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UCL-IPT-05-11A New Look at an Old Mass RelationJ.-M. Gérard,∗ F. Go�net,† and M. Herquet‡Unité de Physique Théorique et MathématiqueUniversité Catholique de Louvain(Dated: Otober 21, 2005)AbstratNew data from neutrino osillation experiments motivate us to extend a suessful mass relationfor the harged leptons to the other fundamental fermions. This new universal relation requires aDira mass around 3 10−2 eV for the lightest neutrino and rules out a maximal atmospheri mixing.It also suggests a spei� deomposition of the CKM mixing matrix.
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I. �WHO ORDERED THAT ?�The spetrum of lepton and quark masses puzzles partile physiists sine the muondisovery in osmi rays. Today, only the heaviest fermion appears to have a rather naturalmass in the eletroweak uni�ation theory at the Fermi sale, but the leptoni mass ratio
mµ

me

∼ 200remains totally unexplained in this framework.The empirial mass relation for the harged leptons [1, 2℄
me + mµ + mτ =

2

3
(
√

me +
√

mµ +
√

mτ )
2 (1)is now preise at the level of 10−5 : if we swith o� the eletron mass, we obtain a ompletelywrong tau-to-muon mass ratio. In that sense, Rabi's famous question about the muon anbe rephrased in a milder way sine

mτ

mµ

∼ 20 .Yet, at �rst sight this remarkable but mysterious mass relation seems to be a false trail.Any attempt to apply (1) to the quarks is indeed doomed to failure. The down quark familymight ful�l this simple non-linear mass relation sine
mb

ms

∼ mτ

mµwith large theoretial unertainties on the value of ms. However, the up quark family with
mt

mc

∼ mµ

merevives Rabi's worry and removes any hope to have a universal fermion mass relation at ourdisposal, whatever the value mu may be.Now, let us have a loser look at the demorati relation (1). The hallenging middlevalue of
q ≡

∑

mi

(
∑√

mi)2
(2)turns out to be an extremely e�ient measure of the mass splitting inside the harged leptonfamily. Indeed, qe = 2

3
together with the physial eletron and muon masses predited mτ =

1776.97 MeV before preise measurements. Its maximal value (q = 1) would orrespond toa full hierarhy (m1 ≪ m2 ≪ m3) while its minimal value (q = 1/3) should our in the2



ase of omplete degeneray (m1 = m2 = m3). Nature omes lose to these boundary valueswith the up quark and the neutrino families, respetively.We argue that the �avour mixing whih also displays quite di�erent patterns, from thesmall angles of the Cabibbo-Kobayashi-Maskawa (CKM) matrix for the quarks to the largeones of the Maki-Nakagawa-Sakata (MNS) matrix for the leptons, holds the key of thispuzzle. In models with �avour symmetries, small angles are losely linked to mass hierarhyand large ones to mass degeneray. This points us the way towards a universal mass/anglerelation.In this Letter, we take advantage of the reent experimental progress in the neutrinosetor to generalize the mass relation (1) for the lepton families. A lepton-quark onnetionbeyond the Standard Model is then alled upon to validate it also for the quark families.II. LIFTING THE NEAR DEGENERACY IN THE NEUTRINO FAMILYIt is now an experimental fat that the neutrinos are massive and mix. However, iftheir mixing is relatively well measured, their mass sale is still unknown and an alternativeremains for the hierarhy, either normal (m1 < m2 ≪ m3) or inverted (m3 ≪ m1 < m2).The latest results at 1σ are [3℄
∆m2

21
= m2

2
− m2

1
= (8.0 ± 0.3) × 10−5 eV2

|∆m2

32
| = |m2

3
− m2

2
| = (2.5 ± 0.3) × 10−3 eV2 .A �rst attempt to apply the original mass relation (1) to the neutrinos was unsuessfulin both shemes [4℄. The reason simply lies in the mild splitting of the neutrino masses: thestrongest hierarhy, ensured for m1 = 0, always implies qν < 0.6. One way out is to amplifythe mass hierarhy with the help of the well-measured neutrino mixing matrix elements

(Uν
L)ij. We thus propose the following minimal extension of relation (1):

∑

m̃i =
2

3

(

∑ √

m̃i

)2 (3)whih ats on the �pseudo-masses� m̃i de�ned as
m̃i ≡ |

∑

j

U ij
L mj | , (4)rather than on the physial masses mj . In our onvention, U †

L MUR ≡ diag(m1, m2, m3)suh that if UR = 1, these Dira pseudo-masses are simply related to the Yukawa ouplingsof a single Higgs doublet. 3



The latest results from neutrino experiments at 1σ [3℄ are in good agreement with θ13 = 0:
sin2 2θ13 = 0 ± 0.05 .So, let us therefore assume the following MNS matrix

VMNS ≡ Ue†

L Uν
L = R23(θ⊕)RT

12
(θ⊙) =











1 0 0

0 cos θ⊕ sin θ⊕

0 − sin θ⊕ cos θ⊕





















cos θ⊙ − sin θ⊙ 0

sin θ⊙ cos θ⊙ 0

0 0 1











(5)with the experimental values for the mixing angles at 1σ [3℄
tan2 θ⊙ = 0.45 ± 0.05

sin2 2θ⊕ = 1.02 ± 0.04 .There are three natural solutions in this limit [5℄. Either the large solar mixing angle θ⊙omes from Mν and the large atmospheri angle θ⊕ from Me, or both ome from Me or Mν .The remarkable auray of the relation (1) requires that any suessful extension involvingmixing angles should redue to this form for the harged leptons. Consequently, we fouson the last possibility, namely
Ue

L = 1 , Uν
L = R23(θ⊕)RT

12
(θ⊙) . (6)Numerial omputations provide us with a ontinuous set of solutions satisfying (3) andompatible with the present data (see Fig. 1). All these solutions orrespond to the normalhierarhy for {mi}, the inverted one being exluded. For illustration, three typial solutionsare also displayed on Figure 1 and the orresponding numerial results are listed in Table I.It appears that the predited range for the Dira mass of the lightest neutrino m1 is

2 10−2 eV < m1 < 4 10−2 eV (7)at 99% CL. Notie that the normal hierarhy for {mi} is turned into an inverted one for
{m̃i}, i.e. 0 ≈ m̃3 ≪ m̃1 < m̃2. On the other hand, the solar θ⊙ and the atmospheri θ⊕angles are bounded from below by

θ⊙ > 35◦

θ⊕ > 50◦
(8)suh that the so-alled maximal mixing solution (θ⊕ = π/4) is ruled out.4
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2

21
(10−5eV2) θ⊕ ∆m

2

32
(10−3eV2) m1 (10−2eV)1 37.44◦ 8.7 50.30◦ 1.80 3.142 37.44◦ 7.2 52.14◦ 2.06 2.983 37.44◦ 7.6 52.71◦ 2.84 3.41TABLE I: Numerial values assoiated with the sample points displayed in Figure 1.Pure Dira masses have been assumed for the neutrinos to put all the leptons on anequal footing. Needless to say that the introdution of Majorana masses to implement theseesaw mehanism would imply less stringent onstraints on the masses and mixing angles.In partiular, we have heked that this is already the ase for degenerate Majorana masses.III. TAMING THE STRONG HIERARCHY IN THE UP QUARK FAMILYAs already mentioned, a naive estimate shows that relation (1) might be valid for thedown quark family but ertainly not for the up quark one, beause of the large top mass.However, if a quark-lepton onnetion exists beyond the Standard Model, θ13 = 0 ould bea property shared by all elementary fermions. Viewing Ue
L = 1 as a basis �xing hoie, one
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may then write
Uu

L = Φ(ϕu)R23(θt)R
T
12

(θu) , Ud
L = Φ(ϕd)R23(θb)R

T
12

(θd) (9)where
Φ(ϕ) ≡ diag(e−iϕ1 , e−iϕ2 , e−iϕ3) . (10)If UR = 1, the number of arbitrary phases ould be redued (ϕu = −ϕd) by imposing theauxiliary ondition arg det(MuMd) = 0 from the onspiuous time-reversal invariane of thestrong interations. But anyhow, the pseudo-masses de�ned in (4) only depend on the smallrotation angles, not on the phases. So, let us try to extrat these angles from the data.Suitable rephasing of the quark �elds leads to the CKM mixing matrix

VCKM ≡ Uu†

L Ud
L = R12(θu) diag(e−iϕ, 1, 1) R23(θ) RT

12
(θd) (11)where θ ≡ θb − θt. Here, the CP -violating phase ϕ is only linked to the �rst and seondfamilies. This parametrization oinides with the one onviningly advoated in [8, 9℄ on thebasis of the hierarhial struture of the quark mass spetrum. We �nd it quite interestingto reah the same desription of the CKM mixing matrix from two di�erent approahes.The parameters an be omputed at the 3σ level using the latest experimental data [10℄ forthe absolute values of the VCKM elements

θ = (2.37 ± 0.13)◦

θu = (5.37 ± 1.09)◦

θd = (11.53 ± 2.75)◦

ϕ = (95.2 ± 16.8)◦ .

(12)
So, we are just left with the freedom on one mixing angle (say θt) to test the pseudo-massrelation (3) for the up and down quark families. Contrary to the leptons, the quark massesare not diretly measurable quantities. If the quark masses are hosen at a ommon energysale MZ (see Table II), both relations an be reasonably satis�ed (i.e. q̃u = q̃d ≃ 0.71)for θt = −2.21◦. Conversely, imposing q̃u,d = 2

3
gives θt = −3.57◦ together with ms(MZ) =

136 ± 15 MeV, if the rather stable ratios of the light quarks are used.These theoretial results are quite enouraging one one realizes that relation (3) is energysale dependent. The heavy quark mixing (θ) and masses (mt,b) are indeed subjet torenormalization-group e�ets. In partiular, the running of masses beyond the leading log6



mu(MZ) = 1.7 ± 0.4 MeV mc(MZ) = 0.62 ± 0.03 GeV
md(MZ) = 3.0 ± 0.6 MeV mb(MZ) = 2.87 ± 0.03 GeV
ms(MZ) = 54 ± 11 MeV mt(MZ) = 171 ± 3 GeVTABLE II: Quark masses at the Z mass sale [11℄approximation in QCD �attens the hierarhy suh that q̃ dereases with inreasing energy.On the other hand, the orresponding QED e�et on relation (1) is negligible.IV. TOWARDS A UNIVERSAL MASS RELATIONThere have been few attempts to explain the fator q = 2

3
appearing in relation (1) forthe harged leptons, but none of them are onvining so far [12℄. Here, we have arguedthat relation (3) might give us a lue for the understanding of the lepton and quark massspetrum.From a theoretial point of view, the numerial fator q̃ = 2

3
appearing in this universalmass relation should be explained on the basis of symmetry arguments. It is well-known [13℄that mass ratios like mb

mτ
= 1 or ms

mµ
= 1

Nc
(Nc being the number of olours) naturally resultfrom quark-lepton grand uni�ation at high sale. Similarly, one may hope that q̃ = 2

Nf(Nf being the number of families) eventually arises from �avour symmetries broken abovethe Fermi sale. In fat, the fatorized CKM mixing matrix given in (11) is well-suitedfor spei� models of quark mass matries. Consequently, textures orresponding to theboundary value q̃ = 1 or q̃ = 1

Nf
ould onstitute a good starting point for �avour modelbuilding.With regard to experimental onstraints, our main preditions onern neutrino physiswith m1 = (3 ± 1) 10−2 eV and θ⊕ > π/4.
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