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We present a set of localized states for an even number of Dirac fermions under Einsteinian gravity that
have an infinite central redshift. Near the center of the localized state the components of the Dirac spinor
and the spacetime metric all show simple power-law dependences on the radial distance; further out the
fermionic wave function decays to zero and the spacetime becomes asymptotically flat. We show that this
“central” solution of the equations of motion can be used to understand much of the structure observed by
Finster, Smoller, and Yau [Phys. Rev. D 59, 104020 (1999)] in their numerical solutions of the same
problem at finite central redshift.

DOI: 10.1103/PhysRevD.102.084049

I. INTRODUCTION

Twenty-one years ago, in an important paper [1], Finster,
Smoller, and Yau (henceforth FSY) formulated the problem
of two Dirac fermions coupled to Einsteinian gravity. Their
stated intention was to treat this as a model problem in
which the interplay of the Heisenberg uncertainty principle
and the mutual gravitational attraction of the fermions
could be explored. This was followed by a string of papers
that developed the theory by including electromagnetic
effects [2], angular momentum [3,4], and Yang-Mills
interactions [5]. On the face of it, this approach has a
clear deficiency: the gravitational sector is treated classi-
cally, an approximation whose conditions of validity are
not obvious. Nonetheless, one might hope that this kind of
analysis can at least exhibit the basic phenomena to be
expected when quantum particles bind gravitationally, and
it is possible that phase space restrictions—rather than
a small parameter analogous to QED’s fine structure
constant—might reduce the importance of quantum-
gravitational corrections, at least for the low-lying states.
Indeed, forty years prior, Brill and Wheeler [6] had already
considered a classical coupling of gravity and quantum
mechanics in order to describe neutrinos, and later Lee and
Pang [7,8] modeled fermion soliton stars, very similar to
the FSY system, by again coupling general relativity to
quantum mechanical quantities.
FSY’s approach was to couple Einsteinian general

relativity to Dirac’s relativistic quantum mechanics. They
focused on the problem of two identical Dirac fermions in a
spin-singlet state, which allowed them to look for solutions
in which both the fermion density and the spacetime metric

were functions of only the radial coordinate, r. They
reduced this problem to a set of coupled ordinary differ-
ential equations for four fields: αðrÞ and βðrÞ, roughly the
particlelike and holelike parts of the Dirac spinor, and AðrÞ
and TðrÞ, roughly the length-contraction and time-dilation
factors from the spacetime metric. Importantly, they
imposed the following particular conditions on their sol-
utions to these equations:

(i) That the two-fermion wave function be normalized.
(ii) That the spacetime be asymptotically flat as r → ∞.
(iii) That all four fields behave regularly at r ¼ 0.

As applied to TðrÞ, this last assumption amounts to
requiring that the localized state’s central redshift

z≡ Tð0Þ − 1 ð1Þ

be finite. FSY found distinct one-parameter families of
solutions, one for the ground state with n ¼ 0 and one for
each of the excited states with n > 0 nodes in the fermion
fields. The solutions within each family may be para-
metrized by their central redshift z, which sets the central
value of the time-dilation field Tð0Þ ¼ 1þ z at r ¼ 0.
Along this sequence of solutions, the fermion mass m,
fermion energy ω, the massM of the system as observed by
a test particle at infinity, viz. the Arnowitt-Deser-Misner
(ADM) mass [9], and the soliton size R all depend on the
central redshift z.
As z increases, FSY’s numerical solutions appear to

“home in” on a particular solution with infinite redshift,
and with m, ω, M, and R showing damped oscillations
around well-defined asymptotic values. The asymptotic
value of the ADM mass, M, at high central redshift is
greater than the rest masses of the two fermions, 2m,
meaning that high-redshift states are energetically unbound
and unstable to fission; nonetheless, high-redshift states
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remain worthy of study both as a well-defined limit of the
FSY problem and as a resonance potentially observable in
scattering experiments. In this paper, we analyze the FSY
equations from this point of view. By exploring this special
infinite redshift solution, we can “reassemble” the original
FSY system and illuminate an underlying four-zone struc-
ture of the solutions that was hitherto obscured by their
numerical nature.
The paper is organised as follows. In Sec. II, we recap

the derivation of the FSY equations, generalizing from the
two-fermion case to that of an arbitrary even integer number
of fermions. In Sec. III, we show analytically that, if we relax
all three of FSY’s boundary conditions and in addition set
the fermion massm to zero, the FSYequations then admit a
solution in which all fields are power-law functions of r.
In Sec. IV, we restore the fermion mass, which allows us

to reinstate boundary conditions (i) and (ii). We show that
in this case one can still find numerically an infinite-
redshift solution that resembles the pure power-law sol-
ution in an “inner zone” at small values of r, before
crossing over into an “outer zone” at larger r in which the
fermion density decays exponentially and the spacetime
metric tends to the Schwarzschild form.
In Sec. V, we look at higher-lying excited-state solutions

in which the fermionic fields have more zeros and show
that in this case there are three zones: a power-law zone
resembling the analytic solution from Sec. III, a “wave
zone” that looks approximately like nonrelativistic particles
trapped in a gravitational potential well, and an outer zone
that resembles the one found in Sec. IV.
In Sec. VI, we reintroduce condition (iii)—regularity of

the field TðrÞ at the origin—and show that this inserts a
fourth “core” zone near the origin which matches on to the
power-law zone at a value of r that we estimate. The core
shrinks to zero in the high-redshift limit in which the FSY
solutions spiral around and converge onto our infinite-
redshift solution.
In Sec. VII, we analyze the stability of the power-law

solution to the perturbations caused by imperfect matching
to the core-zone solution. We establish a strong link
between these perturbations and the spiral characteristics
of figures for the binding and gravitational energy in the
original FSY paper. In Sec. VIII, we discuss how the
physical properties of the fermions differ between different
zones of the solutions, concentrating on the fermion energy
density and the radial and azimuthal pressures. Finally, in
Sec. IX, we summarize our results and discuss possible
directions for further work.
For convenience, we will sometimes refer to these

“particlelike” stationary localized states as “solitons,” as
they are localized solutions of nonlinear equations, some of
which are energetically bound relative to the infinitely
dispersed configuration of the constituent fermions. Note,
however, that time-dependent studies of their collisions
have not yet been performed.

II. FSY’S EQUATIONS OF MOTION FOR
TWO-FERMION GRAVITATIONALLY

LOCALISED STATES

The physical system considered by Finster et al. in their
1999 paper [1] is a pair of neutral fermions, each of massm
and spin j ¼ 1=2, in a deformable spacetime governed by
Einstein’s general theory of relativity. This two-fermion
case can be easily generalized to the case of an arbitrary
even integer number N ¼ 2jþ 1 of fermions filling
the shell of states with angular momentum j to form a
spherically symmetric singlet state. The action for this
system is

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R

16πG
þ
XN
a¼1

ψ̄að=D −mÞψa

�
: ð2Þ

Here g is the determinant of gμν, the metric tensor of the
deformable spacetime, R≡ Rμ

μ is the Ricci scalar, G is the
gravitational constant, ψa is the Dirac spinor of fermion a,
and

ψ̄a ¼ ψ†
aγ0 ¼ ψ†

adiagð1; 1;−1;−1Þ ð3Þ

is the adjoint spinor. =D≡ iGνDν is the Dirac operator; in a
curved spacetime, the Dirac matrices, Gν, satisfy the
anticommutation relation [10]

fGμ; Gνg ¼ 2gμνI; ð4Þ

where I is the 4 × 4 identity matrix.
We follow FSY in assuming a static, spherically sym-

metric form for the metric tensor of the spacetime. With
spacetime coordinates xμ ¼ ðt; r; θ;ϕÞ, the metric’s covar-
iant components are

gμν ¼ diagð−T−2; A−1; r2; r2 sin2 θÞ; ð5Þ

where TðrÞ and AðrÞ are functions of r only. Here and
henceforth, we adopt units in which ℏ ¼ c ¼ 1.
In writing (2), we have assumed that the N fermions are

in a Slater-determinant (Fock) state in which each of the
single-particle states in a given angular momentum shell is
occupied precisely once. The FSY ansatz for the single-
particle wave functions is given by

Ψ�
jkω ¼ e−iωt

ffiffiffiffiffiffiffiffiffi
TðrÞp
r

 
α�jωðrÞ
iβ�jωðrÞ

!
χkj∓1ðθ;ϕÞ; ð6Þ

where −j ≤ k ≤ j is the z component of the angular
momentum j, � is the parity (chirality) of the state. The
real functions α�jωðrÞ and β�jωðrÞ define the radial structure
of the particlelike and holelike components, respectively,
while the two-spinors χk

j�1
2

ðθ;ϕÞ give the angular

BAKUCZ CANÁRIO, LLOYD, HORNE, and HOOLEY PHYS. REV. D 102, 084049 (2020)

084049-2



dependence of the wave function (an explicit expression for
which can be found in Appendix A). The general solution
to the Dirac equation is then written as a linear combination
of these wave functions.
Extremizing the action S under these assumptions about

the Dirac and metric fields, we obtain the following set of
four coupled ordinary differential equations for the fermion
fields α and β and the metric fields A and T:

ffiffiffiffi
A

p dα
dr

¼ þ σN
2r

α − ðEþmÞβ; ð7Þ

ffiffiffiffi
A

p dβ
dr

¼ −
σN
2r

β þ ðE −mÞα; ð8Þ

r
dA
dr

¼ 1 − A − 8πGTNEðα2 þ β2Þ; ð9Þ

2rA
T

dT
dr

¼ A − 1 − 8πGTN

×

�
Eðα2 þ β2Þ − σN

αβ

r
−mðα2 − β2Þ

�
: ð10Þ

Here N ¼ 2jþ 1 is the (even) number of fermions that
occupy the filled shell with angular momentum j, σ ¼ þ1
for even and−1 for odd parity states, and the “local fermion
energy” EðrÞ is defined as

EðrÞ≡ ωTðrÞ: ð11Þ

Equations (7)–(10) form a system of coupled first-order,
nonlinear ordinary differential equations in the two metric
and two fermion fields, with parameters N, σ, m, and ω.
Such equations rarely have analytic, closed form solutions;
nonetheless, we have identified a family of solutions for a
reduced problem that displays exactly these qualities.

III. A PURE POWER-LAW SOLUTION
OF THE FSY EQUATIONS

In the case where the fermion mass m can be neglected
(or indeed is actually zero), we obtain the following
equations of motion:

ffiffiffiffi
A

p dα
dr

¼ þ σN
2r

α − ωTβ; ð12Þ

ffiffiffiffi
A

p dβ
dr

¼ −
σN
2r

β þ ωTα; ð13Þ

r
dA
dr

¼ 1 − A − 8πGNωT2ðα2 þ β2Þ; ð14Þ

2Ar
T

dT
dr

¼ A − 1 − 8πGTN

�
ωTðα2 þ β2Þ − σN

αβ

r

�
:

ð15Þ

These equations have a power-law solution of the form

α ¼ αpr; β ¼ βpr; A ¼ Ap; T ¼ Tp

r
; ð16Þ

with the coefficients αp, βp, Ap, and Tp given by

α2p ¼ ω

12πGσN2N−
;

�
βp
αp

�
2

¼ N−

Nþ
; ð17Þ

Ap ¼ 1

3
; Tp ¼ N̄

ω
; ð18Þ

where we define N� ≡ σN
2
� ffiffiffiffiffiffi

Ap
p

and

N̄ ≡ ðNþN−Þ1=2 ¼
�
N2

4
−
1

3

�
1=2

: ð19Þ

Note that while TðrÞ is dimensionless, Tp is the radius at
which the power law TðrÞ ¼ Tp=r ¼ 1. The fermion
number density is

η ¼ Nðα2 þ β2ÞT
r2

¼ 1

12πN̄Gr
: ð20Þ

This power-law solution might be considered unphysical
in two senses. First, the solution is singular at the origin,
where the gravitational redshift TðrÞ − 1 and the fermion
number density ηðrÞ both diverge as 1=r. Second, the
normalization integral for the fermion wave function,

4π

Z
∞

0

ðα2 þ β2ÞTdrffiffiffiffi
A

p ¼ lim
r→∞

r2

32G

�
1 −

4

3N2

�
1=2

; ð21Þ

diverges at large r, and hence the state is not normalizable.
Despite these concerns, we shall show in the following
sections that this pure power-law solution is nonetheless a
good starting point for understanding the complete set of
solutions of the FSY equations of motion (7)–(10).

IV. AN INFINITE-REDSHIFT SOLUTIONWITH AN
ASYMPTOTICALLY FLAT SPACETIME

To examine the relationship of our singular infinite-
redshift solution to the regular localized states obtained by
FSY, we begin by restoring a nonzero fermion mass m,
which enables us to enforce the normalization of the
fermion wave function, i.e., that the integral (21) should
be unity. This yields a solution that initially has two
zones: an inner, “power-law” zone (r≲ R), where
ωT > m and the fermion and metric fields approach the
power-law form (16); and an outer, “evanescent” zone
(r≳ R), where ωT < m causes the fermion fields to decay
exponentially, allowing the metric fields to approach the
Schwarzschild form,
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A ¼ 1

T2
¼ 1 −

2GM
r

; ð22Þ

whereM is the ADM mass of the localized state. Likewise,
the fermion fields approach the asymptotic form

α

α∞
→

�
r
a

�
b
e−r=a;

β

α∞
→

ffiffiffiffiffiffiffi
N−

Nþ

s �
r
a

�
b
e−r=a; ð23Þ

where the exponential scale length a and the power-law
index b are given by

1

a2
¼ m2 − ω2; b ¼ GM

a
ðω2a2 − 1Þ: ð24Þ

(Appendix B gives the next-order term in the large-r
approximations to αðrÞ and βðrÞ.) The transition between
these zones occurs at a radius R, where ωTðRÞ ¼ m, which
can be estimated as

mR ≈ ωTp ¼ N̄: ð25Þ

Because we need to fine-tune the fermion frequency ω to
avert a large-r runaway of the fermion fields, and thus
divergence of the normalization integral (21), such solu-
tions must be obtained numerically. We use a shooting
method to find ω and rescaling of the fields and parameters
to impose the normalization, similar to the method outlined
in FSY (see Appendix B for details).
The left-hand panels of Fig. 1 show the fermion and

metric fields for such a solution, in this case the lowest-
energy two-particle state. The transition radius R between
the inner power-law zone and the outer evanescent zone is
marked by a vertical dotted line, and a black dot on each
curve marks the radius at which we match the numerical
solution onto large-r asymptotic expansions.

V. INFINITE-REDSHIFT SOLUTIONS WITH
MULTIPLE ZEROS IN THE FERMIONIC

WAVE FUNCTION

As in the case of the finite-redshift solutions studied by
FSY, the infinite-redshift solutions form an excitation
spectrum of which the solution on the left of Fig. 1 is

FIG. 1. Left: an infinite-redshift solution for N ¼ 2 fermions localized in an asymptotically flat spacetime. The parameters are
ðz; m;ω;MÞ ¼ ð∞; 0.41508; 0.34522; 1.01079Þ. Right: a finite-redshift (z ¼ 20028) solution for N ¼ 2 fermions in an asymptotically
flat spacetime, with parameters ðz; m;ω;MÞ ¼ ð20; 027; 0.41507; 0.34521; 1.01076Þ. Upper panels: particlelike (α) and holelike (β)
parts of the one-fermion wave function. Lower panels: Time-dilation (T) and length-contraction (A) metric parameters. Black dots mark
the points at which the numerical solutions are matched to analytic large-r asymptotic expansions. Vertical dotted lines mark the
transition radii at R ∼ ωTp=m between the power-law and evanescent zones, at the point where ωTðrÞ ¼ m, and for the finite-redshift
solution at r0 ¼ Tp=ð1þ zÞ ≪ 1 between the core and power-law zones. Note that A ¼ 1 and T ¼ 1þ z ≈ 2 × 104 in the core,
transitioning to A ¼ 1=3 and T ≈ 1=r in the power-law zone.
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the ground state. While the ground-state solution has only
two zones (power law and evanescent), the associated
excited-state solutions also exhibit a wave zone in between
the power-law and evanescent zones. In this wave zone, the
fermion wave function exhibits oscillations qualitatively
similar to those that would be seen in the excited states
of a nonrelativistic quantum particle confined by a linear
potential. An example of such an excited-state solution is
shown in the left-hand panels of Fig. 2, with the boundaries
between the three zones marked by vertical gray dashed
lines. In this example, three zeros of αðrÞ alternating with
three of βðrÞ occur in the wave zone inserted between the
inner power-law zone and the outer evanescent zone. This
corresponds to a counterclockwise circulation in the ðα; βÞ
plane, as seen in Fig. 3.
The transition from power law to oscillatory behavior

occurs at the transition from high to low redshift, roughly at
r ∼ Tp. We estimate the transition radius as

rw ≈
1

m

�
N
2

�
αp
βp

�
σ

− σωTp

�
¼ 1

m

�
N þ 2=

ffiffiffi
3

p

3N − 2
ffiffiffi
3

p
�
: ð26Þ

This is the first peak of α if σ ¼ þ1, or of β if σ ¼ −1,
which marks the boundary between the power-law and
wave zones in our figures. In these excited states, the wave
zone occurs because the increased ω relative to the ground
state allows the highly relativistic power-law zone, with
T ≫ 1, to become subrelativistic, with T ∼ 1 and ωT > m,
before entering the evanescent zone, where ωT < m. The
oscillatory behavior in the wave zone can be deduced from
the Dirac equations (7) and (8) in the limit r ≫ 1,

ffiffiffiffi
A

p dα
dr

≈ −ðEþmÞβ; ð27Þ

ffiffiffiffi
A

p dβ
dr

≈þðE −mÞα: ð28Þ

Both metric fields AðrÞ and TðrÞ tend to unity for large r
and so, qualitatively at least, the above equations can be
seen as an oscillator system so long as EðrÞ≡ ωTðrÞ > m.
The radius outside which this happens defines the boundary
between the oscillatory and evanescent behavior of the
wave function. In the wave zone, the fermion fields
circulate in the ðα; βÞ plane, with a radial wave number

FIG. 2. As in Fig. 1, solutions for N ¼ 2 fermions localized in an asymptotically flat spacetime, but now for an excited state with
n ¼ 6 fermion wave function nodes, three zeros of αðrÞ alternating with three of βðrÞ, forming a wave zone between the power-law and
evanescent zones. Left: an excited-state infinite-redshift solution, with parameters ðz; m;ω;MÞ ¼ ð∞; 1.02837; 0.93877; 2.09894Þ.
Right: an excited-state finite-redshift solution with parameters ðz; m;ω;MÞ ¼ ð18246; 1.02824; 0.93866; 2.09914Þ. Upper panels:
particlelike (α) and holelike (β) parts of the one-fermion wave function (dashed lines indicate negative values of the functions). Lower
panels: time-dilation (T) and length-contraction (A) metric parameters. Black dots mark the points at which the numerical solutions are
matched to analytic large-r asymptotic expansions. Vertical dotted lines mark the transition radii between the core, power-law, wave, and
evanescent zones.
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kðrÞ ¼
�
EðrÞ2 −m2

AðrÞ
�

1=2

; ð29Þ

tracing an ellipse whose aspect ratio becomes more
flattened as r increases, as shown in Fig. 3.
For the ground state (n ¼ 0) and these excited states

(n > 0), the quantum number n counts the number of
times the fermion fields cross the α and β axes in the wave
zone before their exponential decay after crossing into the
evanescent zone, where EðrÞ < m. The example in Fig. 2,
with three zeros of α and three of β, is the excited state
with n ¼ 6. We note that n is even for σ ¼ þ1 and odd
for σ ¼ −1.
The evanescent zone, where EðrÞ < m, requires α and β

to have the same sign so that the m term in the Dirac
equation (27) and (28) drives exponential decay of the
fermion fields. Thus, the solutions must end in the first or
third quadrants of the ðα; βÞ plane. The ground state n ¼ 0
begins and ends in the first quadrant and is dominated by α
at small r. The n ¼ 1 state begins in the fourth quadrant,
with β < 0 dominating α > 0 at small r, then crosses into
the first quadrant before the evanescent decay. The n ¼ 2
state starts in the first, circulates through the second, and
ends in the third quadrant. The n ¼ 3 state starts in the
fourth, circulates through the first and second, and ends in
the third quadrant. In this way, we have a countably infinite

tower of infinite-redshift excited states each with a singluar
power-law zone, a wave zone with n fermion nodes, and an
evanescent decay.

VI. THE RELATIONSHIP TO FSY’S
FINITE-REDSHIFT SOLUTIONS

We now relate our infinite-redshift solutions to the
finite-redshift solutions obtained by FSY by restoring
the boundary condition that all fields in (7)–(10) should
be regular at r ¼ 0. Assuming that each field can be
expanded in a Maclaurin series around r ¼ 0, this implies
the following asymptotic behavior at small r:

αðrÞ ¼ rN=2ðα0 þ α1rþOðr2ÞÞ; ð30Þ

βðrÞ ¼ rN=2ðβ0 þ β1rþOðr2ÞÞ; ð31Þ

AðrÞ ¼ 1þOðrNÞ; ð32Þ

TðrÞ ¼ T0 þOðrNÞ: ð33Þ

(We note that α0 > 0, α1 ¼ 0, β0 ¼ 0, and

β1
α0

¼ ωT0 −m
N þ 1

ð34Þ

for α-dominated states with σ ¼ þ1 and n even, while
β0 < 0, β1 ¼ 0, α0 ¼ 0, and

α1
β0

¼ −
ωT0 −m
N þ 1

ð35Þ

for β-dominated states with σ ¼ −1 and n odd.)
These nonsingular solutions have a finite central redshift,

z ¼ T0 − 1. Imposing the boundary conditions (30)–(33)
introduces a new zone in the center of the soliton, which we
call the core zone.
In the core zone, for the case where the redshift is

reasonably large (z≳ 1), the fields α, β, A, and T inter-
polate between their r ¼ 0 values and the functional forms
given by the power-law solution (16). The transition occurs
at the radius

r0 ≈ Tp=T0 ¼ Tp=ð1þ zÞ; ð36Þ

or alternatively

r0 ≈
N þ 1

E0 −m

ffiffiffiffiffiffiffi
N−

Nþ

s
; ð37Þ

obtained by comparing the ratio of the fermion fields from
both power-law and core predictions. This change in
behavior is shown in the right-hand panels of Fig. 1 (for
the ground-state case) and Fig. 2 (for the n ¼ 6 excited-
state case). Here, in addition to the boundaries between

FIG. 3. Trajectory in the ðα; βÞ plane for the N ¼ 2 fermion
excited-state solution with central redshift z ≈ 2 × 104 and
n ¼ 6 axis crossings, as shown in the right panel of Fig. 2.
Arrows indicate increasing radius. In the core (r ≲ 10−4, A ≈ 1,
T ≈ 2 × 104) the fermion field moves from the origin into the first
quadrant with α ∝ r and β ∝ r2. This rise continues in the power-
law zone (10−4 ≲ r≲ 1, A ≈ 1=3, T ≈ 1=r) where α and β
increase together, both ∝r2, with a ratio close to the dashed line

with the slope β=α ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nþ=Nþ

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
− 1

p
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p þ 1
p

. With
T decreasing, the solution transitions to the wave zone
(1≲ r ≲ 20, T ∼ 1, A ≈ 0.9), where ωT > m drives a counter-
clockwise circulation tracing a series of ellipses and crossing an
axis 6 times to arrive in the third quadrant. Here we encounter the
evanescent zone (ωT < m) where α and β decay exponentially
with a ratio approaching the dotted line with slope β=α ¼ffiffiffiffiffiffiffiffiffiffiffiffiffi
m − ω

p
=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mþ ω

p
.
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zones that were visible in the infinite-redshift case, there is
now a new boundary at r0 ≈ 10−4 between the core and
power-law zones.
Figure 4 shows a comparison between the excited-state

finite-redshift solution in the right-hand panels of Fig. 2

and the pure power-law solution (16), created by plotting
the fermion and metric fields divided by their power-law
values. We see that, over many decades in r, the two
solutions match essentially perfectly. Note that, at the
boundary between the core and power-law zones
(r0 ≈ 10−4), the core-zone solution “overshoots” the infin-
ite-redshift power-law solution, creating oscillations in the
fermion and metric fields that die away with increasing
radius. These can be described quantitatively as perturba-
tive corrections to the power-law solution, a topic which is
further developed in Sec. VII and Appendix C.
The size of the core zone, r0, is determined by the

distance needed for the fields at r < r0 to reach their

FIG. 5. Phase diagram for the ground-state N ¼ 2 solution,
showing the length-contraction metric parameter Aðr; zÞ as
a function of radius r and central redshift z. This log-log plot
covers a wide range of r and z. Contours are drawn at
A ¼ ð0.99; 2=3; 1=3Þ. Regions of approximately flat space
(A ≈ 1, red) include the core at r < r0 ∼ 1=ð1þ zÞ and the
evanescent zone at r > R ∼ 1. The power-law zone (A ≈ 1=3,
red) occupies the triangular region between r0 ∼ 1=z and R ∼ 1,
with an apex near z ∼ 1. The A ¼ 1=3 contour shows the damped
oscillations of A above and below its pure power-law value,
launched by the overshoot at the inner edge of the power-law
zone. Because the core radius r0 ∝ 1=ð1þ zÞ, the power-law
zone oscillations in ln r at fixed z correspond to oscillations in
ln z at fixed r.

FIG. 4. A numerical solution of the FSY equations with finite
central redshift (z ≈ 2 × 104) embedded in an asymptotically flat
spacetime, plotted relative to the pure power-law solution. Note
the extended region of r in which the numerical solution follows
the pure power-law form. The damped oscillations, highlighted in
the inset, are discussed in Appendix C.

(a)

(b)

FIG. 6. Phase diagram for the N ¼ 2 fermion excited-state
solution with n ¼ 12 nodes in the fermion wave function. (a) The
length-contraction metric field Aðr; zÞ as a function of radius r
and central redshift z, with contours at 0.99, 2=3, and 1=3.
Comparison with Fig. 4 shows that for r < 1 the core (A ≈ 1,
blue) and power-law (A ≈ 1=3, red) zones are essentially un-
changed. The excitation inserts a wave zone (A ≈ 0.9, light blue)
between the power-law and evanescent zones. (b) β=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2

p
with contours at 0, to highlight the wave-zone oscillations in r,

and at
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
− 1

2
ffiffi
3

p
q

≈ 0.459, to highlight the power-law zone

damped oscillations in ln r.
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power-law values, which is in turn determined by the
redshift z. As z decreases, the core zone expands, replacing
the inner part of the power-law zone. At z ∼ 1, the power-
law zone disappears and the core zone subsequently
connects directly to the wave zone (or evanescent zone
in the ground-state case) without any intervening power-
law behavior. This is illustrated in the phase diagram,
Fig. 5, which has been constructed by combining the
graphs of the length-contraction parameter AðrÞ from
ground-state N ¼ 2 solutions with a wide range of red-
shifts. As the redshift is reduced, the core–power-law
boundary at r0 ≈ 1=ð1þ zÞ and the power-law–wave
boundary at R ≈ 1 approach each other. For redshifts
z≲ 1, the power-law zone is eliminated entirely.
A phase diagram showing Aðr; zÞ for the n ¼ 6 excited-

state solution is presented in Fig. 6. Comparing the phase
diagram showing Aðr; zÞ for the N ¼ 2 ground state in
Fig. 4 and that for the n ¼ 6 excited state in Fig 5(a)
indicates that the core and power-law zones are essentially
unchanged, but a wave zone with A ≈ 0.9 forms outside
r ∼ 1 between the power-law and evanescent zones for z >
1 or between the core and evanescent zones for z < 1. The
oscillating fermion fields are more clearly seen in Fig. 6(b)
showing β=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 þ β2

p
. This indicates where the holelike (β)

component is significant. β is small in the core and
evanescent zones. In the power-law zone, the analytic
estimate is

β2

α2 þ β2
¼ N−

Nþ þ N−
¼ 1

2
−

σffiffiffi
3

p
N
: ð38Þ

The damped oscillations in ln r are evident in the power-
law zone. In the wave zone, β oscillates in r above and
below 0, with three maxima and three minima before the
exponential decay in the evanescent zone.

VII. OSCILLATIONS AROUND THE POWER LAW
SOLUTION: ORIGIN OF THE FSY SPIRALS

As shown in Fig. 7, the high-redshift soliton properties,
such as the fermion mass m and the fermion frequency ω,
spiral around and converge upon the infinite-redshift limit
(marked with a red dot in Fig. 7). This spiral arises because
these soliton properties oscillate with increasing redshift
before converging to their infinite-redshift values, as shown
in Fig. 8; since the oscillations are not in phase with each
other, the result is a spiral rather than a straight line. We
note that, as shown in Fig. 8, these oscillations are periodic
in ln z rather than in central redshift z.
These oscillations can be understood as a consequence of

damped oscillations around the power-law solution that are
excited at the redshift-dependent core radius r0 ¼ Tp=
ð1þ zÞ. It is clearly not possible, in the generic case, for
the core-zone solution (30)–(33) to match on perfectly to
the power-law solution (16) at the radius r0 where they

meet. There must therefore be a range of radii around that
point where the solutions “adjust” from the core zone to the
power-law behavior. We show in Fig. 4 an example of this:
the inset shows in more detail the small oscillations that the
fermion and metric fields undergo relative to the pure
power-law behavior (16) as they enter the power-law zone.

FIG. 7. The fermion frequency, ω, as a function of fermion
mass, m, for the family of ground-state solutions to the FSY
equations. As the central redshift is increased, points ever closer
to the center of the spiral are generated. Thus the very center
corresponds to the infinite-redshift case, i.e., the one in which the
power-law zone expands all the way to r ¼ 0. The red dot marks
the ðm;ωÞ value of an infinite-redshift soliton for the ground
state. The predicted co-ordinates (0.4151, 0.3452) match the
centre exceedingly well.

FIG. 8. Dependence of the ground-state N ¼ 2 soliton param-
eters, m, ω, M, with central redshift z. Black dots mark extrema.
In the low-redshift limit, z ≪ 1, the fermion mass m, energy ω,
and the ADM mass per fermion M=N all converge to the same
power law ω ∝ z1=4. With redshift increasing toward z ∼ 1, all
three parameters drop below the z1=4 asymptote, attaining
maxima at slightly different redshifts with ω < M=N < m.
The solitons are energetically bound up to the redshift where
M=N exceeds m and unstable to fragmentation at higher red-
shifts. All three parameters undergo damped oscillations in
ln z around different asymptotic values as z → ∞, where
ω < m < M=N. The ω oscillations in ln z have a phase shift
relative to those of m and M, resulting in the spiral pattern in the
m versus ω plane of Fig. 7.
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These oscillations are periodic in ln r, not in r, mirroring
the logarithmic property of the oscillations in Fig. 8.
This behavior can be described in terms of small

multiplicative corrections to the power-law solution,

αðrÞ ¼ αprð1þ ϵᾱ1ðrÞ þOðϵ2ÞÞ; ð39Þ

βðrÞ ¼ βprð1þ ϵβ̄1ðrÞ þOðϵ2ÞÞ; ð40Þ

AðrÞ ¼ Apð1þ ϵĀ1ðrÞ þOðϵ2ÞÞ; ð41Þ

TðrÞ ¼ Tpr−1ð1þ ϵT̄1ðrÞ þOðϵ2ÞÞ; ð42Þ

where αp, βp, Ap, and Tp are given in (17) and (18).
Substituting these into the m ¼ 0 version of the FSY
equations, (12)–(15), and neglecting terms Oðϵ2Þ, we
obtain coupled differential equations for the corrections
ᾱ1ðrÞ, β̄1ðrÞ, Ā1ðrÞ, and T̄1ðrÞ.
These equations are presented and solved in

Appendix B. Of the four eigenmodes we obtain, one grows
as a power law in r, one decays as a power law in r, and the
remaining two show oscillations periodic in ln r as they
decay. This matches the periodicity in ln r of the oscil-
lations seen in numerical solutions such as Fig. 4.
The damped oscillations in ln r induce damped oscil-

lations in the high-redshift soliton properties m, ω, M, and
R as functions of redshift, as shown in Fig. 8. These arise
as follows. The oscillations in ln r are excited at radius
r0 ≈ Tp=ð1þ zÞ, where the core-zone fields encounter and
overshoot the power-law solution. The perturbation analy-
sis in Appendix B indicates that the oscillation amplitude
then decreases as 1=r, and thus the initial amplitude
decreases by a factor r0=R at radius R outside which
ωT < m, marking entry into the evanescent zone. Because
the oscillating fields are perturbed above or below the
power-law solution, so will be the radius R at which they
enter the evanescent zone, thus altering the soliton proper-
ties m, ω, and M.

VIII. PHYSICAL PROPERTIES OF THE
FERMION CLOUD

The physical properties of the fermions in the FSY
solitons provide another distinction between the four zones
described above. In Fig. 9, we plot the energy density ρ and
the radial and azimuthal pressures, Pr and P⊥, respectively,
as functions of radius for the N ¼ 2 fermion n ¼ 6 excited-
state solution with central redshift z ≈ 2 × 104. Equation-
of-state parameters, simply dividing the pressures by
the energy density, are shown in Fig. 9(b). The fermion
stress-energy tensor, for the spherical-polar coordinates
xμ ¼ ðt; r; θ;ϕÞ, is Tμ

ν ¼ diagðρ;−Pr − P⊥;−P⊥Þ. The
fermion energy density is

ρ ¼ NωT2ðα2 þ β2Þ
r2

¼ ηE; ð43Þ

where η is the fermion number density and E≡ ωT. The
radial pressure is

Pr ¼
NT
r2

�
α2Eþ þ β2E− −

σNαβ

r

�
; ð44Þ

where E� ≡ E�m, and the azimuthal pressure is

P⊥ ¼ σN2Tαβ
2r3

: ð45Þ

The radial and azimuthal pressures behave quite differently
in the four distinct zones.
The high-redshift core zone, r≲ r0 ≈ 10−4, is approx-

imately uniform and isotropic. The fermion energy density
and pressure are independent of radius, and the fermionic
matter is isotropic, i.e., the radial and azimuthal pressures
are equal, with P=ρ ¼ 1=3. Here the space is flat (A ≈ 1)
and the fermions resemble an isotropic distribution of
massless particles moving at the speed of light.

(a)

(b)

FIG. 9. (a) Radial profile of the fermion energy density ρ, radial
pressure Pr, and azimuthal pressure P⊥. (b) Equation-of-state
Pr=ρ for the radial and P⊥=ρ for the azimuthal pressures. The
parameters are σN ¼ 2, n ¼ 6, and z ≈ 2 × 104, as in Figs. 2–4.
Vertical dashed lines mark transitions from the core to power-law
to wave to evanescent zones.
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In the power-law zone, 10−4 ≲ r≲ 1, we have the
fermion number density η ≈ 1=ð12πN̄GrÞ, the energy per
fermion ωT ≈ N̄=r, and thus the energy density ρ ¼
ωTη ≈ 1=ð12πGr2Þ. The azimuthal pressure is P⊥ ≈ ρ=2,
and this dominates over Pr by around 2 orders of
magnitude. The radial pressure actually vanishes in the
pure power-law solution, but here it oscillates above and
below 0 as a result of the power-law zone oscillations in
ln r. Interestingly, for a metric with T ∝ 1=r, the classical
circular orbit speed, given by v2 ¼ −d lnT=d ln r, is the
speed of light at all radii. Here in the power-law zone the
fermions resemble a collection of massless particles on
circular orbits with an isotropic distribution of orientations.
In the wave zone, 1≲ r≲ 20, the energy density ρ

continues to decline but also starts to oscillate. Minima in ρ
correspond to sign changes in P⊥ such that ρ increases with
r where P⊥ < 0. The radial pressure Pr is now dominant
and declines monotonically, while the azimuthal pressure
P⊥ is small and oscillates around 0. Here the fermions
resemble standing waves in a spherical cavity, bouncing
between the interior power-law zone and the exterior self-
generated gravitational potential.
Finally, in the evanescent zone, r≳ 20, the fermion

energy density ρ decays exponentially to zero and the
pressures decrease even faster, becoming increasingly
azimuthal, with P⊥=ρ ∝ r−1 and Pr=ρ ∝ r−2. Here the
fermions resemble a collection of low-velocity test particles
on elliptical orbits with isotropic orientations and a range
of radial turning points such that fewer reach larger radii.

IX. SUMMARY AND OUTLOOK

In this paper, we have presented a power-law solution of
the FSYequations for a filled shell holding an even number
N of neutral fermions interacting via the deformable
spacetime metric of Einsteinian gravity. This power-law
solution does not obey the boundary conditions that FSY
imposed: its central redshift is infinite, and its fermion wave
function is not normalizable.
Nonetheless, it is in some sense a “key” to understanding

the four-zone structure of the full set of FSY solutions. The
evanescent zone at large r (together with its preceding wave
zone, where applicable) can be thought of as a deviation
from the power-law solution due to the non-negligibility of
the fermion mass m, which restores the normalizability of
the fermion wave function. Likewise, the core zone at small
r can be thought of as a deviation from the same power-law
solution due to the requirement of a finite central redshift.
If we relax the requirement for a finite central redshift but

keep the requirement that the fermion wave function be
normalized, we obtain a set of infinite-central-redshift
solutions that match the high-central-redshift limit of the
known FSY solutions, i.e., that lie at the center of spirals
like the one in Fig. 7.
We can go further: the existence of such spirals is

explained by the existence of the power-law solution. As

shown in Sec. VII, the failure of the core-zone solution to
connect precisely to the power-law zone one results in
oscillations in the fermion and metric fields that are
periodic in ln r. As we can see from the phase plots in
Figs. 5 and 6, these oscillations follow the core–power-law
boundary down to low redshift, where they become
oscillations of physical observables (such as the ADM
mass and size of soliton) that are periodic in ln z, where z is
the central redshift.
It would be interesting to extend this analysis to the case

where more than one shell of fermions is filled. This would
provide a theory of gravitationally localized states that
contain an arbitrarily large filled sphere of fermionic matter.
We expect the physics of such systems to have connections
to cases previously studied in astrophysical contexts. In
particular, they should exhibit the same kind of gravother-
mal catastrophe discussed by Lynden-Bell and Wood [11],
where spirals similar to those in Fig. 7 and oscillations
similar to those in Fig. 8 are observed. We plan to discuss
this matter further in a future work.

APPENDIX A: EXPLICIT EXPRESSION FOR
TWO-SPINORS

The full two-spinors are given by

χk
j−1

2

ðθ;ϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πðjþ kÞ

2j

s
Y
k−1

2

j−1
2

ðθ;ϕÞ
�
1

0

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πðj − kÞ

2j

s
Y
kþ1

2

j−1
2

ðθ;ϕÞ
�
0

1

�
; ðA1Þ

χk
jþ1

2

ðθ;ϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πðjþ 1 − kÞ

2jþ 2

s
Y
k−1

2

jþ1
2

ðθ;ϕÞ
�
1

0

�

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πðjþ 1þ kÞ

2jþ 2

s
Y
kþ1

2

jþ1
2

ðθ;ϕÞ
�
0

1

�
; ðA2Þ

where Ym
l ðθ;ϕÞ denote the standard spherical harmonic

functions. Differing from Finster et al., an inconsequential
factor of

ffiffiffiffiffiffi
4π

p
has been introduced to the two-spinors so

that the general system of equations reduces the original
N ¼ 2 system given by [1].

APPENDIX B: NUMERICAL SOLUTION OF THE
FSY EQUATIONS

For finite-redshift states, following FSY, we seek
numerical solutions of Eqs. (7)–(10) in which the fermion
fields α and β tend to zero at large r and the metric field T
tends to a constant. We initialize the numerical solver at a
small but nonzero radius r ¼ rmin using the small-r analytic
forms of the unscaled solution. These are similar to
(30)–(33), but with unscaled parameters,
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αSRðrÞ ¼ αu0rN=2; ðB1Þ

βSRðrÞ ¼ βu1rðN=2Þþ1; ðB2Þ

ASRðrÞ ¼ 1; ðB3Þ

TSRðrÞ ¼ 1; ðB4Þ

where

βu1 ¼
ωu −mu

N þ 1
αu0: ðB5Þ

(The subscript u here indicates “unscaled” quantities.) The
free parameters in this small-r solution are αu0, which we
choose arbitrarily, and which determines the central redshift
of the eventual scaled solution; mu, the fermion mass,
which we set to 1; and ωu > 1, the fermion frequency.
To find a numerical solution in which the fermion fields

tend to zero at large r, we tune the fermion frequency ωu
while keeping αu0 fixed. Because this tuning can be carried
out only to finite precision, our numerical solutions
terminate at a finite radius rmax, at which there is either
an additional zero of one of the fermion fields (if ωu is
slightly too high) or an extremum preceding a divergence of
the field to infinity (if ωu is slightly too low).
Following FSY, we now aim to rescale our numerical

solution to make the fermion fields normalized and to
ensure that limr→∞ TðrÞ ¼ 1. However, this requires
knowledge of the functions over the whole line
r ∈ ð0;∞Þ, whereas our numerical solutions cover only
the finite interval r ∈ ðrmin; rmaxÞ. We therefore begin by
matching our numerical solutions to the known small-r and
large-r asymptotic forms.
The large-r asymptotic expressions, in terms of a

dimensionless radius x≡ r=a, and the corresponding
dimensionless gravitational radius γ ≡GM=a, are

αLRðrÞ ¼ α∞xbe−x
�
1þ αe1

x

�
; ðB6Þ

βLRðrÞ ¼ α∞xbe−x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu − ωuτ

mu þ ωuτ

r �
1þ βe1

x

�
; ðB7Þ

ALRðrÞ ¼ 1 −
2γ

x
; ðB8Þ

TLRðrÞ ¼ τ

�
1 −

2γ

x

�
−1=2

: ðB9Þ

Here the fermion decay scale a and leading exponent b are

a ¼ ðm2
u − ω2

uτ
2Þ−1=2; ðB10Þ

b ¼ γðω2
uτ

2a2 − 1Þ: ðB11Þ

The subleading coefficients of the expansion in powers of
1=x are

αe1 ¼
Σe1 þ Δe1

2
; βe1 ¼

Σe1 − Δe1

2
; ðB12Þ

where Σe1 and Δe1 are given by

Δe1 ¼ γa2muωuτ −
σN
2

; ðB13Þ

Σe1 ¼
N2

4
þ γ2ð3 − a2ωuτð5ωuτ þmuÞÞ: ðB14Þ

(The subscript e here stands for evanescent.)
Matching the small-r expressions to our numerical sol-

ution is unproblematic, since we used them as the boundary
conditions for our numerical solution at r ¼ rmin. However,
to match our numerical solution to the above large-r
expressions, we must determine the three unknown param-
eters M, τ, and α∞.
Since the errors in the fields T and A at rmax are much

smaller than those in the fields α and β, we first determine
M and τ by matching the numerically determined A and T
fields to their large-r expressions at rmax. Specifically, we
estimate τ and M as

τ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AnumðrÞ

p
TnumðrÞ

���
r¼rmax

; ðB15Þ

M ¼ r
2
ð1 − AnumðrÞÞ

���
r¼rmax

; ðB16Þ

where Anum and Tnum are the solutions for A and T given by
the numerical solver.
Matching the fermion fields at rmax would be unsafe,

since there they are strongly affected by our small error in
the value of ωu. Therefore, we instead look for a radius
inside rmax where the numerically determined α and β
approach most closely their analytically determined large-r
ratio, i.e., where�

βnumðrÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu − ωuτ

mu þ ωuτ

r �
xþ βe1
xþ αe1

�
αnumðrÞ

�
2

ðB17Þ

is minimized. Calling this radius r̃0, we actually do the
matching of the fermion fields at a somewhat lower radius,
r0 ≡ 4r̃0=5. This is because (B17) may actually become
zero if the numerically determined ratio crosses the
analytically determined one: that is clearly a minimum,
but it occurs at a radius where the numerically determined
fermion fields have already begun to diverge from the
correct large-r asymptotic form. Having thus determined r̃,
we set αnumðr0Þ ¼ αLRðr0Þ, thereby determining α∞. This
means that there is a slight jump in βðrÞ at r0, but this is an
unavoidable consequence of the slight residual error in our
numerical solutions.
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These matching procedures yield a set of four functions,
fαuðrÞ; βuðrÞ; AuðrÞ; TuðrÞg, which are defined on the
whole interval r ∈ ð0;∞Þ. These do not yet satisfy con-
ditions (i) and (ii): although the fermion fields are normal-
izable, they are not yet normalized, and although the field
TuðrÞ has a finite value as r → ∞, that value is not 1. To
remedy this, we follow FSYand define scaled versions of the
fields,

αðrÞ≡
ffiffiffi
τ

λ

r
αuðλrÞ; ðB18Þ

βðrÞ≡
ffiffiffi
τ

λ

r
βuðλrÞ; ðB19Þ

AðrÞ≡ AuðλrÞ; ðB20Þ

TðrÞ≡ 1

τ
TuðλrÞ; ðB21Þ

where

λ ¼
�
4π

Z
∞

0

ðα2u þ β2uÞ
Tuffiffiffiffiffiffi
Au

p dr

�
1=2

; ðB22Þ

and τ ¼ limr→∞ TuðrÞ was obtained in (B15) during the
matching procedure. The functions (B18)–(B21) satisfy the
equations (7)–(10) but for different values of the fermion
mass m and the fermion frequency ω,

m ¼ λmu; ðB23Þ

ω ¼ λτωu: ðB24Þ

They obey the correct normalization condition,

4π

Z
∞

0

ðα2 þ β2Þ Tffiffiffiffi
A

p dr ¼ 1; ðB25Þ

and the metric field T has the correct large-r limit,

lim
r→∞

TðrÞ ¼ 1: ðB26Þ

The parameter α0, which we chose arbitrarily at the
beginning of the process, determines the central redshift
z ¼ Tðr ¼ 0Þ − 1 of the eventual scaled solution. There
is a one-to-one relationship between α0 and z as shown in
Fig. 10. All α0 values required to generate the solutions in
this paper are presented, with their corresponding redshift,
as follows: Figs. 1–4 and 9 have α0 ¼ 20 corresponding
to a redshift z ¼ 20, 028 for Fig. 1 and z ¼ 18, 247 for
Figs. 2–4 and 9.
The procedure for numerically determining solutions of

the FSY equations with infinite central redshift is similar,
except that we use the power-law solution of the FSY
equations from Sec. III in place of the small-r expansion

(B1)–(B4). The small-r condition for the infinite-redshift
solitons is thus given by

αPLðrÞ ¼ αupr; ðB27Þ

βPLðrÞ ¼ βupr; ðB28Þ

APLðrÞ ¼ Aup; ðB29Þ

TPLðrÞ ¼
Tup

r
: ðB30Þ

Here the u stands for unscaled, while the p stands for power
law. The coefficients in (B27)–(B30) are given by

α2up ¼
ωu

12πGσN2Nu−
;

�
βup
αup

�
2

¼ Nu−

Nuþ
;

Aup ¼
1

3
; Tup ¼

N̄u

ωu
; ðB31Þ

where Nu� ≡ σN
2
� ffiffiffiffiffiffiffi

Aup
p

and

N̄u ≡ ðNuþNu−Þ1=2 ¼
�
N2

4
−
1

3

�
1=2

: ðB32Þ

The rest of the procedure is as in the finite-redshift case: we
tune ωu until the fermion fields become normalizable, and
then we use the same two-parameter scaling procedure to
normalize the fermions and make the spacetime asymp-
totically flat as r → ∞.

APPENDIX C: PERTURBATIONS AROUND THE
POWER LAW

To investigate the oscillations around the power-law
solution, we consider perturbations of the power-law
functions, introducing a small parameter ϵ > 0,

FIG. 10. One-to-one relationship between boundary condition
parameter α0 and the central redshift z ¼ Tð0Þ − 1 for ground
state solutions with N ¼ 2 fermions. The change of gradient
reflects the emergence of the new power-law regime for the
solutions.
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AðrÞ ¼ Apð1þ ϵĀ1ðrÞ þOðϵ2ÞÞ; ðC1Þ

TðrÞ ¼ Tp

r
ð1þ ϵT̄1ðrÞ þOðϵ2Þ; ðC2Þ

αðrÞ ¼ αprð1þ ϵᾱ1ðrÞ þOðϵ2ÞÞ; ðC3Þ

βðrÞ ¼ βprð1þ ϵβ̄1ðrÞ þOðϵ2ÞÞ; ðC4Þ

and linearizing the EDM equations for the behavior of the
functions Ā1, T̄1, ᾱ1, and β̄1 (note that the overhead bar is
mere notation and does not indicate conjugation). This
reduces to a system of equations of the form

dy
d ln r

¼ My þmrðcþ S yÞ; ðC5Þ

where yðrÞ ¼ ðᾱ1ðrÞ; β̄ðrÞ; Ā1ðrÞ; T̄1ðrÞÞT is the 1 × 4 col-
umn vector giving the OðϵÞ perturbations around the
power-law solution, c is an r-independent 1 × 4 column
vector, M and S are r-independent 4 × 4 matrices.
Neglecting the m terms, we have an eigenvalue problem

with the matrix

M ¼

0
BBBBB@

K − 1 1 − K − 1
2

1 − K

1þ K −1 − K − 1
2

1þ K

−2 − 2
K −2þ 2

K −1 −4

−1=K 1=K 3
2

−1

1
CCCCCA; ðC6Þ

where K≡ ffiffiffi
3

p
σN=2¼ðNþþN−Þ=ðNþ−N−Þ. The matrix

M is independent of r and depends only on the parameter
σN. The eigenvalue problem has solutions of the form

yðrÞ ¼
X4
j¼1

Aj expðλj ln rÞVj ¼
X4
j¼1

AjrλjVj; ðC7Þ

where λj are the eigenvalues and the corresponding right
eigenvectors Vj are weighted by (complex) amplitudes Aj.
The trace TrðMÞ ¼ −4 is the sum of four eigenvalues.

Writing the eigenvalues as λ ¼ q − 1, the constituent
equation is

0 ¼ DetðM − λIÞ ¼ q4 þ q2 þ 10 − 12K2: ðC8Þ

Note that 12K2 ¼ 9N2, so that the eigenvalues depend on
N but not on σ. Solving the quadratic equation for q2, the
four roots are

q ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
þ 12K2 − 10

rs
: ðC9Þ

This gives two real eigenvalues

λ�p ¼ −1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
1

2
þ 3N̄

r
≡ −1� p ðC10Þ

and a complex conjugate pair

λ�k ¼ −1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
1

2
− 3N̄

r
≡ −1� ik; ðC11Þ

where

N̄ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 −

13

12

r
: ðC12Þ

The two real eigenvalues, λ�p ¼ −1� p, give one rising
mode, rp−1, and one falling mode, r−ð1þpÞ. The complex
conjugate pair, λ�k ¼ −1� ik, combines to give damped
oscillations in ln r with wave number k and a 1=r decay
envelope. It is these damped oscillations that give rise to the
spiral curves such as in Fig. 7. The even spacing of the
oscillations in ln r can be seen in log-log plots of the our
numerical solutions, and the corresponding oscillations of
ω, m, and M with central redshift log z in Fig. 8.
The eigenvectors give the specific mix of fields involved

in each of the four modes. Solving MV ¼ ðq − 1ÞV, the
right eigenvectors of M are

V ∝

0
BBB@

−6K − q2

−6K þ q2

4ðq2 − 2Þ
6

1
CCCAþ q

0
BBB@

−ðq2 þ 4Þ
þðq2 þ 4Þ

4

6

1
CCCA: ðC13Þ

For the two real eigenvalues, q ¼ �p,

V�p ∝

0
BBB@

−6K − p2

−6K þ p2

4ðp2 − 2Þ
6

1
CCCA� p

0
BBB@

−ðp2 þ 4Þ
þðp2 þ 4Þ

4

6

1
CCCA: ðC14Þ

For the complex conjugate pair, q ¼ �ik,

V�k ∝

0
BBB@

−6K þ k2

−6K − k2

−4ðk2 þ 2Þ
6

1
CCCA� ik

0
BBB@

4þ k2

4 − k2

4

6

1
CCCA: ðC15Þ

In these expressions, the eigenvectors are not normalized in
any particular way. The general solution given by (C7)
scales these four eigenvectors by four complex amplitudes
Aj. Requiring the four field perturbations to be real
provides four constraints, leaving four real parameters.
The general solution, in terms of real functions of r, is thus
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yðrÞ ¼ AþVþprp−1 þ ACVC
cos ðk ln rÞ

r

þ A−V−pr−1−p þ ASVS
sin ðk ln rÞ

r
: ðC16Þ

Here Aþ and A− are (real) amplitudes for the rising
and falling modes, AS and AC are (real) amplitudes for
the sine and cosine components of the damped oscillations,
and V�k ¼ VC � iVS.
It is worth noting implications of the positive eigenvalue,

λþp, which causes perturbations to grow as rp−1. The
existence of this positive eigenvalue is not yet fully under-
stood since the magnitude of its corresponding eigenvector
does not seem to be negligible andyet the observed numerical
solutions display damping of oscillations over lengths in ln r
of order ln z for z ≫ 1.We conjecture that the fine-tuningofω
effectively suppresses the excitation of this growing eigen-
mode so that its amplitude becomes important only at
r ∼ 1 where ωT < m marks entry into the evanescent zone.

The radial dynamics of the finite-redshift solutions
may thus be summarized as follows: the fields are launched
from r ¼ 0 with the boundary conditions A ¼ 1, T ¼
T0 ¼ 1þ z, α ¼ β ¼ 0. In the core, r < r0, the dominant
σN=r terms in the Dirac equation drive up the fermion
amplitude as rN=2. With the fermion density then rising as
η ∝ rN−2, the metric fields A and T begin to decrease
with an rN term. In the high-redshift case, where ωT0 ≫ m,
the fields approach the power-law solution, arriving at
r ∼ r0 ≈ 1=ð1þ zÞ. But they overshoot the power-law
solution, exciting the damped oscillations, and thus spiral
around and converge toward the power-law solution
until being ejected by the growing mode. In the excited
states, this ejection occurs where ωTðrÞ > m, driving
wave-zone oscillations until entry into the evanescent zone.
Once ωTðrÞ < m, the mass terms drive exponential decay
of the fermions and leaving an exterior Schwarzshild
metric.

[1] F. Finster, J. Smoller, and S.-T. Yau, Phys. Rev. D 59,
104020 (1999).

[2] F. Finster, J. Smoller, and S.-T. Yau, Phys. Lett. A 259, 431
(1999).

[3] F. Finster, J. Smoller, and S.-T. Yau, Mod. Phys. Lett. A 14,
1053 (1999).

[4] F. Finster, J. Smoller, and S.-T. Yau, Commun. Math. Phys.
205, 249 (1999).

[5] Y. Bernard, Classical Quantum Gravity 23, 4433 (2006).
[6] D. R.Brill and J. A.Wheeler,Rev.Mod.Phys.29, 465 (1957).

[7] T. D. Lee, Phys. Rev. D 35, 3637 (1987).
[8] T. D. Lee and Y. Pang, Phys. Rev. D 35, 3678 (1987).
[9] R. Arnowitt, S. Deser, and C.W. Misner, Gen. Relativ.

Gravit. 40, 1997 (2008).
[10] S. Weinberg, Gravitation and Cosmology: Principles and

Applications of the General Theory of Relativity (Wiley,
New York, 1972).

[11] D. Lynden-Bell and R. Wood, Mon. Not. R. Astron. Soc.
138, 495 (1968).

BAKUCZ CANÁRIO, LLOYD, HORNE, and HOOLEY PHYS. REV. D 102, 084049 (2020)

084049-14

https://doi.org/10.1103/PhysRevD.59.104020
https://doi.org/10.1103/PhysRevD.59.104020
https://doi.org/10.1016/S0375-9601(99)00457-0
https://doi.org/10.1016/S0375-9601(99)00457-0
https://doi.org/10.1142/S0217732399001115
https://doi.org/10.1142/S0217732399001115
https://doi.org/10.1007/s002200050675
https://doi.org/10.1007/s002200050675
https://doi.org/10.1088/0264-9381/23/13/009
https://doi.org/10.1103/RevModPhys.29.465
https://doi.org/10.1103/PhysRevD.35.3637
https://doi.org/10.1103/PhysRevD.35.3678
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1093/mnras/138.4.495
https://doi.org/10.1093/mnras/138.4.495

