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Abstract

Recently, series elasticity has been realized using pneumatics in human-robot interaction systems.
Pneumatic circuits provide not only a flexible power transmission, but also the elastic element in a
series elastic actuator (SEA). Pneumatic series elastic systems involve more than twice the number
of parameters that influence system behaviors in comparison with rigid robotic systems. In this study,
a position controller that eliminates the need of identifying a system model by employing the time
delay estimation (TDE) technique is proposed for pneumatic SEA systems. The TDE technique is
effective in compensating for system dynamics and all uncertainties involved in system behaviors without
imposing computation load. TDE error is cancelled out through a learning way, which improves control
performance and leads to asymptotic stability. A simulation study demonstrates the robustness of the
proposed controllers against uncertainties imposed on the motor system as well as uncertainties on the
end-effector. The simulation shows the efficacy of the learning compensation for TDE error.
© 2020 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Series elastic actuators (SEAs) are used in robot designs because of its safety feature
to humans interacting with robots [1-7]. In SEAs, compliance is purposefully introduced
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between an actuator and robot end-effector and masks the high impedance of the actuator from
humans or environments. SEAs are able to maintain low impedance at high frequencies, while
they offer an ability to shape the programmed impedance within their operational bandwidth.
Recently, it has been noticed that actuation that employs compressible fluid takes over the
advantages of SEAs in that fluid compressibility provides elasticity between a bulky and
heavy actuator and end-effector [8—10]. A pneumatic circuit hides the actuator’s impedance
from the end-effector, reducing the backdrive impedance of the device. Impact forces on
the end-effector are absorbed by fluid compressibility. As well, pneumatic actuation provides
flexible transmission and high force-to-weight ratios.

SEAs are a non-collocated system since the sensor and actuator used for control are sep-
arated by the elastic structure [11]. The position of the end-effector is controlled by the
deformation of the elastic structure and the deformation is controlled by the actuator. These
high-order systems consist of two masses (one is the actuator and the other is the end-effector)
but they are controlled typically with only one control command. As each mass involves fric-
tion and disturbance, the number of parameters that characterise an SEA system doubles in
comparison with a rigid actuation system. Moreover, the property of the elastic element de-
termines the behaviors of the SEA system. For satisfactory control of an SEA system, these
parameters might require to be well identified. Even in use of proportional-integral-derivative
(PID) type controllers [12—14], the property of the elastic element needs to be known; it is a
necessary procedure to control the deformation of the elastic structure.

Like rigid robot manipulators, various position control solutions for SEA systems (or
flexible-joint systems) have been proposed to suppress the influence of uncertainties over
system modelling on control performance. Most of these solutions are realized by using
sliding mode techniques, intelligent algorithms (fuzzy logic and neural networks) or their
combinations [15-22]. However these approaches require at least the nominal value of each
parameter of the target system. In some controllers, more complicated schemes are employed
to deal with unstructured uncertainties, which would lead to substantial computation load.

Time delay estimation (TDE) has been recognized as a powerful tool in the control field
[23-34]. The TDE technique uses the command (input) and its accompanying system state
(output) to quantitatively estimate system dynamics and disturbances that are difficult to iden-
tify precisely. The estimate that is obtained using the previous-step sensor reading and record
of previous-step command can be used to cancel out system dynamics and uncertainties
through their incorporation into the control at the current step. Consequently, employing the
TDE technique leads to accuracy and robustness of control in the presence of a wide class of
uncertainties including both structured and unstructured uncertainties under the assumption of
infinitesimally small sampling intervals. Also TDE alleviates computation load for the system
dynamics and uncertainties in comparison with other robust control schemes. Note that the
term time delay estimation used in this paper has a different meaning from one used in several
papers where the term indicates estimation of an uncertain time delay in feedback loops [35].

In this study, a TDE-incorporated position controller is proposed for a pneumatic SEA sys-
tem. This controller does not require a precise knowledge of the target system. In particular,
the TDE technique eliminates the need to identify elasticity placed between an actuator and
robot link that is highly nonlinear and even time-varying in a pneumatic SEA system. With-
out significant computation load, the proposed controller exhibits robustness to mismatched
uncertainties (e.g., friction and disturbance imposed on the end-effector) as well as matched
uncertainties (e.g., friction and disturbance imposed on the actuator).
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Fig. 1. (a) Schematic of a cylinder and piston and (b) the curve of stiffness of air of 0.001 m> with piston area
A = 0.0025 m? at 20 °C (T=293 K). The parameters are selected as [ = 0.4 m, m = 0.0012 kg, and R = 287 J/kgK.

In addition to the TDE technique, a learning algorithm is adopted in the proposed controller
to cope with time delay estimation error (TDE error), which can be regarded as the biggest
challenge to be resolved in controllers with TDE. TDE error, which arises from approximating
the current system dynamics and uncertainties with the values of control input and state at the
previous-time step, exerts a critical influence on both stability and control performance [26,27].
Typically, TDE-incorporated controllers achieve uniformly ultimate boundedness at the best
case, with the assumption that TDE error is bounded. The learning algorithm compensates
for TDE error by estimating it. Employing the learning counteraction for TDE error opens
the possibility that the system is asymptotically stabilized beyond uniformly ultimate bounded
stability.

In this study, the controller is developed in a sampled-data environment. Controllers in-
corporated with the TDE technique have been designed in the continuous-time framework,
although these controllers need to be run using digital computers to control continuous-time
systems [24-31,36,37]. The design procedures and stability analyses of almost all controllers
with TDE overlooked the sampled-data environment. These controllers were developed form-
ing TDE with a control command and its corresponding system state which are at the same
time point. We assume that the command and state at the same time point are in causality
relationship in the continuous-time framework, but they are not in practice. An input and an
output at the same time point do not reflect system dynamics. Therefore, the need to design
and analyze a TDE-incorporated controller for sampled-data systems, with practical causality
about the control command and its output, arises.

2. Target system: SEA with a pneumatic circuit

It is well known that air is typically compressible [38]. A container filled with air changes
volume when it is pressed, while the container tends to return to its original state if the applied
force is removed. The air in the container acts as a spring. Fig. 1(a) depicts a cylinder filled
with 0.001 m? of air. The force F applied to the piston by the air is the product of the
pressure inside the chamber P and the area of the piston A, given as

F = PA. (D
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Fig. 2. (a) Actuation with pneumatic circuits, and (b) series elastic actuation.

The stiffness effect of the fluid in the chamber can be obtained by differentiating the force
F with respect to the position x as follows:

oF apP
k&S =g @
0x ox
with the following relationship coming from the assumption that the air in the cylinder is an
ideal gas undergoing an isothermal process (AT = 0),
_ mRT  mRT
VAU +x)]
where m, V are the mass and volume of the entrapped air, respectively; R the universal gas
constant; 7' the absolute temperature and / the length of the cylinder. The partial derivative
of P with respect to x is then obtained as

9P mRT

3

— = 4
0x A(l +x)? @)
Substituting Eq. (4) into Eq. (2) yields
mRT
=—. 5
(I +x)? ©)

The stiffness k thus increases nonlinearly as the piston is pushed in, as shown in Fig. 1(b).

Including a container filled with compressible air between the actuator and end-effector
depicted in Fig. 2(a) provides the primary features of a series elastic actuator (SEA) shown in
Fig. 2(b), as experimentally investigated in [8]. A motor input F,, produces the displacement of
mass M, defined as x,,, and accordingly results in the deformation of the elastic structure. The
deformation brings about the displacement of the end-effector, defined as x;. The end-effector
interacts with the environment through a force F,.

In this study, the target system to be controlled is an arm exoskeleton with pneumatic
circuits, as depicted in Fig. 3. The master cylinder is powered by a motor, as in [8], and

4
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Fig. 3. (a) Schematic of an arm exoskeleton with pneumatic circuits.

the end-effector is actuated through pneumatic circuits connected to the rotary transmission
designed in [9].

With the translational and rotational stiffnesses resulting from pneumatic compressibility
lumped as k, and ky, respectively, the target system can be modeled based on SEA systems
or flexible-joint systems [39] as follows:

Bi + ky(x — r0) = Fjy + Dy + Fp, (6)

where I and m denote the inertias of the driven part including the exoskeleton, respectively;
g the gravitational constant; i the distance between the joint and the center of mass of the
driven part; B the inertia of the driving part; r the ratio between translational motion and
rotational motion. The control input F;, is exerted on the driving part. Fr; and Fy, denote
friction forces that consist of viscous friction and Coulomb friction, respectively. D; and D,
are bounded oscillatory disturbances that result from sensor noise and communication noise,
respectively.

The stiffnesses k, andk, can be obtained using the ideal gas law PV = mRT. To express
the stiffness k., F), denotes the resultant force exerted on the driving piston. The pneumatic
system consists of two separate fluidic circuits: one entraps air in front of the driving piston,
the other one in back of the driving piston. The first circuit is expressed with subscript 1
and the second circuit with subscript 2. It is assumed that the air chambers are made of an
inelastic material.

mlRT I’VE2RT
F,=—-PA +PA, = — A+ As, @)
Vi V2
where P,V and m with subscript 1 and 2 denote the pressure, volume and mass of the air
entrapped in each circuit respectively, A; is the front side area of the piston and A, is the
back side area of the piston considering the area of the rod.

5
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The volumes of the air entrapped in each circuit V;, V, are obtained as

38(a* — b0
Vi=Vio—Aix+ — (®

35(a% — b*)0
Vo =Vy + Asx — %, 9

where V' with subscript O indicates the initial volume, §, a and b denote the dimensions of the
air chambers in the rotary pneumatic transmission, respectively (see Fig. 3), and weight 3 is
multiplied because three air chambers form one fluidic circuit.

Then the stiffness k, is given as

oF,
) —
! ox
mlRT , I’I12RT , m]RT 2 ngT )
= - ViA + V,Ay, = AT+ A
V12 1441 V22 2412 V12 1 V22 2
mlRT ngT 2

= AT+ 5
(Vio — Ayx 4 R@LI0) 20 (5 4 Ay — B@0)2
Next, the stiffness ky can be obtained in a similar way.
The torque 7, that is transferred to the exoskeleton in the transmission by the fluid can be
expressed as the product of the force by the air pressure and the distance of it from the the
origin along the w axis:

(10)

7 =3P18/ wdw+3P28/ wdw. 11
b b

Then the stiffness ky is written as

dt,  38(a®—b*) (0P, OP 38(a® — b? mRT  myRT
g 20 3@ =) (0P 0P _(36@ b)) (miRT maRTH (12)
a6 2 20 20 2 Vi V;
With Egs. (8) and (9), Eq. (12) can be rewritten as
38(a® — b? RT RT
fo = ( (a2 )>2< - @0y = 38@—b)0 2)' (13
(Vio — Apx + 20220002 (Vg 4 Apx — 24220
The ratio r can be derived from the following relationship:
38(a® — b?
e e T (14)
From this relationship, the ratio r is defined as
d 38(a® — b?
podx 0@ b)) (15)

o~ 24,
3. Control strategy

3.1. Problem statement

The objective of the control problem is to design the control input F,, that causes the end-
effector (0) to track a desired trajectory (6,). The first step is to linearize the map between the

6
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input £, and the actual output ¢, using the fact that SEA systems are feedback linearizable.
With the state variables defined as x; = 6, x, = 6, x3 = x, and x4 = X, the equations of motion
(6) are expressed in state-space form as

X1 =Xz,

X2 = (kg(x3/r — x1) + G(x1) + Fp1 + D1)/I,

X3 = X4,

X4 = (=ky(x3 —rxy) + Fp2 + D2 + F,) /B, (16)

where G £ —mghsinx;.
Under the following nonlinear state coordinate transformation

1 = X1,

i = X2,

73 = (kg (x3/r —x1) + G(z1) + Fr1 + Dy)/I,

24 = (kg (xa/r — x2) + G(z21) + Fr1 + Dy)/I, )

the model (16) can be written in terms of the new coordinates as

21 = 22,
2 =23,
73 =24,
24 = a(z) + BF,, (18)

where z = [z1 2 Zs]T,

k9 kx 1 . .. . kx k@
= ——73— — —(G F, D —(G F D —(F D,),
a(z) 73 BZ3+[( (z1) + Fr1 + 1)+IB( (z1) + Fr1 + 1)+rIB( r2 +D»)
(19)
p= L (20)
~ rIB’

3.2. Controller design

Continuous-time systems are typically controlled in digital implementation. A controller is
discretized and implemented with sample and hold devices. Assuming that the state variables
of the system are measured at sampling instants, a discrete-time controller is designed as
delayed control as follows [40]:

Fu(@) = Fpa(tx) = Fug(t —d(t)),t € [tx, trs1), 2D

where F,,; is a discrete-time control input, 0 =fy <t} < --- <t <--- are the sampling
instants, and d(t) =t — t; < dmax = L (fixed sampling interval) which denotes a piecewise
continuous delay with d(r) =1.

From now on, a controller using the TDE technique is designed that moves the end-effector
(z1) to the desired trajectory (z;), eliminating the need of identifying a system model (i.e.,
a, B in Eq. (18)).
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The last line of Eq. (18) can be rewritten, by introducing a constant B, as follows:

2o =2 = (@) 4 BFpa(t —d (1)) —BFua(t —d(t)) + BFua(t —d(1)) = H 4 BEpa(t —d (1)),
(22)

z(¥) = ¢(¥), with ¥ € [—dmax, 0], (23)

where H £ a(z) + BFpq(t —d(t)) — BFua(t —d(t)), ¢ € R" is the minimal information to
obtain the solution z(¢, ¢, tg).

The term H contains system dynamics and all uncertainties. Originally, TDE-incorporated
controllers are developed based on the assumption that the term H is piecewise continuous
since the system (6) is generally composed of continuous components. The assumption enables
the term H to be estimated; the current value of the term H can be estimated with the
previous-step control input and its corresponding measured output. In the proposed control,
the estimation of the current value of the term H can be achieved through the following
estimator:

Ht—d) 221 —d1) — BFu(t —d () — L). 24)

The terms zf4) (t—d()) and F,;(t —d(t) — L) are the latest measured state and the
previous-step control input, respectively. The accuracy of TDE can be improved by reducing
the difference between ¢ and #;. This can be achieved by increasing the sampling frequency.
Utilizing this approach, the control law is constructed as

~ 1
Fua(t —=d(©) = =(=H(t —d()) +v) = Fuat —d(®) = L) + E(—zi‘% —d(0) +v).

(25)

=~

The new control input, defined as v, determines the error dynamics of the system. The
new input v for position control can be designed as

v=2(t —d0) + €t —d1) + 26t —d)) + c3é(t —d (1)) + caet —d (1)), (26)

where e(t) £ z4(t) —z1(t) and cy, ..., c4 are design parameters.

3.3. TDE error compensation

We note that the control law does not guarantee asymptotic stability since H () #H()
(details are presented in an Appendix). In particular, when discontinuous components such
as friction are included in the term H, the difference between the real value of H and its
estimate becomes significant. TDE error, an estimation error, arises from the difference. TDE
error is involved in the convergence of the error dynamics. With TDE error defined as

)2 H@ —d@)—H@t)=v—zY0), 27)

the error dynamics of the proposed controller including TDE error is obtained by substituting
Eq. (26) into Eq. (27) as follows:

e(t) =7t —d®) — 2V (1) + 1 E(t —d () + 26t — d (1)) + c3é(t —d (1)) + cuet —d(1)).  (28)
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Note that the TDE error ¢ causes the system output to deviate from the desired trajectory.
In an effort to reduce the influence of ¢ on the error dynamics and pursue asymptotic stability,
a learning algorithm is adopted that estimates the TDE error ¢. The update law is

et —d@) =8t —dt)—L)—y&t—d)), (29)

where y is a learning factor and & denotes tracking error.
The tracking error can be designed as

EG—d@) 2 ket —d@) + ket —d@)) + két —d(t))
+ kqe(t —d(t)) + kse(t — d(1)), (30)

where ki, ..., ks are gains.
The proposed control law considering the counteracting term (¢t — d) is written as fol-
lows:

Fua(t —d (@) = Fpa(t —d(0) = L) + B [27 (¢ —d(0)) =2Vt —d @) + &t —d (1))
+2é(t —d (1) + c3é(t —d (1)) + caelt —d (1)) + 81 —d(1))]. 31)

The position and its derivatives of the driven part need to be fed back to the control
law including the TDE error compensation. As long as the sampling interval L is sufficiently
small and the learning algorithm estimates the TDE error ¢ in a satisfactory manner, the target
system can be asymptotically stabilized with the control input. The proof of the stability of
the closed-loop system is presented in the Appendix.

3.4. Measurement noise and remedies

The proposed control requires the position state and its derivatives to be measured. For
practical reasons, all required states are difficult to measure using sensors. Fortunately, the
use of a relatively large value of B leads to the same effect as a Ist-order digital low-pass
filter (LPF). One can rewrite the proposed control law (31) with a definition w £ e® 4 ¢;¢ +
Cré + 36 +cae + € as

Fua(t —d(t)) = Fpa(t —d (1) —L)+3_1W~ (32)
When the 1st-order LPF is injected into the control law, Eq. (32) can be rewritten as
—1
Fua(t —d(@) =F,t —d@t)—L)+ B w, (33)

where FmF 4 is the filtered control input.
Designing the 1st-order LPF with the cutoff frequency of A as

EF(t —d(t)) = AL+ IAL) ' Fy(t —d () + (1 + 1AL 'EE,t —d(t) — L), (34)
and substituting Eq. (33) into Eq. (34) leads to
EF(t—d(@t))=FF @t —d@) —L)y+D 'w, (35)

where b = AL(1 + 1AL B
From the f_act that Eqgs. (32) and (35) are in the same form, it is concluded that increasing
the value of B plays the same role as the Ist-order digital LPF.

9
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4. Numerical validation

A simulation study of the proposed control with the pneumatic system (Fig. 3) is con-
ducted. The system parameters are presented in Table 1, based on [8,9]. First, it is required to
examine how the proposed control provides robustsness to uncertainties including unknown
disturbances and measurement noise. Next the effect of the learning TDE error compensation
is examined with the learning factor y varying. Through the simulation study, it is assumed
that the position and acceleration of the driven part are measured using separate sensors and
we obtain the velocity from the measured position state and jerk and its derivative from the
acceleration state, respectively, through numerical differentiations.

The mismatched disturbance D; and matched disturbance D, are imposed as 0.61sin(60¢)
and cos(60¢), respectively [41]. Friction Fyy, Fy, are set as 0.02g; + 0.02sgn(g;) Nm and
2g, + 2sgn(g2) N, respectively. The sampling time L is 0.001 s. The 4th-order Runge—Kutta
method is adopted to solve system dynamics with step size 0.0001 s. The initial conditions
of all system states are all set to O.

4.1. Performance over uncertainties

To investigate the capability of the proposed control in compensating for system dynamics
and uncertainties, a controller proposed in [42] is selected as a comparison target. The control,
which is based on feedback linearization, adopted an extended state observer (ESO) to estimate
system dynamics and uncertainties.

The control gains cy, ¢p, c3, and ¢4 in the proposed control are determined by placing
the poles at (1 + 7.s)* with 7. = 1/15. The gain B is located at 250. We determine the
control gains ki, k;, k3, and k4 in the ESO control by placing the same poles, i.e., (1 + 7.5)*
with 7. = 1/15, to produce the same error dynamics. The observer gains i, 82, B3, B4, and
Bs in the ESO control are obtained by placing the same poles, ie., (1 + 17,5)° with 7, =
1/30. The nominal value by in the ESO control law is set to 150 while the real value of
b (in their denotation) is around 152. The learning counteraction is turned off through this
comparison.

Table 1

Parameters of the pneumatic system.

Parameter Symbol Value Unit
Driven part inertia 1 0.04 kgm?
Gravitational torque mgh 2 Nm
Driving part inertia B 1.5 kg
Driving cylinder bore A1, A 0.0011, 0.0009 m?
Universal gas constant R 287 J/kgK
Temperature T 293 K
Initial volume Vio, Vao 0.0003 m?
Air mass mp, my 3.6123x10% kg
Air chamber thickness 8 0.03 m
Air chamber outer diameter a 0.04 m
Air chamber inner diameter b 0.02 m

10
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Fig. 4. Comparisons in performance of the proposed control with the ESO control (without measurement noise): (a)
position (the desired trajectory (magenta line) is behind the red line), (b) position error and (c) control input.

Fig. 4 shows the comparisons in performance between the two controls. It is observed
that the proposed control provides improved accuracy in tracking in comparison with the
ESO control, under a similar degree of control input. This implies that system dynamics and
uncertainties are efficiently estimated and compensated by TDE in comparison with the ESO.

Next a situation under measurement noise is considered. For position sensor noise, zero-

mean Gaussian noise with the standard deviation ¢ = 0.005% is applied, and for accel-
eration sensor noise, zero-mean Gaussian noise with the standard deviation ¢ = 0.01% is
applied.

Fig. 5 displays comparisons in tracking performance under measurement noise; the figures
on the left column are the results of the proposed control, whereas the figures on the right
column are the results of the ESO control. In comparison with the ESO control that uses
an observer, it is observed that the proposed control is less affected by measurement noise
from the fact that its control input is less contaminated by the noise. Note that the proposed
control law contains an equivalent low-pass filter. The tracking performance does not show a
notable change in the presence of noise.

11
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Fig. 5. Comparisons in performance of the proposed control (red line) with the ESO control (black line) under
measurement noise: (a), (b) position, (c), (d) position error, and (e), (f) control input. The magenta lines in the
position plots indicate the desired trajectory. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)
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Fig. 6. Performance of the proposed control with different values of the learning factor y: (a) position (four curves
overlap), (b) position error, and (c) control input (four curves overlap). The magenta line in the position plot indicates
the desired trajectory.

4.2. Effect of TDE error compensation

The effect of TDE error compensation using the learning algorithm is examined with
four different values of the learning factor y: 0, 0.01, 0.05, and 0.1. The control gains
c1, ¢z, c3, and ¢4 in the proposed control are determined by placing the poles at (1 + z.s)*
with t. = 1/20. The gains ki, k3, k3, k4, and ks in Eq. (30) are selected by placing the same
poles ((1 + tc.,,s)5 with 7, = 1/20). All unstructured uncertainties are imposed. Measurement
noise is not considered at this time to test the effect of TDE error compensation.

Fig. 6 shows that a greater value of y provides more accuracy in tracking. This suggests
that the term € in the control law that is introduced to counteract TDE error plays a role
in cancelling out TDE error that influences the convergence of the error dynamics. This
accordingly leads to reduced position error. Counteracting TDE error does not require a
significant increase in control input.
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5. Conclusion

With the need of controlling the position of an arm exoskeleton actuated by a motor
system through pneumatic circuits, a model-free and robust controller by incorporating the
TDE technique and learning compensation has been developed. The TDE technique com-
pensates for system dynamics and all kinds of uncertainties with no significant computation
load. The learning compensation leads to asymptotic stability by cancelling out TDE error.
The controller is designed and its closed-loop stability is analyzed in a sampled-data envi-
ronment, redefining the causality about the control command and its output in TDE from a
practical aspect. Numerical simulation through a comparative study, the proposed controller
achieves satisfactory control performance in the presence of mismatched uncertainties as well
as matched uncertainties. And it was founded that the learning counteraction for TDE error
further reduces position tracking error.
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Appendix A

Al. Stability with TDE only

Lemma 1. If ) H= H, 2) dnax (= L) is sufficiently small, and 3) Ay + A is a Hurwitz

matrix, then the system (6) with control input (25) is asymptotically stable.
Proof. Assuming that zy) ) ~ z[(f)(t —d(t)), the closed-loop dynamics can be expressed
as

eWM(t)=—c1e¢(t —d@t)) —c6(t —dt)) — c3é(t —d (1))
—cqe(t —d(1)). (36)

With introducing the matrices Ay, A; € R**4, Eq. (36) is rewritten in a matrix form as
follows:

e(r) =Ace(t) +Ae(t —d(1)), 37

14
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e(?) = @), with ¥ € [—dmnax, 0], (38)
where
[0 1 0 0
0O 0 1 0
Ao =1y 0 0 1] (39)
|0 0 0 0
0 0 0 0
0 0 0 0
A = 0 0 0 o | (40)
_—C4 —C3 —C2 —C1
e(r) =[e(t) e@t) éq) €. 41)
One can express Eq. (37) in a descriptor form as follows:
er) =y(), (42)
t
0=—-y@)+ (Ao +Ape() — A / y(s)ds. 43)
t—d(t)

Again, Eq. (37) can be written in an extended form as

Fé(t) = [ég)} (44)

T 0 17 0
=lAg+A, —1[6O |4,

where e(t) = [eT (t) y' (t)]" and F = diag[I, 0].
Next, a  Lyapunov—Krasovskii  functional = with  positive  4x4  matrices
P,,P,,P3,Y,Y2,Z,,Z,,Z3, R, and S is employed as follows:

/ y(s)ds, (45)

—d(t)

0 pt
Wi (1) £€” (1)FPe(r) +/ / y' (9)Ry(s)dsdo, (46)
—LJt+o
where
S P, 0 _pT
P= |:P2 PJ’ FP=P'F > 0.
Differentiating W, along the trajectories of Eq. (37) leads to (refer to [43] for details)
t
Wi () EéT(I)‘I‘é(I)—/ y' (9)Ry(s)ds + (1), (47)
—L
where
‘ R Y-[0 AIT]P ¥(s)
T =T
n() Sf,_L[y () & ] YT_PT[H z [é(t)]ds (48)
1
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=f yT(s)Ry(s)ds+2/ y ()(Y—1[0 A{]P)é(t)ds+f el (t)Ze(t)ds
t—L t—L t—L

= / y! (s)Ry(s)ds + 2 / ¢’ (5)(Y — [0 ATIP)&(t)ds + Le" (t)Ze(r)
t—L t—L

< / y (9Ry(s)ds +2e" ()(Y — [0 AIP)e(t) —2e" (t —L)(Y — [0 A]IP)e(t)
t—L
+ LeT (t)Ze(1),

wepr| 00 L) L) d

Ay -1 Ay -1
0 0
" [0 dmaxR}’ @
and
7, 7,
Zé[ ZJ,Yé[Yl Y] (50)

Then, Eq. (47) can be rewritten as
Wi (r) <e’ (1)We(t) +2e" (1)(Y — [0 ATIP)e(r) —2e’ (t —d(®))(Y — [0 A[IP)&(r)
+ Lel (1)Ze(r) 3D

Under the the conditions Y = [0 AlT]P and R and Z — 0 (and dp, is assumed sufficiently
small), Eq. (51) can be rewritten as

Wi(r) <& (1)Te), (52)
where

-2 [¢ PI—PI+ (A +A)'P;

6= PI(Ag+AD+ (Ag+A)P,. (54)

If P,=P,, P3;—> 0 and ¢ <O, then W] (t) < 0. This result indicates that the system
(6) with control input (25) is asymptotically stable. Note that we assume that Lemma 1 has
been constructed with the condition the ideal assumption (ﬁ = H) which is unrealistic. If the
ideal assumption (ﬁ = H) is broken, asymptotic stability cannot be guaranteed. Also, it is
possible that performance degrades. [J

A2. Stability with TDE and the learning-based counteraction

Lemma 2. The system (6) with control input (31) is asymptotically stable if 1) dmax(= L) is
sufficiently small, 2) Ay + A, is a Hurwitz matrix, and 3) & is designed as follows:

£(1) =2ale’ (t) &' (1)ID
=2a(PHe™ (1) + (PP 4+ PPYE () + (PP + PEHE()
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+ (PP PP + P e)), (55)

where

D2t ..ottt o P (56)

with Pzi’j , P;’j denoting the (i, j)th element of Py, P3, respectively. P , Pé’j are selected such
that the matrices Py, P3 remain positive.

Proof. The closed-loop dynamics can be expressed in a matrix form as

e(r) = Aoe(r) + Aje(t —d(1)) + E@), (57)
where
E®)=1[0 0 0 &', (@) 2e®t)—28(t—d®))). (58)
In a similar way to Eq. (45), Eq. (57) is expressed in an extended form as
Fé(t) = [eg)] (59)
0 I7- ol [
B [AO + Ay _I:|e(t) - |:A1] -/r—d(z) y(s)ds
0
+ |:E(t)]' (60)
The following Lyapunov—Krasovskii functional can be designed:
t
1
W) 2 Wi () + Walt) = Wi (1) +m/ S8 (5)ds, ©1)
t—L

where m > 0.
Differentiating W, along the trajectories of Eq. (57) leads to

Wi(t) <e” (t)We(r) +2e" (1)(Y — [0 ATIP)e(t)
—2e"(t —d@))(Y—[0 ATIP)e() + Le" (1)Z&(r)
_T T 0
+ 287 (1)P [Em] ©62)

Next, W, can be differentiated as
. m o, ~
Wa(t) = 5@20) — 2@t —1L))
= %(é“(z) — 8t — L) E@) + &t — L))
= %e‘(:)(m) )
= mE(t)E(t) — %52@), (63)
where &(t) £ §(t) — &(t — L).
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W, can be rewritten as follows, with the relationship &(t — d (1)) = %(’s\(t —d(t)) — €@ —
d(t —L)—L)) from Eq. (29):
Wa(t) < mé0)E)
= m((s(t) —e@t—L)—(Et—d@)—et—dt—L)— L)))E(t)
=m((e(t) —e(t —L))EW) — y&(t — d(1))E(1))
=m((e(t) — et — L))E?) — yE@®)EW) + y (1) — §(t —d(1))E)). (64)
The summation of the above two Lyapunov functionals (W £ W; 4+ W) can be reduced to
W) <& (Tew) — (1 —d@))e’ (t —d(t))Se(t —d(t))
+ 2e" () (Y- [0 ATIP)e() (65)
— 2"t —d®)(Y—-[0 AlIP)e@r)

+ L& (t)Ze(t) + 28" ()P [E‘(’,)} — my&()E(r)

+ m(e(t) — et —L))E@) +my (@) — &1 — d(1))E(1),

where the matrix T was defined in Eq. (54).
As in Lemma 1, if dyx (= L) is assumed sufficiently small and Y = [0 AlT]P, R and Z
— 0, Eq. (65) is reduced to

W) <€’ (t)"Te(r) + 2&” (1)PT [E((’t)] — myE)E()

+ m(e(t) —e(t — L)) +my () — & — d(1)))E@). (66)

The last two terms in the above equation becomes negligible:
o m(e(t) —e( —L))e() =~ 0 when m — 0 and the TDE error estimation error £(t) — 0.
o my(E@®) —&( —d@)))e(t) ~0 when d(t) is sufficiently small and the TDE error
estimation error £(t) — 0.
Eliminating these negligible terms from Eq. (66), we have

W) <€ (1) Te() + 28" (1)P" |:E(()t):| —my&)E(). (67)

Based on Lemma 1, the matrix T is negative if dp,x (= L) is sufficiently small and Ag + A
is Hurwitz.
The middle term on the right-hand side of Eq. (67) can be rearranged as

28" (1)PT [E(()t)] =28’ (r)[g%g ﬂ =2e" (1)DE(r), (68)

with the matrix D defined in Eq. (56).
If £(¢) is designed such that

2 =T
£@) = my (1D, (69)

as long as the matrices P,, P; remain positive, one can obtain

W) <e (t)"Te(r). (70)
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The condition T < 0 leads to that W () < 0. Therefore, the closed-loop system is globally
asymptotically stable. [J

Remark 1. The gains k1, ..., ks in Eq. (30) correspond to the coefficients of Eq. (55), respec-
tively. The gains ki, ..., ks need to be selected that keep P,, P3 positive to achieve asymptotic
stability.

Remark 2. The gain 8 does not influence stability theoretically, which is in accordance with
[31]. Due to practical limitations including the actuator output limit and measurement noise,
it is necessary to avoid setting the gain to a high value.
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