussed. We note that the work
presented in Chapter 2, 3 and 4 are self-contained and the results in Chapter 2
have been published in Ming et al. (2019).



Chapter 2

Ground-Motion Modelling with

Spatial Correlation

2.1 Background to Earthquakes

In this chapter a few key concepts in seismology are frequently referred and

thus are briefly described in this section.

2.1.1 Intensity measures

Intensity measures (I M) are engineering characteristics of earthquake ground-
motion records that are used to estimate structural damages and loss. The
I M are simplified representations of ground-motion time histories and are key

component in ground-motion models. Some examples of [M are given below:

e Peak ground acceleration (PGA): PGA (in g or cm/s?) is the max-
imum absolute value of ground-motion acceleration time history. The
ground-motion acceleration time history is the processed ground-motion

records obtained from accelerographs;

e Peak ground velocity (PGV): PGV (in cm/s) is the maximum absolute
value of ground-motion velocity time history. The ground-motion velocity

time history is the integration of the acceleration time history;
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e Peak ground displacement (PGD): PGD (in cm) is the maximum
absolute value of ground-motion displacement time history. The ground-
motion displacement time history is the double integration of acceleration

time history;

e Elastic response spectral acceleration (S,(T)): S,(T) (in g or cm/s?)
is the maximum absolute value of structural response acceleration time

history with 5% critical damping at structural period T" (in s).

Among the different /M , PGA and S,(T) are the most popular measures that
are widely used in published ground-motion models (Douglas and Edwards,

2016) and the seismic design in worldwide building codes.

2.1.2 Magnitude

Magnitude represents the size (i.e. the energy released) of an earthquake. The
following list outlines four magnitude scales (unitless) that are commonly used

by international seismic networks:

e Local magnitude (Mpy): My, also known as “Richter magni-
tude” (Richter, 1935), is determined as the logarithm of maximum

amplitude of the ground shaking:
My, = logyy A —logyy 0 (R),

where A is the maximum amplitude of ground shaking (in micrometres)
and o(R) is an empirical function of epicentre distance (in kilometres),

R;

e Surface-wave magnitude (Mg): My is derived from measuring the
magnitude of Rayleigh surface waves, a type of seismic waves that travel

primarily along the Earth’s surface, and was the standard magnitude

scale in China from 1999 till 2017:

A
Mg = logy, (T) +1.66log,, R+ 3.3,
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where A is the maximum amplitude (in micrometres) of the Rayleigh
waves, T' is the corresponding period (in seconds) and R is the epicentre

distance (in degrees);

e Body-wave magnitude (m;): m; is computed according to the am-
plitude of the P-wave, a type of seismic waves that travels through
the interior of the Earth and reaches seismograph stations first. The

body-wave magnitude formula is defined by

A
= logsy () + (22 1),

where A is the maximum amplitude (in micrometres) of the P-waves,
T is the corresponding period (in seconds) and o(R, h) is a function of

epicentre distance (in degrees), R and focal depth (in kilometres), h;

e Moment magnitude (Myy): My is a measure of the seismic moment

introduced by Hanks and Kanamori (1979) and is given by
My = glog10 My —6.06 ,
where M is the seismic moment (in Newton metres) defined by
My = nAD

where p is the shear strength of the rocks involved in the earthquake (in
N/m?), A is the area of the fault rupture plane (in m?), and D is the

average displacement on the fault rupture plane (in m).

Unlike other scales that measure the sizes of earthquakes via amplitude of waves
produced at a certain distance and frequency band, the moment magnitude
relates the magnitude to the physical properties of earthquakes. Besides, the
moment magnitude scale has no saturation point for magnitude, meaning that
there are no upper limits to the possible measurable magnitudes. However,
moment magnitude scale requires more seismology knowledge than other scales

and thus is more difficult to compute.

The advantages of the moment magnitude scale have accelerated its popularity
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Strike
Direction

Hanging wan

Figure 2.1: The geometry of a faulting: The grey area is the fault surface; « is the
dip; 0 is the strike; 3 is the rake.

in the seismic hazard community (Di Giacomo et al., 2015) and it has been
the scale used by the United States Geological Survey (USGS) to report the
magnitudes of all modern large earthquakes since January, 2002 (The USGS
earthquake magnitude working group, 2002). However, many older earthquakes
are still measured by other magnitude scales. Thus, there are many research
(e.g., Das et al. (2011, 2012); Di Giacomo et al. (2015)) being carried out to
find empirical relations between the moment magnitude and other magnitude

scales.

2.1.3 Faulting geometry

The geometry of an earthquake faulting (Figure 2.1) can be described by three

angular measurements (strike, dip and rake) and the magnitude of the slip.
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Dip and dip direction

Dip (a in Figure 2.1) is the angle used to describe the steepness of a fault
surface. The angle is between 0° and 90° and is measured from the Earth’s
surface, or a tangent plane parallel to the Earth’s surface, to the fault surface.
The dip direction is the direction towards which the fault surface is inclined.
A fault with a dip of 0° is called a horizontal fault while a fault with a dip of

90° is called a vertical fault.

Foot wall and hanging wall

For non-vertical faults, the foot wall is the lower fault block beneath the
Earth’s surface and the fault surface (grey area in Figure 2.1), while the
hanging wall is the upper fault block that is beneath the Earth’s surface and
above the fault surface. For vertical fault, the foot wall is assumed to be on

the left of an observer looking in the strike direction.

Strike and strike direction

The strike (0 in Figure 2.1) is the angle between 0° and 360° used to specify
the orientation of a fault. To determine the strike, strike direction needs to be
decided first. The strike direction is the direction in which an observer looks
along the fault line (i.e., the intersection of the Earth’s surface and the fault
surface) when they stand on the Earth’s surface with the foot wall on their left
and the hanging wall on the right. The strike is then measured clockwise from

North direction to the strike direction.

Slip and rake

The slip is a parameter used to describe the motion of a fault. The slip is
a vector, meaning that it has a magnitude and direction. The magnitude
of a slip is simply the distance that a hanging wall moves relative to the
foot wall. The direction of slip is the direction that the hanging wall moves

relative to the foot wall. The rake (/5 in Figure 2.1) is the angle between 0°
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and 360° measured anticlockwise from the strike direction to the slip direction.
According to the slip direction, the faulting can be classified into two types
termed strike-slip and dip-slip. The faulting is strike-slip if the slip direction is
parallel to the strike direction (i.e., the rake § = 0° or 5 = 180°); the fault is
dip-slip if the slip direction is perpendicular to the strike direction (i.e., the
rake 5 = 90° or B = 270°). The strike-slip and dip-slip faulting can be further

categorised:

e Strike-slip: If an observer, standing on one side of a fault, finds that the
adjunct side moves to the left, then the faulting is left-lateral strike-slip
(i.e., slip has the same direction with the strike direction or the rake
B = 0°). If the adjunct side moves to the right, then the faulting is
right-lateral strike-slip (i.e., slip has the opposite direction with the strike
direction or the rake § = 180°).

e Dip-slip: If the hanging wall moves upward relative to the foot wall (i.e.,
B =90°), the faulting is termed reverse, whereas when the hanging wall
moves downward relative to the foot wall (i.e., § = 270°), the faulting is

called normal.

Figure 2.2 illustrates the faulting types explained. There are some unusual
faulting types such as tensile faulting that not only include strike- and dip-slips

but also have expansion and compression of faults.

2.1.4 Source-to-site distance

The metrics of the source-to-site distance varies with different definitions. The
following list summarises four types of source-to-site distance (illustrated in

Figure 2.3):

e Epicentre distance (R.,): the Euclidean distance between a site and

epicentre;
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Z LT
L vy

Figure 2.2: (Top-left) The left-lateral strike-slip faulting. (7Top-right) The right-
lateral strike-slip faulting. (Bottom-left) The reverse dip-slip faulting.
(Bottom-right) The normal dip-slip faulting.

e Hypocentre distance (Ry,,): the Euclidean distance between a site

and hypo-centre;

e Rupture distance (R,,,): the shortest Euclidean distance from a site

to the rupture surface;

e Joyner-Boore distance (R;p): the shortest Euclidean distance from a

site to the surface projection of the rupture surface.

The choice of distance metrics depends on the magnitude of the earthquake
and the availability of information about the rupture fault. For example, if
an earthquake with a small-to-moderate magnitude occurs, a point source
is typically assumed because the geometry of the fault plane is negligible
compared to epicentre distances. Thus, the epicentre or hypo-centre distances
are preferred. When an earthquake with a large magnitude (e.g., moment
magnitude higher than 7) happens, the geometry of the fault plane is often
assumed to be non-ignorable compared to the epicentre distances. Therefore,

Ryp or R,,, are used accordingly.
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Epicentre @
g ,"/Rhyp
7% Lt -
‘o, Py
Vacy, .- P \ Rmp
/Hypo—centre
(%
S\ﬁia
w
vi'&

Figure 2.3: An illustrative example of different source-to-site distances. Rep; (brown
line) is the epicentre distance; Ry, (red line) is the hypo-centre distance,
R,.p (green line) is the rupture distance; R ;p (orange line) is the Joyner-
Boore distance. The yellow plane denotes the rupture surface. The
grey plane is the surface projection of the rupture surface.

2.1.5 Soil property

The properties of near-surface soil at the sites of interest play an important
role in filtering the ground-motion signals. The soil may amplify or de-amplify
the ground-motion amplitude, change the frequency content and influence the
earthquake duration, ultimately resulting in different degrees of damage to
structures at the sites. The soil property at a site is often characterised by either
a discrete or continuous fashion. In the discrete fashion, the soil profile at a site
is classified into several catalogues such as soft soil, stiff soil and rock based on
soil description and opinions of experts (Trifunac and Brady, 1975, 1976). The
ground shaking tends to be stronger at sites with softer soil types because the
seismic waves travel more slowly. Therefore, the wave amplification increases
as the soil type shifts from rock to soft soil. The discrete characterisation is
often used when detailed survey at sites is unavailable. However, when such a

survey is available, the continuous characterisation is preferred and the average
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shear-wave velocity (in m/s) in the upper 30 meters of the ground, known as

V530, is often used as the prime indicator of the site soil property (CEN, 2005).

2.2 Introduction

Initial ground-motion models were formulated as fixed-effects models with-
out considering variations across different events. To further characterise
the aleatory variability in ground shaking intensities, the uncertainties are
separated into the inter-event and the intra-event components, where the inter-
event components were introduced as random effects to the ground-motion
model (Brillinger and Preisler, 1984). The modern ground-motion model is

thus constructed as a mixed-effects model in the following form,
}/;j:f(levb)+772+€Zjv 2:1,,N,]:1,,7'LZ, (21)

where Y;; = logIM,; is the logarithm of the IM of interest (e.g., peak ground
acceleration (PGA), peak ground velocity (PGV), etc.) at site j during earth-
quake i; f(X;;, b) is the ground-motion prediction function of b, a vector of
unknown parameters, and X;; , a vector of predictors (e.g., magnitude, source-
to-site distance, soil type at site, etc.) for site j during event i; n; and ¢;;
are the inter-event error and the intra-event error respectively; N is the total
number of earthquakes and n; is the number of recording sites during the i-th

earthquake.

Traditionally, the ground-motion model in equation (2.1) is treated without
spatial correlation by assuming the intra-event errors are spatially independent
of each other, and is primarily estimated by algorithms proposed by Abrahamson
and Youngs (1992) and Joyner and Boore (1993). However, it is well known
that the intra-event errors are spatially correlated due to the common source
and wave travelling paths and to similar site conditions (Goda and Hong, 2008;
Jayaram and Baker, 2009). Hong et al. (2009) investigated the effects of spatial
correlation on ground-motion model estimation and observed that the estimates

of variances for inter-event and intra-event errors change significantly when
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spatial correlation is considered. Jayaram and Baker (2010) confirmed the
results and also demonstrated that the changes in variances of inter-event and
intra-event errors have important implications for the seismic risk assessment
of spatially distributed systems. Hence, we argue that it is crucial to develop
an efficient and accurate estimation method for ground-motion models with

spatial correlation.

Indeed, the consideration of spatial correlation complicates the estimation of
ground-motion models. In particular, Hong et al. (2009) illustrated how to
incorporate the spatial correlation into a ground-motion model and performed
estimation using the method under the framework proposed by Joyner and Boore
(1993). However, the estimation method proposed by Hong et al. (2009) uses the
linearisation of the ground-motion prediction function, an inefficient technique
that can add bias due to model misspecifications and was subsequently criticised
by Draper and Smith (2014) for its slow convergence, wide oscillation and
possibility of divergence. Based on the framework of Abrahamson and Youngs
(1992), Jayaram and Baker (2010) introduced a multi-stage algorithm to account
for the spatial correlation by adopting the idea of the classical geostatistical
analysis (Zimmerman and Stein, 2010). However, this algorithm may not be
statistically optimal and can result in inefficient parameter estimation, poor
conclusions on model structure and variable selection, which in turn affects
predictions of spatially distributed ground-motion intensities and, eventually,
reliability of the seismic risk assessment and loss estimation for portfolios of

spatially distributed buildings and lifelines.

In addition to the bespoke algorithms mentioned above, there is also a more
generic existing computer package, namely nlme in R, available to fit ground-
motion models with or without spatial correlation. However, this package
is based on the method proposed by Lindstrom and Bates (1990) for mixed-
effects models with nonlinear random effects and thus introduces excessive
computational expenses during its implementation. Besides, the package may

experience numerical instabilities when spatial correlation is considered even
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though the estimation is performed on a small number of events. Jayaram
and Baker (2010) also reported the numerical instability of the package. We
argue that the failure of the package is due to the numerical issues that can
arise when working with the Hessian matrices during its implementation of the
Newton-Raphson algorithm. Furthermore, the package only considers limited

types of spatial correlation structures (Pinheiro and Bates, 2000).

In this chapter, we first specify a ground-motion model as repeated Gaussian
processes to incorporate spatial correlation. The multi-stage algorithm intro-
duced by Jayaram and Baker (2010) is then reviewed and its limitations are
highlighted. The new training method, referred to as the Scoring estimation
approach, will then be formally introduced. The method is based on the
method of Scoring (Fisher, 1925) as a specialised alternative procedure for
fitting ground-motion models with spatial correlation. Numerical considerations
for the Scoring estimation approach are also discussed. A simulation study
is followed to measure the performances of the Scoring estimation approach
by comparing against those of the multi-stage algorithm. Finally, we discuss
the performance of the Scoring estimation approach when spatial correlation

structure is neglected in the ground-motion model.

2.3 The Ground-Motion Model
The ground-motion model is expressed as the vector form of equation (2.1):
where

o Y, =logIM; = (logIM;, ... ,logIM;;,...,log H\/[mi)T is an n; X 1 vector

of logarithmic IMs of interest at all sites j € {1,...,n;} during earthquake

i

o f(X;, b) = (f(Xi1, b),..., f(Xin,, b)) is an n; x 1 vector of ground-
motion prediction functions f(X;;, b) at all sites j € {1,...,n;} during
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earthquake ;

e X, represents a vector of covariates (e.g., magnitude, source-to-site

distance, soil type at site, etc.) for site j during earthquake 7 ;
e b € R is a vector of unknown model parameters;

e 1, =nl,, forallie {1,...,N}, where 1, is an n; x 1 vector of ones
and (7;)i=1,. ~ are independent and identically distributed inter-event

errors with the Gaussian distribution, N'(0, 7%);

o (&;)i=1..n are independent intra-event error vectors of size n; x 1 with
the multivariate Gaussian distribution, N'(0, 02€;(w)), where ;(w) is
the correlation matrix corresponding to earthquake ¢ with w, a vector of

unknown parameters;
o (1;)i=1...~ and (g;);=1__n are mutually independent.

It can be seen that the ground-motion model (2.2) specifies N repeated Gaussian
processes as it can be written as /N independent random vectors following the

multivariate Gaussian distribution:
Y,|(Xs, Si, i) BN (£(X4, b), 721, 0m, + 02 (w)) (2.3)

where S; = {s;;}j=1,..n, is a set of spatial locations (e.g., longitude and latitude)
of the sites in earthquake i. To take the spatial correlation into account, the
jj'-th entry, Q; i/ (w), of ;(w) is specified as

Qi jj0(w) = k(s sijr)

foralli e {1,...,N} and j,j € {1,...,n;}, where k(s;;, s;;7) is the kernel that
gives the correlation p(e;;, €;5:) between ¢;; and ¢;; at locations s;; and s;; of

sites j and j' during earthquake i :
k(sijs sij) = pleij, €ijr) -

In this chapter, we mainly consider stationary and isotropic kernels, meaning

that p(ey;, €55) only depends on d;j; = ||si; — sij||,, the Euclidean distance
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between sites 7 and j' during earthquake 7. Thus,
k(sij» sijr) = k(dijj).
Note that if no spatial correlation is incorporated, we have
k(sij, sij) =0 (2.4)

for all sites j and j' during earthquake i. It is also worth noting that the
covariance matrix of the Gaussian process model specified in (2.3) is in fact
determined by the kernel function

7_2

kK (dijyr) = — + ki),
which is still a valid kernel function.

In the rest of this chapter, we denote a = (b", 87)7T € RP as the complete
vector of model parameters, in which 8 = (72, 02, w")T € R with w being a

vector of the parameters contained in the kernel function k(s;;, s;;/) .

2.4 Jayaram and Baker’s Multi-Stage Algo-
rithm

In this section, we review the multi-stage algorithm proposed by Jayaram and
Baker (2010) to estimate ground-motion models with spatial correlation. This
algorithm will serve as the current best benchmark procedure for our new
proposed method, so it is important to discuss its properties and compare its
approach to our proposed Scoring estimation approach. The algorithm consists
of three stages (see Figure 2.4) and follows the framework of the classical
geostatistical method (Zimmerman and Stein, 2010). In the preliminary stage,
the algorithm provisionally estimates the model parameters ignoring the spatial
correlation. In the second stage, the residuals from the estimated provisional
ground-motion prediction function are used to estimate the parameters in the
kernel function by fitting a parametric semivariogram model to the empirical

semivariogram. In the final stage, the preliminary estimates of model parameters
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from the first stage are updated given the spatial correlation structure fitted in

the second stage. We proceed to outline each stage in detail below.

Preliminary Stage:
e Obtain preliminary estimates of model parame-
ters by fitting the ground-motion model without
spatial correlation;

Spatial Correlation Stage:
e Compute the empirical semivariogram;
e Fit a parametric semivariogram model to the em-
pirical semivariogram;

|

Re-estimation Stage:
e Given the estimated spatial correlation structure,
update the preliminary estimates of model param-
eters.

Figure 2.4: Flowchart of the multi-stage algorithm proposed by Jayaram and Baker
(2010).

2.4.1 The preliminary stage

The preliminary stage of the algorithm aims at estimating ground-motion
models requiring no knowledge about the spatial correlation. Because the
spatial correlation is being ignored at this stage, authors such as Goda and
Hong (2008); Goda and Atkinson (2009, 2010); Sokolov et al. (2010) adopted
estimation methods introduced by Abrahamson and Youngs (1992) or Joyner
and Boore (1993) to obtain the estimates of unknown model parameters b, 72,
and o2. Other authors such as Wang and Takada (2005); Jayaram and Baker
(2009); Esposito and ITervolino (2011, 2012) obtained the estimates of b, 72,

and o? by simply adopting existing ground-motion models developed without
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consideration of spatial correlation.

2.4.2 The spatial correlation stage

The spatial correlation stage is designed to estimate w, a vector of unknown

parameters in the kernel function, from the total residuals
eg) = Y;j - f(X2]7 b)

in which b is the estimate of b given by the preliminary stage. Because the
total error term
(t)

51']' =& + i

consists of intra-event errors €;; and inter-event errors 7, , the total residuals

can be represented by intra-event residuals &;; and inter-event residuals 7); :

® _~ 4 »

Then one defines a random process of the standardised intra-event errors

. €
€=—

withe = (¢],...,e}) and e = (g],...,e})"

. Assuming that the process of
intra-event errors is second-order stationary and isotropic, Jayaram and Baker
(2009) constructed for each earthquake i the empirical semivariogram 7;(d) ,
a moment-based estimator defined by Cressie (1993), of €; from the scaled

intra-event residuals:

The empirical semivariogram 7;(d) is calculated by

7i(d) = m > (%—%)2

z5d)

N\ 2
T 2|N,5(d)] 8
16 d)
2.5
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in which N; s(d) is a d-neighbourhood set consisting of all site pairs (j, j') such
that
d—0 < ||Sij — SZ‘jIHQ <d+9

during earthquake ¢ and |N; s(d)| is the number of distinct pairs in V; 5(d) .

Each empirical seimivariogram 7;(d) is then fitted by a common parametric
semivariogram model v(d) constructed from a stationary and isotropic kernel

function k(d) according to the relationship given by
2 (d) = 1— K(d), (2.6)

whose proof is available in Section A.1 of Appendix A. One can then obtain the
estimate @; of w for each earthquake ¢ by fitting v(d) to the sample estimator
given by 7;(d) via estimation methods such as least-squares and trial-and-
error methods (i.e., a manual fitting method focusing on fitting the empirical
semivariogram at short separation distances d). Jayaram and Baker (2009)
then computed the estimates w;—;__n for spectral accelerations at different
structural periods and built linear regression models to obtain the estimate of

w for a given structural period.

Unlike Jayaram and Baker (2009) who estimated w by constructing empirical
semivariogram for each earthquake i, Esposito and Iervolino (2011, 2012) built

a pooled empirical semivariogram 7(d) given by

® B\ ?
V() = 5 E e
2INs(d)] £ ( o

in which Ns(d) is a d-neighbourhood set consisting of all site pairs (7, j') such
that

d—0< Hsij_s’ij/HZ <d+9

across all earthquakes i € {1,..., N}. The estimate of w is then obtained by
fitting a parametric semivariogram model v(d) to 7(d) via least-squares and

trial-and-error methods.

Jayaram and Baker (2009) discussed the method of least squares and the trial-
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and-error method and suggested that the trial-and-error method is a better
choice because of its simplicity and better fit at separation “distances that are

of practical interest” (Jayaram and Baker, 2009).

2.4.3 The re-estimation stage

The objective of the re-estimation stage is to update the estimates B, o2 and
72 obtained in the preliminary stage by considering the spatial correlation
structure established in the spatial correlation stage. Algorithm 1 illustrates
the re-estimation procedure proposed by Jayaram and Baker (2010). How-
ever, Jayaram and Baker (2010) did not report any convergence properties of
the procedure. In Section A.2 of Appendix A, we demonstrate that the re-
estimation procedure can be alternatively constructed based on the idea of the
Expectation-Maximisation (EM) algorithm (Laird and Ware, 1982; Brillinger
and Preisler, 1985; Laird et al., 1987). Therefore, the re-estimation procedure
is a non-decreasing algorithm (i.e., I(02, 7%, blw = @) is increased at each itera-
tion) as long as the fixed-effects regression algorithm (step 4 of the Algorithm 1)
solves the following generalised least squares problem with respect to b:
N
b**t) = arg min > Y = £(Xi, b) = 7L, "9 (@)Y — £(X5, b) — il ]

i=1

(2.7)

2.4.4 Problems of the multi-stage algorithm

Although the multi-stage algorithm is feasible in practice and may be numeri-
cally stable by estimating the spatial kernel function in separate steps (i.e., the
preliminary and spatial correlation stages), it is not optimal in various aspects

from a statistical estimation perspective.

First, the least squares estimator of w produced by the first two stages of the
algorithm is inconsistent (i.e., @ does not converge in probability to the true
value of w). Lahiri et al. (2002) and Kerby (2016) discussed the conditions

for the consistency of the least squares estimator of w. To have a consistent
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Algorithm 1 The re-estimation procedure (Jayaram and Baker, 2010)

Require: 1) Y;, X;; and s;; fori e {1,...,N} and j € {1,...,n;};
2) Estimate @ of w obtained in the spatial correlation stage.
Ensure: Updated estimates of b, 02 and 72.
1: Initialisation: R
1) obtain the initial estimate b®) of b by a fixed-effects regression

algorithm setting 7,—1, .~ = 0;
~(1 ~(1
2) obtain the initial estimates 02( : and 7'2( : by maximising the log-

likelihood function:

SN n 1 &
2 2 INe . i=1"" 2 200.(55
[ (a 2 b=bW, w= w) = —Tlln(%r) ~3 ;:1 In |71, s, + 072 (@)]
1 - . -
-3 > 1Y — £(Xi, D) (7714, + 0 (@)) T [Y; — £(X;, Y]
i=1

2: repeat

. =~ -~ ~, (k) ~ DN
3. Given b%® 027 7277 and @, obtain Ni=1,..n from

—w L, Q71 (@) [Yi — £(X;, b®)]

= — : 2.8
T A0 @)L, 28)

4:  Given 7=, obtain bk+1) , the estimate of b at iteration k41, using a
fixed-effects regression algorithm by setting n; = 7; for alli € {1,..., N};
~ R L~ (k1 ~ (k1 o
5. Given b®**Y and @, obtain 02(A : and 72( ) by maximising the log-
likelihood function [(0?, 72|b = b+1) @ = &)
6: until [(0?, 72, b|w = @) is maximised and parameter estimates converge.

least squares estimator of w, we need the empirical semivariogram 7(d) to be a
consistent estimator of v(d). However, this consistency typically requires very
restrictive asymptotic conditions in which “not only the number of locations
increases but the distance between them decreases” (Kerby, 2016). Further-
more, Kerby (2016) showed that observation locations must not be heavily
clustered (which is the case in reality where the recording sites are indeed
clustered, especially at near-fault locations) and the bandwidth ¢ need to be
carefully chosen so that the consistency of the empirical semivariogram 7(d)

is ensured. In addition, the consistency of the empirical semivariogram 7(d)
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requires the estimators of b and o2 obtained from the preliminary stage to be
consistent. However, although the estimator of b obtained in the preliminary
stage is consistent (due to asymptotic independence between b and W), the es-
timator of o2 is not (as o2 and @ are asymptotically dependent). Consequently,
the least squares estimator of w obtained at the spatial correlation stage is
not consistent. Finally, the least squares estimator of w can be statistically
inefficient (Lahiri et al., 2002), and naively using the formula of asymptotic
standard error estimate produced by software packages based on ordinary least

squares can cause incorrect confidence interval on w .

With regard to the trial-and-error method, although it fits the parametric semi-
variogram model to the empirical semivariograms better than the least squares
at short separation distances, Stein (1999) illustrated in a simulation study
that this eyeball procedure leads to substantial prediction errors, especially
when the spatial correlation structure is misspecified. Besides, this manual
fitting procedure makes it impossible to evaluate the asymptotic properties of
the estimator of w. Therefore, such a heuristic procedure should not become

the standard.

Moreover, the first two stages are only capable of estimations of isotropic and
stationary correlation structures and inflexible in considering more advanced

(e.g., non-stationary) spatial kernel functions.

In addition, the re-estimation procedure maximises the conditional log-
likelihood function /(02,72 blw = @) given the pre-computed estimate & .
Because the least squares estimator of w is inconsistent, the resulting estima-
tors of b (although consistent) are statistically inefficient, and estimators of 72

and o2 are both inconsistent and statistically inefficient.

Additionally, because the re-estimation procedure can be interpreted via the
idea of the EM algorithm, it suffers from the “hopelessly slow linear con-
vergence” (Couvreur, 1997) and is very sensitive to the initial parameter

values (Gao and Wang, 2013).
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Furthermore, unlike the Scoring estimation approach introduce in Section 2.5,
the multi-stage algorithm does not produce asymptotic standard error esti-
mates of model parameters as by-products. As a consequence, the multi-stage
algorithm requires extra computations and complexities in its implementation
when asymptotic standard error estimates are desired. Finally, it is worth
noting that the equations provided by Jayaram and Baker (2010) for asymptotic
standard error estimates of 72 and o2 are only valid when estimators of 72 and
o? are asymptotically independent. However, 72 and o2 are not asymptotically
independent, thus, their asymptotic variance estimates should be obtained by

taking the first and the second diagonal entry of

2 -1
of(corwg)}  wloormsen )

2 2 ’
Y ~19 -12
o {C(O) 1990) ¢ (9) 13?7(5))} tr { (C(e) 1 aﬁjf))) } -
0=(r2,02,0 )T
(2.9)
in which
Tzlmxm + 0291(w) 0 e 0
C(e) = 0 7_21nz><n2 + 0292((‘)) T 0
0 0 tt Tz]-TLNX?’LN + U2QN((—L’)

However, even matrix (2.9) may not give the correct asymptotic standard error
estimates of 72 and 2 because the least squares estimator of w is inconsistent

and asymptotic variances of 72 and o2 depend on that of @.

To avoid the above complications and statistical deficiencies inherent in the Ja-
yaram and Baker (2010) multi-stage estimation procedure, we introduce the
Scoring estimation approach, a method based on maximum likelihood estima-
tion framework. The proposed Scoring estimation approach produces model
parameter estimators consistently in a single stage algorithm, which admits
any parametric class of kernel functions and associated spatial correlation

properties, including anisotropic or non-stationary choices.
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2.5 A One-Stage Algorithm: the Scoring Esti-

mation Approach

The one-stage estimation approach we propose here aims at obtaining the
maximum likelihood estimate of @ by maximising the following log-likelihood

function:

l(a) =In L(e)

Xty on - MOOL Ly wyreey - x b,

(2.10)

where L(ax|Y) is the likelihood function, (X, b) = (£f(Xq, b)", ..., f(Xy, b)T)T

andY = (Y/,...,Y)T.

The classic statistical method to maximise the log-likelihood function (2.10)
is via the Newton-Raphson algorithm. The Newton-Raphson algorithm finds
the estimate of a that maximises the log-likelihood function (2.10) via the

updating equation:
aktl = g® — H-(a®)s@a®), (2.11)

in which @® denotes the estimate of o at iteration step k, and

S(a) = % and H(a) = ;ang)T

represent the gradient and Hessian matrix of [(a), respectively. In general,
however, the Newton-Raphson algorithm may not be a robust maximisation
algorithm when applied directly to applications such as the one in this study.
There are numerous reasons for this. First, even though the Hessian matrix
is negative definite at the local maximum, the Hessian matrix may not be
negative definite at every iteration. Thus, the algorithm does not guarantee
an ascent direction of the log-likelihood function and may converge to a local
minimum if positive definite Hessian matrices are encountered during the
updates. Second, the Hessian matrix can sometimes have poor sparsity and

thus can be computationally expensive to evaluate at each iteration. Finally,
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the Hessian matrix can be indefinite or even singular (Seber and Wild, 2003),

causing numerical instabilities in the Newton-Raphson algorithm.

To overcome these issues, the Scoring estimation approach is proposed to obtain
the maximum likelihood estimate of . The Scoring estimation approach is
based on the method of Scoring introduced by Fisher (1925), which is a
modified version of the Newton-Raphson algorithm. The updating equation for
the Scoring estimation approach is obtained by replacing the negative Hessian

matrix, —H(a), by the expected (or Fisher) information matrix, I(a):
a* ) =a® 17 a®)s(a) (2.12)

with

I(a) = ~E[H(@)] - -5 | 12|

dada”
Let o be the true parameter value of a and assume that L(a) and its first
derivatives with respect to e are continuous in the domains of a and Y . Then

it can be shown (Wooldridge, 2010) that

L) = A(aw) (2.13)
with
A= e

which is positive-definite. This result states that the expected information
matrix I(ay) is always positive-definite, meaning that if we replace e in I(a)
by a® | then each iteration of the approach will lead the log-likelihood function
in an uphill direction. Therefore, the Scoring estimation approach is more
numerically stable than the Newton-Raphson algorithm. Furthermore, equa-
tion (2.13) states that only the gradient of [(e) is required for the calculation
of the expected information matrix I(e), implying that computation in each

iteration of the approach is usually quicker than that of Newton-Raphson.

Denote the gradient S(a) and expected information matrix I(e) of I(ex) by
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the partitions

Sp () Ipp () Ipe(av)
S(a) = and I(a) =

Se(ax) Ion(ar) Ige(cx)
Then, the Scoring estimation approach obtains the maximum likelihood estimate

of a by the updating equations in Theorem 2.1.

Theorem 2.1 The updating equations for the Scoring estimation approach are
given by
b*) = b® L I (@a®) s, (a®) (2.14)

i+ — gik) I (a®) Se(a™), (2.15)

i which

the i-th element of Sp(av) is given by

su(all, = | T | oy b

the i-th element of Sg(cx) is given by

S(a)l, = - yu {0 50
+ %[Y — f(X, b)]Tc—l(e)%g)c—l(e)[Y —f(X, b)];

the ij-th element of Ipp(a) is given by
(X, b)]" L,
1 === e /L
t(a)l, = | 5| o) T
the ij-th element of Ipg(x) is given by

[Tog(cv)],; = %tr {cl(wagéf)cl(magé? } '

~—

Proof The proof is given in Section A.3 of Appendix A. O

It can be seen from the updating equations (2.14) and (2.15) that the Scoring
estimation approach is able to update the estimates of b and 8 by separate

equations. This separation has two advantages. For the Newton-Raphson
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update equation (2.11), it requires at each iteration the complexity (i.e., a
concept in computer sciences describing the amount of time required for running
an algorithm) of O(p?) dominated by the inversion of the Hessian matrix
H(a®™). However, thanks to the separation, the Scoring estimation approach
only requires at each iteration the complexity of O(p? + p3) dominated by

inversions of
Ibb(&(k)) € RP*Pr and Igg(a(k)) c RP2%P2 ,

in which p; 4+ po = p and p; and p, are dimensions of b and 6, respectively.
Therefore, the separate updating equations in the Scoring estimation approach
reduce computational expenses. In addition, equations (2.14) and (2.15) indi-
cate that the Scoring estimation approach only requires inversions of Ip,(a@®))
and Igg(a™), each of which has a smaller size than the Hessian matrix H(a®)
in the Newton-Raphson algorithm. Pyzara et al. (2011) showed that the size
of a matrix is positively connected to its condition number, and the condition
number of an ill-conditioned matrix (e.g., a Hilbert matrix) can grow at a re-
markably higher rate than that of a well-conditioned matrix as its size increases.
Thus, inversions of matrices of smaller sizes in the Scoring estimation approach
mitigate the risk of developing large condition numbers, which reduces the

effects of round-off error and thus improves the computational stability.

2.5.1 Asymptotic properties of the maximum likelihood

estimator

Applying the asymptotic results of M-estimator (Wooldridge, 2010; Demidenko,
2013), we have that the maximum likelihood estimator & is consistent, asymp-
totically normal, and statistically efficient when N — oo. The asymptotic

standard error estimate se(a) of & = (BT, 6" )T can be obtained by

B(b) = /diag [T, (&)] (2.16)

and

R(6) = /diag [Tpg (@0)] . (2.17)
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in which a@®) is the final estimate of a (i.e., the estimate of o given by the

Scoring estimation approach at iteration K where the convergence is reached).

Because I} (a®) and Iyy(a®) are involved in the updating equations of
the Scoring estimation approach, the asymptotic standard error estimates are

by-products of the approach and can be obtained easily after the final iteration

K.

2.5.2 Implementing the Scoring estimation approach

Algorithm 2 illustrates the implementation procedure of the Scoring estimation
approach. The convergence criterion can be defined either as absolute distance
or relative distance between estimate a@*+t1) and &®). According to Golub and
Van Loan (2012), the absolute convergence criterion in g-norm can be defined

as

Rabs = H&(]H_D - a(k)Hq

However, when magnitudes of model parameters in a differ widely, a sufficient
low tolerance level is required to achieve a satisfactory accuracy at the cost
of speed. In such a case and if &®) £ 0, the relative convergence criterion in

g-norm defined by
la®D — a®,

la® 1l

Rrel =

is preferred. The choice of tolerance levels for k,,s and k.. depends on problems

under consideration and trade-offs between accuracy and speed.

Algorithm 2 Scoring estimation approach
Require: Y;, X;; and s;; fori € {1,..., N} and j € {1,...,n;}.
Ensure: Estimates of b and 8 with corresponding asymptotic standard error
estimates. N N
Initialisation: choose values for b®) and ™) :
repeat
Update the estimate of a = (b", 87)" by equations (2.14) and (2.15);
until the convergence criterion is met;

Obtain estimates of asymptotic standard errors of b and 6 by equa-
tions (2.16) and (2.17).
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2.5.3 Numerical considerations

Many ground-motion prediction functions contain both linear and nonlinear
parameters in b. When the dimension of b is large, it can be more compu-
tationally effective to separate linear and nonlinear parameters and update
their estimates separately to make the Scoring estimation approach better-
conditioned and faster to maximise the log-likelihood function. This can be
achieved in many families of ground-motion prediction functions, which contain

combinations of linear and nonlinear components in the parameters.

To carry out updates for the linear and nonlinear parameter estimates sepa-
rately in the Scoring estimation approach (named separable Scoring estimation
approach thereafter), the ground-motion prediction function f(X;, b) is decom-

posed as

f(X;, b) = g(Xi, 7)8, (2.18)

in which 3 € RP'* represents a vector of linear parameters in b with its design

matrix g(X;, ) and v € RP*2 is a vector of the nonlinear parameters in b.

Leta = (v", BT, 87)" and denote the gradient S(a) and expected information
matrix I(a) of [(a) by the partitions
Sy () Ly(a) Lyg(a) Lye(c)
S(a) = |Sg(a)| and I(e) = |Igy(a) Igs(r) Igo(cx)

Se(a) Toy(a) Tgp(a) Tge(cx)

Then, the updating equations are given by Theorem 2.2.

Theorem 2.2 The updating equations for the separable Scoring estimation

approach are given by

5 (k+1)

A =30+ (Ly(@") - Ls(@®) Igs(a") L, (aV))

6+ — ") 4 1.1 (a®) Se(a®)

B\(kﬂ) _ Igé(,/?(k—i-l)’ §(k+1)) [gT(X7 Q(k—&-l))c—l <§(k+1)) Y] 7
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in which g(X, v) = (g(le ', e(Xy, 'Y)T)T and

the i-th element of S, () is given by

5@l = | 5] ooy - six, g,

The i-th element of Sg(cx) is given by

+5IY —8(X, )8]7C(6)

[Se(@)]; = -

aC(8)
9

o Igg(a) is given by

Ins(a) =g(X,v) ' C1(0)g(X, 7);

the ij-th element of I, (cx) is given by

I IR U=

the ij-th element of Ipg(x) is given by

the i-th row of Lyg(cx) (or the i-th column of Ig,(ax)) is given by

. e =[085 1T
Lys(@)];, = Tay(a)],; = o P (0)g(X, 7).
Proof The proof is given in Section A.4 of Appendix A. U

It can be seen from equation (2.19)-(2.21), that after separating the linear and
nonlinear parameters in ground-motion prediction functions via decomposition
in equation (2.18), the Scoring estimation approach amounts to three updating
equations in each iteration. The updating equation (2.21) for 3 has an analytical
form given the estimates of 4 and @ obtained from updating equations (2.19)
and (2.20). The further separation of the update scheme caused by the isolation
between linear and nonlinear parameters reduces the complexity of each iteration

from O(p? + p3) (in the ordinary Scoring estimation approach) to O(p3, + p3, +
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P34+ phpi2 + plapi1) , in which piy 4 p12 = p1 and py; and pig are dimensions of
B and -y, respectively. Another advantage of the separable Scoring estimation
approach is that the conditioning of the algorithm is improved because of the
further separation. Finally, the separable Scoring estimation approach only
requires initial values of v and 6 to be set because the initial value B\(l) of B
can be obtained by (2.21) using 4" and 6. Consequently, the convergence
criterion is only required for v and 6, implying that the convergence may be

achieved with fewer iterations.
Define

I gs(a) =Ly () — Lyg (av) IE}; () Iy (@)

and apply block matrix inversion on equation (2.16), the asymptotic standard

error estimates of 4, B and @ are then given by

) = y/diag [I"hg (6] (2.22)

R(B) = y/diag [T (aK)JrIBEa (@) I, (@I, (@) Lg (@0)) I3 (@0)]
(2.23)

\/d1ag , (@F))] . (2.24)

The Algorithm 3 outlines the implementation procedure for the separable

Scoring estimation approach.

Algorithm 3 Separable Scoring estimation approach
Require: Y;, X;; and s;; fori € {1,..., N} and j € {1,...,n;}.
Ensure: Estimates of 3, v and 6 with corresponding asymptotic standard
error estimates.
1: Initialisation: R
1) choose values for ¥ and ™)
2) compute the value of B\(l) by equation (2.21);
repeat
Update the estimates of a = (v", 87, 87)T by equation (2.19) to (2.21);
until the convergence criterion is met;

Obtain the asymptotic standard error estimate of & by equation (2.22)
0 (2.24).

Although the separable Scoring estimation approach is generally fast to converge
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and numerically stable, it can be improved to further speed up the computation
and reduce the chances of numerical errors. For example, we can perform
inexact line search to promote the convergence by adding a step length ¢®) to

the updating equation (2.12) of the Scoring estimation approach:
atkth — gk 4 SO(R)Ifl(&(k))s(a(k))

and identify an appropriate value of ¢*) at each iteration k such that the log-
likelihood function value is increased adequately at minimum cost. Desirable
values for step lengths can be searched by algorithms that terminate upon
certain conditions, such as the Wolfe conditions (Wolfe, 1969, 1971). For
details of the inexact line search, its implementation algorithms as well as
other optimisation techniques that may be applied to improve the numerical
performances of the Scoring estimation approach, readers can refer to Gill et al.

(1981) and Nocedal and Wright (2006).

2.6 Simulation Study

The purpose of this section is to quantify and compare the performances of the
multi-stage algorithm and the Scoring estimation approach. The performance
of an estimation method can be measured by the accuracy of the obtained
model parameter estimates and the resulting predictions. However, this requires
knowledge about the true underlying model that is unknown in reality, causing
the evaluation of an estimation method difficult in terms of its true performance.
To resolve this issue, simulation studies can be implemented. Simulation studies
are synthetic experiments conducted on computers under planned conditions,
meaning that the generator of the ground-motion data (i.e., the true underlying
ground-motion model and its parameter values) is chosen by experimenters and
thus fully informative. As a result, the performance of an estimation method
can be tested. Simulation studies have been used previously in earthquake
modelling in work such as Chen and Tsai (2002); Arroyo and Ordaz (2010);
Worden et al. (2018).
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2.6.1 Generator settings

The first step of the simulation study is to specify the underlying generator
(i.e., the true ground-motion model) of the considered IM. Specifically, in this
simulation study, PGA is used as the considered ground-motion IM. To eliminate
the effects of model misspecification, the true ground-motion model is chosen to
have the same model representation as the hypothetical ground-motion model
specified in Section 2.3 with the ground-motion prediction function (proposed

by Akkar and Bommer (2010)):

f(Xij, b) = by + by M; + by M7 + (ba + bs M;) logy \/m

+ b7 Sg,ij +bs Saij + by Fni+ bio Fri, (2.25)

in which
e M; is the moment magnitude (My ) of earthquake i ;

e R;; is the Joyner-Boore distance (R;p) (i.e., the closest distance to
the surface projection of the rupture plane) in kilometres of site j in

earthquake 7 ;

e Sg;; and S4,; are dummy variables determining the soil type at site j

during earthquake ¢ according to
(1, 0), soft soil,
(Ss,ij> Saij) =4 (0, 1), stiff soil,
(0, 0), rock;

o [y, and Fp; are dummy variables indicating the faulting type of earth-

quake i according to
(1, 0), mnormal fault,
(Fni, Fri) =1 (0, 1), reverse fault,

(0, 0), strike-slip fault.
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Two kernel functions are selected for illustrative purposes:

k1 (d) = exp <—%) (2.26)

ko(d) = (1 + %) exp <—%) , (2.27)

which are special cases of Matérn kernel with v = 0.5 and v = 1.5, respectively.

and

The first kernel function (2.26) (i.e., exponential kernel function) represents
a type of spatial correlation structure that is commonly used in works such
as Jayaram and Baker (2009, 2010); Esposito and Iervolino (2011, 2012) and
allows for an instructive comparison between the two estimation methods.
The second kernel function (2.27) is smoother than the kernel function (2.26)
and admits the comparison between the two estimation approaches when the

logarithmic PGA field is smooth.

The parameter values in the true ground-motion model are outlined in Table 2.1.
The values for by, ..., b1, 72 and o2 are chosen based on the regression results
given by Akkar and Bommer (2010) for the ground-motion model of PGA. The
value of the range parameter h in the kernel function (2.26) is set arbitrarily to
11.5 km. This value of h corresponds to d = 34.45 km when p = 0.05 with the
kernel function (2.26). To get the same p value at the same distance d = 34.45
km, it is found that h = 12.58 km for the kernel function (2.27).

2.6.2 Choice for covariates

Before synthetic PGA datasets can be generated, the information of covariates
needs to be known. The information of covariates includes the number of earth-
quakes N, the number of recording sites n; during each event (i.e., earthquake)

as well as their locations s;;, and the values of predictors

Xz] = (Mlu R’Lj7 SS,ij7 SA,iju FN,i7 FR,i)-

In this simulation study, the information of covariates is extracted from a his-

torical ground-motion database, the European Strong-Motion (ESM) database,



2.6. Simulation Study 49

Table 2.1: Parameter values chosen for the assumed true
ground-motion model

Parameter Value Parameter Value
b1 1.0416 bs 0.0153
by 0.9133 by -0.0419
b3 -0.0814 b1o 0.0802
by -2.9273 72 0.0099
bs 0.2812 o? 0.0681
be 7.8664 h(vr=0.5)" 11.50km
b7 0.0875 h(v=1.5)" 12.58km

*The range parameter h in the kernel function (2.26)
(i.e., Matérn with v = 0.5).
T The range parameter h in the kernel function (2.27)
(i.e., Matérn with v = 1.5).

which ensures the generation of realistic scenarios for comparison of the two
estimation methods. In using this database, we apply to the database the
selection criteria detailed below so that the proposed simulation study can be

independently verified and reproduced:

e retain events occurred within Italy;

e retain events with moment magnitude My, > 5, removing events without

My, information;
e remove events without information of fault types;
e retain recording sites with epicentral distance R, < 250 km;

e remove recording sites without information of Vg3, the average shear-

wave velocity (in m/s) in the upper 30 meters of the soil;
e remove recording sites that are not free-field;

e remove recording sites with redundant site information (e.g., co-located

recording sites) in a single event; and

e retain events with at least two recording sites.
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After the implementation of the above selection criteria, the resulting catalogue
used in this simulation study consists of 2150 entries of recording sites (in
which the same recording site may appear in different earthquakes) from 62
earthquakes of 5 < My, < 6.9 in Italy from 1976 to 2016. The geographical
distribution of the 62 earthquakes with their moment magnitudes, and the

distribution of inter-site distance in each earthquake are shown in Figure 2.5.

(@) F—- (b)
' 7.0
45° N
651 O

N =% 8
5.5
. oo}
o 50<My<55 ¢ Oo
35° N @ 55< My <6.0
@ 60< My <65 5.0 b
‘ 6.5 < My < 7.0 * * *
J 0.01 1 100 500
5 E 10°E 15° B 20° B d (km)

Figure 2.5: (a) The geographical distribution of 62 earthquakes of 5 < My < 6.9
in Italy from 1976 to 2016. The epicentre of each event is labelled by a
filled circle (o), whose size is scaled by the moment magnitude (Myy) of
the event. (b) The distribution of inter-site distance in each earthquake
(represented by its corresponding moment magnitude) on a log scale.

The R;p of each recording site in each earthquake is calculated based on the
corresponding fault geometry (e.g., strike angle, dip angle, rake angle, length,
and width), if information of the finite-fault model is available. Otherwise, R;p
is estimated by the empirical relationship between R.,; and R;p (Stucchi et al.,
2011) if the corresponding earthquake is with My, > 5.5 and is set to be R,
if the corresponding earthquake is with My, < 5.5. The obtained R;p for each
recording site of each earthquake in the resulting catalogue for this simulation
study is less than 250 km. The site classification of each recording site in
each earthquake is obtained based on the information of Vg3 from the ESM
database. In ESM database, Vg3 is either obtained from in-situ experiments or
inferred from the topographic slope according to Wald and Allen (2007). It is

preferable to use Vgsg from the experimental measurements, and if that is not
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available, the inferred Vg3 is used instead. The soil type of each recording site
of each earthquake in the catalogue for this simulation study is then classified
(according to Akkar and Bommer (2010)) as soft soil if Vgzg < 360 m/s, stiff
soil if 360 m/s < Vgzp < 750 m/s, and rock if Vgzg > 750 m/s.

2.6.3 PGA data generation

Given the true ground-motion model and information of covariates, we can

simulate synthetic datasets of logarithmic PGAs through Algorithm 4.

Algorithm 4 Synthetic logarithmic PGA dataset generation

Require: Specified true ground-motion model and information of covariates.
Ensure: A synthetic dataset of logarithmic PGAs (denoted by y).

. Compute the covariance matrix C(6) where 6 = (72, 0%, h)"

Compute the Cholesky factor L such that LLT = C(0);

Compute the value of f(X, b);

Generate independently G = ZZ]\LI n,; standard normal random numbers
v=(v,...,06)";

5. Return a synthetic dataset of logarithmic PGAs by y = f(X, b) + Lv.

2.6.4 Evaluation of the estimation performance

In this section, estimation performances of the multi-stage algorithm and the
Scoring estimation approach are evaluated and compared. We first generate
T = 1000 synthetic datasets of logarithmic PGAs via Algorithm 4. Then
for each of the synthetic dataset, the multi-stage algorithm and the Scoring
estimation approach are implemented. Let &, and se(a;) represent, respectively,
the estimate and the asymptotic standard error estimate of a model parameter
a € {b, 7%, 02, h} produced by one of the two estimation methods on some
synthetic dataset ¢ € {1,...,7T}. The estimation performance of either method

then can be evaluated by computing the following criteria:

e root mean squared error (RMSE), computed by

pm
1 ~
RMSE = | | = Z (@ — ),
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in which «y is the true parameter value (given in Table 2.1) of a;

e coverage rate (CR), defined by the percentage of 7 synthetic datasets
in which the true parameter value oy falls into the 95% confidence interval

constructed from &; and se(ay) .

Table 2.2 illustrates the estimation criteria of the parameter estimators produced
by the multi-stage algorithm and the Scoring estimation approach under the
kernel functions (2.26) and (2.27). It can be observed that the RMSEs of all
parameter estimators from the Scoring estimation approach are less than those
from the multi-stage algorithm under both types of kernel functions. Although
the RMSEs of estimators of b, ..., bjp produced by the multi-stage algorithm
are not significantly higher than those produced by the Scoring estimation
approach, the RMSEs of ;2, o2 and T are noticeably different between the
two methods. For 72 , the multi-stage algorithm produces 50% higher RMSE
than the Scoring estimation approach under the kernel function (2.26) and two
times larger RMSE than the Scoring estimation approach under the kernel
function (2.27). With regard to o2 , the RMSE from the multi-stage algorithm
is around eight times larger than that from the Scoring estimation approach
under the kernel function (2.26) and more than 30 times larger than that from
the Scoring estimation approach under the kernel function (2.27). Similar
observations can be seen regarding the estimator of h, whose RMSE from the
multi-stage algorithm is 12 times higher than that from the Scoring estimation
approach under the kernel function (2.26) and about 26 times larger than that
from the Scoring estimation approach under the kernel function (2.27). These
findings imply that the estimators, particularly the estimators of 72, 02, and h,

given by the Scoring estimation approach are more robust.

Finally, it can be found that the CRs under the Scoring estimation approach
are relatively stable across different model parameters, the CRs for 72, 02, and
h under the multi-stage algorithm are remarkably lower than the expected

95% confidence level, indicating that the constructed confidence interval from
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Table 2.2: Comparison of the estimation performance between the multi-stage algorithm and
the Scoring estimation approach

Multi-Stage Algorithm* Scoring Estimation Approach

v = 0.5 v=1.5" v=0.5 v=15

RMSE! CRI RMSE CR RMSE CR RMSE CR
by 25540 94.8 2.8160 95.7 2.5156 94.4 2.6551 92.8
by 0.8875 94.0 0.9795 94.8 0.8749 94.0 0.9234 92.8
by 0.0780 93.6 0.0862 94.0 0.0769 93.6 0.0811 92.3
by 03184 98.3 0.3529 99.9 0.3013 94.4 0.3071 95.0
b; 0.0573 98.4 0.0634 99.8 0.0541 93.9 0.0551 94.7
bs 0.8631 96.6 0.9250 89.7 0.8438 95.9 0.8092 94.3
b;  0.0158 93.3 0.0055 80.3 0.0154 95.3 0.0054 94.5
bs  0.0087 91.6 0.0017 83.3 0.0085 94.3 0.0016 96.2
by 0.0661 92.4 0.0723 92.9 0.0649 92.4 0.0651 92.8
by 0.0712 91.2 0.0740 92.9 0.0701 91.0 0.0683 92.7
72 0.0052 51.3 0.0076 26.5 0.0034 88.9 0.0035 89.2
o? 0.0197 1.6 0.0790 0.0 0.0025 94.2 0.0026 94.9
h 86122 0.2 9.8763 0.0 0.7582 93.7 0.3773 94.3

* Jayaram and Baker (2010).

 Corresponding to the kernel function (2.26) (i.e., Matérn type with v = 0.5) with
h = 11.50 km.

F Corresponding to the kernel function (2.27) (i.e., Matérn type with v = 1.5) with
h = 12.58 km.

$ Root mean squared error of the corresponding parameter estimator.

I Coverage rate (in percentage and rounded to one decimal place) of the corresponding
parameter.

the multi-stage algorithm is biased in a non-conservative manner, that is, too
narrow on average, and there exist risks of wrong decisions on hypothesis tests
relating to model structure for the resulting GMPE under such an estimation
procedure. The low CRs of 72 and o2 are partly due to the non-optimal
formulas of asymptotic standard error estimates given by Jayaram and Baker
(2010) and partly due to the separate estimation of h and the inconsistency of
h. The low CR of h is because of the naive use of the asymptotic standard
error formula for ordinary least squares and the inconsistency of o2 produced

from the preliminary stage.

To examine how the estimation performances of the multi-stage algorithm
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and the Scoring estimation approach change, when the sample (i.e., event)
size N varies, we extract two sub-catalogues from the full catalogue described
in Section 2.6.2. One sub-catalogue has the size of N = 46, which includes
the events occurred by the end of the year 2010. Another sub-catalogue has
the size of N = 29, which includes the events occurred by the end of the
year 2000. We then generate 1000 synthetic datasets of logarithmic PGAs
for both sub-catalogues and implement the multi-stage algorithm and the
Scoring estimation approach, which provides 1000 sets of estimates for each
sub-catalogue under each estimation method. Figure 2.6 and 2.7 present the
sampling distributions of by, .. ., by under kernel function (2.26) and (2.27),
respectively. As we expected in Section 2.4.4, both the multi-stage algorithm

and the Scoring estimation approach produce consistent estimators of by, ..., by
(i.e., the sampling distributions of 31, e ,310 converge to the true parameter

values as N increases).

We emphasise in Section 2.4.4 that 7:\2, (;2, and h produced by the multi-stage
algorithm are inconsistent, meaning that the sampling distribution of 73, UAZ,
and T from the multi-stage algorithm will not converge to the true parameter
values as N grows. This statement is illustrated in Figure 2.8. Under both the
kernel function (2.26) and (2.27), the sampling distributions of 72, 02 and h
produced by the Scoring estimation approach converge to the true parameter
values as N increases. In contrast, the sampling distributions of 7/'\2, <;2, and
h produced by the multi-stage algorithm are biased. Moreover, the sampling
distributions of 72 and &2 produced by the multi-stage algorithm under the
kernel function (2.27) behave worse than those under the kernel function (2.26)
because increasing sampling variances and a larger number of outliers are

observed.

2.6.5 Evaluation of the predictive performance

The estimated ground-motion models allow one to perform ground-motion

predictions at locations where recording sites are unavailable (e.g., generate
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Figure 2.6: Sampling distributions for estimators 31, . ,/510 under the kernel func-

tion (2.26) with A = 11.50 km. The left three boxplots (reading from
left to right) in each panel correspond to event sizes of N = 29, 46,
and 62 under the multi-stage algorithm, respectively; the right three
boxplots (reading from left to right) in each panel correspond to event
sizes of N = 29, 46, and 62 under the Scoring estimation approach,
respectively; the three event sizes correspond to events by the end of
the year 2000, 2010, and 2016, respectively. The dashed line in each
panel represents the true parameter value.
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Figure 2.7: Sampling distributions for estimators 31, . ,/510 under the kernel func-

tion (2.27) with h = 12.58 km. The left three boxplots (reading from
left to right) in each panel correspond to event sizes of N = 29, 46,
and 62 under the multi-stage algorithm, respectively; the right three
boxplots (reading from left to right) in each panel correspond to event
sizes of N = 29, 46, and 62 under the Scoring estimation approach,
respectively; the three event sizes correspond to events by the end of
the year 2000, 2010, and 2016, respectively. The dashed line in each
panel represents the true parameter value.



2.6. Simulation Study 57

@ -~ (0

0.04} * : ] 0.04} .
¥ 1
72 0.02 | S 72 0.02 ]
20 46 62 29 46 62 20 46 62 29 46 62
(C) 0.4 (d) 0.4

i

— + +

; 02% o +A h % 1 %%'} ;

0 0
2 46 62 20 46 62 2 46 62 2 46 62
(e) , () ,
40t ¥ 1 40
H ) Loy,
ho 20} % | h 2 % % : ]
0 L 0l A
2 46 62 2 46 62 2 46 62 20 46 62

Figure 2.8: Sampling distributions for estimators TA2, ;5, and h: (a), (c) and (e)
correspond to the kernel function (2.26) with A = 11.50 km; (b), (d) and
(f) correspond to the kernel function (2.27) with A = 12.58 km. The
left three boxplots (reading from left to right) in each panel correspond
to event sizes of N =29, 46, and 62 under the multi-stage algorithm,
respectively; the right three boxplots (reading from left to right) in each
panel correspond to event sizes of N = 29, 46, and 62 under the Scoring
estimation approach, respectively; the three event sizes correspond to
events by the end of the year 2000, 2010, and 2016, respectively. The
dashed line in each panel represents the true parameter value.

a ground-motion shaking intensity map). Therefore, it is vital to assess the
predictive performances of the ground-motion models estimated by the multi-
stage algorithm and the Scoring estimation approach. To this goal, we examine
the prediction accuracy for a selected event with ID ‘IT-1997-0137", which
corresponds to the earthquake with My, = 5.6 occurred in the regions of
Umbria and Marche in 1997 and has n. = 15 recording sites. This particular
event is selected because it is included in both the full catalogue (events by

the end of the year 2016) and the two sub-catalogues (events by the end of the
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year 2000 and 2010) described in Section 2.6.4. This allows us to examine how
the predictive performance of an estimation method changes as the number
of events used for estimation varies. The prediction region of the event is set
to be within a distance of 250 km from the epicentre (see Figure 2.9). The
ground-motion models used for predictions are those estimated from the full

catalogue and the two sub-catalogues in Section 2.6.4.
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Figure 2.9: The region (within a distance of 250 km from the epicentre) of the
selected event with ID ‘I'T-1997-0137’. The epicentre of the event is
labelled by a filled star (3<); triangles (A) represent the recording sites
whose logarithmic peak ground acceleration (PGA) records (generated
in Section 2.6.4) are observed and used for predictions.

We first discretise the prediction region of the event by fine square grids with
mesh size A = 5 km and treat the resulting K = 5228 grid points as prediction
locations. Then, for each estimation method and each catalogue (i.e., the full

catalogue and the two sub-catalogues) we proceed with the following steps:

1. For each synthetic dataset ¢, compute the predictions z; = (214, ..., 2k 1)

on all grid points k € {1,..., K} by the plug-in predictor (Stein, 1999)
7= £(W, by) + 2(8)c ' (8) (v: — £(X., b)) | (2.28)

in which
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. Bt and GAt = (;Qt, 0/'\215, Et) are parameter estimates obtained from
synthetic dataset t¢;

o f(W, by) = (F(Wy, Bt), oo f(W, Bt))T is a K x 1 vector of mean
logarithmic PGAs with W, being a vector of predictors at grid
point k. The soil types at grid points are obtained from the U.S.
Geological Survey global Vg3o database;

e 3(0) =cov(Z,Y) and c¢(0) = var(Y) with Z and Y representing
vectors of logarithmic PGAs at grid points and recording sites,

respectively;

e y; is an n. x 1 vector of logarithmic PGAs at recording sites and is
obtained from the the ¢t-th synthetic dataset of logarithmic PGAs
simulated in Section 2.6.4;

o £(X,, b)) = (£(Xe1, by),- .., £(Xem,, b)) is an n. x 1 vector of
mean PGAs with X, ; being a vector of predictors at the recording

site 7 € {1,...,n.} of the event.

In this step, a ground-motion shaking intensity map can be generated from
the obtained Zz; , which represent the logarithmic PGAs on grid points
predicted by the estimated ground-motion model given the synthetic

observations yy ;

. For each y,;, generate a synthetic logarithmic PGA dataset z, =
(2145...,2K,) on all grid points k € {1,..., K} from the multivariate

Gaussian distribution with mean
f(W, by) + 3 (6p)c™" (60) (y: — (X, bo)),
and covariance matrix
P (6y) — E(8)c ™ (60) =" (6))

in which ¥(0) = var(Z), and by and 6, are true parameter values
chosen for b and @ in Section 2.6.1. To assess the quality of the ground-

motion shaking intensity map (i.e., the accuracy of the predictions z;)
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produced by the estimated ground-motion model in the last step, this step
generates the benchmark logarithmic PGAs (i.e., z;) on grid points using

the underlying true ground-motion model given the synthetic observations

Y

3. At each grind point &, compute the root mean squared error of predictions

(RMSEP) by

p
1 ~
RMSEP,, = T Z(zkt — Zt)?,
t=1

which measures the predictive accuracy of the estimated ground-motion

model at each grid point k.

In Figure 2.10, we plot at each grid point the percentage increase in RMSEP
from the multi-stage algorithm relative to that from the Scoring estimation
approach under three sample sizes of N = 29, 46 and 62 (corresponding to
events by the end of the year 2000, 2010 and 2016) with kernel function (2.26)
and (2.27). It can be seen that for both kernel function (2.26) and (2.27), as
N increases, the region where the RMSEP from the multi-stage algorithm is
greater than that from the Scoring estimation approach expands. When the
kernel function (2.26) is considered, we find that the RMSEP from the Scoring
estimation approach are smaller than those from the multi-stage algorithm,
especially around the recording sites (triangles in Figure 2.10). This is because
the spatial correlation structure in the ground-motion model is estimated with
higher accuracy by the Scoring estimation approach. Because recording sites
are often concentrated in the near-fault regions, the difference between the
RMSEP from the Scoring estimation approach and that from the multi-stage
algorithm becomes more distinct within the near-field (the region bounded
by the dashed circle in Figure 2.10). This observation becomes remarkable
when the kernel function (2.27) is considered, in which the RMSEP from the
multi-stage algorithm can exceed that from the Scoring estimation approach

by more than 10% near the recording sites. Furthermore, Figure 2.10 also
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indicates that the Scoring estimation approach is less sensitive to the overfitting
problem than the multi-stage algorithm. As we can observe from (a) and (b)
in Figure 2.10, even the number of events is scare (i.e., N = 29), the predictive
performance of the Scoring estimation approach is still comparable or better
than that of the multi-stage algorithm over the region, especially when the

underlying spatial correlation follows the kernel function (2.27).

2.7 Impacts of Ignoring the Spatial Correla-
tion

We have demonstrated that the Scoring estimation approach outperforms
the multi-stage algorithm in terms of estimation and prediction. However, if
the spatial correlation structure is neglected from the ground-motion model
while the spatial correlation is significant in the ground-motion data, we
could obtained very biased estimates of model parameters, give misleading
interpretation on the contributions of covariates. In addition, the predictive
performance of the estimated ground-motion model may be degraded. Because
most of the existing ground-motion models (e.g., Akkar and Bommer (2010);
Abrahamson et al. (2014); Bindi et al. (2014); Boore et al. (2014); Campbell and
Bozorgnia (2014); Chiou and Youngs (2014); Idriss (2014)) are proposed without
any form of spatial correlation structure, we investigate in this section how the
ignorance of spatial correlation influences the model parameter estimates and

the predictive performance of the estimated ground-motion model.

2.7.1 Impact on parameter estimation

To assess how the parameter estimates could be influenced by the ignorance
of spatial correlation in the ground-motion model, 1000 synthetic datasets of
logarithmic PGAs, which form a training set, are generated using the kernel
function (2.26) with A = 11.50 km. The Scoring estimation approach is then

applied to estimate, respectively, the ground-motion model with well-specified
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Figure 2.10: Maps of percentage increases in root mean squared error of predictions

(RMSEP) from the multi-stage algorithm relative to those from the
Scoring estimation approach at grid points: (a), (c) and (e) correspond
to the kernel function (2.26) with h = 11.50 km when N = 29, 46,
and 62, reading from top to bottom; (b), (d) and (f) correspond to
the kernel function (2.27) with h = 12.58 km when N = 29, 46, and
62, reading from top to bottom. Triangles (A) are recording sites and
the dashed circle defines the border of the near-field (within 50 km
from the epicenter).
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spatial correlation structure (i.e., with the kernel function (2.26)) and the
ground-motion model without spatial correlation structure (i.e., with the kernel
function (2.4)). The sampling distributions for by, ..., by obtained under the

two ground-motion models are shown in Figure 2.11. It can be seen that

although the estimators of by,...,b1g produced by the Scoring estimation
approach are generally unbiased for both models, estimators such as 65, e ,38

exhibit larger variances when the spatial correlation structure is ignored in the
ground-motion model. Comparisons between the sampling distributions for 72
and o2 under the two models are presented in Figure 2.12. We observe that
when the training set is generated by the kernel function (2.26) with h = 11.50
km, the estimates of the inter-event variance 72 from the ground-motion model
without spatial correlation structure are overestimated, but the estimates of

the intra-event variance o2

are underestimated. For the ground-motion model
with well-specified spatial correlation structure, however, the estimates of 72
and o2 produced essentially match their true values. To further investigate
such overestimation on 72 and underestimation on o2 when spatial correlation
is ignored from the ground-motion model, we refit the two ground-motion
models to two additional training sets, each of which consists of 1000 synthetic
datasets of logarithmic PGAs, generated using the kernel function (2.26) with
h = 30.00 and 60.00 km, respectively. From Figure 2.12, it can be seen that
as the value of h increases (i.e., the spatial correlation implied by the training
data becomes stronger), the overestimation on 72 and underestimation on o>
due to the ignorance of spatial correlation are amplified. On the contrary,
the estimates of 72 and ¢? from the ground-motion model with well-specified

spatial correlation structure are still concentrated around the true parameter

values.

We repeated the above procedure using the training sets generated by the
kernel function (2.27). The sampling distributions for /b\l, o ,310 , 7?2, and o2
under the two completing ground-motion models are visualised in Figure 2.13

and 2.14. Figure 2.13 indicates that the loss of statistical efficiency on the
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Figure 2.11: Sampling distributions for ?)\1, . ,310 of ground-motion models with

(S) and without (NS) spatial correlation structure. The estimates
are obtained from 1000 synthetic datasets generated under the kernel
function (2.26) with h = 11.50 km. The left boxplot in each panel
corresponds to the ground-motion model with spatial correlation
structure; the right boxplot in each panel corresponds to the ground-
motion model without spatial correlation structure. The dashed line

in each panel represents the true parameter value.
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Figure 2.12:

Synthetic dataset index

Synthetic dataset index

Sampling distributions for 72 and o2 of ground-motion models with
(S) and without (NS) spatial correlation structure (specified by
the kernel function (2.26)). The estimates are obtained from 1000
synthetic datasets generated under the kernel function (2.26) with
h = 11.50, 30.00, and 60.00 km, respectively. (a), (c) and (e) cor-
respond to the estimates of 72; (b), (d) and (f) correspond to the
estimates of o2.
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estimator of b becomes more apparent when the ground-motion model without
spatial correlation structure is fitted to the training data with smoother spatial
correlation. From Figure 2.14, we find that fitting the ground-motion model
without spatial correlation structure to the training data with smoother spatial

2

correlations will cause severer overestimation on 7% and underestimation on

0%. In contrast, the changed smoothness of the spatial correlation in the
training data does not influence the accuracy of estimating 72 and o? in the

ground-motion model with well-specified spatial correlation structure.

2.7.2 Impact on predictive performance

In this section, we consider the predictive performance of the estimated (via the
Scoring estimation approach) ground-motion model without spatial correlation
structure for the event selected in Section 2.6.5. To investigate the predic-
tive performance when observations are available in the far-field, 15 artificial
recording sites are added to the event (see Figure 2.15). The addition of the 15
artificial recording sites increases the entries of recording sites in the catalogue,

which is described in Section 2.6.2, from 2150 to 2165.

On the basis of the updated catalogue, we then generate six training sets,
each of which includes 1000 synthetic datasets of logarithmic PGAs, using
the generator specified in Section 2.6.1 with A~ = 11.50, 30.00 and 60.00 km
for the kernel function (2.26) and with h = 12.58, 32.81 and 65.63 km for the
kernel function (2.27). For each training set, we estimate the ground-motion
model with well-specified spatial correlation structure (i.e., with the same kernel
function as the underlying generator) and the ground-motion model with no
spatial correlation structure by the Scoring estimation approach. The predictive
performances of the estimated ground-motion models are subsequently assessed
by the RMSEP obtained via the procedure detailed in Section 2.6.5. The
RMSEPs produced by the estimated ground-motion models with and without
spatial correlation are plotted in Figure 2.16 and 2.17. These figures show

that when the spatial correlation structure is ignored from the ground-motion
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Figure 2.13: Sampling distributions for ?)\1, . ,310 of ground-motion models with

(S) and without (NS) spatial correlation structure. The estimates
are obtained from 1000 synthetic datasets generated under the kernel
function (2.27) with h = 12.58 km. The left boxplot in each panel
corresponds to the ground-motion model with spatial correlation
structure; the right boxplot in each panel corresponds to the ground-
motion model without spatial correlation structure. The dashed line

in each panel represents the true parameter value.
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Figure 2.14:
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Sampling distributions for 72 and o2 of ground-motion models with
(S) and without (NS) spatial correlation structure (specified by
the kernel function (2.27)). The estimates are obtained from 1000
synthetic datasets generated under the kernel function (2.27) with
h = 12.58, 32.81, and 65.63 km, respectively. (a), (c) and (e) cor-
respond to the estimates of 72; (b), (d) and (f) correspond to the
estimates of o2.
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Figure 2.15: The region (within a distance of 250 km from the epicentre) of the
selected event with ID ‘I'T-1997-0137’, to which artificial recording
sites are added. The epicentre of the event is labelled by a filled
star (%9); triangles (A) represent the historical recording sites of
the selected event described in Section 2.6.5. Inverted triangles (%)
represent the artificial recording sites that are added to the selected
event. The observations at both historical and artificial recording
sites are used for prediction.

model, the resulting predictions are poor across the study region regardless
of the strength (i.e., the magnitude of h) and the smoothness (i.e., the choice
between the kernel function (2.26) and (2.27)) of the spatial correlation implied
by the training data. In addition, we find that whereas the RMSEP around
the recording sites are only weakly improved when the spatial correlation is
ignored from the ground-motion model, the RMSEP near the recording sites
are significantly reduced when the spatial correlation is well-specified in the
ground-motion model. For example, when the spatial correlation implied by the
training data are characterised by the kernel function (2.26) with h = 60 km,
little reductions in RMSEP can be observed around the recording sites if the
data are fitted by the ground-motion model without spatial correlation structure
(see (f) in Figure 2.16). However, the improvement of predictions near the

recording sites is obvious when the spatial correlation structure is well-specified
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in the ground-motion model (see (e) in Figure 2.16). Furthermore, it is found
that the reductions of RMSEP caused by the availability of recording sites
are consistent in near-field and far-field, when the ground-motion model with
well-specified spatial correlation structure is considered. However, under the
ground-motion model without spatial correlation structure, the improvement
of predictions caused by the proximity to the recording sites is clearer in the

near-field than in the far-field, which suffers high RMSEP in all considered

scenarios.

2.8 Conclusion

In this chapter, we construct ground-motion models with repeated Gaussian
processes and introduce a one-stage training algorithm, namely the Scoring
estimation approach. The estimators produced by the approach have good
statistical properties such as consistency, statistical efficiency and asymptotic
normality. In addition, to yield consistent, statistically efficient and asymptoti-
cally normal estimators, the approach requires only a large number of events
(that can be assumed to be independent) even with a small number of records
per event, something that is historically relevant to earthquake records. The
simulation study demonstrates that the Scoring estimation approach generally
outperforms the multi-stage algorithm proposed by Jayaram and Baker (2010)
in terms of estimation and prediction. With regard to estimation, the Scoring
estimation approach produces parameter estimators in an accurate and stable
manner under both smooth (e.g., kernel function (2.27)) and less smooth (e.g.,
kernel function (2.26)) kernel functions. Regarding the predictive performance,
the simulation study indicates that the ground-motion model with spatial
correlation estimated via the Scoring estimation approach produces smaller
prediction errors than the multi-stage algorithm does, especially at locations
around the recording sites and when the spatial correlation is smooth. Because
the estimation of ground-motion models with spatial correlation is a key ingre-

dient in developing GMPEs for use in PHSA, the Scoring estimation approach
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Figure 2.16: Maps of RMSEP from ground-motion models with and without spatial
correlation structure (specified by the kernel function (2.26)). Ground-
motion models are fitted to synthetic datasets generated under the

kernel function (2.26) with h = 11.50, 30.00, and 60.00 km.
(c) and (e) correspond to the ground-motion model with spatial

(a),

correlation structure; (b), (d) and (f) correspond to the ground-

motion model without spatial correlation structure. Triangles (A)

and inverted triangles (v7) are historical and artificial recording sites,
respectively. The dashed circle defines the border of the near-field
(within 50 km from the epicentre).
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Figure 2.17: Maps of RMSEP from ground-motion models with and without spatial
correlation structure (specified by the kernel function (2.27)). Ground-
motion models are fitted to synthetic datasets generated under the

kernel function (2.27) with h = 12.58, 32.81, and 65.63 km.

(a),

(c) and (e) correspond to the ground-motion model with spatial
correlation structure; (b), (d) and (f) correspond to the ground-
motion model without spatial correlation structure. Triangles (A)
and inverted triangles (v7) are historical and artificial recording sites,
respectively. The dashed circle defines the border of the near-field
(within 50 km from the epicentre).
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provides a statistically robust way that increases the estimation accuracy in
ground-motion model construction and has the potential to reduce prediction
errors in ground-motion shaking intensity maps, which in turn can improve the

earthquake-induced loss assessment process.

The Scoring estimation approach is then used to assess the accuracy of model
parameter estimates and subsequent prediction under the condition that spatial
correlation structure is ignored in ground-motion models. It is demonstrated
that neglecting spatial correlation structure in ground-motion models can cause

inconsistent and statistically inefficient estimators, and inaccurate predictions.

Finally, because the Scoring estimation approach provides a relatively accurate
estimation of the spatial correlation parameters (e.g., h in the exponential
kernel function), as a by-product of the ground-motion model estimation, this
approach could be applied to areas that do not have well-recorded events, giving

the opportunity to provide a first estimate of a spatial correlation model.

2.8.1 Practicalities

In this last section we discuss several aspects of the practicalities of the Scoring
estimation approach, aiming to address two key numerical issues of the approach
and the importance of the asymptotic information produced by the approach

when it is applied to real ground-motion datasets.

Local and global maxima

The maximum likelihood estimation framework used in the Scoring estimation
approach requires the global maximum to be found so that the asymptotic
properties can be established. However, it is generally not guaranteed that
the global maximum of the likelihood function can be located by the Scoring
estimation approach. If the likelihood surface is multimodal, the Scoring esti-
mation approach may be trapped at local maxima, where the corresponding
optimised parameter estimates can be unrealistic, e.g., the estimate of range

parameter is very large indicating that the IMs at all sites are perfectly corre-
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lated. Nevertheless, the issue of local maxima can be checked and mitigated
to some extent by using some practical methods. The simplest way would
be initiating the Scoring estimation algorithm with different initial values of
the model parameters and checking whether the optimised model parameters
give higher likelihood. Since the multimodality (i.e., the nonconcavity of the
likelihood function) is often in respect of kernel parameter w and intra-event

variance o2

, another approach is to plot the likelihood surface between w and
o? given the optimised values of other model parameters and check visually
if the global maximum is indeed reached. This approach is generally feasible
and not very computationally expensive since w is one-dimensional in kernel

functions such as (2.26) and (2.27).

It is worth noting that even we have the global maximum, the optimised model
parameter estimates may not give sensible interpretations. For example, the
range parameter can be very small or large at the global maximum. In such
situations, one may need to increase the data size in the hope that the likelihood
function becomes well-behaved. Otherwise, one may have to retreat to Jayaram
and Baker’s multi-stage algorithm assuming that the estimate of h given by
the spatial correlation stage is the true value of the range parameter, and thus

lose the capacity to measure the uncertainty of spatial correlation.

[1l-conditioned covariance matrix

An ill-conditioned covariance matrix is associated with a large condition number,
which can cause numerical instabilities (e.g., accumulation of rounding errors) of
the Scoring estimation approach and thus deteriorate the subsequent predictions.
There are two main sources of an ill-conditioned covariance matrix. One source
is the dataset. The locations of some recording sites included in the dataset may
overlap or are very close to each other, causing singularity (condition number
being infinite) or near-singularity (condition number being very large) of the
constructed covariance matrix. The ill-conditioning issue due to this reason

can often be alleviated by only including one recording site at every location
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or by adding a very small jitter (e.g., 107°) to the diagonal elements of the
covariance matrix. The latter approach effectively adds a small noise term to
the ground-motion models. Changing kernel functions is another way to reduce
the condition number of a covariance matrix. Exponential kernel function (2.26)
is usually less prone to the ill-conditioned problem than the Matérn kernel (2.27)
with v = 1.5, which decays faster to zero as the distance between two sites
increases. Therefore, using the exponential kernel function for the ground-
motion model is often robust in terms of the numerical stability. Another
source of an ill-conditioned covariance matrix is the poor estimate of the range
parameter. When the Scoring estimation approach traps at local maxima or
the global maximum of the likelihood function is not well-behaved, the estimate
of the range parameter can be very large, causing a large condition number
of the covariance matrix. In such situations, one need resort to techniques

discussed in the last section to reduce the condition number.

Why asymptotic properties are useful?

Given that the global maximum is found and the model parameter estimates
are sensible, the asymptotic properties established under the Scoring estimation
approach allow one to conduct various analysis of the ground-motion model.
For example, one can construct hypothesis tests to conduct variable selection
and model comparison. Omne can also build confidence intervals to check
the uncertainties of the estimated spatial correlation, intra- and inter-event
variances. Therefore, the asymptotic information produced by the Scoring
estimation approach provides a useful toolbox for the practitioners to design
new ground-motion models that appreciate the underlying data and to test the

goodness-of-fit of the designed models.



Chapter 3

Integrated Emulators for

Systems of Computer Models

3.1 Introduction

Systems of computer models constitute the new frontier of many scientific
and engineering simulations. These can be multi-physics systems of computer
simulators such as coupled tsunami simulators with earthquake and landslide
sources (Salmanidou et al., 2017; Ulrich et al., 2019), coupled multi-physics
model of the human heart (Santiago et al., 2018), and multi-disciplinary systems
such as automotive and aerospace systems (Kodiyalam et al., 2004; Fazeley et al.,
2016; Zhao et al., 2018). Other examples include climate models where climate
variability arises from atmospheric, oceanic, land, and cryospheric processes
and their coupled interactions (Kay et al., 2015; Hawkins et al., 2016), or
highly multi-disciplinary future biodiversity models (Thuiller et al., 2019) using
combinations of species distribution models, dispersal strategies, climate models,
and representative concentration pathways. The number and complexity of
computer models involved can hinder the analysis of such systems. For instance,
the engineering design optimisation of an aerospace system typically requires
hundreds of thousands of system evaluations. When the system has feed-backs

across computer models, the number of simulations becomes computationally
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prohibitive (Chaudhuri et al., 2018). Therefore, building and using a surrogate
model is crucial: the system outputs can be predicted at little computational
cost, and subsequent sensitivity analysis, uncertainty propagation or inverse

modelling can be conducted in a computationally efficient manner.

Gaussian process emulators have gained popularity as surrogate models of
systems of computer models. However, many studies (Jandarov et al., 2014;
Johnstone et al., 2016; Salmanidou et al., 2017; Simpson et al., 2001; Tagade
et al., 2013) construct global GP emulators (named as composite emulators
hereinafter) of such systems based on a single GP model trained by global
inputs and outputs without consideration of system structures. One major
drawback of such a structural ignorance is that designing experiments can be
expensive because system structures may induce high non-linearity between
global inputs and outputs (Sanson et al., 2019). Furthermore, runs of the whole
system are required to produce new training points, even though the overall
functional complexity between global inputs and outputs originates from a
few computer models. This pitfall is particularly undesirable because modern

engineering and physical systems can include multiple computer models.

To overcome the disadvantages of the composite emulator, we propose a
structure-informed emulator, called integrated emulator, as the surrogate for a
system of computer models by integrating GP emulators of individual computer
models. The idea of integrating GP emulators has been explored by Sanson et al.
(2019) in a feed-forward system, but only using the Monte Carlo simulation to
approximate the predictive mean and variance of the system output. The Monte
Carlo method suffers from a low convergence rate and heavy computational
cost, especially when the number of layers in a system is high (Rainforth et al.,
2018) and the number of new input positions to be evaluated is large, making
it prohibitive for complex systems. Recently, two studies by Kyzyurova et al.
(2018) and Marque-Pucheu et al. (2019) have derived an emulator, called linked
emulator (Kyzyurova et al., 2018), for a feed-forward system of two computer

models in analytical form under the assumption that every computer model in
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the system is represented by the GP with a product of squared exponential

kernels over different input dimensions.

Inspired by the linked emulator, our integrated emulator provides analytical
expressions for mean and variance of the predicted output of any feed-forward
system at an unexplored input position. Furthermore, our analytical formulas
for the integrated emulator are derived under a general and flexible framework
that allows different computer models to be modelled by different GPs with
a wide range of kernel choices, such as the Matérn kernel with smoothness
parameter of 2.5. Indeed, the squared exponential kernel has been criticised for
its over-smoothness (Stein, 1999) and associated ill-conditioned problem (Dal-
bey, 2013; Gu et al., 2018). Particularly, the integrated emulator is more prone
to the latter issue than the composite emulator because the design (e.g., the
Latin hypercube design) of the global input can produce poor designs for GP
emulators of internal computer models. Thus, the generalisation of the kernel
assumption is necessary and several of our examples below require it. Our
framework can also be readily extended to systems with feed-back-coupled
computer models as such systems can be converted to feed-forward ones by
applying decoupling procedures such as the optimal approximations of cou-
pling (Baptista et al., 2018) or the surrogate-based approximation of coupling
variables (Chaudhuri et al., 2018).

The remainder of the chapter is organised as follows. In Section 3.2, we detail
the procedure and the theoretical method to construct the integrated emulator.
Synthetic experiments are provided in Section 3.3 to compare the training cost
and predictive performances of the integrated and composite emulators. A
feed-back coupled fire-detection satellite example is demonstrated in Section 3.4.
An adaptive designing strategy allowed by the integrated emulation is discussed
in Section 3.5. We conclude in Section 3.7. Key closed form expressions for the
integrated emulator and proofs of results are contained in the Appendix B and

Appendix C, respectively.
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3.2 Model and Method

We consider a system of computer models with a feed-forward hierarchy. In such
a hierarchy, the outputs of lower-layer computer models act as the inputs of
higher-layer computer models. An illustrative example of this type of hierarchy

is shown in Figure 3.1.

Layer 1 Layer 2 Layer 3 Layer 4

£ @
Global Input 1 — fl/ 2>< T

Global Input 2 Global Input 3

fe)— Global Output
T

Figure 3.1: An example of a four-layered feed-forward system of six computer
models.

3.2.1 GP emulators for individual computer models

The first step to construct the integrated emulator of a feed-forward system
of computer models is to build GP emulators for individual computer models.
The GP emulator of a computer model is itself a collection of GP emulators,
approximating the functional dependence between the inputs of the computer
model and its one-dimensional outputs. Each 1-D output emulator is con-
structed independently without the consideration of cross-output dependence,

as in Gu and Berger (2016) and Kyzyurova et al. (2018).

Let X € RP be a p-dimensional vector of inputs of a computer model and

Y (X) be the corresponding scalar-valued output. Then, given m sets of inputs

{Xy,..., X}, the GP model is defined by
Y(XZ):t(X“ b)+€i7 /L.Zl,...,m

where #(X;, b) = h(X;)"b is the trend with ¢ basis functions h(X;) =
[h1(Xi), ..., hy(X)]T and coefficients b = [by,...,0)]"; (e1,...,6m)" ~
N(0, 0?R) with ij-th element of the correlation matrix R given by R;; =
c(X;, X;) +nlyx,—x,}, where c(-, ) is a given kernel function; 7 is the nugget



3.2. Model and Method 80
term; and 1y, is the indicator function.

The specification of the kernel function ¢(-, ) plays an important role in GP
emulation as it characterises the sample paths of a GP model (Stein, 1999).
In this study we consider the kernel function with the following multiplicative

form:
p

Xy, X;) = Hck(Xik, Xjr),

k=1
where ¢(+,-) is a one-dimensional kernel function for the k-th input dimension.
Popular candidates for ¢(-, -) are summarised in Table 3.1. In Section 3.2.2, we
will show that the integrated emulator is applicable to all these aforementioned
choices. In Appendix C, we also derive the integrated emulator under the

additive form of c(-,-).

Table 3.1: Choices of ¢x(+,-). v > 0 is the range parameter for the k-th input
dimension.

Exponential ¢ (-,-) = exp {—W}

Squared Xy
E?(ponential k(5 ) =exp {_M}

Vi
Matérn-1.5  ¢(-,-) = (1 + 7\/§|ka_xjkl) exp {—7\/§|Xi’:k_xjk| }

. V5| Xk —X; 5(Xin—Xix)> V5| Xk —X;
Matérn-2.5 ck(~,~):<1+ l - el 4 5 "3%3 i) )exp{fi‘ - ]’“‘}

Assume that the GP model parameters 02, n and v = (71,...,7,) " are known

but b is a random vector that has a Gaussian distribution with mean by and

variance 72Vy. Then, given m inputs x” = (x],...,x/ )" and the correspond-
ing outputs y” = (y7,...,y7)", the GP emulator of the computer model is

defined by the predictive distribution of Y'(xq) (i.e., conditional distribution of

Y (xg) given y”) at a new input position x, (Santner et al., 2003), which is

Y (xo)ly” ~ N (10(x0), 03 (%0)) (3.1)
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with
110(x0) = h(x0) b + r(xo) TR (yT - H(XT)B> (3.2)
o8(x0) = 0% |1+ x(x0) "R "x(xo) + (B(x0) — Hx™) "R 'r(x0))
< (B TR + Sy (o) — HO) R r00) |,
(3.3)

where r(xo) = [c(x0,%7 ), ..., c(x0,x/ )T, H(x7) = [h(x]),...,h(x])]" and

b 4L <H(XT ) RH(xT) + i—zvol) 1 <H(XT)TR1yT + Z—;Volbo) .
Let 72 — oo (i.e., the Gaussian distribution of b gets more and more non-
informative), then all terms associated with by and Vg in equation (3.2)
and (3.3) become increasingly insignificant and thus we obtain the GP emulator
defined by the predictive distribution of Y'(x¢) with its mean and variance
given by

110(x0) =h(x0) b + r(x0) TR (yT - H(XT)B) (3.4)

oa(xg) =0 [1 +1n—r(xo) R™'r(x0) + (h(x0) — H(XT)TR_lr(xo))T

x (H(xT)TRH(x")) " (h(xo) — H(XT)TR—lr(XO))] (3.5)

with b 2L [H(XT)TR_IH(XT)]_I H(x7)"R™'y”, where po(x) and o(xo)

match the best linear unbiased predictor (BLUP) of Y(xg) and its mean
squared error (Stein, 1999). In the remainder of the study we use the predictive
distribution with mean and variance given in equation (3.4) and (3.5) as the
GP emulator of a computer model. Note that the GP model parameters o2,
nand v = (v,...,7)" in equation (3.4) and (3.5) are typically unknown
and need to be estimated. One may estimate these parameters by solving the

objective function

(77, %) = argmax L(0®, 1, ),
mYy
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where
~ R|z[H(x”) R 'H(x")| 2
5(02’77’7):! |2 |H( )AM( )|
(2mo?) 2
LT &) Rl (T ™h
><exp{—2(;2 <y — H(x )b) R (y —H(x )b) ,

is the marginal likelihood obtained by integrating out b from the full likeli-
hood function £(b, 02, 1, ) and have o2 replaced by its maximum likelihood

estimator

? = (y7 ~HxB) R (y" ~H)B) (3.6)

m—yq

def 1

with b <= [H(x")"R™H(x")] H(x")"R"'y7. Alternatively, the maxi-
mum a posterior (MAP) method is a more robust estimation technique (Gu
et al., 2018). It maximises the marginal posterior mode with respect to the

objective function

(7, 7) = argmax £(02, 1, ¥)7 (1, ¥), (3.7)

my

where 7(n, ) is the reference prior, see Gu et al. (2018) for different choices

and parameterisations.

After the estimates of 02,  and ~ are obtained, they are plugged into the
predictive distribution mean (3.4) and variance (3.5), forming the empirical
GP emulator of a computer model. In the remainder of the study, all GP
models of individual computer models are estimated using the MAP method
via the R package RobustGaSP. Note that RobustGaSP in fact estimates 1 and
~ with the marginal likelihood obtained by integrating out both b and 2.
However, as demonstrated in Andrianakis and Challenor (2009) the estimates
of  and  are not influenced by the integration of 0. As a result, we can
implement RobustGaSP to obtain the estimates of 1 and « produced by the
discussed MAP method and then have them plugged in equation (3.6) to obtain

the estimate of 2.
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3.2.2 Integration of GP emulators

Integrating GP emulators of individual computer models in a complex feed-
forward system is a challenging analytical work because it requires the integra-
tion of predictive distributions across a large number of layers. To reduce the
analytical efforts, we propose an iterative approach that collapses a complex
system into a sequence of two-layered computer systems so that at each iteration

we only need to integrate emulators across two layers.

Consider a general feed-forward system of computer models, denoted by ey,
with L layers. The iterative method constructs its emulator by successively
building integrated emulators of e;_, (1) for 2 =1,..., L — 1. For example, the
system in Figure 3.1 can be decomposed into three recursive systems shown in
Figure 3.2. The iterative approach then takes three iterations to produce the

integrated emulator of e;_,4.

Layer 1 Layer 2 Layer 3 Layer 4

€14

Global
Input 1

Global

/ 0 Output

Global Global
Input 2 Input 3

Figure 3.2: The recursive systems ej_,o, €13 and ej;_,4 of the computer system in
Figure 3.1.

Without loss of generality, we consider the i-th iteration of the iterative approach
to emulate e;_,(;;1) with respect to its one scalar-valued output y. At this
iteration, we effectively have a two-layered computer system with e;_,; in the
first layer and a computer model g (belonging to the system e;; in layer i + 1)
that produces y in the second layer. Assume that e;_,; have a d-dimensional

output and is approximated by a collection of d one-dimensional emulators
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]/“\1, e ,ﬁl, which are GP emulators when ¢ = 1. Otherwise, they are integrated
emulators. Let g be the GP emulator of g with respect to y. Then, the

connections between these emulators are visualised in Figure 3.3.

X1 — ]/C\l — W
~ 1 T —
X2 i fy —— W — g — Y
: A B Wd —
Xq — fd T V4

Figure 3.3: The connections of emulators to be integrated at the i-th iteration of
the iterative approach for emulating a general feed-forward computer
system ej_,;, with L layers. J/“\l, fo..o fd are one-dimensional emulators
approximating the computer system e;_,;; g is a one-dimensional GP
emulator of the computer model g (belonging to the system e;11 in
layer i + 1) with respect to the scalar-valued output y.

The integrated emulator of e;_, ;1) with respect to the one-dimensional output
y is defined as the predictive distribution of Y (xy,..., X4, z), given the global
inputs x1,...,x4 and z. This predictive distribution is naturally given by the

probability density function

Pl xa. ) = [ plolwa)plwlxi . xdw,(38)

where w = (w1, ..., wy)". However, p(y|xi,...,Xq, z) often has no closed form
expression and the resulting predictive distribution is not Gaussian in general.
One might employ methods such as Monte Carlo simulation to compute the
integral in equation (3.8) numerically at each given input position and use
the resulting sampled density as the predictive distribution. However, such an
approach is computationally expensive and the resulting integrated emulator is
analytically intractable. To obtain the integrated emulator analytically, in the
following, we demonstrate that under Assumption 1 and 2 below, the mean and
variance of the predictive distribution of Y (xy,...,Xy, z) can be calculated in

closed form, subject to the choice of the 1-D kernel functions in GP emulator .

Let Y(W,z) be the output of the GP emulator g at inputs

W = [Wi(x1),...,Wa(x4)]" and z=(z1,...,2,)",
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where Wi(xy),...,Wu(x4) are outputs of (GP or integrated) emulators

]/”\1, . ,]?d at the input positions x;,...,X,. Assume that the GP emulator
g is built with m training points w’ = (w/,...,w/)", 27 = (z],...,z])T
and y7 = (y],...,yl)", where w] = (w],... w])" and 2] = (2],...,2])"
for all i = 1,...,m. We make the following assumptions:

Assumption 1 The trend function t(W, z, 0, 3) in the GP model for the
computer model g is specified by t(W, z, 0, 3) = W0 +h(z)' 3, where

e 0= (917"'76d)—|— andﬁz (517"'7511)1—7‘

e h(z) = [hi(z),...,h,(2z)]" are basis functions of z;

ind

Assumption 2 Wy (xx) ~ N (ug(xx), o2(xx)) fork=1,...,d.

Theorem 3.1 Under Assumption 1 and 2, the output Y (xy,...,Xq4,2) of the
computer system ej_, 1) predicted at the input positions Xy, ...,Xq and z has

analytical mean p; and variance o2 given by

pr=p' 0 +h(z)'B+1A, (3.9)
o} =AT(I-T")A+20" (B-pl')A+u{6 0}

Vi
+ o2 (1 ++tr{QJI}+ G CG +tr {CP - 2CﬁTR*1K}), (3.10)
. .

where

~1T ~ ~\ —1
e p=[m(x), . palxa)]" and |87, BT L (HTRTH) HR Y
o Q =diag(o?(xy),...,02(x4)) and P = blkdiag(£2, 0);
e A=R! (yT w78 - H(ﬂ)ﬁ) with H(z) = [h(z]), ..., h(z7)]";

~ ~ ~\ —1 ~
e Q—R'H (HTR*1H> H'R!— R with H = [w’, H(z")];

e G=[u", h(z)]", C= (ﬁTRlﬁ)l and K = [BT, Th(z)"];
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e I is am x 1 column vector with the i-th element given by

p d
I; = H Ck(zk7 ZZ;;) H Sk
k=1 k=1
where &, g [Ck<Wk(Xk), wz,;)} ;

e J is a m x m matriz with the ij-th element given by

p
H (26, 2ip,) cr(2n, 2 Jk HCZ]]C?
where i, K ) [ck(Wk(xk), w}) ce(Wi(xz), wﬁ)] ;

e B is a d x m matrix with the lj-th element given by

= Ui Hfgk H ez, 2 jk

k=1
k£l

where ) (Wi(x) cl(Wi(xy), wjm :

Proof The proof is in Section C.1 of Appendix C. U

Note that V; and V4 in formula (3.10) give a closed form expression for
Var (114(W,z)) and E [02(W, z)] respectively with 11,(W,z) and 02(W, z) be-
ing the mean and variance of g (see Section C.1 of Appendix C). If we define
Vs as the contribution of § to the variance o7, V; then represents the overall
contribution of emulators j/:l, e ,j/";l to the variance 0. One can also define

Vi(S) Z= Varw, ., (Ew,eee [1t6(W, 2)]) (3.11)

where S C {1,...,d} and S° is the complement of S, as the contribution of
emulators ﬁeg to the variance 0?.
Proposition 3.2 Vi (S) defined in equation (3.11) has the closed form expres-
siton given by

Vi(S) = AT (3 - IIT> A+207 (]§ - uIT> A+tr{§§rﬁ},

where
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e Qisadxd diagonal matriz with its k-th diagonal element given by

o (%i) Lkesy;

o J is am x m matriz with the 17-th element given by

=[I¢n 1] &k&kHCk %k, ) (2, 2J1);

keS keSe

e B is a d x m matriz with the [j-th element given by

wH@kHck 2, 2y), €S,
k 1

/MHfﬂcHCk 2, 2)), €SS
(k=1

Proof The proof is in Section C.2 of Appendix C. O

Equation (3.10) together with Proposition 3.2 thus provides a fast way to
evaluate the uncertainty contributions of emulators from different layers, and

will be utilised to improve designs of GP emulators across layers in Section 3.5.

Proposition 3.3 The three expectations &, Cijr and ; defined in Theo-

rem 3.1 have closed form expressions for all 1-D kernel functions in Table 3.1.

Proof The derivations under exponential case, squared exponential case and
more challenging cases of Matérn-1.5 and Matérn-2.5 are given in Section C.3
of Appendix C. The final closed form expressions for the three expectations

are summarised in Appendix B. O

Note that the closed form expressions of y; and o7 in Theorem 3.1 are estab-
lished under Assumption 2 where the emulators ﬁ, e ,j:l (i.e., the predictive
distributions of Wi(x1), ..., Wy(x4)) need to be Gaussian. However, .
may not be Gaussian when the iterative approach reaches the second step (i = 2)
because the integrated emulators built in the first iteration (i = 1) are not
Gaussian in general. Therefore, to ensure that the integrated emulator of the

computer system e;_,;, can be constructed by the iterative approach analytically,
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we employ the Gaussian distribution N (ur, %) with its mean u; and variance
0?2 matching those given by Theorem 3.1 at each given iteration i. Although
the Gaussian distribution with matching mean and variance may not be a good
approximation of the actual predictive distribution of Y (x1,...,%4, z) when
i > 2, it minimises the Kullback—Leibler (KL) divergence between the actual
predictive density p(y|xy,...,Xq4, z) and a Gaussian density N (u, 0?) (Minka,
2013):
(ur, 07) = argmin KL (p(y[x1, .. ., Xa, 2)||N (1, 07)) .

w0
Thus, the utilisation of Gaussian approximation with matching moments (i.e.,
mean and variance) at each iteration is justified in the sense of minimised
information loss. Once the integrated emulator is constructed by the iterative
approach, its empirical version is obtained by plugging the estimates of param-
eters of individual GP models into the mean and variance of the integrated

emulator.

In the remainder of the chapter, the Matérn-2.5 kernel will be used as the
default 1-D kernel function for integrated emulation, unless otherwise stated.
We choose Matérn-2.5 because we found that it can often prevent from the ill-
conditioned correlation matrices (with condition number close to the machine
precision) created by the large training size or the poor design (i.e., very
closed training points) under the squared exponential kernel. In addition, the
Matérn-2.5 kernel still retains most of the smoothness induced by the squared
exponential kernel (Gu et al., 2018). As we will demonstrate in Section 3.3,
we sometimes need to switch to a Matérn-1.5 kernel when the design becomes
extremely poor due to a higher density of training points under large training
sizes, a situation where the Matérn-1.5 kernel provides both satisfactory mean
predictions and predictive uncertainties. Meanwhile, it provides sufficient
smoothness, compared to a very rough exponential kernel. Nevertheless, our
integrated emulator can function with all kernels presented in Table 3.1, and

different kernels can be used in the GP emulators of different computer models.
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3.3 Synthetic Experiments

In this section, we compare the training cost and predictive performance of
the integrated emulator with those of the composite emulator in two synthetic

computer systems with a different feed-forward structure.

3.3.1 Experiment 1

The first experiment is a system with three computer models composed se-
quentially (see Figure 3.4). The individual computer models fi, fo and f3 with
scalar-valued output wy, we and y respectively are defined by the following

analytical expressions:
fi =sin(rz), fo=cos(bw;) and f3 = sin(wj),

where the range of interest for the global input x is between —1 and 1.

Layer 1 Layer 2 Layer 3
x —fi wy f2 wa ‘H Y
Figure 3.4: Computer system in experiment 1 where fi, fo and f3 have 1-D input
and output.

The constructed composite and integrated emulators with the same ten equally
spaced training points are shown in Figure 3.5(a) and 3.5(b) respectively.
The comparison demonstrates that the integrated emulator drastically outper-
forms the composite one, with excellent mean predictions and small predictive

variances under identical information.

To compare the training cost between the composite and integrated emulators,
we compute at seven different training set sizes (i.e., 5, 10, 15, 20, 30, 40 and
50) the normalised root mean squared error of prediction (NRMSEP) that is
defined by

T n
\/% Dot 2 (Y(xi) — py(xi))?
max{y(xi)izl,...,n} - min{y(xi)izl,...,n}7
where y(x;) denotes the true global output of the system evaluated at the

NRMSEP =

(3.12)
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-0.5 0 0.5 1.0 -1.0 -0.5 0 0.5 1.0

x x
(a) Composite Emulator (b) Integrated Emulator

Figure 3.5: Composite and integrated emulators of the computer system in experi-
ment 1. The solid line is the true functional form between the global
input and output of the system; the dashed line is the mean prediction;
the shaded area represents 95% prediction interval; the filled circles are
training points used to construct the emulators.

testing input position x; for i = 1,...,n; ut(x;) is the mean prediction of the
respective (integrated or composite) emulator built with the ¢-th training set

of total T training sets, each of which has the same size of training points.

At each training set size, the corresponding NRMSEP is evaluated at n = 100
testing positions equally spaced over [—1, 1] and 7" = 100 randomly generated
training sets from the maximin Latin hypercube sampling. For the training set
size of 40 and 50, we use Matérn-1.5 instead the default Matérn-2.5 kernel for the
GP emulator of f5. This is because when training size is large Latin hypercube
designs on x can produce poor designs on wy (i.e., very closed training positions),
causing ill-conditioned correlation matrix (i.e., large condition number exceeding
10'?) for the GP model of f, with Matérn-2.5 kernel and thus inaccurate mean
predictions from the resulting integrated emulator. The comparison in Figure 3.6
provides two implications. Firstly, the integrated emulator effectively reduces to
almost zero NRMSEP with a small number of training points (i.e., around 15).
In contrast, the composite emulator slowly reaches to a negligible NRMSEP
with 50 training points. Secondly, at a given training set size (e.g., 15), the

integrated emulator can achieve significantly more reductions in predictive error
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than the composite emulator.

50F
. . Composite Emulator
40y 3 ——a—— Integrated Emulator
&
% 30F )
wn e,
= 20+
£
10+
L]
ok A A b 9
5 10 15 20 30 40 50

Training set size

Figure 3.6: NRMSEP of composite and integrated emulators in experiment 1.

3.3.2 Experiment 2

In this experiment, we explore the predictive performance of the integrated
emulator in the computer system shown in Figure 3.7. The three computer

models in the system have the following analytical functional forms:
f1 =30+ 5xysin(bzy), fo=4+exp(—dry) and f3 = (wiwy —100)/6

with x; € [0, 2] and x5 € [0, 2].

Layer 1 Layer 2
T, — fl —_ w
T
- —
w2 e Y
To — f2 -

Figure 3.7: The computer system in experiment 2 where f; and f, are two computer
models with one-dimensional input and output, and f3 is a computer
model with two-dimensional input and one-dimensional output.

The composite (Figure 3.8(a)) and integrated (Figure 3.8(b)) emulators of the
system are constructed with ten training points generated by the maximin
Latin hypercube sampling. For the integrated emulator, a Matérn-1.5 kernel
with a nugget term is chosen for the GP emulator of f3. This is because under a
Matérn-2.5 kernel (even with a nugget term), the estimated correlation matrix

is ill-conditioned (with condition number around 10'®) due to the relatively
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large estimates of range parameters. Such an ill-conditioned matrix causes
significant round-off errors in double precision arithmetic, and thus severely
degrades the predictive accuracy of the integrated emulator. Figure 3.8 shows
that the integrated emulator outperforms the composite emulator in terms of
both mean predictions and prediction bounds. While the composite emulator
fails to mimic the true system function in areas where the training points are
scarce, the integrated emulator matches the true function well even over regions

(e.g, the peak and ridge) far away from the training points.

I True function I True function

B Mean prediction /\ B Mean prediction

95% prediction bounds 95% prediction bounds
'/

0.5
1 x

2 1.5 1
(gt

(a) Composite Emulator (b) Integrated Emulator

Figure 3.8: The composite and integrated emulators of the system in experiment 2.
The filled circles are training points used to construct the emulators.

The predictive performances of the composite and integrated emulators are
further compared by computing the NRMSEP at 12 training set sizes (i.e., 5,
10, 15, 20, 30,...,100). At each selected training set size, NRMSEP of both
composite and integrated emulators are calculated based on n = 10000 testing
position equally spaced over the global input domain [0, 2] x [0, 2] and T" = 100
Latin hypercube samples. Figure 3.9 shows that the NRMSEP of the integrated
emulator quickly drops to values close to zero with only 20 training points. In
contrast, the NRMSEP of the composite emulator slowly decays to a negligible
level at a training set size around 60. This corroborates the superiority of the
integrated emulator for a computer system with multiple computer models in

a layer.
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Figure 3.9: NRMSEP of composite and integrated emulators in Experiment 2.

From both this experiment and the experiment 1, we note that Matérn-2.5 and
Matérn-1.5 kernels are essential to build integrated emulators of feed-forward
computer systems because they offer reasonable choices on smoothness while
at the same time efficiently alleviate the issue of ill-conditioned correlation
matrices caused by sources such large range parameter estimates and poor
designs (especially when sample size is large). Furthermore, in Section 3.5 we
will discuss a smart designing strategy that can further mitigate such numerical

issues caused by the poor designs of individual computer models.

3.4 Integrated Emulator for a Feed-Back Cou-
pled Satellite Model

In this section, we construct the integrated emulator of the fire-detection
satellite model studied in Sankararaman and Mahadevan (2012). This satellite
is designed to conduct near-real-time detection, identification and monitoring
of forest fires. The satellite system consists of three sub-models, namely
the orbit analysis, the attitude control and power analysis. The satellite
system is shown in Figure 3.10. It can be seen from Figure 3.10 that there
are nine global input variables H, Fj, 0, Ly, q, Rp, L, Cyq, Poner and three
global output variables of interest 7y, Piot, Ase. The coupling variables are
At orvit, Dtectipse, Vs Osiews Pacss Imaz and Lyiy,. Since Aty is the input to both

power analysis and attitude control, there are total eight coupling variables.
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Note that the system has feed-back coupling because the coupling variables
Pacs, e and I,,;, form an internal loop between power analysis and attitude
control. Therefore, to implement the integrated emulation framework on the
global output variables, the system is converted to a feed-forward one by
applying the decoupling algorithm proposed in Baptista et al. (2018). The
decoupling algorithm identifies four weakly coupled variables At (between
orbit analysis and attitude control), Ogew, Imae and I;,. Since the weakly
coupled variables have insignificant impact on the accuracy of global outputs,
they are neglected from the interaction terms between sub-models, producing
a feed-forward system (see Figure 3.10 without the dashed arrows). Table 3.2

gives the domains of global inputs considered for the emulation.

Potherv Fs

Power

Analysis = Doty Asa

Orbit

Analysis

Attitude

— Ttot
Control

Fsu 6) L$p7 q, RD7 La7 Od

Figure 3.10: Fire-detection satellite model from Sankararaman and Mahadevan
(2012), where H is altitude; Aty p; is orbit period; Ategipse is eclipse
period; v is satellite velocity; Oy is maximum slewing angel; Pyiper
represents other sources of power; Pscg is power of attitude control
system; Iqz, Imin are maximum and minimum moment of inertia
respectively; Fj,0, Lsy, q, Rp, Lo, Cq represent average solar flux,
deviation of moment axis from vertical, moment arm for the solar
radiation torque, reflectance factor, residual dipole, moment arm for
aerodynamic torque, and drag coefficient respectively; Pi is total
power; Ag, is area of solar array; and 7y, is total torque. The dashed
arrows indicate the connections that can be decoupled between sub-
models, according to the decoupling algorithm from Baptista et al.
(2018).
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Table 3.2: Domains of the nine global input variables to be considered for the

emulation.
Global input variable (unit) Symbol Domain
Altitude () H  [1.50 x 10'7, 2,10 x 10'7]
Other sources of power (W) Poiher 8.50 x 102, 1.15 x 10?]
Average solar flux (W/m?) F [1.34 x 103, 1.46 x 10?]
Deviation of moment axis from vertical (°) 0 [12.00, 18.00]
Moment arm for the solar radiation torque (m) Ly, [0.80, 3.20]
Reflectance factor q [0, 1]
Residual dipole (A - m?) Rp [2.00, 8.00]
Moment arm for aerodynamic torque (m) L, [0.80, 3.20]
Drag coefficient Cy [0.10, 1,90]

Maximin Latin hypercube sampling is then used to generate inputs positions
for seven training sets, with sizes of 10, 15, 20, 25, 30, 35 and 40 respectively.
The corresponding output positions are consequently obtained by running the
satellite model. For each of the seven training set and each of the three global
output variables, we build the composite and integrated emulators. Leave-
one-out cross-validation is utilised for assessing the predictive performance of
the emulators. For example, in case of the composite emulation of the output
variable P,,; with training set size of 10, we build ten composite emulators,
each based on nine training points by dropping one training point out of the
set. The dropped training point is then serves as the testing point to assess the
associated composite emulator. The performance of the emulator (composite or
integrated) of a global output variable given a certain training set is ultimately

summarised by

VAT () — ni ()
maX{f(Xi)izl,...,n} - min{f(&')i:l,..-,n}’

where x; is the i-th input position of a training set with size n; f(x;) is the value

NRMSEP =

of the output variable of interest produced by the satellite model at the input
x;; the mean prediction p~%(x;) at input x; is provided by the corresponding

(composite or integrated) emulator constructed using all n training points
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except for x;.

The NRMSEP of the composite and integrated emulators of the three global
output variables 7y, P and Ay, against seven different training sizes are
presented in Figure 3.11. It can be seen that for the output variable 7;,, the
integrated emulator is only marginally better than the composite one. This is
because the functional complexity between the global inputs and the output
Tiot 18 dominated by the sub-model attitude control, and thus the integrated
emulator shows no obvious superiority over the composite emulator. This
explanation can be inferred from Figure 3.12(a) and 3.12(b), where the GP
emulator of the attitude control with respect to 7, requires more training
points than that of the orbit analysis with respect to v to reach a low NRMSEP.
For the output variables P;,; and A,,, the integrated emulators present better
predictive performance than the composite ones at training set size ranging from
10 to 20, while show little superiority after the training set size increases over 20.
The better predictive performance of the integrated emulators at small training
sizes can be explained by noting that P,,; and A,, are produced not only by the
orbit analysis and attitude control, but also by the power analysis. Although
the attitude control still dominates the functional complexity between the
global inputs and P,,; and A, (see Figure 3.12), the power analysis has higher
input dimensions than the orbit analysis, causing the composite emulators slow
to learn the functional dependence of P,,; and A,, to the global inputs with a

small number of training points.

3.5 Towards a Smart Design for Integrated
Emulation

We have so far demonstrated that the integrated emulator outperforms the
composite emulator in general, while in cases where the functional complexity
of the whole system is dominated by a single computer model, the integrated

emulator naturally provides comparable predictive performance to the composite
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Figure 3.11: The NRMSEP of the composite and integrated emulators of the three
global output variables 7yot, Pior and Ag, against different training set

sizes.
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Figure 3.12: The NRMSEP of the GP emulators of outputs produced by the three
subsystems: orbit analysis, attitude control and power analysis.

one. Nevertheless, even in this situation, the design for the integrated emulation
can be improved, with potentially large gains. In this section, we discuss an
adaptive designing strategy for the integrated emulator. Before exploring the
strategy under a general system structure, we first present the design in a simple
feed-forward system of two computer models f; and fs (producing scalar-valued
output w and y respectively) with the following analytical functional forms:

2
— T ep(C20) and fo = cos(2mw), x € [—4,4].

h
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3.5.1 Latin hypercube design

The space-filling Latin hypercube design (LHD) (Santner et al., 2003) has been
used to construct the integrated emulators of all examples illustrated so far.
For the computer system under the consideration, the LHD first samples the
training positions of global input z via the maximin Latin hypercube method
to determine the GP emulator ]?1 The design for the GP emulator J?Q (i.e.,
the training positions of w) is then specified by evaluating f; at the training
positions of x. However, such design may not be optimal for the integrated

emulation.

In Figure 3.13(a), 3.13(b) and 3.13(c), showcasing our example, GP emulators
fl and .]?2, and the corresponding integrated emulator J?Q o fl constructed by the
LHD are presented respectively. Although the ten training points drawn from
the LHD produce a well-behaved GP emulator of computer model f;, the GP
emulator of computer model f; presents unsatisfactory predictive performance
between 0.5 and 1.5. Such predictive deficiency in GP emulator of f; propagates
to the integrated emulator, which fails to capture the peak shape of f5 0 f;
around 0. The reason for the unsatisfactory predictive performance of the
resulting integrated emulator is that f; exhibits a steep rise as x increases
from —1 to 1, causing few training points to be sampled by the LHD over this
range. Consequently, the design for the GP emulator of f5 is poorly spaced with
insufficient information over [0.5, 1.5]. Another issue with the LHD is that the
design for J?Q consists of excessive training points at its boundary. These dense
points are created by the flat wings of f; and may cause numerical challenges
for GP model fitting and prediction, especially when the size of the training set
is large. Therefore, a better designing strategy is needed to improve the LHD

by smartly choosing designs for individual computer models, especially for fs.

3.5.2 An adaptive design for integrated emulation

Note that the variance of the integrated emulator can be decomposed into

contributions V; and V, from GP emulator J?l and ]?2 respectively (see the
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discussion following Theorem 3.1). By utilising this fact, an adaptive strategy
is developed in Algorithm 5 to smartly enrich the existing designs for f; and

f2 and update their corresponding GP emulators.

Algorithm 5 Adaptive design for emulating a system of two computer models

1: Choose K number of enrichment to the existing design.
2: fork=1,...,K do
3:  Find zo and [y such that

(xo, lp) = argmax Vj(x),
z,le{1,2}

where V(x) is the contribution of ﬁ to the variance of the integrated

emulator;
. if [y =1 then R
5: Enrich the training points for f; by evaluating f; at the input position
Zo;
6: else

Enrich the training points for fg by evaluating f, at the input position
p1(xg), obtained by evaluating the predictive mean p; of f; at the
input position xg;

8: end if R

9:  Update the GP emulator f; with the added training point.

10: end for

A similar training strategy to Algorithm 5 is discussed by Sanson et al. (2019).
However, they compute V; and V5 numerically, resulting inaccurate and slow
evaluation of the maximisation problem on line 3 of Algorithm 5. Thanks
to the analytical framework of the integrated emulation, Vi and V5 can be
expressed in closed form using the formula (3.10), and therefore Algorithm 5

can be implemented faster and more accurately.

To demonstrate the performance of this design, we construct the initial designs
for f; and f5 with five training points generated by the maximin Latin hypercube
sampling. The adaptive design is then applied to enrich the designs of f; and f,
with K = 10. The resulting GP emulators for f; and f, and the corresponding
integrated emulator are shown in Figure 3.13(d), 3.13(e) and 3.13(f) respectively.
It can be observed that the adaptive designing strategy smartly enriches the

initial design for f; by choosing positions of w that correspond to the steep
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segment of f;. As a result, the final integrated emulator provides a better

predictive performance than that constructed by the LHD.

Furthermore, at each iteration the adaptive design only requires the evaluation
of a single computer model without running the whole system. In this case,
the adaptive design asks for three evaluations of f; while seven evaluations of
fo. This property of the adaptive design can be particularly useful when the
system contains computer models with heterogeneous functional complexity
(i.e., non-linearity) because it allows different computer models with different

functional complexities to be trained with different training costs.
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Figure 3.13: The GP emulators fl, f/; and the integrated emulator fg o fl trained
with the LHD (first row) and adaptive design (second row). The
filled circles are training points for LHD or the initial design for the
adaptive design; the filled triangles are training points created by the
adaptive design; the solid line is the underlying true function; the
dashed line is the mean prediction; the shaded area represents 95%
prediction interval.
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3.5.3 Design comparison

In this section, we compare the LHD and the adaptive design in terms of
the predictive performance of the resulting integrated emulator and the as-
sociated training cost. For the LHD, ten integrated emulators, each based
on a different sample from the maximin Latin hypercube method, are con-
structed at nine training set sizes (i.e., 5, 6, 8, 10,...,18, 20). These training
set sizes correspond to the total number of computer model evaluations that
are 10, 12, 16, 20, ..., 36, 40 respectively (double due to two computer models).
For the adaptive design, ten random samples with five training points (i.e., ten
computer model runs) are generated by the maximin Latin hypercube method
as the initial designs and each initial design is enriched by 30 training points
(i.e., 30 computer model runs). The NRMSEP defined by equation (3.12) is used
for both designs. From the left plot in Figure 3.14 we see that the integrated
emulator under the adaptive design provides better predictive performance
than the one under the LHD with the same number of computer model runs.
Given the same overall number of computer model evaluations, the adaptive
design allocates more runs to the computer model f; than to f;, which is less
functionally complex. Whereas, the LHD allocates runs equally to f; and fo
without appreciating the difference of functional complexity between the two

computer models (see the right plot in Figure 3.14).

The left plot in Figure 3.14 also indicates that to achieve a similar accuracy (in
terms of NRMSEP) the integrated emulator trained with the adaptive design
requires significantly smaller amount of evaluations of computer models. To see
how this saving of evaluations on computer models translates to the reduction
of system run time for the integrated emulation, we consider three scenarios
where the computational time for running computer model f; is 100, 1 and

0.01 times that for running computer model f;, respectively.

The first scenario represents the cases where the computer models with more

complex functional forms are also more expensive to run, while the third
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Figure 3.14: (Left) The NRMSEP of the integrated emulators constructed under
the LHD and the adaptive design at various number of computer
model runs. (Right) The number of evaluations of computer models
f1 and fo under the LHD and the adaptive design.

scenario represents the situations where the computational cost is expensive for
computer models with simple functional forms. The reductions on the system
run time due to the use of the adaptive design for the integrated emulation at

different levels of NRMSEP are illustrated in Figure 3.15.

For all three scenarios, the adaptive design reduces the run time used by the
LHD for integrated emulation, and such reduction becomes more remarkable
when a higher accuracy of the integrated emulator is targeted. In scenario
2 the adaptive design saves more than 40% of the time spent by the LHD
to construct the integrated emulator with a moderate-to-low NRMSEP. This
reduction goes around 50% and above in scenario 3. Even for scenario 1, the
adaptive design can save more than 30% of total run time for a relatively well

performed integrated emulator.

In addition to the run time reduction, the adaptive design also reduces the
risk of numerical issues related to the integrated emulation. Since the adaptive
design only updates the GP emulators that contribute most to the variance
of the final integrated emulator (i.e., GP emulators who contribute less are
not retrained at each enrichment), numerical issues, such as the increased

computational time for inverting the correlation matrices with larger training
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Figure 3.15: The run time reduction for the integrated emulation by the adaptive
design under three different hypothetical scenarios. In scenario 1, the
computer model f5 is 100 times more expensive than the computer
model f; to run; in scenario 2, computer model f; and f are equally
expensive to run; in scenario 3, the computer model f; is 100 times
more expensive than the computer model f to run.

sizes and the ill-conditioned correlation matrices due to the poorly spaced

training points, can be mitigated to some extent.

3.5.4 Generalisation of the adaptive design

By utilising Theorem 3.1 with Proposition 3.2, one can generalise the adaptive
design to the integrated emulation of any feed-forward computer system. In this
section, we demonstrate such generalisation by considering the two synthetic
experiments discussed in Section 3.3. Algorithm 6 and 7 present the adaptive

design strategies for the two experiments, respectively.

The training of the integrated emulators of the two systems by the adaptive de-
signs in Algorithm 6 and 7 are shown in Figure 3.16(a) and 3.16(b), respectively.
It can be seen from Figure 3.16(a) that for the computer system in experiment
1, the integrated emulator trained by the adaptive design can achieve a low
NRMSEP with smaller number of computer model runs than that built by the
gridded design (i.e., equally spaced design points). Similar observation can be
seen for the integrated emulator of the computer system in experiment 2 from
Figure 3.16(b). However, unlike experiment 1, in experiment 2 the integrated

emulator by the adaptive design can achieve lower NRMSEP than that by
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Algorithm 6 Adaptive design for emulating the computer system in experiment
1 of Section 3.3

1: Choose K number of enrichment to the existing design.
2: fork=1,...,K do

3:  Find x(y and [y such that
(z0, lo) = argmax V;'73(z),
z,1e{1,2}
where V|'73(z) and V' 73(z) respectively are contributions of €;_,5 (i.e.,
the integrated emulator of system e;_,o consisting of f; and f;) and fg,
(i.e., the GP emulator of f3) to the variance of integrated emulator e;_,3;
4. if [y =1 then
5: Compute Vil 72(xg) for k € {1, 2} according to Theorem 3.1, where
V172 () is the contribution of ﬁ; to the variance of integrated emulator
€1-2;
6: if V'7%(z0) > V3 7%(z0) then
7 Enrich the training points for fl by evaluating f; at the input
position xg;
8: else R
9: Enrich the training points for f, by evaluating f; at the input
position p(zg), obtained by evaluating the predictive mean p; of
J/C\l at the input position xg;
10: end if
11: else R
12: Enrich the training points for f3 by evaluating f3 at the input position
wr(xo), obtained by evaluating the predictive mean u; of €;_,5 at the
input position xzg;
13:  end if R R
14:  Update the GP emulator f;, fo or f3 with the added training point.
15: end for

the space-filling design. This is because in experiment 1 the gridded design

points for the global input = create designs for w; and wy that are relatively

well-spaced, producing the integrated emulator with comparable performance

to that trained by the adaptive design. On the contrary, in experiment 2 the

LHD of the global inputs z; and z5 produce poor designs for f5 (i.e., designing

points are concentrated along one boundary of the input space), causing the

resulting integrated emulator with higher NRMSEP.
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Figure 3.16: The adaptive designs for the two synthetic experiments in Section 3.3.
In each sub-panel ((a) or (b)): (Top) the GP emulators of fi, fo and
f3 trained after each enrichment (i.e., computer model run); (Bottom-
left) integrated emulator trained after each enrichment; (Bottom-right)
NRMSEP of the integrated emulator after each enrichment: the dashed
and dash-dot lines represent the NRMSEP of the composite and
integrated emulators trained with 10 equally spaced (for experiment
1) and maximin Latin hypercube (for experiment 2) designing points.
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Algorithm 7 Adaptive design for emulating the computer system in experiment
2 of Section 3.3

1: Choose K number of enrichment to the existing design.

2: fork=1,...,K do

3:  Find xy and [y such that

(x0, lp) = argmax V}(x),
x,le{1,2}

where x = (1, x2), Xg = (%01, To2), and Vj(x) and V(x) respectively
are contributions of €; (i.e., GP emulators f; and f; in the first layer)
and f3 to the variance of integrated emulator;

4: if [p =1 then
5: Compute Vig(xg) for k € {1, 2} according to Proposition 3.2, where
Vik(Xo) is the contribution of ﬁ to the variance of integrated emulator;

6: if Vi1(x0) > Vi2(x0) then

7 Enrich the training points for fl by evaluating f; at the input
position xp1;

8: else R

9: Enrich the training points for f, by evaluating f; at the input
position xgy;

10: end if

11:  else R

12: Enrich the training points for f3 by evaluating f3 at the input position

(1 (xo1), pa(ze2)), obtained by evaluating the predictive mean p; and

o of ]/“\1 and ]/”\2 at the input position xy; and xgy, respectively;
13:  end if A R
14:  Update the GP emulator f;, fy or f3 with the added training point.

15: end for

3.6 Discussion

The development of integrated emulators depends on Assumption 1 and 2
presented in Section 3.2.2. The first assumption requires the trend function of
individual Gaussian process emulators in layer 2 and above have linear forms of
their respective inputs. This assumption generally is not an issue because one
can set constant trends for Gaussian process emulators and have the underlying
function forms to be explained by the chosen kernel functions (i.e., covariance
matrices). This constant trend specification is used in all examples illustrated

in this study to construct Gaussian process emulators. However, it is worth
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noting that well-specified trend functions can help reduce design points needed
to build Gaussian process emulators (e.g., a function with sine components can
be much easier to learnt by the Gaussian process with a sine trend), while it is a
challenging work to specify the trend function that is a good description of the
underlying black-box computer model. Therefore, there is a trade-off between
the modelling flexibility of Gaussian process emulators and the required cost of

designs (i.e., the number of computer model evaluations).

The second assumption asks for both independence and normality of input vari-
ables of individual Gaussian process emulators. The independence assumption
helps reduce analytical efforts in deriving the closed form mean and variance of
the integrated emulator. In addition, the consideration of dependence between
input variables requires specification of their dependence structures, which is a
difficult task as this requires careful dependence modelling and extra computa-
tional cost for Gaussian process model estimation and prediction. Nevertheless,
ignoring the dependence structure between input variables can cause biased
mean and variance of integrated emulators constructed by Theorem 3.1. To
show how such biases can be quantified, in Proposition 3.4 we present the mean
and variance of integrated emulators under the squared exponential kernel

when the dependence between inputs are considered.

Proposition 3.4 Assume that W ~ MN (pu,X), where X is the covariance
matriz of W with diagonal elements being o3(xy), . ..,02(x4). The mean and
variance of the integrated emulator under the squared exponential kernel is given

by those from Theorem 3.1 with & = X and

o the i-th element of 1:

p
L= & [ [ ewlzr ),
k=1
where
~ 1 1 7 T ~1(,,T
= o e {5 W A D - )

with A = diag(2L, ..., %);
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e the ij-th element of J:

p
Jij = Gj Hck(zk, ) (20, 2,
k=1

where
p 1 L7 TNT-1(, T T
Gij = |(F+2)F71’GXP —g(wi _wj) I (w, _wj)
T
1 (w] +w] wl +w’
=3 _ r+->)4 (2~ -7 _
X exp 2( 5 u) (T + %) ( 5 Iz
. . 2 2
with T' = diag(4, ..., 22);

e the lj-th elemen of B:

p
By = v H cx (2, Z]Tk),

k=1
where
Vi =e[AA+2) " p+ B(A+ )W
Proof The proof is in Section C.4 of Appendix C. 0

It can be seen from Proposition 3.4 that the covariance matrix 3 appears in
the forms of inversions and determinants of A 43 and I' + 32 in most cases and
appears only in these two forms (i.e., inversion and determinant) when the trend
function is set to a constant (i.e., B has no effects on the mean and variance
of integrated emulators). Thus, how much influence the correlations (i.e., the
off-diagonal elements of ¥) between input variables W have on integrated
emulators depends on the magnitudes of 7%, ...,72. When the magnitudes of
Vi, ...,v2 are sufficiently large such that A + 3 and T + X become diagonally
dominant, the inversions and determinants of A + X and I + X can be well
approximated by those of A + diag(X) and I" 4 diag(3X) (Demmel, 1992; Ipsen
and Lee, 2011). Thus, in practice one may first construct integrated emulators

by assuming independence and check the ratio of 42 to ¢? for all i = 1,...,d to

determine whether the dependence between input variables are non-negligible.

If the dependence is determined to be significant to the integrated emula-
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tion, one shall consider to build multivariate Gaussian process emulators to
incorporate the correlation structures between emulator outputs, which con-
sequently serve as the inputs to the linked Gaussian process emulators in the
context of integrated emulation. However, all these existing literature, such
as Rougier et al. (2009); Fricker et al. (2013); Zhang et al. (2015), only consider
dependence between outputs from a single emulator, while in the framework of
integrated emulation a Gaussian process emulator can have its inputs fed by
the outputs from different linked emulators. As a result, further studies need
to done to explore how dependence between outputs from different Gaussian
process emulators can be addressed during the integration of Gaussian process

emulators.

In Section 3.2.2, we have discussed some intuitions on why the Gaussian
assumption is important to have analytical expressions for integrated emulators
and justified the Gaussian approximation in terms of the KL divergence. It is
noted that one can use other distributions other than the Gaussian distribution
to approximate the true predictive distribution (named as exact integrated
emulator hereinafter) by minimising the KL divergence. However, whether these
distributions can be determined analytically and allow closed form expressions
for integrated emulators are not clear. In particular, the accuracy of Gaussian
approximation is not essential because the full probabilistic description is
considered as non-critical in the integrated emulation of deterministic computer
models. Instead, mean predictions and associated variances are treated as
the primitive quantities, which carries the information of individual computer
models and their structural relations by combining the mean predictions and
variances of individual GP emulators. For example, the smart designs and
some calibration methods such as the history matching (Vernon et al., 2014)
only require information of mean and variance of an emulator. Since the mean
and variance are key quantities for integrated emulation, it could be useful in
practice to conduct diagnosis on how well the analytical mean and variance

of the integrated emulator using the Gaussian approximation represent those
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of the exact integrated emulator. Figure 3.17 compares means and standard
deviations of the integrated emulator (for experiment 1 described in Section 3.3)
using the Gaussian approximation and those of the exact integrated emulator.
It can be observed that the mean and standard deviation of the exact integrated
emulator is well approximated by those of the integrated emulator using the
Gaussian approximation, even through there are slight underestimations of
large standard deviations with the approximation. For simple computer models
with low input dimensions such as the one in experiment 1, the diagnosis of
the mean-variance approximation can be implemented by generating samples
from the exact integrated emulator at a large amount of testing input locations
with a moderate computational cost. However, for computer models with a
high-dimensional input space, it becomes impractical to check the goodness of
the mean-variance approximation with a high number of testing input positions.
Therefore, one may only use a small number of testing positions, that are

space-filling conditional on the training positions, for the diagnosis.
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Figure 3.17: Comparison of means and standard deviations between the integrated
emulator using the Gaussian approximation and the exact integrated
emulator in experiment 1. The solid lines in (a) and (b) are the mean
and standard deviation of the exact integrated emulator, respectively;
the dashed lines in (a) and (b) are the mean and standard devia-
tion of the integrated emulator using the Gaussian approximation,
respectively; the filled circles are training points used to construct the
integrated emulators; the dashed vertical lines indicate the locations
of the training inputs.
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Even though we argue that it is not essential if the probability density of the
exact integrated emulator is not well captured by the Gaussian distribution
(as long as the mean and variance are sufficiently approximated) when the
underlying computer models are deterministic, such distributional discrepancy
can be problematic if the underlying computer models are stochastic and
one assumes that the outputs of individual computer models are Gaussian
distributed. For example, Figure 3.18(a) compares the probability densities of
the exact integrated emulator and the integrated emulator using the Gaussian
approximation. Both integrated emulators are constructed on the basis of eight
training points, which are assumed here as random realisations of the underlying
stochastic computer model given their input locations. It can be clearly observed
that the exact integrated emulator is not Gaussian distributed. The exact
integrated emulator has almost all of its probability density above zero. This is
because the Gaussian process emulator J/”;, of computer model f3 has a very low
predictive uncertainty over its input space (see top-right plot in Figure 3.16(a)
for an instance where the Gaussian process emulator of f3 is very accurate
even with six training points), and thus nearly all the probability densities
generated by the Gaussian process emulators of f; and f, are mapped above
zero by ]/“; Because of the Gaussian assumption, the integrated emulator using
the Gaussian approximation still puts some probability masses below zero even
though its variances capture those of the exact integrated emulator adequately
(see Figure 3.18(b)). Therefore, if the probability distribution is of concern to
the emulation (e.g., the computer model outputs are stochastic) the integrated
emulator using the Gaussian approximation could make wrong predictions.
For example, the integrated emulator using the Gaussian approximation in
Figure 3.18(a) can predict negative values with a high probability in some input

spaces of the underlying computer model.

Nevertheless, if the target system of computer models is deterministic, we
could safely ignore the distributional inaccuracy caused by the Gaussian ap-

proximation since the mean of the integrated emulator (using the Gaussian
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approximation) serves as the surrogate of the underlying deterministic computer
model while the corresponding variance serves as a predictive uncertainty mea-
surement from the emulator at unrealised input positions. If the eight training
points in Figure 3.18(a) are from a deterministic system, it can be observed
that the integrated emulator using the Gaussian approximation emulates the
underlying model well with its mean close to the true functional form, which
also fall within the prediction bounds (i.e., 5-th and 95-th percentiles). It
is noted that there are some discrepancies of the prediction bounds between
the approximated and exact integrated emulators. These discrepancies exist
because the Gaussian approximation in the approximated integrated emulator
distributes the probability masses differently from the exact integrated emu-
lator. However, as the distributional assumption is not critical for emulating
deterministic models, such discrepancies would not degrade subsequent analysis

based on the integrated emulator using the Gaussian approximation.

3.7 Conclusion

In this chapter, we generalise the linked emulator to the integrated emulator
for any feed-forward system of computer models. It explicitly exploits the
internal system structures to produce better predictive performance than the
composite emulator, which only learns the systems from the global inputs
and outputs. The integrated emulator is defined by employing a Gaussian
approximation with explicit mean and variance derived analytically under a
variety of kernel functions, offering a flexible and computationally efficient way
to emulate computer systems. The ability to use two key Matérn kernels is
essential to the success of the framework. It mitigates the numerical issues
while maintaining sufficient smoothness. The integrated emulation can also be
applied to systems with internal loops by utilising decoupling techniques. In
our experiment 1 and 2 above, significant reductions in predictive errors can
be gained by the integrated emulator with moderate-size designs. Compared

to the composite emulator, the integrated emulator can alternatively achieve
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Figure 3.18: (a): Comparison of probability densities of the exact integrated emu-
lator and the integrated emulator using the Gaussian approximation.
The grey scattered particles are random samples generated from the
exact integrated emulator; the blue solid line is the true functional
form between the global input and output of the system; the dashed
green line is the mean prediction of the integrated emulator using
the Gaussian approximation; the dashed purple lines represents 5-th
and 95-th percentiles of the integrated emulator using the Gaussian
approximation; the filled circles are training points used to construct
the integrated emulators. (b): Comparison of standard deviations
between the exact integrated emulator and the integrated emulator
using the Gaussian approximation. The blue solid line is the standard
deviation of the exact integrated emulator and the dashed line is the
standard deviation of the integrated emulator using the Gaussian
approximation; the dashed vertical lines indicate the locations of the
training inputs.

similar error levels with reduced computational costs.

The integrated emulator also allows a smart adaptive designing strategy that
can further reduce the predictive errors (or computational cost) remarkably
by recognising the heterogeneous functional complexity of different computer
models. Although the adaptive design is only illustrated via a few synthetic
examples, we anticipate that the integrated emulator enhanced by this design
can achieve multiple orders of magnitude reductions in predictive errors with

moderate training cost in real systems, compared to the composite emulator.

Furthermore, since the integrated emulator may not show significant predictive

improvement with respective to the composite emulator when a single computer
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model dominates the functional complexity of the whole system, decomposition
of a sophisticated system into a number of small computer models with similar
functional complexity could take the advantages of the skills of the integrated
emulator. This opens the door to potentially very fruitful new multi-physics

approaches that split processes to facilitate surrogate modelling.

Finally, the integrated emulator offers a framework to unify and couple (simple
with sophisticated, statistical-based with physics-based) models and simulators
from distinct fields, creating opportunities to tackle challenges on integrating

different expertise involved in cross-disciplinary studies.



Chapter 4

Non-Stationary Gaussian
Processes using Deep (Gaussian

Hierarchy

4.1 Introduction

The Gaussian process (GP) models often assume stationarity, which in practice
may not be adequate to capture non-stationary behaviours, i.e., changing
smoothness over input space, of underlying function. Many work have been
done on non-stationary GP models. For example, the Bayesian treed GP model
(TGP) proposed by Gramacy and Lee (2008) splits the input space into several
partitions and uses independent stationary GPs to each sub-region. Ba et al.
(2012) apply the composition of two stationary GPs to model both global and
local details of a non-stationary function. Other studies such as Montagna and
Tokdar (2016) use augmented kernel function and Volodina and Williamson
(2020) utilise mixtures of stationary GP processes to capture the non-stationarity.
However, most of the current work may not be extended easily to more general
non-stationary behaviours and require tailored kernel functions. In this chapter,
we present some preliminary work on a new type of non-stationary GP model

that is inspired by the deep Gaussian architectures (Duvenaud et al., 2014) and
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aims to automatically learn the non-stationarity exhibited by the target dataset.
Rather than adopting the conventional deep Gaussian process (DGP) models
used in studies such as Damianou and Lawrence (2013); Bui et al. (2016);
Salimbeni and Deisenroth (2017); Havasi et al. (2018), our model embeds the
deep Gaussian architecture into the mean function and variance components
of a Gaussian distribution analytically and we show that the resulting GP
is able to reproduce non-stationary features, such as jump discontinuity, and

heteroscedasticity, even only with a shallow hierarchy.

The remainder of the chapter is organised as follow. In Section 4.2, we describe
the construction of our non-stationary GP model and visualise the functional
behaviours it can produce. Then we show how to train the model via two

synthetic examples in Section 4.3. Section 4.4 concludes the chapter.

4.2 Model Specification

The work of Duvenaud et al. (2014) reveals that the paths of deep Gaussian ar-
chitecture exhibit non-stationary behaviours, thus our non-stationary GP model
is built by integrating L Gaussian process models GP1,...,GP connected in

a feed-forward hierarchy, as shown in Figure 4.1.

Layer 1 Layer 2 Layer 3 Layer L
voGry o owm G @B - G

Figure 4.1: The hierarchy used to construct the non-stationary GP model.

Assume that we have N data points {z;,y;}i=1.. n, the [-th GP model is

specified as
wilwi_i ~ GPi(wi1) = N (m(wie), of [Si(wier) +nd)), 1=1,...,L

where p; is a column vector of size N and ¥; is a N x N diagonal matrix;
w1 = (w_11,...,w_1n) with wog =x and w; =y; o7 and 7, are variance

and nugget at layer [.

To introduce non-stationarity into our model, we adopt the formulation of the
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sparse GP model proposed in Snelson and Ghahramani (2006) and specify the
i-th element of p;(w;_1) by

pi(wim1) = my(wi—1) = r(wirg) T (Ro(wi_y) + ml) ™ wh (4.1)
and the i-th diagonal element of 3;(w;_;) by
Ez,z'(Wz—ﬁ = Uz(wz—u) =1+ Pz(wz—l,z’)T(Rl(Wf_l) + 7711)_11“1 (wl—l,i)a (4-2)

where

Wﬂwf—l ~N (O, 012 [R(Wf—ﬁ + 7711]) . (4.3)

The above specification follows the GP predictive distribution but is conditional
on a set of unknown pseudo input w_; = (wj_, ;... ,wlp_LM)T and output
Wi = (wf s WL M)T for each layer [. As emphasised in Snelson and Ghahra-
mani (2006), the pseudo points induce extra flexibility to the model so that

the non-stationarity (i.e., heteroscedasticity in particular) could be achieved.

In equation (4.1) and (4.2), r;(w;_1,;) € RM is the kernel vector with its j-th
element given by ¢; (w14, w]_, ;), and Ry(wj_;) € RM*M is the kernel matrix
with its ij-th element given by ¢;(w; , ;,wj ;). We employ in this study the
squared exponential kernel

a(w,w") = exp {—

(w —w)? }
o

with v; being the length-scale for all layers [ =1,..., L.

Note that in our non-stationary model the pseudo points w; ; and w; are

hidden values that need to be estimated. Therefore, for each layer [ (i.e., each

GP)), we have a collection ®; of unknown model parameters,
q)l = {W;ln_lv Wlpa 0127 s 71} .

Assume that ®; are known for each layer, then the mean and variance of the
Gaussian approximation GP;_,(x) to the distribution associated with the

probability density
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plylx) = [ []ptwlwrs) dws

where p(-) denotes the probability density function (PDF), can be achieved
using the moment matching approach presented in Chapter 3. Particularly,
because 3; are diagonal, the Theorem 3.1 and Proposition 3.3 can be applied
data point-wisely, i.e., GP1_,(x) can be obtained by constructing GP1_1(z;)
for each i independently. Figure 4.2 shows the mean and variance of the
Gaussian approximation GP;_,(z) with different number of layers, each of
which is generated with a realisation of a sequence of pseudo points sampled
from (4.3) over x € (—4, 4). It can be seen that with a single layer we effectively
have the sparse GP model introduced in Snelson and Ghahramani (2006) that
is demonstrated to be able to capture heteroscedasticity. As the number of
layers increases, we observe that the Gaussian approximation exhibits more
non-stationary behaviours in its mean and heteroscedasticity in its variance.
This indicates that with the deep Gaussian hierarchy, GP;_,(z), which formally
defines our ultimate form of non-stationary GP model, could capture more

complex behaviours of a target dataset.
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Figure 4.2: Non-stationary Gaussian process GP1_,1(x) for four different number
of layers (i.e., L = 1,2,3,4). The number of pseudo points at each
layer is chosen to 10. Length scale ~;, variance ‘712 and nugget n; are
set to %, 1 and 10~8 uniformly for all layers. The solid line is the
mean and the shaded area represents uncertainty bound that equals to
2 standard deviations away from the mean.

Note that the flexibility of our model is induced by both the deep hierarchy and

the locations of pseudo points. One may choose a large number of layers for the
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model, while in our study we fix the total number of layers to be three for several
reasons. Firstly, with three layers we already observe sufficient non-stationary
features as implied in Figure 4.2. In addition, both Duvenaud et al. (2014)
and Dunlop et al. (2018) argue that a moderate number of layers would be
sufficient for inference and significant depth may even cause pathological issues.
Finally, incorporating deeper Gaussian architecture will lead greater number
of pseudo points and other model parameters, and thus may risk over-fitting
during the inference especially when the dataset is small, e.g., in the context
of surrogate modelling where only limited number of training data points are
available. In Section 4.3, we show how to adjust the locations of pseudo points
by means of optimisation, which provides a way to achieve automatic learning

of the non-stationarity inherent in the underlying process.

Since GP1_,1(x) has diagonal covariance matrix (due to the diagonal covariance
matrix of GP,(-) for all [), after we obtain the estimates of model parameters
®,_, 1 the predictive distribution of our non-stationary GP model realised at

a new input position x* is given by GP1_,(z*).

Although we introduce our non-stationary GP model under one-dimensional
setting (i.e., wy; being scalar-valued), the extension to higher dimensions is
straightforward because the formulae provided by Theorem 3.1 can assemble

stationary GP models with any number of dimensions in different layers.

4.3 Model Inferences and Examples

Assume that we have a set of data {y?, xP} from an unknown process, then
the automatic learning of the pattern of the process (i.e., the inference of model
parameters) can be accomplished by the following maximum a posterior (MAP)

problem:
L
@)y, = argmax log g (y7|x7) + A Z log p(wi|wi_y), (4.4)
@

1=1,...,L =1



4.3. Model Inferences and Examples 120

where ¢ (y|x) denotes the PDF of y ~ GP;_,1(x); the second term serves as a
regulariser on the pseudo points to guard against the over-fitting; and A > 0 is

the regularisation parameter that controls the weight of the regularisation.

To examine the performance of our non-stationary GP model and the inference

method given by (4.4), we conduct a synthetic experiment on a step function,

1, x>0

for € [—1, 1], which has been extensively used by many studies (Vafa, 2016;
Montagna and Tokdar, 2016; Dunlop et al., 2018) to test non-stationary models.
We train our non-stationary GP model with 10 equally spaced data points
sampled from the step function. Figure 4.3 compares the performance of our
non-stationary GP model to the stationary GP model (with squared exponential
kernel) trained by the MAP method via the R package RobustGaSP (Gu et al.,
2018) with and without the nugget. It can be seen that our non-stationary GP
models outperform the conventional GPs both in terms of the mean prediction
and the uncertainty bound. It is also demonstrated that by adjusting the
value of regularisation parameter A we are able to improve the fitting of our

non-stationary GP model to the data.

2 2 2 2
L0 05 0 0.5 1.0 L0 05 0 0.5 1.0 L0 05 0 05 1.0 L0 05 0 0.5 1.0

(a) GP without nugget (b) GP with nugget (c) NstGP (A=0.3) (d) NstGP (A =1.0)

Figure 4.3: Comparison of our non-stationary (Nst) GP models (trained by opti-
misation problem (4.4)) to the stationary GP model with and without
the nugget. For our non-stationary GP models, we choose L = 3 and
M = 8. The solid line is the true data generating process; the dashed
line is the mean prediction; the shaded area represents 95% prediction
interval; the filled circles are sampled training points used to construct
the models.
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To further investigate the inference method (4.4), we train our non-stationary
GP model to the motorcycle accident dataset (see the filled circles in Figure 4.4)
used by Silverman (1985) and recent studies (Rasmussen and Ghahramani,
2002; Gramacy and Lee, 2008) to demonstrate the successful non-stationary
modelling. The dataset gives the measurements of the motorcycle helmet
acceleration over time after an accident. It can be observed that the dataset
roughly has three regimes: a flat low-noise phase over (0 ms, 15ms), a curved
noisy section between (15ms,35ms), and a smooth region after 35ms with
moderate noises. From Figure 4.4(a), we see that the stationary GP is unable
to capture the first linear section with low noises and the final smooth region
with moderate noises. All the non-stationary GP models in Figure 4.4 learn
the first region of data well, while it seems that the model in Figure 4.4(b)
experiences over-fitting when A = 0.3. The over-fitting emerges because the
pseudo points are located close to the training data that are also near the
predictive mean, causing the variance of the model realised at positions around
the pseudo points shrinking to zero. The issue could be partially mitigated by
increasing the value of A, as shown in Figure 4.4(c) when A = 1.0. However, we
found that some pseudo points are placed on top of others. This clumping effect,
as discussed by Bauer et al. (2016) in the context of sparse GP inference, can
be explained by the mechanism of the inference method (4.4) that tries to learn
better the heteroscedastic noise in data by avoiding to spread out the pseudo
points. We argue that this is not a pleasant feature of the inference method
because there is a waste of the resources (e.g., the model flexibility offered by
additional pseudo points and computational efforts required to accommodate
extra pseudo points) and increasing the number of pseudo points may not
improve the modelling performance. The latter argument is showcased by the
scenario in Figure 4.4(d), where the added pseudo points are clustered and do
not help the model better represent the up-and-down behaviours of acceleration

over (30ms,35ms).

To address the issue encountered to the inference method describe above, we
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Figure 4.4: Comparison of the stationary GP model to our non-stationary (Nst) GP
models (trained by the optimisation problem (4.4)) using two different
values of the regularisation parameter A and number of pseudo points
M. For our non-stationary GP models, we choose L = 3. The dashed
line is the mean prediction; the shaded area represents 95% prediction
interval; the filled circles are training points used to construct the
models; the cross markers are pseudo points represented by {wh, wh}.

reformulate the optimisation problem (4.4) to the following:

~

Py, = argmax log g, (y”[x”)

L

1

Etr (qu,l(wl,ﬂxD) [El(wlfl)]) + A Z logp(WﬂWf_l) , (4.5)
=1

where g1, (y|x) denotes the PDF of y ~ GP;_,(x) that approximates the PDF

pylx) = [ T ptwalwic) dw

with wi|w;_1 ~ GP(wi_1) = N (i (w;_1), o?mI). The formulation of objective
function in (4.5) stems from the work of Titsias (2009); Bauer et al. (2016)

and the first two terms can be seen as an optimisation problem in the sense
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of minimising the mean squared error between our non-stationary model and
the underlying data. Since g (y|x) no longer propagates ¥, over layers and
the maximisation of the second term in (4.5) means minimising the conditional
variances of data on the pseudo points at each layer, the inference method

given by (4.5) will spread out the pseudo points for such objective.

To test the performance of the inference method (4.5), we re-train our non-
stationary GP model to the motorcycle accident dataset. Figure 4.5 illustrates
the trained non-stationary models with two different choices of the number of
pseudo points. As it is expected, with the inference method (4.5) the pseudo
points are scattered evenly across the input space of the training data. In
addition, the predictive performance of the model is improved when the number
of pseudo points is increased. From Figure 4.5(b), we can clearly observe
from our model the three different regions indicated by the dataset. Since the
treed GP (Gramacy and Lee, 2008) is one of the most popular tools to model
non-stationarity, the treed GP model (see Figure 4.5(c)) is trained using the R
package tgp to the same motorcycle accident dataset. From Figure 4.5, we
observe that our model offers comparable modelling performance to that of the
treed GP model. Besides, our model provides tighter prediction interval than
the treed GP over the second (e.g., notice the spike of the predictive bound at
the beginning of the second region by the treed GP model) and third regions
because our model has built-in power to appreciate the heteroscedasticity.
Furthermore, due to the partition used in the treed GP, the predictive bound
of the treed GP model shows obvious tracks of the segmentation, while our

model provides smooth transitions across different regimes.

4.3.1 Implementation notes

We build our non-stationary GP model and the inference algorithms using
TensorFlow (Abadi et al., 2015) in Python and the optimisation for inference
problems (4.4) and (4.5) is implemented by the gradient descent-based method
Adam (Kingma and Ba, 2015). All the examples in the chapter are produced
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Figure 4.5: Comparison of the treed GP to our non-stationary (Nst) GP models
(trained by the optimisation problem (4.5)) using two different number
of pseudo points M. We choose L = 3 and A = 1.0. The dashed line is
the mean prediction; the shaded area represents 95% prediction interval;
the filled circles are training points used to construct the models; the
cross markers are pseudo points represented by {wg, wg }. Some pseudo
points are out of the range of training data and thus not plotted.

after 1,000 iterations of Adam by first (for the first 300 iterations) using learning
rate of 0.01 for quicker increase of the objective function and then (for the rest
700 iterations) 0.001 for fine-tuning. We initialise the nugget 7; and variance o}
to 0.01 and 1 for all layers. As suggested in Vafa (2016), the initial length-scale
v, for each layer is set to the mode of the pair-wise distances between the
elements of xP. The number of pseudo points M is often chosen much smaller
than the total number of data points if the size of dataset is large, which
achieves sparse approximation and thus reduction of computational expenses.
Otherwise, its value can be set equal to the size of dataset. Once M is chosen,
we initialise the pseudo points {w§, wi} by selecting an evenly-spaced subset

of {y?, xP} and set wh = wl = wh.

4.4 Conclusion

In this chapter, we introduce a non-stationary GP model based on deep Gaussian
hierarchy. Due to its hierarchical construction and introduction of pseudo points,
the non-stationary GP model has the flexibility to learn the underlying data
features automatically with its mean function representing non-stationarity

and its variance components characterising heteroscedasticity. Since the model
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has its roots to the sparse GP (Snelson and Ghahramani, 2006), it can be
naturally scaled to big data size by reducing the complexity of conventional
GP-based models from O(N?) to O(LN M?) when the number of pseudo points
M < N. In addition, the independence of data points specified in the model
would allow the inference to be handled by many state-of-the-art optimisers,
such as stochastic gradient descent (SGD), mini-batch gradient descent and
Adam, that could further reduce the complexity to O(LM?). This sparse
approximation incorporated in our model makes it more competitive than other
non-stationary models when the data size is huge. Our non-stationary GP
model is examined in a jump discontinuity function and a real dataset. The
resulting good modelling performance indicates that the proposed model could
be a promising candidate to model even high-dimensional datasets of large

sizes.



Chapter 5

Conclusions and Future

Directions

In this thesis, we explore the methodological development when Gaussian
processes are used in ground-motion prediction, emulation and non-stationary
modelling. In the first case, Gaussian processes are utilised to model the
ground-motion intensities with spatial correlation taken into account. A sta-
tistically robust estimation algorithm, called Scoring estimation approach, is
then proposed to train the model in comparison to the state-of-the-art tech-
nique that has bunch of statistical and numerical deficiencies. The approach
is demonstrated to be accurate on the estimation of model parameters and
able to capture the corresponding uncertainties, especially those of the spatial
correlation parameters, in terms of asymptotic standard deviations. Such un-
certainty measurement is not available for existing methods for ground-motion
modelling. Since the proposed Scoring estimation approach is consistent and
statistically efficient when model is well-specified, it allows us to examine the
impacts of the ignorance of spatial correlation on model parameter estimates

and the resulting ground-motion predictions.

The investigation in Chapter 2 provides two important implications for seismic
risk assessment. Firstly, as any estimation technique, the Scoring estimation

approach is only as good as the proposed ground-motion model. Therefore, a
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rigorous assessment of spatial correlation in the ground-motion data should be
addressed during the GMPE construction such that the resulting ground-motion
model is a good representation of the underlying data. In return, the Scoring
estimation approach can serve as a competitive method for accurate ground-
motion model estimation and shaking intensity map generation. Secondly, we
show that ignoring spatial correlation in ground-motion models can result in
overestimation of the inter-event variance and underestimation of the intra-
event variance, and such biases increase when the spatial correlation implied by
the underlying data becomes stronger and smoother. These results generalise
the findings of Jayaram and Baker (2010) and further emphasise the importance
to accurately estimate the inter-event and intra-event variances as their changes
“have implications for risk assessments of spatially-distributed systems” (Jayaram

and Baker, 2010).

There are several aspects of the work in Chapter 2 that can be further addressed
in future work. Firstly, we could consider non-stationary and anisotropic kernels
in modelling spatial structure as the correlation of the intensity measures
between two sites are also related to their soil conditions and distances to the
epicentre. This is particularly sensible because the ground-motion intensities
of two sites, even though they are far away, may strongly correlated if their
distances to the fault are similar. Another aspect that is worth exploring
is the assumption of independence between earthquakes. This assumption
is crucial to the validation of consistency and statistical efficiency offered by
the Scoring estimation approach. However, if the earthquake events in the
dataset are correlated, e.g., there are main-shocks and after-shocks, one needs
to shown theoretically under what extra conditions such statistical properties
would still hold. Finally, since only mean predictions are considered in the
work, the predictive uncertainties should be incorporated in the future as they
can enhance the predictive capacity of shaking intensity maps, which in turn

provide additional information for decision-makers.

In Chapter 3, we generalise the linked emulator to the integrated emulator
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for any feed-forward systems of computer models. This integrated emulator
combines individual Gaussian process emulators analytically, providing a flexible
and fast way for its construction. Furthermore, the integrated emulation and its
bespoke designing strategies could reduce orders of magnitude computational
costs and predictive errors. This methodological development enables a more
cost-efficient construction of surrogate models for systems of computer models,
such as climate models, in many research areas, and opens several potential

future research directions.

The first research direction is how to incorporate dimension reduction into the
framework. Many computer systems have high-dimensional data (e.g., maps
or time series) transferred from one computer model to another. For example,
in the earthquake-induced tsunami model the outputs from the earthquake
simulator, e.g., SPECFEM3D (Komatitsch and Tromp, 2002a,b) is a time
series of high-dimensional displacement fields, which consequently serve as
the input to the tsunami simulator, e.g., VOLNA (Reguly et al., 2018). This
high-dimensional output from the earthquake simulator poses a challenging
issue for training the integrated emulator. One option to resolve this issue
could be reducing the dimensions of the output from the earthquake model by
dimension reduction techniques and then building the integrated emulator on
GP emulators of earthquake and tsunami simulators with the low-dimensional
manifold. However, this solution treats dimension reduction as a pre-step and
how such procedure would affect the accuracy of the final emulation is worth a
further investigation. In addition, one may try to come up with a method to

integrate the dimension reduction naturally into the integrated emulation.

Another research direction is how to apply the integrated emulation to systems
with feed-back coupled computer models in a natural way. In Chapter 3 we
address the issue by fixing values of weakly coupled variables in a feed-back
coupled system so that it is transformed into a feed-forward system. However,
the detection of weakly coupled variables can be computationally expensive

and in some complex systems such procedure may soon become infeasible.
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Therefore, complex feed-back coupled systems should be investigated more
thoroughly. One possible solution would be using GP emulators to represent
the functional relations of computer model inputs and the stabilised values of
feed-back coupled variables. In this way, any feed-back coupled system can be

emulated naturally by our framework.

Note that Algorithm 6 and 7 may not be the only applicable adaptive design
strategies for the integrated emulation of the two synthetic systems in Chapter 3.
Thus, one may investigate further on other variants of the proposed adaptive
design depending on the system structures at hand by using the key results
from Theorem 3.1 and Proposition 3.2. For example, in a computer system with
large number of layers one may apply adaptive designs at each iteration of the
iterative procedure for the integrated emulation. It is also worth investigating
further on how to efficiently and effectively conduct the optimisation of the
maximisation problems involved in these algorithms when the global input

space is high dimensional.

It would be also interesting to extend the integrated emulator to accommodate
sparse Gaussian processes (Quinionero-Candela and Rasmussen, 2005; Liu et al.,
2020). It may seem that it is not necessary to utilise sparse GP in the context
of emulation as we often have small number of computer runs (i.e., training
data points). However, many modern computer models have high-dimensional
outputs (e.g., time series and maps). These high-dimensional outputs are
often tackled by dimension reduction such as principle component analysis
(PCA) (Salter et al., 2019) or by construction of emulators for individual output
dimensions. Nevertheless, the former approach may not always work if the
output is highly nonlinear or the lower-dimensional manifold does not exist.
The latter approach may soon become computationally infeasible if the output
dimension is too high and cannot provide emulators at output locations that
are not generated by the computer model. Alternatively, the sparse Gaussian
processes could be used to address the issues by including the coordinates (for

maps) or time stamps (for times series) into the model inputs, and the resulting
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GP model could naturally give uncertainty predictions at positions that are

not produced by the simulator under different model settings.

The non-stationary GP model proposed in Chapter 4 has many potentials to be
explored in the future. For example, its performance needs to be investigated
in datasets with more than one dimensional inputs. One possible candidate
would be the synthetic earthquake surface deformation field (Okada, 1985),
which has discontinuity along the fault trace (i.e., the intersection of the fault
plane with the ground surface). Besides, since the non-stationary GP model is
built from the moment matching technique, it is straightforward to incorporate
the model into the framework of integrated emulation. Therefore, how the
predictive performance of integrated emulator improves with the incorporation
of non-stationary GP model would be an interesting future research direction.
The nature of the non-stationary GP model indicates that it may not interpolate
the training data points, and thus challenges, such as how to implement efficient
sequential design strategies when it is used for the emulation of deterministic
functions, need to be tackled. The current inference method for the model is
based on the MAP, while it would be worth exploring fully Bayesian approach
so that the over-fitting issue could be further addressed and the uncertainties

of pseudo points are taken into account.



Appendix A

Proofs in Chapter 2

A.1 Proof of Equation (2.6)

The semivariogram of £ is defined by

1

(8, &) = Gvar(Eiy — ).
Then, we have

L 1 cii €\ 2
(&, i) =5E K—j - —j> }

o o
i 2
=52 [(e5 — €i7)?]
1
1 1 1
:Tﬂval“(&‘j) + 27‘_2\/31‘(82‘]7) — ;COV(E@']" gij’)

=1 — k(sij, sij)-
Since the kernel function is stationary and isotropic, we have
k(sij, sijr) = k(di )
with d; ;;; = ||sij — sij’||2. Thus, the semivariogram of € is a function of d; ;; :
V@i Eigr) = Y (digg) =1 = k(dijyr).
Then, for all site pairs (j, j') such that d; j;; = d we have

A(d) =1 — k(d).
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A.2 Alternative Construction of the Re-

Estimation Procedure

In this section, we show how to reconstruct the re-estimation procedure based

on the idea of the EM algorithm.
Treating the random effects 7;—1 . n as unobservable, at iteration k + 1 we

k 5 k AN . . .
first increase l((f?( ), 7'2( ), blw = @) with respect to b via one Expectation-

.....

Maximisation (EM) step, which consists of an E-step and a M-step:

e E-step: find the expected log-likelihood function

Q(c;z(k), ;2(1{)’ blw = @) ZE [ZF 02 , ) 2 ,blw=01)],

where the expectation is taken with respect to n;—; . n conditional on

.....
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e M-step: obtain the estimate b*+1) such that
~ (k) ~ k) ~ k) ~(k) ~
Q" 27 5w = 2) > Q2" 2 B0 = 2).
Up to a constant, the expected log-likelihood function can be written as
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where
~ (k) ~(k
Vz’ = Var(m|Yi, 0'2( ), T2( ), b(k)7 w = a)lanw

~ ~ (k) ~ (k) ~
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Note that
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where the second equality is given by the formula for the expectation of the

conditional multivariate normal distribution (Flury, 2013). Also note that
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where the first step uses the Woodbury identity (Petersen and Pedersen, 2012).
Plugging equation (A.2) into (A.1), we have

~(k -1
17 <02( )Qi(@)>
~SE) !
1] (2 @) 1,

11T Q@) [Ys - (X, b®)]

Mg 7

[Y; — £(X,, b®)]

o @,
which equals to equation (2.8) in step 3 of Algorithm 1 (re-estimation proce-

dure).

In M-step (corresponding to step 4 in the Algorithm 1) we obtain the estimate
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b*+1 by solving the generalised least squares problem:

N
B = argmin 3 [Y, — £(X,, b) ~ 9L, )T (@)Y~ (X, b) — 7L,

=1

Then we have

(%)
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and subsequently, by monotonicity one obtains that
~ (k) (k) ~ ~ (k) ~ (k) ~
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~ (k41 ~ (k1
Finally, we obtain estimates 02( ) and 72( : by solving
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which is the step 5 in the Algorithm 1 and implies that

k1)~ (k+1) ~ ~ (k) ~(k) ~
and by inequality (A.3)
k1)~ (k41 k) ~ (k) ~ R
l(O‘Q( ), 2 ), b*|w = &) > l(aQ( ), 7 ), bP|w = @).

A.3 Proof of Theorem 2.1

The elements of gradient S(a) and expected information matrix I(a) can be

calculated as follow:

e the i-th element of Sp(av):

Su(a), =2

+ Y — f(X, b)]"C(6) {%b’ib)} }

_ [%b;b)] C(9)[Y — £(X, b)),

where the last equality uses the fact that the transpose of a scalar is the
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same scalar;

the i-th element of Sp(av):

()
1 1 9lce)| 1 +0C71(9)
= E‘C(O)} 26, _E[Y_f(X’ b)] 70, Y — (X, b)]
_ %tr {c—l(e)agéf) } - %[Y — (X, b)]TaCaaiw) [Y — £(X, b)]
__ %tr {c—l(e)ag;f) }
LY =1 by Te 0 PP o @)Y (X b
where the third and last steps use the following two matrix derivative
identities:
8|C(0)‘ 1, 0C(0)
56 }C(e)\tr{c (e)a—ei} (A4)
and
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respectively from Petersen and Pedersen (2012);

the ij-th element of I, (a):
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e the ij-th element of Igg(x):
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e the ij-th element of Ig(cx):

[Ive()];; =E [%{:) %Ocj)]

& [f]

__E{P%ifq m;yﬂw—ﬂXJM}
(X, b)]" aC(0)
"[ db; } 08,
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e Since Igp(a) and Ipg(ar) are symmetric, we have

Igb(a> = Igg(a) =0.

Replacing Igp(@®) and Ipg(a®) by 0 in equation (2.12) proves the theorem.

A.4 Proof of Theorem 2.2

Denote by the following vector the model parameters v and 6, according to

Then, we have l(a) = l(a, 3), and given fixed a the log-likelihood function
l(a, B) is maximised when

1

B=[g"X,v)C )X, 7)] [g"X, yCO)Y]. (A.6)
This allows the profile log-likelihood function
M(a) = I(a, h(a)), (A7)

where
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Taking first order derivative with respect to a on both sides of (A.7), we have
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where the last equality uses the fact that 8 = h(a) is the solution of
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g
Now if we evaluate a at its estimate a*) at iteration k, we have
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Then from equality (A.8), we obtain that
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Denote the Score function of M (a) by
OM (a)
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Taking expectation on both sides of (A.10), we have
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we obtain
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Taking derivative with respect to a on both sides of (A.8), we have
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Taking expectation on both sides of (A.12) and evaluating a at a®) with
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Denote the expected information matrix of M(a) by
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1 = — .
m(a) { dada’ }

Then, equation (A.13) gives
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Plugging (A.11) into (A.14), we have
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The Scoring update scheme to find the estimate of a that maximises M (a) is
then given by
Attt — 7k I;} (g(k)) Sy (g(k))

= A" 4 [Laa (@P) — Log (@M) I} (@M) Iga (@®)] 7 Sa(@®),

(A.15)
where
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By elementary calculations analogous to those used in Section A.3 of this

appendix, we have that

e the i-th element of S, () is given by

5@, - [ g] ey - gix. 81

e The i-th element of Sp(av) is given by

Sote], = - 5 {c(0) 5" }
IV - g(X, ) C 0TS @)Y - g(X, 7))

e Sg(a) is given by



A.4. Proof of Theorem 2.2 141

the ij-th element of L,,(cx) is given by

L@, = |52 s] o) BT

the ij-th element of Igg(ax) is given by
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the i-th row of I,g(c) (or the i-th column of Ig,(cx)) is given by

La(al. = (el = | E M) co)ex. )

Lo(a) =Ty, () = 0;

Igg(a) = Igg(a) =0.

Replacing Lg(av), Igy (), Igg(ax) and Igg(cx) by 0 in (A.15), we obtain
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3 =504 [Ly (@) - La (&%) 135 (@) Ty (&) '8, (@)
(A.16)

) — G0 4 T, (GR) S (&) . (A17)

Plugging estimates *+1 and 8%+ in (A.16) and (A.17) into (A.6), we obtain

the updating equations for the estimate of 3, which concludes the proof.
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Expressions for Proposition 3.3

B.1 Exponential Case
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For notational convenience, in the above result we replace the index variable [
in the subscript of ¢ by k, and p(xy) and oy (x;) by pu and oy. This change

of notation is also applied in the remainder of the appendix.

B.2 Squared Exponential Case
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5 )

Vi ’ o) T

HaA = Mg —

\/gaz \/ga,% 2\/5013 2\/50,%
k

y B = [+ y b= Hk — s WD = Hi + 5
k
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B.4 Matérn-2.5 Case

507 + 2V5, (w) — )
gik = €eXp 92
Tk

—w” T 2
(BT AL (P} L BT A, e { - (i —1a)”
o, 20},

\ 2T
502 — 2 97, w)! — I
+exp{ Tk \/_k( ik k)}

273

U)-T—,MB Ok (wT_NB‘)Q
« [BT A m—)mm ex {_—H
{2 21 < 2 22\/% p 202

Ok

T 0T T T
he (wik7 wjk) s Wi 2 W
Gijke = S
he (whe, wh) . wh <wl

50,% + 2\/3% (w]Tk — Hk)
wjk =€exp 2
2vi
e

T 2
A — Wiy Ok (w~k_MA)
E/Aq® | —Z | +EJA exp{ ——————
14361 ( O ) 1 62\/% P 20,%

{ 5oz — 2V/5yk (w], — ) }
— exp

297

wl — UB o (UJT - /~LB)2
ETA..¢ | 2 T2 ETA, 2k _ Nk B
A ( o )RR T [

X

X
where
1002 + /5 _ 9
he (21, v3) =exp { of + V5 (le + @3 — 2, }
Tk
Hc — T2 T Ok (332 _ NC>2
Ej Ay ® ET AL TE (@2 )
x{ 3 31 < o )+ 3 32\/ﬁexp{ 707 H
+eXp{_\/g(:I:2—$1)} EIA41 (q) (mQ_Mk>_(I)(x1_Mk))
Yk or p

Ok (z1 — Mk)2 } T Ok { (22 — Mk)Q}
—exps ————5—— ¢ —E, Aj3——expy ——————
V2T p{ 207 40 V2T P 207

4 exp { 100']3 — \/g’)/k (55'1 + X9 — 2/,Lk) }

o

. _ 2
o {E;Am@ <:L‘1 MD) i E5TA52 Ok exp {_(33'1 2a/;D) }}
k

Ok V2T

and
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A =11, pa, 4 + 07" and Ao = [0, 1, pa + wi]";

}T.

9

Aoy = [1, —pp, p +0f]" and Az = [0, 1, —up — wj,

Asi = (L, po, pg + of, pg + 3oipc, pé + 60 + 303]
Asy = [0, 1, pio+ma, pg 4203 +23+ powa, pd+3+2op + pors + 307wy +
]T.

I

507 e

Ay = [1, pu, g1 + 0%, 15+ 3034wk, piy + 6074 + 303]
Ay = [0, 1, pu + 1, pi 4207 + 23 + pwxr, gy + 23+ x0, + et + 30w, +

5013#1@]T ;

Az = 1[0, 1, pn + o, 124202 + 22 + o, (3 + 3 + o2 + ppa2 + 30229 +
501%/%]T;

Asy = [1, —pp, p} + op, —p} — 30ppp, ph + 60eud, + 303)

Asy = [0, 1, —pp — 1, i + 203 + 23 + ppx1, —ph — o} — 2143 — ipai —

]T.

I

30ixy — boiup

At = [pa, 15 + op, 13y + 30ppa] "

2
Agy = [L Ha + w]l;a lu?é& + 20_]3 + (wjl;) + NAw]l;]T ;

]T.

I

A7 = [, wp + 0}, —ph — 304

2
Ay = (1, —pp — wl, ph + 207 + (w))” + pswl ]

- 4T
E = |1 NEITA N 5 (wz,;)2 ﬁ B 10w}, 5
I T T A oA 0
- T
E, = |1+ vouj 42 (wh)” V5 0w 5|
=L e T ow Ak R

E; = [E307 Es1, B3y, Ess, E34]T§
E, = [Ew, Eu, Es, Eg3, By’ ;

E; = [E507 Es1, Esy, Ess, E54]T§
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N 252222 — 3v/5 (37} + 5ypa12o) (21 + ) + 1597 (22 4 22 + 31125)
97
18v/573 + 1535y (@2 + 22) — (7577 + 502125) (21 4 ) + 605120

Ego :1

Es =

93
5 [5x% + 522 + 1577 — 95y, (11 + 39) + 20x1$2}
9
10 (3v/5yy, — 5y — 5aa) 25

and E34 = —;
97 97k

B3 =

E33 =

252322 + 3v/5 (373 — 5yrai2a) (zo — 1) + 1597 (23 4 23 — 3211,)
9
5 [3\/3% (23 — 22) + 372 (21 + x9) — 102129 (71 + 1:2)}

9y}

E4() =1 +

252222 + 3v/5 (37} + 5ypa1wa) (21 + 29) + 1597 (22 + 23 + 3129)
974
18vV/573 + 15v/5y, (22 4 23) + (7572 + 50x129) (21 + 22) + 60v5y21 72
9%
5 [5% + 523 + 1572 + 9\/5% (r1 + x2) + 20x1x2}
97

10 (3vV5y, + dxy + 5 25
( NG k 1 m) and By = 2

\/30,% \/50,% 2\/30,% 2\/50,%
k k

Fso =1+

E5 =

Esy =

E53 =

HA = [ — , B = M + , Bo = g — s WD = P+

Vk



Appendix C

Proofs in Chapter 3

C.1 Proof of Theorem 3.1

In this section, we prove Theorem 3.1 by considering not only the multiplicative

form of the kernel function but also the additive form given by

p
C(Xi, X]) = ch(Xika X]k)
k=1

C.1.1 Derivation of u;

We first derive the expression for yi7. Let puy,(W,z) and (W, z) be the mean

and variance of the GP emulator g. Then, by the tower rule, we have

pr = Elpy (W, z)],

where the expectation is taken respect to W. Replace ,(W,z) by equa-

tion (3.4) with Assumption 1, we have
i =E [WT§+ h(z)'B+r (W, z)R™! (yT w7 - H(zT)B)]
~E[W']0+h(z) B+E[r (W, z)]R" <yT W H(zT)B)
—pu 0+h(z)B+1"A, (C.1)

where

o p=[m(x), .., pa(xa)]" € R
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e A=R! (yT ~ w76 - H(zT)ﬁ) e Rm™*1;
5T ATl ot (HTR-1E)  ATR-1vT wih B — T T
e 07, — (H'RH) H'R'y” with H = [w7 H(z7)] €
Rmx(d+‘1);
e I =E[r(W, z)] € R™*! with its i-th element:
I, =E [C(W, W;r)c(z, z;r)]

=E [¢(W, w])] c(z, z))

d p
H Ck Wk7 Wi}, )] Hck(zka ZZI;)
L& [Tesen -

in case of multiplicative form, and

I, =E [C(W w (z, zT)}

7

=E [¢(W, W] )] +c(z, 2])

:ZE [ex(Wie, wl)] + > crl(zn, 27)

-1
d P
= G+ crla, 2
k=1 k=1

in case of additive form, where

o

def

& = E [cx(Wi, wiy)]

and in the derivation above we use the independence of W;_;

C.1.2 Derivation of o7

We now derive the expression for the variance o?. Using the law of total

variance, we have

=E [0(W,2)] +E [11s(W, 2)] — 7. (C.2)
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1 Derivation of E [2(W,z)]

Replace 11,(W,z) by equation (3.4), we have
11y (W,z) = [WT§+ h(z) B +1 (W, z)R™! (yT —wh - H(zT)E)] i
—WT00'W + <h(z)T§>2 420 Wh(z) 8
+20"Wr" (W, z)A + 2h(z) Br (W, z)A
+1" (W, 2)AAT(W, 2).
Then, we have
E [11,(W,2)?] =E [WTé(? W} + (h(z)TB)2 + 20 E[W]h(z)"3
+20"E[Wr' (W, )] A + 2h(z)  BE [r (W, z)] A
+E[r" (W, z)AATr(W, z)]
~E[W'06"W] + (h(x) B) +20 uh(z)'B
+20 " BA +2h(z) BITA + E[rT (W, 2)AA (W, 2)]

The first expectation in the above equation can be solved as follow:

The second expectation can be solved in a similar manner:
E[r"(W,z)AA'r(W, z)]
=tr {E [r" (W, 2)AA"r(W, z)] }
=E [tr {r" (W, 2)AA (W, 2)}]
=tr {AATE [¢(W, z)r (W, )] }
—tr {AATJ}. (C.4)
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Thus, we obtain that
E [, (W.2)?] =tr {067 var(W)} + E[W]" 00 E[W] + (h() B) +20" uh(x)" B
+20 "BA +2h(z)"BI" A + tr {AATE [r(W, 2)r (W, z)] }
—tr {éé* (np” + Q)} + (h(z)T5)2 +20" puh(z)' B
+2[6"B+h(z) B | A+t {AATT},

where

o O =diag(o?(x1),...,03(xq)) € R4,

e B=E[Wr' (W, z)] € R>™ with its [j-th element:

d
=E |W, Hck(Wk> W) Hck(Zk, Zj1.)
k=1 k=1
d
=E [Wies(Wi, w)] [TE [exWa, w])] T ew(zer 25
i h=1
p

—%lH@kHCk %y Z)))

2 !

in case of multiplicative form, and

By =E [Wic(W, w]) + c(z, z] )]

ﬁ

=E [Wie(W, w])] + E W] c(z, 2] )
+Mlzck 2k 2)1)

=E [Wie/(W), w}; ‘HMZ]E ck(Wh, w +Mlzck Zks 21
il

=i + Z &k + 1 Z o2k, 2)))
Wzl

E

d
W (Wi, w)),

k=1
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in case of additive form, in which

def

%z =K [VVlCl(VVl, i )] )

o J=E [r(W, z)r' (W, z)] e R™™ with its ij-th element:
Jij =E [C(W, WiT)c(z, ziT)c(W, w;r)c(z, ZJT)}

:E[ (W, w])e(W, w])] c(z, 2] )c(z. 2])

p
—HE (Wi, wie)ew(Wi, wl)] [ er(zer ) en(zn, 205)

k=1 k=1

T
—HkazHCk %k, Z) k(25 2
k=1

in case of multiplicative form, and
Jij :E[( (W, w)) + c(z, z! )) (c(W, W) Y + (e, zT))]
=E [¢(W, W] )c(W, w))] + E [¢(W, w])] c(z, 2] )

+E [C(W w; )} c(z, z]) + c(z, z] )c(z, z;r)

M&

Ck Wk, ; )] E [Cl(VVla w];)]
;

+ ZE (Wi, wi)ex (Wi, w )]

k=1
d p

+ Zé}kzck 2k 2) + D ik Y cilzrs 2%
) k=1 k=1

+ ch (2ks Zi)) ch(zk, z],;)
k=1
= Z glkfjl + ZC@]k + Zfzk ch Ry # ]k

k=1 k=1
k£l
d p P p
I I DICHEARS SAEREA) PEACHE S
k=1 k=1 k=1 k=1

in case of additive form, in which

CZ]]C d—ef E [Ck(wku )Ck(wk7 )} :
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2 Derivation of E [02(W, z)]
Replacing o7 (W,z) by equation (3.5):
E [02()] =0°E [1 Y-t (W, 2R (W, 2) + (h(W, z) - H R 't(W, z))T
x (ﬁTRflﬁ> - (h(w, z) —H R r(W, z))]

~ ~\ —1
=02 (1+ )+ o*E|[h" (W, 2) (HTR’1H> h(W, z)

+rT (W, 2) {R—lﬁ <ﬁTR‘1ﬁ> THR - R—l} r(W, 2)
™ {hT(W, 2) (ﬁTR‘1ﬁ> T HTR (W, z)} ]

o2 (1+ )+ 0’E {hT(W, 2) <fITR‘1ﬁ>1 h(W, z)}
+02E [rT(W, z) {R—lﬁ (ﬁTR-1ﬁ>1 H R R—l} r(W, z)}
—20°E [tr {hT(W, 2) (ﬁTR-lﬁ) T HTR (W, Z)H

0% [1 47+ {CP} + G CG +tr{QJ} - 20 {CH'R'K}|,

where
~ ~\ —1 ~
e C= (HTR'H) € RO with H = [w, H(z")] € R,

e P = Var[h(W,z)] = Var [(WT, h(z)T)T] = blkdiag(€2, 0) €

« G=E[(W,2)]=E (W, h(n)7)"] = [u7, h(z)T]” € R

~ ~ ~\ —1 ~
Q=R 'H (HTR—1H) HR'—R'ecR™m.

e K=E[h(W, 2)r (W, z)]" =[BT, Ih(z)"] € Rmx(d+a),



C.1. Proof of Theorem 3.1 154

3 Derivation of y?

Using equation (3.4), we have
2= (,ﬂ§+ h(z) 3 + ITA> (,ﬂ§+ h(z) 3 + ITA)T
- (,ﬁé +h(z) B+ ITA> (é* 1+ B h(z) + ATI)
—1T 00 p+ (h A) FTTAATT
+20 ph(z)"B+20" uIT A + 2h(z) T BITA
—ur {60 " | + (h(z)TB> +tr {AATIT"}
420" uh(z) B + 2 [é*u + h(z)TB] I'A
Finally, we obtain the expression for (C.2), which is given by
of —tr {AATI} — tr {AATII} + 20 BA — 20 ul A + 11 {0072}
+ o2 (1 49+ tr {CP} + GTCG + tr {QJ} — 2tr {cﬁTR—lK})
—AT(I-T)A+207 (B—pul') A+ 1x {000}
2 (1 + 9+ tr{QJI} + GTCG + tr {CP . ZCﬁTR’lKD . (C.5)

This together with equation (C.1) completes the proof. In case that the trend

is assumed constant, the expressions for u; and o7 can be simplified to the

following;:

pr=(1TR'L,,) T 1TRyT +17A,
=AT(J-II")A+o* (1+n+tr{QJ} +C—tr{2C1 R'T}),

where

e A=R(y7 — 1, (1R 'L,) LR );
e Q=R1',C1/]R!'-RY

-1

e C=(1,R™'1,)
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C.2 Proof of Proposition 3.2

Replace p,(W,z) by equation (3.4) with Assumption 1, we have

EWKESC [IU/Q(W7 Z)] :EWkegc [WT] §+ h(Z)T//B\
+Ewyee [rT (W, 2)] R (y7 — w76 - H(z")B)
—AT6+h(z) B+TTA,

where

o pn=Eyw, . [WT} € R?™! is a column vector with its k-th element:

Wy, k‘ES,

M
Mk, ke Sca
o I=Ey,_. [r"(W,2)] € R™! with its i-th element:
]Ni :]EWkGSC [C(Wv WZ-)C(Zv ZZ—)}

=Ew,cee [((W, W])] c(z, 2])

d )
=Ew, o [H c(Wi, w; ]H (2ks 2

k=1 =
P
:Hck(Wk, U)Z,;) H EWk [Ck(Wk, wZ];)} Hck(zk, ZZ];)
kes kese k=1
IHCk(Wk, H&kHCk Rky 2
kes kese =
Then, we have
Vi(S) =Varw,, (70 + h(z) B+TA)
=Vary, (ﬁT§+TTA>
“Eu (70 +TA) | - (Bu [@0+TA]) o)

N /

(0761) (c}gz)
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We first derive (C.6.1) as follow:
(C.6.1) =By, .. [ﬁTeAé* G+TTAATT+207 r[I“TA}
—tr {éﬁr (u;ﬁ + ﬁ)} +tr {AATEWkES [ﬁq } +20 By, . [;ﬁq A
—tr {éﬁ (u;ﬁ + ﬁ) } bt {AATS} + 20 BA, (C.7)

where the second step uses the derivations analogous to those used for equa-
tions (C.3) and (C.4); Q = Vary, . () € R™>? is a diagonal matrix with its

k-th diagonal element given by Q= 07 (xk) Likesy; and
e B= Ew, [ﬁfT] € R™™ with its [j-th element:

Bi; =Ew,.. |u Hck(Wk;; H ik Hck (2k, 2 Jk)]

[ kes kese
=Ew, /MHCk Wi, w; ] HfijCk 2, 2 ]k
L heS kese k=1
)
p
Ew,.. |WieclWi, w) [T exWe, wli) | TT & [T ex(ze. 21). 1€
kes kese k=1
— i ey
Ewies MIHCk Wi, w ] 11 §JkHCk ks Z)1)s €S
\ L keS keSe =
(
]E‘Wl |:VVICI(VVI7 HEWk Ck Wk7 i H gijCk Rk R ]k e S
kes kese
_ ey
MZHEWk (Wi, w] H éijCk 2k, jk) [ €§°
L kes kese k=
¢31H§]k 1T fngCk % Zy), €S
KES  keSe k=
_! kA
Mszng&kHCk % 2)y), €S
\ k€S kese =
%z Hf]k Hck Zky R Jk l e S
_ ’;27&
i Hfgk Hck (2, 2 ZI;) l €SS
k=1

\ k=1
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o J=Eu,, [TI'| € R™™ with its ij-th element:

Hck(Wka

_kGS

Jij =Ew,es

:EWkes

:EWkeS

keS

Hck Wi, w

LkeS

Hck<Wka

LkeS

=T Ew, [cx(Wi, w

H&kHCk Rk, % m X HCk Wi, w

keSe

Ck Wk,

Ck Wk,

Ck Wk,

keS

11 &szgknck Zks 2 ) 0k (2 21

keSe

157

HfakHck s 2

|

kese

T
H §zk§ngCk Zky 2 zk Jer(2k, 2 jk

keSe

H élkgjk H Ck Zku

keSe

—chkﬂsmsjkﬂck 2 2 en (2, 2

keS

kesSe

We now derive (C.6.2) as follow:

(C.6.2) = (Ewkes [127] 6 + By, [TT] A>2

= (,u,Tg—l— ITA>2

=100+ ATITTA +20  ul" A.

ck an Z]—g)

)

(C.8)

Plugging equations (C.7) and (C.8) back into equation (C.6), we obtain

Vi(S) =tr {5? (MJ + ﬁ)} +tr {AATE}

+20 BA — (,ﬂéﬁ p+ATIITA 4207 ,uITA>

=tr {@ﬁr“u} + tr {éﬁﬁ} +ATJA

+20"BA —

p' 00T — ATIITA —

=tr {égruu} + tr {Oé\rﬁ} +ATJA

20" uI" A

120 BA — tr {aﬁw} “ATITTA — 20 ul" A

—tr {éﬁﬁ} +AT (J . IIT) A+20" (E . uf) A

In case that the trend is assumed constant, V;(S) can be simplified to the

following expression:

Vi(S) = AT (3 - HT) A

d
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C.3 Proof of Proposition 3.3

Lemma C.1 Denote

‘o (%‘—u)Q}
I'm| = e — dx
R
form e Ny, wherea e R, be R, p € R and 0 € R>y. Then, we have
ro o (158) o ().
o o
a—p b—p o (b—p)? (a —p)?
L] =p |® - - — _
[1] M{ ( o ) ( o )}"" o {eXp{ 202 exp 202 )

r[2) = (42 + %) {@ <%) _(D(b;M }

+% {_(b—g)z} B (u\;r%)a eXP{—(a;Uf)Q}a

I[3] = (* + 3pc?) {(I) <a;’“‘) oy (b;“ﬂ

+(52+,ub+,u2+202)0' { (b—u)Q}

V2T R
(a® + pa + i +20%)0 (a —p)?
- exp — ,
V2 202
_ h—
I[4] = (p* + 30" + 6p%0?) {CI) (a ,u) - < M)}
o o
(0% 4+ p + p2b + pb® + 302b + 502 )0 o d (b— p)?
V2T P 202
(@’ + P + pPa+ pa® + 30%a + 5o’ pu)o o | (a — p)?
V2r P 202 ’

where ®(+) denotes the cumulative density function of the standard normal.

Proof Denote

K[m] = /t j:_ﬂexp{—%z}dm

for m € Ny, where s € R and t € R. Then via integration by parts, we have

S S 502
+ (m — 1)/ xm2e2dx)
t t
2

2 &2 s ©
tmle=T 5"“1677) + (m — 1)/ " 2e T de
t

2

1 o
Klm| =—— (—xmle2

t2 32
tmlemy — sm_le_7> + (m — 1)k[m — 2.
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Thus, we have
0= [ <= ew{- }ar =20 - 00 ©9
k[0] = xp 4 —— pdr = P(s) — : :
t 21 P 2
o x?
k|l] = expq —— ¢ dx
s /t V2 p{ 2 }
1 22
= — e 2
V2 ¢
1 t2 52
- <6—7 — e‘?) : (C.10)
2m
1 _2 _s?
K)2] =—— (te 7 —se 7 | +k[0]
2m
1 t2 32
= (te’7 —se” 2 |+ P(s) — P(2), (C.11)
2m
and
1 t2 32
K[3] = (t26_7 — 326_7> + 2k[1]
i
1 t2 52 2 t2 32
= <t26_7 — 326_7> + — <6_7 - 6_7> : (C.12)
2m 2m
1 t2 32
] =—— (Fes = ') +3np2
™
! (t3 -5 g i) L3 (t 5 i) +3[D(s) — B(t)]
=—— (t'e" 2 — s’ 2 — (te 2 —se 2 s) — ,
2m V2T
(C.13)

where ®(-) denotes the cumulative density function of the standard normal.

Denote

Plm] = /b Ux; exp {—(""62%‘2“)2} dz

for m € Ny, wherea € R, b€ R, p € Rand 0 € Ryy. Let

T —p
S = s
g

Tlm] = / %exp {—%2} ds

then we have

for m € Ng.
tions (C.9), (C.10), (C.11), (C.12) and (C.13) for all m € {0,...,4}.

The lemma is subsequently proved by using equa-

U
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C.3.1 Derivation for exponential case

1 Derivation of &;;

m—wﬂ} 1 {(w—mf}
= ex — : ex ———— S dw
/ P { Yk OV 2T P 20’,%

:/+oo L exp{—w_w’?};—(w_ﬂky}dw
wl, OkV2T Yk 201%

+/ exp{w Pk (w 'l;w }dw
—oco OV 2T Yk 20},
o242 wl — oo 1 _ 2
—exp{ - % 2”“ ) / exp {_—(w l;A) } dw
27 wl, OkV2T 20},

o2 — 2y (w) — wlhoq )2
+exp{ — o ( 2Zk ) / exp {_—(w 'ZB) } dw,
27j; oo OpV2m 20%

where the last step is obtained by completing the square. Using Lemma C.1,

o2+ 2y (w!, — —w”
fik—exp{ i %( ik 'uk) CID(—'MA wlk)

2’}/2 O

2 _ o~ (w] — T _
+exp{0k 7k( ik :“k) (D(wzk ,UB>7

277

where g = py — U;%/’Yk and pp = pu + U/%/’Yk-

2 Derivation of (i,

1 —wT w—w’, — )2
:/‘ em{Jw whl _| jm_m)uw}mu

oRV2m Yk Yk 207
+00 1 _anT w — wT o 2
:/ exp A e (w 5 /;k) dw (C.14)
wl, OkV2T Yk Vi o
wlo 1 — w!, —w — 1z)?
+/ : exp U Wik ik _(w ’l;k) dw (C.15)
wl OV 2T Yk Vi 20},
wzl; 1 T _ wT —w _ 2
+ exp d W MW (w f’“) dw, (C.16)
oo OpV2T Yk Vi 209,

=

where wz,; < w/, is assumed.

E

J
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By completing the square, term (C.14) can be rewritten as follow:

SPSELEEN S Sy

V2

+o0 1 (,w _ ,LLC)Q}
expq ————— ¢ dw,
wl, ORV2T p{ 207,

207
He = pgp — —-
Yk

where

Then by Lemma C.1, we obtain

(C.14) = exp {20’3 e (w4 — 2) } 5 (M) |

i
Since term (C.16) can be rewritten as

w? T
(C.16)=/ k1 exp _wZ];—w_wjk_w_(w—ﬂky dw
o OpV2m Vi

_ Yk 202

_/+°° 1 _w+wi7,;_w+wﬁ_(w+uk)2 d
— eXp wa
—w], opV 2T Vi

Vi 20}

the form of which allows us to obtain solution of term (C.16) by simply using
that of term (C.14). Thus, we have

<c>{ <>}<)

o

where

202
UD = [+ —.
Tk

Term (C.15) is obtained as follow:

wl, 1 wT — wT _ 2
(C.15) :/ ’ expq —— k. (w /;k) dw
Wl OpV2T Vi 20},
w;.rk —w}, /wa‘Tk 1 { (w — ug)? } dw
=exp{ ——4— = exp{ ——————
P Yk Wl ORV2T P 207

T T T
e () o ()]
Yk Ok Of
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where the last step uses Lemma C.1. Therefore, we obtain that

202 + v (W), +w?, — 2 —w?,
Cijk :exp{ k ’Yk( 11;2 ik Mk) & He ik
k

wl —wl wl — T _
+€Xp {_ 7k ik o ik Kk _d (wlk Mk)
Yk Ok Ok
202 — v (w! + wl —2 T _
+ exp{ kT ( ik > ik 'uk) ) (—w’k 'uD) (C.17)
Tk O

for w}, < ijk. Observe that
E [ck(Wk, w;’,;)ck(Wk, wﬁ)} =FE [ck(Wk, wﬁ;)ck(Wk, wz,;)] ,

Thus, the expression for (;;;, when w}, > w;rk is obtained by simply interchanging

the positions of w}, and ijk in formula (C.17).

3 Derivation of ¢,

Y, =E [chk(ka wﬁ:)]

:/exp _|w—wﬁ| d exp{——(w_uk)z}dw
Vi oV 2m 207
[T w w—who (w— )
= exp ] — — 5 dw
wl, &V 2 Vi 2073

wly w — wl, — pg)?
-l—/ ’ v exp L (w l;k) dw
oo ORV2T Vi 20},

_ op + 27 (W], — 1) o w (w— pa)?
=exp 5 expl ———— »dw
27;; Wl ORV2m

o — 2y (w7, — wly _ 2
+exp{ b vk( ik ”k) / v exp{——(w /s) }dw,

27} oo ORV2T 207,

where the last step is obtained by completing the square. Thus, by Lemma C.1

we have

2
op + 2 (W], — ) pa —wy Ok (whi = pa)
by = exp : pa® Ryl R
298 o 2m O

2
o2 — 2y, (W), — w!l — g o wl, — ugp)’
—i—exp{ b 222314: ) —upd ]kak + 2’; exp ——( i )
k %
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C.3.2 Derivation for squared exponential case

1 Derivation of &

&ir =E [cr (Wi, w])]
T\ 2 2
w — wp, 1 (w — ) }
= [ exp{ — exp{ ————o— o dw
/ p{ ( W ) }Uw% p{ 20}
1 —w})’ — 1)
:/ exp _(w ;UZk) - (w /;k) dw
oRV 2T Tk 20},
2
—expd — (Mk - wZI;)
207 + 7

1 202 + 7 202w], + 2]’
N = T P

where the last step is obtained by completing the square. Consequently,

1 (ﬂk - wik)
b =y XD )~
1+ 202/2 207 + i
2
o VTR {_ 207 + 12 {w 200l + v,zuk} } "

ORVEV 2T 20073 207 + i

1 (b — w})
T Ao 0PY T T2 a2 (0
V14202 /72 205+ %

163

where the last step uses the fact that the integral in the first step equals to one

because it integrates the probability density function of a normal distribution

with mean and variance equal to

207w] + Vi o
202 + 2 207 + 2

respectively.

2 Derivation of (;j,

Gijr =E [Ck(Wka le;)ck(Wkﬂ w;@)]

w—wT)? w—w7-,;2 w — g )?
:/ | eXp{_( k) (w—wi)” u)}dw'

oRV 2T

o oh 207,
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By applying the completing in square, we can obtain the following:

T 1wl 2
Wi TWSy, 2
1 (5% ) (- wh)

Cijk = —————=Xp{ — -
T+ 4022 /2 + 203 297

1 (w—u*)z}
X e —— 5 dw,
/0*\/27T Xp{ 207

where
20} (w), +wl) + Vi
R

and

2 _ i

AR
Thus, we have

M _ ? T T 2

(ijh = ————=—=€Xp { — -
T+ 4022 /2 + 20} 273

3 Derivation of 9y,

1/fjk =E [chk(Wm wﬁ)]
Y 2 o 2
= / v expi — (w ;U]k) — (w 'l;k) dw
OV 27 Yk 20_k

1 (1 — wh) / w { (w — p)? }
= exp{ — exp{ ————2 5 dw,
V14202 /~2 P { 202 4+ 72 oV 2T P 202

where the last step is obtained by completing in square; and

2,2
2 01 Vk

207w+ _
Y 200+

and
20,% + 7,% g

[

Realising that the integral

/ Yo {_M} .
O\ 2T 203

is in fact the expectation of a normal random variable with mean u, and

variance o2, we have

2
b = 1 {_ (1o — w],;) } 20,%111]7; + 2 1
ik = .

—————exp
V1 +202/42 207 + 7 207 + 73
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C.3.3 Derivation for Matérn-1.5 case

1 Derivation of &;;

e =E [cxe(Wh, w])]

- f (o)

oV 2T Vi 207
400 3 P
wZ,; Yk
1 3 (w—w), — 1z)?
exp _\/_(w wh) _(w 'l;k) dw (C.18)
oRN 2 Yk 20},

X

! exp { V3 (w—wh) _(w =) } dw. (C.19)

oRN 2 Yk 201%

We first calculate term (C.18) by completing in square:

(C.18) = exp 30} +2v/3% (wi, — )
' 27}
+o0 1 (,w _ H’A)2
X E E —_
/w@-Tk [Enw + B o €xXp { 202 } ;
where
V3w, V3 V30}
Fo=1-Y"2% 0 By =Y and iy = — 228
Yk Yk Yk

By Lemma C.1, we then obtain

(C.18) = exp 4 270+ 230 (W — ju)
' P 27
T T 2
Ha — W T Ok (wiy, — pa)
< BT A (B0 L m A, T e {_—H
e (M758) LA Fo o 20}

where

E, = [Ew’ En]T; Ay = [1, MA]T and Ajp = [07 1]T-



C.3. Proof of Proposition 3.3 166

Term (C.19) can be rewritten as follow:

ca= " <1+¢§<wz,;—w>> 1 exp{mw_wg,;) i <w‘“k>2}dw

0 Y oV 2T Yk 20}
oo V3 (w+ w]) 1 V3 (w+w])  (w+ m)?
= 1+ exp{ — — 5 dw,
—w} Vi opV 2T Vi 2073

the form of which allows us to obtain solution of term (C.19) by simply using

that of term (C.18). Thus, we have

307 —24/3 A
(C.19) = exp Ok \/_%2(“%1@ k)
27;,
wh — s 4 (w}, — pup)?
ETA d ik ETA k o ik B
[ 9 1\o1 (—Uk ) + By 22\/%@(1) —2013 )
where
E; = [E20, E21]T7 Ay = [1, —MB]T and Ay = [0» 1]T
with
RIA 3 302
Ey =1+ \/_wlk, Eo = \/—— and pp = pg + \/_Uk.
Tk Yk Tk
Finally, we have
302 + 23y, (W], — .
fik:exp{ k . 2( k )
Vi
T T 2
Ha — Wiy T Ok (wgy, — pa)
X |BEf Ay ® [ Z——& E/ Ap,—— —_
{ L ( Ok >+ ' 12\/27T6Xp{ 207, H
307 — 2v/3 b —
+ exp { il \/_sz(wm Mk) }
27;
wh — s 4 (w), — pup)?
E Ay | =2 E]A k _ ik 2B L
X [ 9 1\o1 ( o )+ 9 1\og _zwexp 20}3

2 Derivation of (;j,

Gijr =E [Ck(Wka w;>ck(Wk7 wz;ﬂ)}

:/<1+M> <1+M)
Vi Tk

1 { V3w — wl] + V3w —w]| (w—uk)Q}
exp 1 — dw.

X

oV 2T Bl

Vi 20}
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Assume that wZ,; < wﬁ , we have

Gijk = /ioo (1 + —\/ﬁ(w%_ w@) (1 + —\/§(w7; ijk))

1 exp{_\/g(w—wz,;)—l—\/g(w—wfk) <w_’uk)2}dw

Yk 20 13

(C.22)

We first calculate term (C.20) by expanding the product of two brackets after

the integral sign:
+oo
(CQO) = / (Eggﬂ/z + E31w + Ego)

1 exp {_\/g(w —w]) + V3w — wl)  (w— g)? } duw,

ik

X - 2
27 Yk 20},
where
3w wl — 3y (w) +w]) 2v/3 = 3 (wh +wy)
E30 =1+ ")/ ) E31 = 72
k k

and F3; = 3/v. Then by completing in square, we have

607 + V3 (w], + wl, — 2
(C.20) = exp{ %+ VS (w“; ot Mk)
Tk

+o0 1 (w _ ,UC')2
Esouw? + E E ———= 3d
X/wTk (Esow” + Eqyw + 30)kaexp{ } w,

J
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where
ok
pe = p, — 2v3-E.
Yk
Using Lemma C.1 and arranging terms, we obtain

607 + V3 (W) +w?, — 2
(C.20) = exp { kB (¥ i~ 2)
Vi

T T 2

Ho — Wi O (w‘k_MC)

EiA;® | — 2 | + EJAp—texpd —— 25 722 4
3 ol ( o > s e pn P

X

where

E; = [E3, Es, E32]T7 Az = [1, pc, M2C+UE]T and Az = [0, 1, Mc—i‘wﬁ]T-

The derivation of term (C.21) is analogue to that of term (C.20). By expanding

the product of two brackets after the integral sign, we have

o]
(C21) = / (E42’LU2 + E41w + E40)

1 exp {_\/§(w —wl) + V3wl —w)  (w— ) } dw,

Yk 20,%

where

V(= ul) — 3l 3L
) 41 2

Yk Vi

Then by completing in square, we have

Vi (] —wz,;>}

Tk

(C.21) = exp {—

w7.;c 1 (,w _ 2
: i)
Epuw? + E E — S dw.
/wfk (Epw + Eqw + 40)01C o exp{ 20}3 } w

Using Lemma C.1 and arranging terms, we obtain

(C.21) =exp {—\/3 Gl } E] Ay (cp <—ij’“0_ “’“) _y (_wZ;;J— “’“))

r-)/k
o (wh, — )’ A O (W], — )?
E/A — —E]Ap— P
+ 4 4342 \/ﬁ exXp { 20_]% 4 £343 \/% €xXp 20_]3 )
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where
E, = [E40, Ey, E42]T7 Ay = [17 M, ui ‘|‘<713]T7 Ay = [07 1, p +wi7;;]T

and

Ay =10, 1, p +wl]".

Term (C.22) can then be computed in the following way:

o= [" <1 s M) <1 + M)

—o0 Tk Tk

1 VB —w) + V3wl —w)  (w—w) |
oo/2m ¥ Ve 207, N
:/+°° (1 . \/§(w+wfk)) (1 . V3(w +wj7k))

_ Yk Yk

Lo _\/§(w+wz,;)+\/§(w+wj7,€)_(w+uk)2 o
O'k\/% p )

Tk 207,
the form of which allows us to obtain solution of term (C.22) by simply using

that of term (C.20). Thus, we have

607 — /3 (wZ,; + ijk — 2,uk) }

X

X

V2

(C.22) = exp {

T T 2
Wi, — KD T Ok (g, — pp)
X |EJA;® [ 222 ) + B Ay —— _\Wix — KD)
B e (M2 ) B o { -
where
E; = [Exo, Es1, Eso]",  Asi = [1, —pp, uh +07]"
and
Asy =10, 1, —pp —w)] "
with
3wl w!, + \/3 w? 4+ w’,
[ ) E50:1+ ik gk Zk( ik ]kf),
Yie
2v3y, + 3 (w], + w]Tk)
[ ] 51 — 5 7
Tk
3 0']%
o Fyo=— and pup= uk—|—2x/§—.
Vi Yk
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Therefore, the expression for (;;; when w), < wﬁ is given by

602 + /3 (w], + wl, — 2,
Cz‘jk: =exp ,yz
k

— T Wl — 1)
E;Aglq) (—MC ik + E;—Agg Ok exXp ——( L NC)
o

X
Ok V2T 207
3 (w?, —wl, wl — T _
+exp{—\/_( i zk)} E Ay <(I> (—]k Mk) —® (—wlk Mk))
Vk Ok O

O (Uﬂ;; - ,Uk)Q} T O (wﬁ - Mk)2
L E]Ap-T ex {—’L— CE] AT exp § Lk T HR
4 42\/% P 20_]% 4 43 /_27'{' P 20_]%

602 — /3y (W), +wl, — 2u
+exp{ - k(7§ = k)
k

T T — up)?
X [EJA51® <w> + E;A52% exp {—M}} .
k m

Observe that

E [Ck(Wk, U)Z];)Ck(Wk, U)ZI;)} = E [Ck(Wk, wﬁ)ck(Wk, U)Z];)] .
Thus, the expression for (;;;, when w}, > wﬁ is obtained by simply interchanging
the positions of w}, and w;rk in the above formula of (;;; when w), < ijk.

3 Derivation of ¢,

Y =E [chk(Wk> wﬁr)}
:/w <1+ \/g\w—wﬂ) : exp{_\/g‘w_wfk’ - (w_“k)Q}dw

Yk oV 2T Yk 20,%

(s )
w;]; Yk
! exp {— V3 (w - wi) _(w= f)” } dw (C.23)

Yk 20 1%

+/“’ka (w—i— 3w (wj,; —w))
—o0 Yk

1 V3 (w—wh)  (w—m)?
X - exp { } dw. (C.24)

Ve 20}

We first calculate term (C.23) by arranging the terms in the bracket after the
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integral sign and completing in square:

307 4+ 2v3y (Wl — )
273

+o0 1 (w _ MA)2
X Ew? + Eyow ex {——} .
/ijk [ 11 10 } o o p

By Lemma C.1, we then obtain

302 + 24/3v;, (w7, —
Vi

T T 2

A — Wiy Ok (wjx — 1ta)

ElAL® | 25 IF ElA — _ Nk AT
LRl ( o >+ ! 62\/27rexp{ 2072 }]’

(C.23) = exp {

X

where

Aot = [ia, i +oi]" and Ag = [1, pa +w)]".

Term (C.24) can be rewritten as follow:

(C.24) :/wﬁ (1 Y3k —v) w)>

—00 Vi

X

Vi 207

w exp{—\/g(w+wﬁ) (w—l—,u/rg)Q}dw7

opV 2T
the form of which allows us to obtain the solution of term (C.24) by simply
using that of term (C.23). Thus, we have

302 —24/3 T
(1) = — e | 27 2VE () =)
2’Yk

wl — UB o (wT - MB)2
ETA @ | 2 TP ETA k _ gk PB)
o A7 ( o + kb 72\/%@(10 3 )

X

where

An = [—pp, g +of]T and  Ag = [1, —up —wj]".
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Finally, we have

ik —exp {3Uk + 23y (W], — ) }

2fyk

T T 2
Ha — (wjy, — 11a)
E/Ag® | —L | +E/A expl ——L——
{30,% — 237 (ijk — ,uk) }
— exp

277

— UB o (wa - NB)2
E And | —— E!A S L )
71 ( o ) + 2 £X72 \/% €xXp { 20_]%

C.3.4 Derivation for Matérn-2.5 case

1 Derivation of &

&k =E (e (Wi, w])]

B G U
Tk 3V

exp{ Vlw — w], _<w—uk>2}dw

1
X
oV 2T

/ P G
+_ - N
wl Yk 3 Yk

1 exp { Vo (w — le;) — (w = p)” } dw (C.25)

Vi 20}

Vi 202

3
w — w], w — g )?
X Uk\l/% exp{\/g< ) ¢ fix) }dw. (C.26)

We first calculate term (C.25) by arranging the terms in the bracket after the
integral sign and completing the square:

(C.25) = exp { o+ 2V (i — ) }

2%;

e 1 (w = pa)?
Eypw? + E E —_
/wT [ 120" + Epw + 10} P exp { 207 } )

ik
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where
5wl 5 (w])? 5 10w, 5
Elozl—\/_lk‘i‘ ( §), E11:£— sz, Eip = —.
Yk 3% Yk 3% 37j
and
507
HA = Pk —
Yk

By Lemma C.1, we then obtain

502 +2v/5 T
(C.25) = eXp{ & \/_;kz(wm Mk) }
Vi

T T 2
ETA,. @ [ FA— Wik ETA,, 2k  (wip — pa)
X |i 1431 < o + 14312 \/% €xp 5

where

E, = [El(b Eq, E12]T> Ay = [17 HA, M,24‘|‘U/%]T, Ay = [07 1, ,UA‘I—UJZ/;]T-

Term (C.26) can be rewritten as follow:

(C.26) = /f (1 + V5 (wh —w) Wj’i —w) + g (w;—kwT’“) 2)

1 VB (w—w])  (w— )
exp 5 dw
opV 2T Yk 20},

o] 2
:/+ 1+\/5(w+wz,;)+§<w+w;’,;)
—u; Tk 3 Yk
1 5 (w+ w) 2
exp{_\/_(w wl)  (wH+ ) }dw,

X

X

oV 2T a

Tk 207,
the form of which allows us to obtain solution of term (C.26) by simply using

that of term (C.25). Thus, we have

502 — 24/5 T —
(C.26) :eXp{ Tk \/_%2(% Mk)}
2%

wl — wl — pg)?
% {EJAQ@ (kg_ﬂB) i E;AQQ%GXP {_MH ,
k ™

where

E; = [E207 Es, E22]T7 Ay = [17 —UB, MQB‘FU;%]T and  Agy = [0, 1, —,UB—UJZ;;]T
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with

\/Swz,;+5 (wh)? V5 10w, 5 V50?2

Vi 3 Ve o 3E

EQ() - 1+

Thus, we have

507 + 2v/5 (w;,l; - Mk)
ik, = exp

272
T T 2
Ha — W T Ok (wgy, — pa)
E/A® | 2—& E/ Ap—— — 7
« [BTAue (F ) T T o { -l
+ exp i - 2o (wZI; — 'uk)
272

wT—#B Ok (wT—# )2
ETA, ® [ ik B ETA _ Nk PB) L
X [ 9 o1 ( o )—f— 9 Nog o GXP{ 20}3

2 Derivation of (i,

Assume that w;g < ijk , we have

2
+eo 5(w — w, 5 (w—wl\> V5 (w — w, 5 (w—w,
Giih =/ 1+ Volw — wh) + 5 (—Z’“) 1+ Volw ~ ) + - Z
7 Vi 3 Vi Vi 3 Vi

1 exp{_\/g(w—wz,;)jL\/g(w—wﬁ) (w—uk)2}dw

X

oLV 2T Tk 20}
(C.27)
2
+/w;@ |, V5w —u]) g(w_w;;>2 L, VB —w) 5 fw—wj;
A T 3N % T S\
o1 exp _\/g(w—wTk)Jr\/g(ijk—w) (w = )? d
oV 2T Tk 20}
(C.28)
2
+/ | VBl —w) g(w—wz;>2 |, VBl —w) 5w
e Yk 3N Tk S\
RO . _VB(wk —w) VB —w)  (w—m)’ |
oV 2T Tk 20}
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We first calculate term (C.27) by expanding the product of two brackets after

the integral sign:
+o0
<C27) = / (E34w4 + E33U)3 + E32w2 + E31w + Ego)

1 _Q@W—WQ+VQM—WD_UWWM2dw
7 P :

Vi 202

X
where

J

+ 157,% ((wz,;)Z + (ij,g)2 + 3wz,;wj7k) } /97,3

B =[18V5n0 + 15V ()" + ()?) = 790 (a4 )

By =1+ [25 (wh)? (w])? — 3v/5 (333 + STy (] + wl)

— 5()101-7/,;103-;g (wz,; + w]];) + 60\/57;@1017,;10]74 /97,3

Esy =5 {5 (wz,;)z +95 (ijk)Q + 1577 — 9V5y (wz,; + ijk) + QOwZ,;ijk} /97,3

10 (3v/Bry, — Bw}, — bw?,) 2
33 — 1 and E34 = o1
il Cll

Then by completing the square, we have

1002 + /57, (wz,; + ijk — 2uk) }

o

(C.27) = exp {

e 4 3 2 1 (w — pc)?
X w;; (E34’UJ +E33w +E32w +E31U)+E30)O_k\/% exp _T“z dw,

where

o2
pe = pe —2v5E.
Tk
Using Lemma C.1 and arranging terms, we obtain

1002 ++/5 T +w!l —2
(1 - { e )
Vi

—wT wl — 2
E;Amq) (M) + E;Aggi exp {_(J’“—Mc) 7
Ok o

X

V2r

where
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o E3 = [E30, Es1, B3y, Ess, E34]T;

L4 A31 = [17 He, Mzc + 0-137 :u?é + 30—]%#07 /,Lé + 60—]%”%’ + 30’%]T ;

9 3
e Ay =10, 1, uc+w]7.,;, P 4202 + (ngk) +ucijk, e+ (w],;) +w]7-;,u20+

2
pe (wl,)” + 3w, + 5]

The derivation of term (C.28) is analogue to that of term (C.27). By expanding

the product of two brackets after the integral sign, we have

o]
(028) = / (E44’LU4 + E43w3 + E42w2 + E41w —|— E40)

- {_mw —wl) + VBl —w)  (w— ) } .

X

1k
oLV 2T Vi 202

where
B =1+ |25 (0])* (u)? + 3V5 (392 - Sl ( — o)
#1592 ()7 + ()~ 3ulc) | fond
B =535 (W)’ = (D)%) + 39 + w) — 100 (] + o) | /o0t

By =5 {5 (W)’ +5 (w])” — 397 — 3v/5 (w]y — w]) + 20wz;wj7,;] / -

50 (w?. + w’, 5
— ( ik 1 ]k) and E44 = —.
9

Ey3 =
973

Then by completing the square, we have

V5 (] —wz,;>}

Yk

(C.28) = exp {—

wlk 1 — )’
X/ (E44w4+E43U)3—|—E42’w2+E41'LU+E40> exXp {—M} dw.

T opV 27 207,

Using Lemma C.1 and arranging terms, we obtain
V5 (wh — w}) Wl — wh, — 1
| —-| - F——
(% O

(C.28) = exp {— o

T _ )2 wT — )2
—{—EIA@ o eXp{—(ka 2Nk) }—EIA43 O exp{—( ik ,Uk) }]7

E, Ay

Vor 20 Vor
k
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where

E, = [E40, Ey, Eyo, Eus, E44]T§

Ayt = (1, pe, pf + 0, 15 + 3ogpue, pyy + 60ppi + 308"

2 3
Agp = [0, 1, e +w), pii + 207 + (w))™ + mew], pi + (wh)” + whpi +

2
i (W)™ 4 3opw], + 5o "

2 3
A3 =10, 1, py + w;rk, ,ui + 20,% + (ijk) + ,ukijk, ,u% + (wﬁ) + ijk,ui +

2
o (wlp)™ + 307wl + 5oppu] "

Term (C.29) can be computed in the following way:

(C.29) = /_f (1 + —\/B(wi L g <w_7—kw7’;>2>

T 7\ 2
y 1+\/5(wjk_w)+§<w_wjk>

Yk

Vi 3

| VBt ul) +VBwul)  wp?)
opV2m o v

the form of which allows us to obtain solution of term (C.29) by simply using

X
Yk 20,%,

that of term (C.27). Thus, we have

1002 — /5y (Wl + w?, — 2
(C.QQ)zeXP{ Ve 2 )
Yk

T T 2
k

where

o E; = [E50; Es1, Esy, Ess, E54]T§
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o Asi = [1, —pp, ph + 0}, —ph — 304pup, ph + 607ud + 303"

L4 A52 = [07 17 —HUD — ;‘71;7 :u%) =+ 2013: + (wZI;) + /’LDwzlm :uD ( 21;)3 -

wlod, — pp (wl)” — 302wl — 502up]T
with
Bro =1+ [25 ()" (W} +3V5 (3 + Sreufc) (u + )
+ 1592 ((wZ,;)2 + (w])’ +3wmwjk> ] / 9
By = {18\/57,3 +15v50 ((wh)” + (w]h)?) + 7592 (wh + w})
+ 50w w, (wh +wl) + 60\/_7kwlkw]k] /9%

Esy =5 [5 (wz?l;)z +95 (wﬁ)Q + 1597 + 9\/5% ( Wiy, + wjk) + QOwlkw]k] /9%

10 (3v/By + 5w, + 5wl,) 25

2
o

53 = 1 v BEsa= 7 and pup =+ 2v/5-%

% % Yk

Therefore, the expression for (;;, when w

<
1007 + V5, (w], +w]), — 2/%)
Cijk =€exp 72 .
k

T T 2
He — (w ik Mc)
EJA;® | ———2% ETA -
3 4331 ( o > + 327 — \/% exp { 20_2 }]
5 (w?, — w?.
—i—eXP{—\/_( 2" Zk)}

w; 7 is given by

Vk

wl — T _
B[ Ax (‘b (U—M> ¢ (wa—u>)
k k
(

T 2 — 2
Ok W — i) Ok (wjy, — t)
E,Ap—— T2 S B Ay—— -
e O { 207 } P P 207

\ exp { 1002 — /5, (wz,; + w;rk — 2;%) }

oh

— MD T Ok (wh, — pp)?
E As; 0 | ———— E. As—— —_—
[ 51 < O'k ) + 5 52 \/ﬁ eXp { 20_% I

and interchanging positions of w}, and wﬁ gives the expression for (;;;, when

T T
W, > wjk .
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3 Derivation of 1y,

2
5w — w’, 5 (w—w’,
Yk 3 Vi
1 5w — w’, — u)?
X exp —\/_‘ i _(w /;k) dw
oV 21 Vi 20},

oo T 2
e w+\/3w(w—wjk)+5_w w —wl,
1 5 (w—w, — g )?
X exp —\/_< ]k) _(w l;k) dw (C.30)
opV 2T Vi 20},

" T 7\ 2
+/Jk Jr\/5w(wjk—w)+5_w(w—wjk>

w
Vi 3

1 Vo (w—wl)  (w— pu)?
X — dw. C.31
oLV 2T P { Vi 207 w ( )

We first calculate term (C.30) by arranging the terms in the bracket after the

—00

integral sign and completing the square:

507 + 25, (wl, —
(C.30) = exp k 7’“2( ik Mk-)
27
+oo 1 (w _ H’A)2
X Epw® + Ejyw? + E —_ .
o [ 12W -+ 11w + 1010} Ukmexp{ 20_]3 }

Ik

By Lemma C.1, we then obtain

502 4+ 2v/57;, (w] —
27i
T T 2
Ha — W; o (wjy, — pa)
X E1TA61<D (0—’6]]6) +E1TA62\/2]€—7TGXP {_]1927}] )
k

where
o Ao = |pa, i3 + 03, 1+ 307 k4]

.
2
o Ago = |1, pJA+ijk, pA 4 207 + (wfk) +pJijTk} .
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Term (C.31) can be rewritten as follow:

T

wT, wl —w w—wT 2
(C.31):/J 1+M+g< Jk)

—00 Ve

Yk 20 1%

Vi 207,

w {_mwwz;) <w+uk>2}dw

the form of which allows us to obtain solution of term (C.31) by using that of
term (C.30). Thus, we have

507 — 2v/5 T —
(C.31) = —exp{ & \/_sz(wjk ) }
27;,

w’l — un o (wT - ,UB)2
ETA.¢ | 28 T2 ETA k _\Tjk BT
2 4371 ( o =+ 2 72\/% €xp p 5

X

where

.
o Ary = [—pp, pg +0p, —py — 30} 1u5]

-
2
e Ay = |:1, —HUB _wﬁa M2B +2UZ + (wﬁ) +'qu;,’;:| ’

Thus, we have

507 4 25y (wh — i)
@Djk = €exp 92
Vi

—wT wl — 2
E/ Ag® (“A - +E| Ag L exp ——( e — 1)

X

T V271 207}
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X

Ok V2T
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C.4 Proof of Proposition 3.4

C.4.1 Derivation of &

& =E[c(W, w])]
d . T 2
oo )
k=1 Tk
Np— { L w — )T >}d
— X —— W — W — A%
Jenrs T2 T H g
1
:/exp{—§(w—w;r)TA1(W—wiT)}
L. { Lw = ) Te Y )}d
————expy —=(w— w — W,
Jeors T2 T H g
where A = diag(é—%, e 72—3) € R™? is a diagonal matrix.

By completing in squares, we then have

g _ 1 1
" /endM]/EM]

1 1
x/ém{—;w—kTWﬁmﬂw—hrWﬂ+EWTMAV—R%AW

where M = X714+ A L V=Y"1p+A W/ and R=p"' S p+(w!) T A w].

By integrating out the probability density function of a multivariate normal

distribution with mean M~!'V and covariance matrix M~!, we have

- Lyvv-v
& = |EM|eXp{2(V M~V R)}

Using the Woodbury identity (Petersen and Pedersen, 2012), we have
M=% -5 +A)'S
M~ = A~ A(Z +A)'A.

Thus, we obtain

&= ! ex —lw-T— T Nw] -
= s e {5 W A D -
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C.4.2 Derivation of Z}j

G;=E [C(W, w/ )ce(W, W-T)}

(2

X /exp {—% [(W—w]) T w—w])+(w—p) S (w—p)] } dw,

2
where T’ = diag(l—%, .., ) € R™? s a diagonal matrix. By completing in

squares, we then have

~ 1 1 1
Gij = exp {“(%T - WJ'T)TI‘A("’ZT —w/

i 8 Em M 5V
X /exp {—%(w ~M*'V)'M(w - M'V) + %(VTMlv — R)} dw,
where M = 7'+ T4 V = 37'p + T lw with w = J(w] 4+ w]); and
R=p"S " p+ (wZ—)TI‘_lw]T.

By integrating out the probability density function of a multivariate normal

distribution with mean M~V and covariance matrix M~!, we have

~ 1 -

Gy = e { 4@l ~ W] TT W] — W]}
1
M

X

exp {%(VTM‘lV — R)} .
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Using the Woodbury identity (Petersen and Pedersen, 2012), we have
M!'=X-3%(XZ+I)'Z
M'!'=T-T(Z+I)'T.

Thus, we obtain

~ 1 -
Gy =exp{ gl —W])TT W] — W]}

T +12>r1| exp{—%w W) (e m}.

C.4.3 Derivation of %l

Vi =E [Wie(W, w])]

J

2
(g — w))

= [ wexp — —
k=1 Tk

Y ﬁp {5 = dw
= [wexp {5 DA w -]}

X \/ﬁ exp {_%(W —p) 2 (w - N)} dw,
where A = diag(é—%, N é) € R™? is a diagonal matrix.
By completing in squares, we then have
1 1
v (2m) M /[EM]
X /wl exp {—%(w ~M'V) " M(w - M~'V) + %(VTM‘lV - R)} dw,

Uit =

where M = X'+ A V=S""p+A'wl and R = 'S p+(w] ) TA 1 w].

By integrating out w; with respect to the probability density function of a
multivariate normal distribution with mean M~'V and covariance matrix M !,

we have
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Using the Woodbury identity (Petersen and Pedersen, 2012), we have
M!'=X-3%(Z+A)'S
M'=A-AXZ+A) A
Thus, we obtain

= e AA+3) 'u+Z(A+3) W]
e (A +2)A|

e { =]~ WA+ D) 6] - ).

which is

Vi = elAA+ ) u+ DA+ 2) W
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