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Abstract: We consider the high-energy limits of the colour ordered four-, five- and six-

gluon MHV amplitudes of the maximally supersymmetric QCD in the multi-Regge kine-

matics where all the gluons are strongly ordered in rapidity. We show that various building

blocks occurring in the Regge factorisation (the Regge trajectory, the coefficient functions

and the Lipatov vertex) satisfy an iterative structure very similar to the Bern-Dixon-

Smirnov (BDS) ansatz. This iterative structure, combined with the universality of the

building blocks, enables us to show that in the Euclidean region any two- and three-loop

amplitude in multi-Regge kinematics is guaranteed to satisfy the BDS ansatz. We also

consider slightly more general kinematics where the strong rapidity ordering applies to all

the gluons except the two with either the largest or smallest rapidities, and we derive the

iterative formula for the associated coefficient function. We show that in this kinematic

limit the BDS ansatz is also satisfied. Finally, we argue that only for more general kine-

matics - e.g. with three gluons having similar rapidities, or where the two central gluons

have similar rapidities - can a disagreement with the BDS ansatz arise.
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1. Introduction

Recently, Bern, Dixon and Smirnov have proposed an ansatz [1] for the colour-stripped

l-loop n-gluon scattering amplitude in the maximally supersymmetric N = 4 Yang-Mills

theory (MSYM), with the maximally-helicity violating (MHV) configuration for arbitrary

l and n. They checked that the ansatz agrees analytically with the evaluation of the three-

loop four-gluon amplitude. The ansatz has been proven to be correct also for the two-loop

five-gluon amplitude, which has been computed numerically [2, 3]. The ansatz implies

a tower of iteration formulæ, which allow one to determine the n-gluon amplitude at a

given number of loops in terms of amplitudes with fewer loops. For example, the iteration

formula for the colour-stripped two-loop MHV amplitude m
(2)
n (ǫ) is

m(2)
n (ǫ) =

1

2

[

m(1)
n (ǫ)

]2
+ f (2)(ǫ)m(1)

n (2ǫ) + Const(2) + O(ǫ) , (1.1)

thus the two-loop amplitude is determined in terms of a constant, Const(2), a known

function, f (2)(ǫ), of the dimensional-regularisation parameter ǫ (which is related to the

cusp [4, 5] and collinear [6, 7] anomalous dimensions) and the one-loop MHV amplitude

m
(1)
n (ǫ) evaluated to O(ǫ2).

The BDS ansatz was first predicted to fail by Alday and Maldacena [8, 9], for am-

plitudes with a large number of gluons in the strong-coupling limit. They claimed that

the finite pieces of the two-loop amplitudes with six or more gluons would be incorrectly

determined. One can characterise this statement by the quantity R
(2)
n

R(2)
n = m(2)

n (ǫ) − 1

2

[

m(1)
n (ǫ)

]2
− f (2)(ǫ)m(1)

n (2ǫ) −Const(2) , (1.2)

where R
(2)
n may be a function of the kinematical parameters of the n-gluon amplitude, but

a constant with respect to ǫ. Then the claim was that R
(2)
n 6= 0 for n ≥ 6. This prediction

was backed up by Drummond et al. [10], who considered the finite contribution to the

hexagonal light-like Wilson loop at two loops. The conclusion was that either the BDS

ansatz was wrong, or the equivalence between Wilson loops and scattering amplitudes did

not work at two loops. The question was settled in Ref. [11, 12] by the numerical calculation

of m
(1)
6 (ǫ) to O(ǫ2) and of m

(2)
6 (ǫ), which allowed for the numerical evaluation of R

(2)
6 and

showed that it was different from zero. This result also confirmed the equivalence between

the scattering amplitude and the finite part of the light-like hexagon Wilson loop [13].

The question remains of how one can determine the function R
(2)
n ? A direct analytical

evaluation in general kinematics is currently beyond our capability: it would require the

computation of the one-loop hexagon to O(ǫ2), as well as the two-loop hexagon through

to O(ǫ0). Another approach is to try to constrain R
(2)
n using some simplified kinematics,

where one knows that the amplitude has certain factorisation properties. Examples include

the limit where one or more of the gluons are soft or where two or more of the gluons are

collinear. In this paper, we consider another limit where the kinematics is simplified - the

high energy limit (HEL). For a multiparticle process there are several high energy limits

that one can take, corresponding to two or more of the gluon rapidities being strongly
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ordered, together with constraints on the transverse momenta of the gluons. By relaxing

the restriction on the gluon rapidities and transverse momenta, one can systematically

return to the general kinematics. The simplest kinematics corresponds to the multi-Regge

kinematics [14], where all of the produced gluons are strongly ordered in rapidity and have

comparable transverse momenta. We shall start then with the simplest possible kinematics

and we will show that, in the Euclidean region, R
(2)
n does not contribute for any n. Then we

shall consider various quasi-multi-Regge kinematics, which gradually approach the more

general kinematics, with a view to determining where the function R
(2)
n might not vanish

and could therefore be constrained by the HEL.

Our paper is organised as follows. In Section 2, we review the multi-Regge kinematics

and discuss the Regge factorisation that tree-level (colour stripped) amplitudes obey. In

Section 3, we extend the Regge factorisation beyond leading order and provide a conjecture

for the factorised form for the colour stripped n-gluon amplitude to all orders, both in the

Euclidean region, where all invariants are space-like, and in the physical region, where the

s-type invariants are time-like and the t-type invariants are space-like∗. The high-energy

limits of the four-, five- and six-gluon MHV amplitudes are developed in section 4, including

explicit expressions for the Regge trajectory (up to three loops), the coefficient functions

(up to three loops) and the Lipatov vertex in MSYM. In section 5 we consider the BDS

ansatz in the multi-Regge kinematics. By considering the four- and five-point amplitudes,

we show that both the coefficient function and the Lipatov vertex satisfy an iterative

structure very similar to the BDS ansatz itself†. This iterative structure ensures that the

six-point amplitude is completely determined by known functions, and, in the multi-Regge

kinematics is guaranteed to satisfy the BDS ansatz in the Euclidean and in the physical

regions. In other words, in those regions the remainder function R
(2)
6 vanishes in the multi-

Regge kinematics. We derive exponentiated forms for the coefficient functions and Lipatov

vertex in section 6 and prove that we recover the BDS ansatz in the multi-Regge kinematics

for any number of loops. We consider other quasi-multi-Regge kinematics in section 7.

In particular, we consider the slightly more general kinematics where all but two of the

gluons (the two gluons with either the largest or smallest rapidities) are strongly ordered

in rapidity. This quasi-multi-Regge kinematics first occurs in the five gluon amplitude

and introduces a new coefficient function with two final state gluons which also satisfies

an iterative structure similar to the BDS ansatz. Once again, R
(2)
6 does not contribute in

this limit and we note that the conformal kinematic ratios also take a particularly simple

form in this quasi-multi-Regge kinematics. Finally, in Section 8 we consider more general

kinematics - with three gluons having similar rapidities, or where the two central gluons

have similar rapidities. These configurations first appear with four gluons in the final

state. The new vertices and coefficient functions associated with these kinematics cannot

be determined using the five-gluon amplitude, and require explicit knowledge of the six-

gluon amplitude. We therefore cannot say anything about the sensitivity of the HEL to

∗For the one-loop six-gluon amplitude, in the Minkowski region where the centre-of-mass energy squared

s and the energy squared s2 of the two gluons emitted along the ladder are time-like while all other invariants

stay space-like, the factorised form conjectured in Section 3 is not valid [15, 16].
†It is well known that the l-loop Regge trajectory is directly related to f (l)(ǫ).
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R
(2)
6 , but note that in each of these cases, the three conformal kinematic ratios relevant

for six-gluon scattering do not simplify, and take general values. We enclose appendices

detailing the multi-Regge and quasi-multi-Regge kinematics.

2. Multi-Regge kinematics

Because in this work we make repeated use of the multi-Regge kinematics, we shall give

here a short pedagogical introduction to it. We consider an n-gluon amplitude, g1 g2 →
g3 g4 · · · gn, with all the momenta taken as outgoing, and label the gluons cyclically clock-

wise. In the multi-Regge kinematics [14], the produced gluons are strongly ordered in

rapidity and have comparable transverse momenta,

y3 ≫ y4 ≫ · · · ≫ yn; |p3⊥| ≃ |p4⊥|... ≃ |pn⊥| . (2.1)

Accordingly, we can write the Mandelstam invariants in the approximate form‡

s12 ≃ |p3⊥||pn⊥|ey3−yn ,

s2i ≃ −|p3⊥||pi⊥|ey3−yi , (2.2)

s1i ≃ −|pi⊥||pn⊥|eyi−yn ,

sij ≃ |pi⊥||pj⊥|e|yi−yj | .

for i, j = 3, . . . , n. We label the momenta transferred in the t-channel as

q1 = p1 + pn

q2 = q1 + pn−1 = q3 − pn−2

... (2.3)

qn−4 = qn−5 + p5 = qn−3 − p4

qn−3 = −p2 − p3 ,

with virtualities ti = q2i . Then it is easy to see that in the multi-Regge kinematics the

transverse components of the momenta qi dominate over the longitudinal components,

q2i ≃ −|qi⊥|2. In addition, t1 = s1n and tn−3 = s23, and we label s = s12, and s1 = sn−1,n,

s2 = sn−2,n−1, . . . , sn−3 = s34 for n > 4. Thus, the multi-Regge kinematics (2.1) become

s≫ s1, s2, . . . , sn−3 ≫ −t1, −t2, . . . ,−tn−3 , (2.4)

with the special case s ≫ −t for n = 4. Labelling the transverse momenta of the gluons

emitted along the ladder as κ1 = |pn−1⊥|2, κ2 = |pn−2⊥|2, . . . , κn−4 = |p4⊥|2, and using

Eq. (2.2), we can write

κ1 =
s1 s2

sn−2,n−1,n
κ2 =

s2 s3
sn−3,n−2,n−1

· · · κn−4 =
sn−4 sn−3

s345
, (2.5)

‡In Appendices A and B, we write the invariants (2.2) and the spinor products (2.7), in terms of light-cone

coordinates. Although the light-cone formulation is more convenient for performing calculations, we prefer

to give here those quantities in terms of rapidities because it is physically more intuitive. The translation

between light-cone coordinates and rapidities is straightforward (please see Appendix A).
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for n > 4, which are known as the mass-shell conditions (B.4) for the gluons along the

ladder. Eq. (2.2) also implies a relation amongst the mass-shell conditions,

s κ1 · · ·κn−4 = s1 s2 · · · sn−3 . (2.6)

In the multi-Regge kinematics the spinor products are given by Eq. (B.5)

〈21〉 ≃ −
√

|p3⊥||pn⊥| exp

(

y3 − yn

2

)

,

〈2i〉 ≃ −i
√

|p3⊥|
|pi⊥|

pi⊥ exp

(

y3 − yi

2

)

, (2.7)

〈i1〉 ≃ i
√

|pi⊥||pn⊥| exp

(

yi − yn

2

)

,

〈ij〉 ≃ −
√

|pi⊥|
|pj⊥|

pj⊥ exp

(

yi − yj

2

)

for yi > yj.

2.1 MHV amplitudes in multi-Regge kinematics

The colour decomposition of the tree-level n-gluon amplitude is [17]

M(0)
n = 2n/2 gn−2

∑

Sn/Zn

tr(T d1 · · ·T dn)m(0)
n (1, . . . , n) , (2.8)

where di is the colour of a gluon of momentum pi and helicity νi. The T ’s are the colour

matrices§ in the fundamental representation of SU(N) and the sum is over the noncyclic per-

mutations Sn/Zn of the set [1, . . . , n]. We consider the MHV configurations (−,−,+, . . . ,+)

for which the tree-level gauge-invariant colour-stripped amplitudes assume the form

m(0)
n (1, 2, . . . , n) =

〈pipj〉4
〈p1p2〉 · · · 〈pn−1pn〉〈pnp1〉

, (2.9)

where i and j are the gluons of negative helicity. The colour structure of Eq. (2.8) in multi-

Regge kinematics is known [18, 19, 20] and will not be considered further. Here we shall

concentrate on the behaviour of the colour-stripped amplitudes (2.9), which in multi-Regge

kinematics has the factorised form [19]

m(0)
n (1, 2, . . . , n) = s

[

g C(0)(p2, p3)
] 1

tn−3

[

g V (0)(qn−3, qn−4;κn−4)
]

(2.10)

· · · × 1

t2

[

g V (0)(q2, q1, κ1)
] 1

t1

[

g C(0)(p1, pn)
]

.

This factorization is shown schematically in Fig. 1. The gluon coefficient functions C(0),

which yield the LO gluon impact factors, are given in Ref. [14] in terms of their spin

structure and in Ref. [19, 21] at fixed helicities of the external gluons,

C(0)(p−2 , p
+
3 ) = 1 C(0)(p−1 , p

+
n ) =

p∗n⊥
pn⊥

, (2.11)

§We use the normalization tr(T cT d) = δcd/2, although it is immaterial in what follows.
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p1

p2

pn

p3

qn−3

qn−4

p4

p5

q2

pn−2

q1

pn−1

sn−3

sn−4

s2

s1

κ1

κ2

κn−5

κn−4

...

Figure 1: Amplitude in the multi-Regge kinematics. The green blobs indicate the coefficient

functions (impact factors) and the Lipatov vertices describing the emission of gluons along the

ladder.

with p⊥ = px + ipy the complex transverse momentum. The vertex for the emission of a

gluon along the ladder is the Lipatov vertex [19, 22, 23]

V (0)(qj+1, qj , κj) =
√

2
q∗j+1⊥qj⊥

pn−j⊥
, (2.12)

with pn−j = qj+1 − qj.

3. The high-energy limit of the n-gluon amplitude

The virtual radiative corrections to Eq. (2.10) in the leading logarithmic (LL) approxima-

tion are obtained, to all orders in αS, by replacing the propagator of the t-channel gluon

by its reggeised form [14]. That is, by making the replacement

1

ti
→ 1

ti

(si

τ

)α(ti)
, (3.1)

in Eq. (2.10), where α(ti) can be written in dimensional regularization in d = 4 − 2ǫ

dimensions as

α(ti) = g2 cΓ

(

µ2

−ti

)ǫ

N
2

ǫ
, (3.2)

with N colours, and

cΓ =
1

(4π)2−ǫ

Γ(1 + ǫ) Γ2(1 − ǫ)

Γ(1 − 2ǫ)
. (3.3)
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α(ti) is the Regge trajectory and accounts for the higher order corrections to gluon ex-

change in the ti channel. In Eq. (3.1), the reggeisation scale τ is introduced to separate

contributions to the reggeized propagator, the coefficient function and the Lipatov ver-

tex. It is much smaller than any of the s-type invariants, and it is of the order of the

t-type invariants. In order to go beyond the LL approximation and to compute the higher-

order corrections to the Lipatov vertex (2.12), we need a high-energy prescription [24]

that disentangles the virtual corrections to the Lipatov vertex from those to the coefficient

functions (2.11) and from those that reggeize the gluon (3.1). The high-energy prescription

of Ref. [24] is given at the colour-dressed amplitude level in QCD, where it holds to the

next-to-leading-logarithmic (NLL) accuracy. However, it has been shown to break down in

the imaginary part of the QCD one-loop four-parton amplitude [25], in the imaginary part

of the QCD one-loop five-gluon amplitude [26], and in the two-loop four-point amplitude in

MSYM [27]. This is because the mismatches between the colour orderings and the multi-

Regge kinematics become apparent at NLL. When the colour ordering is correctly aligned

with the multi-Regge limit, the factorisation applies to NLL and beyond. In Ref. [27], we

showed that the high-energy prescription, applied to the colour-stripped four-point ampli-

tude is valid up to three loops. Thus, we conjecture that in the multi-Regge kinematics in

the Euclidean region a generic colour-stripped n-gluon amplitude has the factorised form,

mn(1, 2, . . . , n) = s [g C(p2, p3)]
1

tn−3

(−sn−3

τ

)α(tn−3)

[g V (qn−3, qn−4, κn−4)]

· · · × 1

t2

(−s2
τ

)α(t2)

[g V (q2, q1, κ1)]
1

t1

(−s1
τ

)α(t1)

[g C(p1, pn)] , (3.4)

where we suppressed the dependence of the coefficient function and of the Lipatov vertex

on the reggeisation scale τ , and on the dimensional regularisation parameters µ2 and ǫ.

In the Euclidean region, where the invariants are all negative,

s, s1, s2, . . . , sn−3, t1, t2, . . . tn−3 < 0 , (3.5)

the colour-stripped amplitudemn, Eq. (3.4), is real. Then the multi-Regge kinematics (2.4)

are

−s≫ −s1,−s2, . . . ,−sn−3 ≫ −t1,−t2 . . . ,−tn−3 , (3.6)

and the on-shell condition (2.5) is

−κ1 =
(−s1) (−s2)
−sn−2,n−1,n

, −κ2 =
(−s2) (−s3)

−sn−3,n−2,n−1
, · · · − κn−4 =

(−sn−4) (−sn−3)

−s345
. (3.7)

In Eq. (3.4), the Regge trajectory has the perturbative expansion,

α(ti) = ḡ2ᾱ(1)(ti) + ḡ4ᾱ(2)(ti) + ḡ6ᾱ(3)(ti) + O(ḡ8) , (3.8)

with i = 1, . . . , n− 3, and with the rescaled coupling

ḡ2 = g2cΓN . (3.9)
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In Eq. (3.4), the coefficient functions C and the Lipatov vertex V are also expanded in the

rescaled coupling,

C(pi, pj, τ) = C(0)(pi, pj)

(

1 +

s−1
∑

r=1

ḡ2rC̄(r)(tk, τ) + O(ḡ2s)

)

, (3.10)

V (qj+1, qj , κj , τ) = V (0)(qj+1, qj)

(

1 +
s−1
∑

r=1

ḡ2rV̄ (r)(tj+1, tj , κj , τ) + O(ḡ2s)

)

.

with (pi + pj)
2 = tk where C and V are real, up to overall complex phases in C(0),

Eq. (2.11), and V (0), Eq. (2.12), induced by the complex-valued helicity bases. Note that

because several transverse scales occur, we prefer to keep the dependence on µ2 of the

trajectory, coefficient function and Lipatov vertex within the loop coefficient rather than

in the rescaled coupling,

ᾱ(n)(ti) =

(

µ2

−ti

)nǫ

α(n) , C̄(n)(tk, τ) =

(

µ2

−tk

)nǫ

C(n)(tk, τ) ,

V̄ (n)(tj+1, tj, κj , τ) =

(

µ2

−κj

)nǫ

V (n)(tj+1, tj, κj , τ) . (3.11)

The expansion of Eq. (3.4) can be written as

mn = m(0)
n

(

1 + ḡ2 m(1)
n + ḡ4m(2)

n + ḡ6m(3)
n + O(ḡ8)

)

. (3.12)

3.1 Analytic continuation of the n-gluon amplitude to the physical region

We analytically continue the high-energy prescription for the colour-stripped amplitude

(3.4) to the physical region¶, where

s, s1, s2, . . . sn−3 > 0 , t1, t2, . . . tn−3 < 0 , (3.13)

through the usual prescription ln(−sj) = ln(sj) − iπ, for sj > 0. Then the multi-Regge

kinematics are given by Eq. (2.4) and the mass-shell condition by Eq. (2.5). We still use

the expansions of Eqs. (3.8–3.11), but because of the analytic continuation on κ1, . . . , κn−3

(which follows directly from the Eq. (3.7) once the analytic continuation on the s-type

invariants is established), in going from Eq. (3.7) to Eq. (2.5), the Lipatov vertices become

complex,

V̄ (n)(tj+1, tj, κj , τ) =

(

µ2

κj

)nǫ

V
(n)
phys(tj+1, tj , κj , τ) , (3.14)

with

V
(n)
phys(tj+1, tj, κj , τ) = eiπnǫ V (n)(tj+1, tj , κj , τ) . (3.15)

¶Care must be exercised in analytically continuing Eq. (3.4): in Ref. [15] it has been shown that in the

Minkowski region where s, s2 are positive while all other invariants stay negative, the one-loop six-gluon

amplitude cannot be cast in the form of Eq. (3.4).
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4. The high-energy limit of the four–, five– and six–point MHV ampli-

tudes

4.1 The four–point amplitude in multi-Regge kinematics

For the 4–point amplitude, g1 g2 → g3 g4, the high-energy prescription (3.4) becomes

m4(1, 2, 3, 4) = s [g C(p2, p3, τ)]
1

t

(−s
τ

)α(t)

[g C(p1, p4, τ)] . (4.1)

In order for the colour-stripped amplitude m4 to be real, we take it in the unphysical region

where s is negative. Then the Regge kinematics are,

−s≫ −t . (4.2)

Using the loop expansions of the Regge trajectory (3.8) and of the coefficient function

(3.10), Eq. (4.1) can be written as Eq. (3.12) for n = 4. Then the knowledge of the l-

loop coefficient m
(l)
4 allows one to derive the l-loop trajectory α(l) and coefficient function

C(l)(t, τ). For example, the one-loop coefficient is given by

m
(1)
4 = ᾱ(1)(t)L+ 2C̄(1)(t, τ) , (4.3)

with L = ln(−s/τ), and ᾱ and C̄ rescaled as in Eq. (3.11). The one-loop trajectory is given

by Eq. (3.2),

α(1) =
2

ǫ
, (4.4)

and it is the same in QCD and in MSYM. The one-loop coefficient function, C(1), has been

computed in Ref. [24, 25, 28, 29, 30]. In MSYM it is, to all orders in ǫ

C(1)(t, τ) =
ψ(1 + ǫ) − 2ψ(−ǫ) + ψ(1)

ǫ
− 1

ǫ
ln

−t
τ

=
1

ǫ2

(

−2 − ǫ ln
−t
τ

+ 3

∞
∑

n=1

ζ2n ǫ
2n +

∞
∑

n=1

ζ2n+1 ǫ
2n+1

)

. (4.5)

In fact, in the formulæ that follow we shall need C(1)(t, τ) through O(ǫ4).

The two-loop coefficient of Eq. (3.12) with n = 4 is

m
(2)
4 =

1

2

(

ᾱ(1)(t)
)2
L2 +

(

ᾱ(2)(t) + 2 C̄(1)(t, τ)ᾱ(1)(t)
)

L

+ 2 C̄(2)(t, τ) +
(

C̄(1)(t, τ)
)2

=
1

2

(

m
(1)
4

)2
+ ᾱ(2)(t)L+ 2 C̄(2)(t, τ) −

(

C̄(1)(t, τ)
)2

. (4.6)

where in the second equality we factor out the square of the one-loop amplitude, in order to

to facilitate the later comparison with the BDS ansatz. In Eq. (4.6), m
(1)
4 must be known to

O(ǫ2). The two-loop trajectory, α(2), is known in full QCD [31, 32, 33, 34, 35]. In MSYM,
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it has been computed through O(ǫ0) directly [36] and using the maximal trascendentality

principle [37], and through O(ǫ2) directly [27],

α(2) = −2ζ2
ǫ

− 2ζ3 − 8ζ4ǫ+ (36ζ2ζ3 + 82ζ5)ǫ
2 + O(ǫ3) . (4.7)

The MSYM two-loop coefficient function has been computed through O(ǫ2) [27],

C(2)(t, τ) =
2

ǫ4
+

2

ǫ3
ln

−t
τ

−
(

5ζ2 −
1

2
ln2 −t

τ

)

1

ǫ2
−
(

ζ3 + 2ζ2 ln
−t
τ

)

1

ǫ

− 55

4
ζ4 +

(

ζ2ζ3 − 41ζ5 + ζ4 ln
−t
τ

)

ǫ

−
(

95

2
ζ2
3 +

1695

8
ζ6 + (18ζ2ζ3 + 42ζ5) ln

−t
τ

)

ǫ2 + O(ǫ3) (4.8)

=
1

2

[

C(1)(t, τ)
]2

+
ζ2
ǫ2

+

(

ζ3 + ζ2 ln
−t
τ

)

1

ǫ

+

(

ζ3 ln
−t
τ

− 19ζ4

)

+

(

4ζ4 ln
−t
τ

− 2ζ2ζ3 − 39ζ5

)

ǫ

−
(

48ζ2
3 +

1773

8
ζ6 + (18ζ2ζ3 + 41ζ5) ln

−t
τ

)

ǫ2 + O(ǫ3) .

The three-loop coefficient is given by

m
(3)
4 =

1

3!

(

ᾱ(1)(t)
)3
L3 + ᾱ(1)(t)

(

ᾱ(2)(t) + C̄(1)(t, τ) ᾱ(1)(t)
)

L2 (4.9)

+

[

ᾱ(3)(t) + 2 ᾱ(2)(t) C̄(1)(t, τ) + ᾱ(1)(t)

(

2 C̄(2)(t, τ) +
(

C̄(1)(t, τ)
)2
)]

L

+ 2 C̄(3)(t, τ) + 2 C̄(2)(t, τ) C̄(1)(t, τ)

= m
(2)
4 m

(1)
4 − 1

3

(

m
(1)
4

)3

+ ᾱ(3)(t)L+ 2 C̄(3)(t, τ) − 2 C̄(2)(t, τ) C̄(1)(t, τ) +
2

3

(

C̄(1)(t, τ)
)3

.

In MSYM, the three-loop trajectory, α(3), has been evaluated in Ref. [27, 15, 38, 39] through

O(ǫ0),

α(3) =
44ζ4
3ǫ

+
40

3
ζ2ζ3 + 16ζ5 + O(ǫ) . (4.10)

The three-loop coefficient function has been evaluated in Ref. [27] through O(ǫ0) using
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knowledge of m
(1)
4 to O(ǫ4), and m

(2)
4 to O(ǫ2),

C(3)(t, τ) = − 4

3ǫ6
− 2

ǫ5
ln

−t
τ

+

(

4ζ2 − ln2 −t
τ

)

1

ǫ4
(4.11)

+

(

3ζ2 ln
−t
τ

− 1

6
ln3 −t

τ

)

1

ǫ3
+

(

217ζ4
9

+
ζ2
2

ln2 −t
τ

− ζ3 ln
−t
τ

)

1

ǫ2

+

(

−22

9
ζ2ζ3 +

224

3
ζ5 −

ζ3
2

ln2 −t
τ

+
71

12
ζ4 ln

−t
τ

)

1

ǫ

+
796

9
ζ2
3 +

211861

432
ζ6 −

5

2
ζ4 ln2 −t

τ
+

(

115ζ5 +
97

3
ζ2ζ3

)

ln
−t
τ

+ O(ǫ)

= C(2)(t, τ)C(1)(t, τ) − 1

3

[

C(1)(t, τ)
]3

− 44

9

ζ4
ǫ2

−
(

40

9
ζ2ζ3 +

16

3
ζ5 +

22

3
ζ4 ln

−t
τ

)

1

ǫ

+
3982

27
ζ6 −

68

9
ζ2
3 −

(

8ζ5 +
20

3
ζ2ζ3

)

ln
−t
τ

+ O(ǫ)

It is straightforward to obtain the four-point amplitude in the physical region, s≫ −t,
by continuing Eqs. (4.3), (4.6) and (4.9) through the prescription ln(−s) = ln(s) − iπ, for

s > 0.

4.2 The five–point amplitude in multi-Regge kinematics

For the five-point amplitude, g1 g2 → g3 g4 g5, the high-energy prescription (3.4) becomes

m5 = s [g C(p2, p3, τ)]
1

t2

(−s2
τ

)α(t2)

[g V (q2, q1, κ, τ)]
1

t1

(−s1
τ

)α(t1)

[g C(p1, p5, τ)] ,

(4.12)

where p4 = q2 − q1, and with the invariants labelled as in Section 2, i.e. t1 = s51, t2 = s23,

s1 = s45 and s2 = s34. In order for the amplitude m5 to be real, Eq. (4.12) is taken in

the region where all the invariants are negative. Thus, the multi-Regge kinematics (3.6)

become,

−s≫ −s1,−s2 ≫ −t1,−t2 . (4.13)

Then the mass-shell condition (3.7) for the intermediate gluon 4 is

−κ =
(−s1) (−s2)

−s , (4.14)

where κ = −|p4⊥|2. In the expansion of Eq. (3.12) for n = 5, the knowledge of the l-

loop five-point amplitude in the multi-Regge kinematics (4.13), together with the l-loop

trajectory α(l) and coefficient function C(l), allows one to derive the Lipatov vertex to the

same accuracy. The one-loop coefficient is

m
(1)
5 = ᾱ(1)(t1)L1 + ᾱ(1)(t2)L2 + C̄(1)(t1, τ) + C̄(1)(t2, τ) + V̄ (1)(t1, t2, κ, τ) . (4.15)

where Li = ln(−si/τ) and i = 1, 2. Then subtracting the one-loop trajectory (4.4) and

coefficient function (4.5) from the one-loop five-point amplitude, we can derive the one-loop

Lipatov vertex. That will explicitly be done in a forthcoming publication.
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In the expansion of Eq. (3.12) for n = 5, the two-loop coefficient is

m
(2)
5 =

1

2

(

m
(1)
5

)2
+ ᾱ(2)(t1)L1 + ᾱ(2)(t2)L2 (4.16)

+ C̄(2)(t1, τ) + V̄ (2)(t1, t2, κ, τ) + C̄(2)(t2, τ)

− 1

2

(

C̄(1)(t1, τ)
)2

− 1

2

(

V̄ (1)(t1, t2, κ, τ)
)2

− 1

2

(

C̄(1)(t2, τ)
)2

,

where m
(1)
5 , C̄(1)(t, τ) and V̄ (1)(t1, t2, κ, τ) must be known to O(ǫ2). Similarly, the three-

loop coefficient is

m
(3)
5 = m

(2)
5 m

(1)
5 − 1

3

(

m
(1)
5

)3
+ ᾱ(3)(t1)L1 + ᾱ(3)(t2)L2

+ C̄(3)(t1, τ) + V̄ (3)(t1, t2, κ, τ) + C̄(3)(t2, τ)

− C̄(2)(t1, τ) C̄
(1)(t1, τ) − V̄ (2)(t1, t2, κ, τ)V̄

(1)(t1, t2, κ, τ) − C̄(2)(t2, τ) C̄
(1)(t2, τ)

+
1

3

(

C̄(1)(t1, τ)
)3

+
1

3

(

V̄ (1)(t1, t2, κ, τ)
)3

+
1

3

(

C̄(1)(t2, τ)
)3

. (4.17)

Here, to find m
(3)
5 to O(ǫ0), m

(1)
5 , C̄(1)(t, τ) and V̄ (1)(t1, t2, κ, τ) must be known to O(ǫ4)

while m
(2)
5 , C̄(2)(t, τ) and V̄ (2)(t1, t2, κ, τ) must be known to O(ǫ2).

It is straightforward to obtain the amplitudes in the physical region where s, s1, s2 are

positive and t1, t2 are negative, and where the multi-Regge kinematics are

s≫ s1, s2 ≫ −t1, −t2 . (4.18)

and the mass-shell condition is

κ =
s1 s2
s

, (4.19)

by continuing Eqs. (4.15) and (4.16) through the prescriptions ln(−sj) = ln(sj) − iπ, for

sj > 0 and j = 1, 2 and ln(−κ) = ln(κ) − iπ, for κ > 0, which implies Eq. (3.14) for the

Lipatov vertex.

4.3 The six-point amplitude in multi-Regge kinematics

For the six-gluon amplitude, g1 g2 → g3 g4 g5 g6, the high-energy prescription (3.4) in the

Euclidean region becomes

m6 = s [g C(p2, p3, τ)]
1

t3

(−s3
τ

)α(t3)

[g V (q2, q3, κ2, τ)]

× 1

t2

(−s2
τ

)α(t2)

[g V (q1, q2, κ1, τ)]
1

t1

(−s1
τ

)α(t1)

[g C(p1, p6, τ)] . (4.20)

with t1 = s61, t2 = s234 and t3 = s23, s1 = s56, s2 = s45 and s3 = s34. In order for m6 to be

real, we take Eq. (4.20) in the unphysical region where the invariants s, s1, s2, s3, t1, t2, t3
are all negative, where the multi-Regge kinematics are,

−s≫ −s1,−s2,−s3 ≫ −t1,−t2,−t3 , (4.21)
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and the on-shell conditions (3.7) are,

−κ1 =
(−s1) (−s2)

(−s456)
, −κ2 =

(−s2) (−s3)
(−s345)

, (4.22)

with κ1 = −|p5⊥|2 and κ2 = −|p4⊥|2. Because in Eq. (4.20) no new vertex or coefficient

function occurs with respect to Eq. (4.12), in the expansion of Eq. (3.12) for n = 6, the

knowledge of the l-loop trajectory α(l), the coefficient function C(l), and the Lipatov vertex

V (l) allow one to derive the l-loop six-point amplitude in the multi-Regge kinematics. The

one-loop coefficient is

m
(1)
6 = ᾱ(1)(t1)L1 + ᾱ(1)(t2)L2 + ᾱ(1)(t3)L3

+ C̄(1)(t1, τ) + C̄(1)(t3, τ) + V̄ (1)(t1, t2, κ1, τ) + V̄ (1)(t2, t3, κ2, τ). (4.23)

with Li = ln(−si/τ) and i = 1, 2, 3. The two-loop coefficient is

m
(2)
6 =

1

2

(

m
(1)
6

)2
+ ᾱ(2)(t1)L1 + ᾱ(2)(t2)L2 + ᾱ(2)(t3)L3 (4.24)

+ C̄(2)(t1, τ) + C̄(2)(t3, τ) + V̄ (2)(t1, t2, κ1, τ) + V̄ (2)(t2, t3, κ2, τ)

− 1

2

(

C̄(1)(t1, τ)
)2

− 1

2

(

C̄(1)(t3, τ)
)2

− 1

2

(

V̄ (1)(t1, t2, κ1, τ)
)2

− 1

2

(

V̄ (1)(t2, t3, κ2, τ)
)2

,

where m
(1)
6 , C̄(1)(t, τ) and V̄ (1)(t1, t2, κ, τ) must be known to O(ǫ2). Similarly, the three-

loop coefficient is

m
(3)
6 = m

(2)
6 m

(1)
6 − 1

3

(

m
(1)
6

)3
+ ᾱ(3)(t1)L1 + ᾱ(3)(t3)L2

+ C̄(3)(t1, τ) + V̄ (3)(t1, t2, κ1, τ) + V̄ (3)(t2, t3, κ2, τ) + C̄(3)(t3, τ)

− C̄(2)(t1, τ) C̄
(1)(t1, τ) − V̄ (2)(t1, t2, κ1, τ)V̄

(1)(t1, t2, κ1, τ)

− V̄ (2)(t2, t3, κ2, τ)V̄
(1)(t2, t3, κ2, τ) − C̄(2)(t3, τ) C̄

(1)(t3, τ)

+
1

3

(

C̄(1)(t1, τ)
)3

+
1

3

(

C̄(1)(t3, τ)
)3

+
1

3

(

V̄ (1)(t1, t2, κ1, τ)
)3

+
1

3

(

V̄ (1)(t2, t3, κ2, τ)
)3

. (4.25)

Here, m
(1)
6 , C̄(1)(t, τ) and V̄ (1)(t1, t2, κ, τ) are needed to O(ǫ4) while m

(2)
6 , C̄(2)(t, τ) and

V̄ (2)(t1, t2, κ, τ) must be known to O(ǫ2).

It is straightforward to obtain the amplitudes in the physical region where s, s1, s2, s3
are positive and t1, t2, t3 are negative, where the multi-Regge kinematics are

s≫ s1, s2, s3 ≫ −t1,−t2,−t3 , (4.26)

and the mass-shell conditions for gluons 4 and 5, emitted along the t channel, are

κ1 =
s1 s2
s456

, κ2 =
s2 s3
s345

, (4.27)

by continuing Eqs. (4.23) and (4.24) through the prescriptions ln(−sj) = ln(sj) − iπ, for

sj > 0 with j = 1, 2, 3, and ln(−κi) = ln(κi) − iπ, for κi > 0, with i = 1, 2.
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5. The Bern-Dixon-Smirnov ansatz in multi-Regge kinematics

The BDS ansatz prescribes that the n-gluon MHV amplitude be written as,

mn = m(0)
n

[

1 +

∞
∑

L=1

aLM (L)
n (ǫ)

]

= m(0)
n exp

[

∞
∑

l=1

al
(

f (l)(ǫ)M (1)
n (lǫ) + Const(l) + E(l)

n (ǫ)
)

]

, (5.1)

where

a =
2g2N

(4π)2−ǫ
e−γǫ (5.2)

is the ’t-Hooft gauge coupling, and with

f (l)(ǫ) = f
(l)
0 + ǫf

(l)
1 + ǫ2f

(l)
2 , (5.3)

where f (1)(ǫ) = 1, and f
(l)
0 is proportional to the l-loop cusp anomalous dimension [4],

γ̂
(l)
K = 4f

(l)
0 , which has been conjectured to all orders of a [5] and computed to O(a4) [40, 41],

and f
(l)
1 is related to the soft anomalous dimension [6, 7], G(l)

0 = 2f
(l)
1 /l, and is known to

O(a3) [1]. In Eq. (5.1), Const(l) are constants, and E
(l)
n (ǫ) are O(ǫ) contributions, with

Const(1) = 0 and E
(1)
n (ǫ) = 0, and M

(L)
n (ǫ) is the L-loop colour-stripped amplitude rescaled

by the tree amplitude. In the convention and notation of Eq. (3.12), the rescaled coupling

(3.9) is related to a by,

a = 2G(ǫ)ḡ2 (5.4)

with

G(ǫ) =
e−γǫ Γ(1 − 2ǫ)

Γ(1 + ǫ) Γ2(1 − ǫ)
= 1 + O(ǫ2) . (5.5)

Thus, the n-gluon amplitude is given by,

aLM (L)
n (ǫ) =

(

a

2G(ǫ)

)L

m(L)
n (ǫ) , (5.6)

and the BDS ansatz (5.1) becomes

mn = m(0)
n

[

1 +

∞
∑

L=1

ḡ2L(t)m(L)
n (ǫ)

]

= m(0)
n exp

[

∞
∑

l=1

ḡ2l(t) (2G(ǫ))l

(

f (l)(ǫ)
m

(1)
n (lǫ)

2G(lǫ)
+ Const(l) +E(l)

n (ǫ)

)]

. (5.7)

5.1 Amplitudes with four or five gluons

Substituting the one-loop four-point amplitude (4.3) in Eq. (5.7) and comparing with the

expansion (3.12) for n = 4 of the high-energy prescription (4.1), we determine the Regge

trajectory from the coefficient of the single logarithm [27],

α(2)(ǫ) = 2 f (2)(ǫ)α(1)(2ǫ) + O(ǫ) , (5.8)

α(3)(ǫ) = 4 f (3)(ǫ)α(1)(3ǫ) + O(ǫ) ,
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with α(1) given in Eq. (4.4), and in general

α(l)(ǫ) = 2l−1 f (l)(ǫ)α(1)(lǫ) + O(ǫ) . (5.9)

From Eq. (5.9), we see that to O(ǫ0) only the first two terms of the f (l)(ǫ) function (5.3)

enter the evaluation of the Regge trajectory. Using the f (2) and f (3) functions [1],

f (2)(ǫ) = −ζ2 − ζ3ǫ− ζ4ǫ
2 ,

f (3)(ǫ) =
11

2
ζ4 + (6ζ5 + 5ζ2ζ3)ǫ+ (c1ζ6 + c2ζ

2
3 )ǫ2 , (5.10)

we see that Eq. (5.8) agrees with Eqs. (4.7) and (4.10) to O(ǫ0). The constants c1, c2 are

known only numerically [42], but they do not enter the evaluation of the Regge trajectory.

Eq. (5.7) implies the iterative structure of the two-loop n-gluon amplitude given in

Eq. (1.1), which we report here in our convention (5.6) for the coupling,

m(2)
n (ǫ) =

1

2

[

m(1)
n (ǫ)

]2
+

2G2(ǫ)

G(2ǫ)
f (2)(ǫ)m(1)

n (2ǫ) + 4Const(2) + O(ǫ) , (5.11)

with Const(2) = −ζ2
2/2, and where the one-loop amplitude, m

(1)
n (ǫ), must be known to

O(ǫ2). Eq. (5.11) has been shown to be correct for n = 4 [43] and n = 5 [2, 3] for general

kinematics.

Using the iterative structure (5.11) for the four-point amplitude, it is possible to express

the two-loop coefficient function in terms of the one-loop coefficient function. In fact,

comparing Eq. (5.11) with n = 4 to the two-loop factorization of the four-point amplitude

in the multi-Regge kinematics (4.6), we find the following iterative structure

C(2)(t, τ, ǫ) =
1

2

[

C(1)(t, τ, ǫ)
]2

+
2G2(ǫ)

G(2ǫ)
f (2)(ǫ)C(1)(t, τ, 2ǫ) + 2Const(2) + O(ǫ) , (5.12)

where, to compute the two-loop coefficient function C(2)(t, τ, ǫ) to O(ǫ0), the one-loop

coefficient function, C(1)(t, τ, ǫ), is needed to O(ǫ2). Eq. (5.12) agrees with Eq. (4.8) to

O(ǫ0).

Similarly, the iterative structure (5.11) for the five-point amplitude, means we can also

express the two-loop Lipatov vertex in terms of the one-loop Lipatov vertex. Comparing

Eq. (5.11) with n = 5 to the two-loop factorization of the five-point amplitude (4.16), and

using Eqs. (5.8) and (5.12), we obtain

V (2)(t1, t2, κ, τ, ǫ) =
1

2

[

V (1)(t1, t2, κ, τ, ǫ)
]2

+
2G2(ǫ)

G(2ǫ)
f (2)(ǫ)V (1)(t1, t2, κ, τ, 2ǫ) + O(ǫ) ,

(5.13)

where, to compute V (2)(t1, t2, κ, τ, ǫ) to O(ǫ0), V (1)(t1, t2, κ, τ, ǫ), must be known through

O(ǫ2). Of course, Eq. (5.11) with n = 5 requires the knowledge of the one-loop five-point

amplitude, m
(1)
5 (ǫ), through O(ǫ2)‖, but once V (1) is known through O(ǫ2), the two-loop

‖We shall provide the details of m
(1)
5 (ǫ) to that accuracy, in fact to all orders in ǫ, in a forthcoming

publication [44].
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Lipatov vertex can be determined by Eq. (5.13) without knowing explicitly the two-loop

five-point amplitude. In fact, once evaluated, V (2) can be used, together with C(2) and α(2),

in Eq. (4.16) to determine the two-loop five-point amplitude in the multi-Regge kinematics.

The iterative structure of the three-loop n-gluon amplitude is,

m(3)
n (ǫ) = m(2)

n (ǫ)m(1)
n (ǫ) − 1

3

[

m(1)
n (ǫ)

]3
+

4G3(ǫ)

G(3ǫ)
f (3)(ǫ)m(1)

n (3ǫ) + 8Const(3) + O(ǫ) ,

(5.14)

where m
(1)
n (ǫ) and m

(2)
n (ǫ) must be known to O(ǫ4) and O(ǫ2), respectively, and with

Const(3) =

(

341

216
+

2

9
c1

)

ζ6 +

(

−17

9
+

2

9
c2

)

ζ2
3 . (5.15)

Eq. (5.14) has been shown to be correct for n = 4 [1].

Comparing Eq. (5.14) with n = 4 to the three-loop factorisation of the four-point

amplitude in the multi-Regge kinematics (4.9), we obtain the three-loop iteration of the

coefficient function,

C(3)(t, τ, ǫ) = C(2)(t, τ, ǫ)C(1)(t, τ, ǫ) − 1

3

[

C(1)(t, τ, ǫ)
]3

+
4G3(ǫ)

G(3ǫ)
f (3)(ǫ)C(1)(t, τ, 3ǫ) + 4Const(3) + O(ǫ) . (5.16)

The constants c1, c2 cancel when Eqs. (5.10) and (5.15) are used in Eqs. (5.14) and (5.16).

Using the two-loop coefficient function to O(ǫ2) (4.8), and the one-loop coefficient function

to O(ǫ4) (4.5), we see that Eq. (5.16) is in agreement with Eq. (4.11) to O(ǫ0).

Comparing Eq. (5.14) with n = 5 to the three-loop factorisation of the five-point

amplitude (4.17), we obtain the three-loop iteration of the Lipatov vertex,

V (3)(t1, t2, κ, τ, ǫ) = V (2)(t1, t2, κ, τ, ǫ)V
(1)(t1, t2, κ, τ, ǫ) −

1

3

[

V (1)(t1, t2, κ, τ, ǫ)
]3

+
4G3(ǫ)

G(3ǫ)
f (3)(ǫ)V (1)(t1, t2, κ, τ, 3ǫ) + O(ǫ) . (5.17)

5.2 Amplitudes with six or more gluons

In the two-loop expansion of the six-point amplitude (4.24), no new vertices or coefficient

functions occur. Thus, using the explicit expressions of V (2), C(2) and α(2) in Eq. (4.24), one

can assemble the two-loop six-point amplitude in the multi-Regge kinematics. However,

even without knowing the explicit expression of the two-loop Lipatov vertex (5.13), it is

easy to see by substitution that the iterative structure of Eqs. (5.8), (5.12) and (5.13)

ensures that the six-point amplitude (4.24) fulfils the two-loop iterative formula (5.11) for

n = 6. Furthermore, the expression has the correct analytic properties in the physical

region where s, s1, s2, s3 are positive and t1, t2, t3 are negative.

Because no new vertices or coefficient functions occur in the two-loop expansion of

Eq. (3.4) even for n = 7 or higher, we conclude that the two-loop expansion of Eq. (3.4)

fulfils the two-loop iterative formula (5.11), and thus the BDS ansatz, for any n. Thus,
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the multi-Regge kinematics are not able to resolve the BDS-ansatz discrepancy, i.e. the

quantity R
(2)
n (1.2) vanishes in the multi-Regge kinematics, for any n.

The same arguments can be repeated for three-loop case: in the three-loop expansion

of the six-point amplitude (4.25) no new vertices or coefficient functions occur. Thus, using

the explicit expressions of V (3), C(3) and α(3) in Eq. (4.25) one can assemble the three-loop

six-point amplitude in the multi-Regge kinematics. However, even without knowing the

explicit expression of the three-loop Lipatov vertex (5.17), it is easy to see by substitution

that the iterative structure of Eqs. (5.8), (5.16) and (5.17) ensures that the six-point

amplitude (4.25) fulfils the three-loop iterative formula (5.14) for n = 6. Because no new

vertices or coefficient functions occur in the three-loop expansion of Eq. (3.4) for n = 7 or

higher, the three-loop expansion of Eq. (3.4) fulfils the three-loop iterative formula (5.14),

and thus the BDS ansatz, for any n. Thus, also the quantity R
(3)
n (1.2) vanishes in the

multi-Regge kinematics, for any n. Clearly, the same thing is to occur with the iterative

structure of the l-loop n-gluon amplitude for l ≥ 4. We conclude that R
(l)
n vanishes in the

multi-Regge kinematics for any l and n. The l-loop n-gluon amplitudes in the multi-Regge

kinematics are in complete agreement with the BDS ansatz, therefore they are not able to

resolve the violations of the ansatz for n ≥ 6.

In Ref. [45, 11] it was argued that the remainder function (1.2) for n = 6 is a function

of the three conformal cross-ratios

u1 =
s12 s45
s345 s456

, u2 =
s23 s56
s234 s456

, u3 =
s34 s61
s234 s345

. (5.18)

Using the notation of Section 2 and the results of Section B.1, we note that in the multi-

Regge kinematics (4.26) the conformal invariants (5.18) become [46, 47]

u1 ≃ 1 , u2 =
t3κ1

t2s2
≃ O

(

t

s

)

, u3 =
t1κ2

t2s2
≃ O

(

t

s

)

, (5.19)

thus u1 is close to 1, while u2 and u3 are very small and are in fact sub-leading in the

multi-Regge kinematics.

6. Proof of BDS ansatz in multi-Regge kinematics

In the previous section, we derived iterative relations for the three building blocks that occur

in the multi-Regge factorisation of gluonic amplitudes, the Regge trajectory, the coefficient

functions and the Lipatov vertex. We argued that the high-energy prescription implied

that the six-gluon amplitude also satisfies the BDS ansatz (in the restricted kinematics

where the high energy prescription is valid). In this section, we are going to prove that in

in the Euclidean region the BDS ansatz is fully consistent with multi-Regge factorisation

(the proof for the physical region is similar). In particular, we show that, if BDS holds

true for four- and five-point amplitudes, then it also holds true for any n-gluon amplitude

(in multi-Regge kinematics).

We start by deriving exponentiated forms for the coefficient functions and the Lipatov

vertex. If the BDS ansatz holds true for the four-point amplitude, then we can immediately
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insert the tree- and one-loop four-gluon amplitudes in multi-Regge kinematics

m
(0)
4 =g2C(0)(p2, p3)

s

t
C(0)(p1, p4),

m
(1)
4 (lǫ) =2C̄(1)(t, τ, lǫ) + ᾱ(1)(t, lǫ) ln

(−s
τ

)

,
(6.1)

into Eq. (5.7), such that

m4 = g2C(0)(p2, p3)
s

t
C(0)(p1, p4)

(−s
τ

)

P∞
l=1 ḡ2l 2l−1 Gl(ǫ)

G(lǫ)
f(l)(ǫ) ᾱ(1)(t,lǫ)

× exp 2

∞
∑

l=1

ḡ2l 2l−1Gl(ǫ)

(

f (l)(ǫ)

G(lǫ)
C̄(1)(t, τ, lǫ) + Const(l) + E

(l)
4 (ǫ)

)

. (6.2)

Comparing Eq. (6.2) to the general form of the high energy prescription of Eq. (4.1), we

can easily identify the all-orders forms of the Regge trajectory

α(t, ǫ) =
∞
∑

l=1

ḡ2l 2l−1G
l(ǫ)

G(lǫ)
f (l)(ǫ) ᾱ(1)(t, lǫ), (6.3)

and the coefficient function,

C(pi, pj ,τ, ǫ) =

C(0)(pi, pj) exp

∞
∑

l=1

ḡ2l 2l−1Gl(ǫ)

(

f (l)(ǫ)

G(lǫ)
C̄(1)(t, τ, lǫ) + Const(l) + E

(l)
4 (ǫ)

)

,

(6.4)

where in the last equation t = (pi+pj)
2. Note that expanding Eq. (6.3) and Eq. (6.4) in the

rescaled couplings reproduces the explicit forms for the two-, and three-loop iterative ex-

pressions given in Eq. (5.8) and Eqs. (5.12) and (5.16) respectively. Furthermore, Eq. (6.3)

is in agreement up to O(ǫ) with Eq. (5.9), which expresses the l-loop Regge trajectory in

terms of the function f (l) appearing in the BDS ansatz.

We can now repeat the argument for m5 and, by reusing Eq. (6.3) and Eq. (6.4),

extract the corresponding formula for the Lipatov vertex,

m5 = g2 C(p2, p3, τ, ǫ)
s

t1 t2
V (0)(q2, q1)C(p1, p5, τ, ǫ)

×
(−s1

τ

)α(t1,ǫ) (−s2
τ

)α(t2,ǫ)

× exp
∞
∑

l=1

ḡ2l 2lGl(ǫ)

(

f (l)(ǫ)

2G(lǫ)
V̄ (1)(t2, t1, κ1, τ, lǫ) + E

(l)
5 (ǫ) −E

(l)
4 (ǫ)

)

. (6.5)

Comparing with Eq. (4.12), we find

V (q2, q1, κ, ǫ) = V (0)(q2, q1)

× exp

∞
∑

l=1

ḡ2l 2lGl(ǫ)

(

f (l)(ǫ)

2G(lǫ)
V̄ (1)(t2, t1, κ1, τ, lǫ) + E

(l)
5 (ǫ) − E

(l)
4 (ǫ)

)

.

(6.6)
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As before, expanding Eq. (6.6) in the rescaled couplings reproduces the explicit forms for

the two-, and three-loop iterative expressions given in Eqs. (5.13) and (5.17).

We now turn to the generic case. Consider an n-gluon amplitude in multi-Regge

kinematics which satisfies Eq. (7.2). Inserting the exponentiated expressions for the Regge

trajectory Eq. (6.3), the coefficient functions Eq. (6.4) and the Lipatov verticx Eq. (6.6),

we find

mn = m(0)
n exp

∞
∑

l=1

ḡ2l 2lGl(ǫ)

[

f (l)(ǫ)

2G(lǫ)

(

C̄(1)(t1, τ, lǫ) + C̄(1)(tn−3, τ, lǫ)

+

n−3
∑

k=1

ᾱ(1)(tk, lǫ) ln

(−sk

τ

)

+

n−4
∑

k=1

V̄ (1)(tk+1, tk, κk, τ, lǫ)

)

+Const(l) + E
(l)
4 (ǫ) + (n− 4)

(

E
(l)
5 (ǫ) − E

(l)
4 (ǫ)

)

]

. (6.7)

The expression inside the brackets can now be easily identified as the one-loop amplitude

in multi-Regge kinematics,

m(1)
n (lǫ) = C̄(1)(t1, τ, lǫ) + C̄(1)(tn−3, τ, lǫ) +

n−3
∑

k=1

ᾱ(1)(tk, lǫ) ln

(−sk

τ

)

+
n−4
∑

k=1

V̄ (1)(tk+1, tk, κk, τ, lǫ), (6.8)

and so we recover

mn = m(0)
n exp

∞
∑

l=1

ḡ2l 2lGl(ǫ)

(

f (l)(ǫ)

2G(lǫ)
m(1)

n (lǫ) + Const(l) + O(ǫ)

)

, (6.9)

i.e. mn satisfies the BDS ansatz up to O(ǫ).

7. Quasi-multi-Regge kinematics

7.1 Amplitudes in the quasi-multi-Regge kinematics with a pair at either end

of the ladder

It is possible to define a high-energy prescription for more general, i.e. less restrictive,

multi-Regge kinematics, such as the quasi-multi-Regge kinematics where all gluons are

strongly ordered in rapidity, except for a pair of gluons, either at the top or at the bottom

of the ladder as shown schematically in Fig. 2(a). For example,

y3 ≃ y4 ≫ · · · ≫ yn; |p3⊥| ≃ |p4⊥|... ≃ |pn⊥| , (7.1)
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for which the Mandelstam invariants are given in Section C.1. We conjecture that in the

quasi-multi-Regge kinematics of Eq. (7.1) a generic colour-stripped l-loop n-gluon ampli-

tude will have the factorised form,

mn(1, 2, . . . , n) = s
[

g2A(p2, p3, p4)
] 1

tn−4

(−sn−4

τ

)α(tn−4)

[g V (qn−4, qn−5, κn−5)]

· · · × 1

t2

(−s2
τ

)α(t2)

[g V (q2, q1, κ1)]
1

t1

(−s1
τ

)α(t1)

[g C(p1, pn)] , (7.2)

where we suppressed the dependence of the coefficient functions and the Lipatov vertices on

the reggeisation scale τ . sn−4 can be chosen to be either s35 or s45, the difference between

the two being of the order of s34, thus sub-leading with respect to s. In order for mn to be

real, one can take the invariants s, s1, . . . , sn−4, t1, . . . , tn−4, defined as in Section 2, and

s34 all negative. Then the kinematics imply

−s≫ −s1,−s2, . . . ,−sn−4 ≫ −s34,−t1,−t2, . . . ,−tn−4 . (7.3)

The limit of multi-Regge kinematics (3.6) is where s34 becomes as large as any si-type

invariant.

In Eq. (7.2), the coefficient function C and Lipatov vertex V are exactly the same as

in Eq. (3.4). However a new coefficient function, A(p2, p3, p4), is needed to describe the

production of two gluons at one end of the ladder. The tree approximation, A(0)(p2, p3, p4),

was computed in Ref. [48, 49]. A can be expanded in the rescaled coupling, just as in

Eqs. (3.10) and (3.11),

A(p2, p3, p4, τ) = A(0)(p2, p3, p4)
(

1 + ḡ2Ā(1)(t, s34, τ) + ḡ4Ā(2)(t, s34, τ) + O(ḡ6)
)

. (7.4)

For n = 5, Eq. (7.2) reduces to

m5(1, 2, 3, 4, 5) = s
[

g2 A(p2, p3, p4, τ)
] 1

t

(−s1
τ

)α(t)

[g C(p1, p5, τ)] , (7.5)

with q = p1+p5 = −(p2+p3+p4), t = q2 and s = s12. Expanding Eq. (7.5) as in Eq. (3.12),

we obtain, at one-, two- and three-loop accuracy,

m
(1)
5 = ᾱ(1)(t)L+ C̄(1)(t, τ) + Ā(1)(t, s34, τ) , (7.6)

m
(2)
5 =

1

2

(

m
(1)
5

)2
+ ᾱ(2)(t)L

+ C̄(2)(t, τ) + Ā(2)(t, s34, τ) −
1

2

(

C̄(1)(t, τ)
)2

− 1

2

(

Ā(1)(t, s34, τ)
)2

, (7.7)

m
(3)
5 = m

(2)
5 m

(1)
5 − 1

3

(

m
(1)
5

)3
+ ᾱ(3)(t)L

+ C̄(3)(t, τ) + Ā(3)(t, s34, τ) − C̄(2)(t, τ)C̄(1)(t, τ) − Ā(2)(t, s34, τ)Ā
(1)(t, s34, τ)

+
1

3

(

C̄(1)(t, τ)
)3

+
1

3

(

Ā(1)(t, s34, τ)
)3
, (7.8)

with L = ln(−s1/τ), and where m
(1)
5 is needed to O(ǫ2) in Eq. (7.7), and m

(1)
5 and m

(2)
5

to O(ǫ4) and O(ǫ2) respectively in Eq. (7.8). The coefficient functions C̄ were already
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Figure 2: Amplitudes in the quasi-multi-Regge kinematics of (a) a pair at either end of the ladder

and (b) two pairs, one at each end of the ladder.

evaluated in Section 4.1. Therefore, knowledge of the five-point amplitude at a given

loop accuracy in the quasi-multi-Regge kinematics (7.1) allows one to find the coefficient

function A at the same loop accuracy. Furthermore, combining the iterative formula (5.11)

for n = 5 with the high-energy prescription (7.2), one obtains an iterative formula for the

coefficient function A,

A(2)(t, s34, τ, ǫ) =
1

2

[

A(1)(t, s34, τ, ǫ)
]2

+
2G2(ǫ)

G(2ǫ)
f (2)(ǫ)A(1)(t, s34, τ, 2ǫ)+2Const(2)+O(ǫ) ,

(7.9)

where the one-loop coefficient function, A(1)(ǫ), is needed to O(ǫ2). Similarly, it is straight

forward to derive from Eq. (7.8) an iterative formula at the three-loop coefficient function

A(3)(t, s34, τ, ǫ) = A(2)(t, s34, τ, ǫ)A
(1)(t, s34, τ, ǫ) −

1

3

[

A(1)(t, s34, τ, ǫ)
]3

+
4G3(ǫ)

G(3ǫ)
f (3)(ǫ)A(1)(t, s34, τ, 3ǫ) + 4Const(3) + O(ǫ) , (7.10)

where the one and two-loop coefficient functions A(1)(ǫ) and A(2)(ǫ) are needed to O(ǫ4)

and O(ǫ2) respectively.

7.2 Amplitudes in the quasi-multi-Regge kinematics with two pairs, one at each

end of the ladder

One can also consider the quasi-multi-Regge kinematics where all gluons are strongly or-
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dered in rapidity, except for two pairs of gluons, one at each end of the ladder,

y3 ≃ y4 ≫ · · · ≫ yn−1 ≃ yn; |p3⊥| ≃ |p4⊥|... ≃ |pn⊥| , (7.11)

for which the Mandelstam invariants are given in Section C.2 and illustrated in Fig. 2(b).

The high-energy prescription is

mn(1, 2, . . . , n) = s
[

g2 A(p2, p3, p4)
] 1

tn−5

(−sn−5

τ

)α(tn−5)

[g V (qn−5, qn−6, κn−6)]

· · · × 1

t2

(−s2
τ

)α(t2)

[g V (q2, q1, κ1)]
1

t1

(−s1
τ

)α(t1)
[

g2 A(p1, pn, pn−1)
]

. (7.12)

where we again suppressed the dependence of the coefficient functions and the Lipatov

vertices on the reggeisation scale. In order for mn to be real, one can take all the invariants

s- and t-type to be negative. Then the kinematics imply

−s≫ −s1,−s2, . . . ,−sn−5 ≫ −s34,−sn−1,n,−t1,−t2, . . . ,−tn−5 , (7.13)

The limit of multi-Regge kinematics (3.6) is where s34 and sn−1,n become as large as any

si-type invariant.

For n = 6, Eq. (7.12) reduces to two coefficient functions A linked by a t-channel

reggeised gluon propagator,

m6(1, 2, 3, 4, 5, 6) = s
[

g2A(p2, p3, p4, τ)
] 1

t

(−s1
τ

)α(t)
[

g2A(p1, pn, pn−1, τ)
]

, (7.14)

with q = p1 + p5 + p6 = −(p2 + p3 + p4), t = q2 and s = s12. s1 can be anything between

s45, s46, s35 and s36, the difference between them being of the order of s34 or s56, thus

sub-leading with respect to s. The quasi-multi-Regge kinematics (7.3) become

−s≫ −s1 ≫ −s34,−s56,−t . (7.15)

Expanding Eq. (7.14) as in Eq. (3.12), at one-, two- and three-loop accuracy, we obtain

m
(1)
6 = ᾱ(1)(t)L+ Ā(1)(t, s34, τ) + Ā(1)(t, s56, τ) , (7.16)

m
(2)
6 =

1

2

(

m
(1)
6

)2
+ ᾱ(2)(t)L (7.17)

+ Ā(2)(t, s34, τ) + Ā(2)(t, s56, τ) −
1

2

(

Ā(1)(t, s34, τ)
)2

− 1

2

(

Ā(1)(t, s56, τ)
)2

,

m
(3)
6 = m

(2)
6 m

(1)
6 − 1

3

(

m
(1)
6

)3
+ ᾱ(3)(t)L

+ Ā(3)(t, s34, τ) + Ā(3)(t, s56, τ)

− Ā(2)(t, s34, τ)Ā
(1)(t, s34, τ) − Ā(2)(t, s56τ)Ā

(1)(t, s56, τ)

+
1

3

(

Ā(1)(t, s34, τ)
)3

+
1

3

(

Ā(1)(t, s56, τ)
)3
, (7.18)

with L = ln(−s1/τ). In the two- and three-loop expansion of the six-point amplitude, (7.17)

and (7.18), no new vertices or coefficient functions occur. Thus, using the explicit expres-

sions of A(k) and α(k), k = 1, 2, 3, in Eq. (7.17) and in Eq. (7.18), one can assemble the
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two- and three-loop six-point amplitude in the quasi-multi-Regge kinematics (7.15). How-

ever, even without knowing the explicit expression of A(1) and A(2), it is easy to see by

substitution that the iterative structure of Eqs. (5.8) and (7.9) ensures that the six-point

amplitude (7.17) fulfils the two-loop iterative formula (5.11) for n = 6. Similarly, using

Eq. (7.10), one can easily show that the six-point amplitude (7.18) fulfils the three-loop

iterative formula (5.14) for n = 6. Thus, also for the quasi-multi-Regge kinematics of

Eq. (7.15) the quantities R
(2)
6 and R

(3)
6 vanish.

Because no new vertices or coefficient functions occur in the two- and three-loop ex-

pansion of Eq. (7.12) for n > 6, we conclude that the two- and three-loop expansions of

Eq. (7.12) fulfil the two- and three-loop iterative formulas (5.11) and (5.14). Furthermore,

it is straightforward to extend the proof of Section 6 to the kinematics with a pair of gluons

emitted at either side or at each end of the ladder, and hence the BDS ansatz is fulfilled

in quasi-multi-Regge kinematics for any n or, in other words, the quantities R
(l)
n vanish in

the quasi-multi-Regge kinematics (7.11), for any n and for any l.

Continuing the kinematics (7.15) to the physical region where s, s1, s34, s56 are positive

and t is negative, the conformal invariants (5.18) become [46]

u1 ≃ 1 , u2 ≃ (|p3⊥|2 + p+
4 p

−
3 ) s56

|q⊥|2 (s45 + s46)
≃ O

(

t

s

)

, u3 =
(|p6⊥|2 + p+

6 p
−
5 ) s34

|q⊥|2 (s35 + s45)
≃ O

(

t

s

)

,

(7.19)

thus, just like for the multi-Regge kinematics (4.26) u1 is close to 1, while u2 and u3 are

very small, in fact sub-leading to the desired accuracy.

8. What lies beyond?

From the analysis of Sects. 5 and 7, it is clear that no difference between the Regge fac-

torisation and the BDS ansatz will be found, unless there is a contribution from coefficient

funtions which appear for the first time in n-gluon amplitudes, with n ≥ 6. To introduce

this type of coefficient function means considering even less restrictive multi-Regge kine-

matics. In this Section, we examine the two simplest of such instances: a cluster of two

gluons along the ladder, and a cluster of three gluons at one end of the ladder.

8.1 Six-point amplitude in the quasi-multi-Regge kinematics of a pair along the

ladder

In the quasi-multi-Regge kinematics of Section C.3, where the outgoing gluons are strongly

ordered in rapidity, except for the central pair,

y3 ≫ y4 ≃ y5 ≫ y6; |p3⊥| ≃ |p4⊥| ≃ |p5⊥| ≃ |p6⊥| , (8.1)

the high-energy prescription is

m6(1, 2, 3, 4, 5, 6) = s [g C(p2, p3, τ)]
1

t2

(−s2
τ

)α(t2)

×
[

g2 W (q2, q1, p4, p5, τ)
] 1

t1

(−s1
τ

)α(t1)

[g C(p1, p6, τ)] , (8.2)
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where p4 + p5 = q2 − q1, and with t1 = s61, t2 = s23, s1 = s56 and s2 = s34 as illustrated

in Fig. 3(a). In order for the amplitude m6 to be real, Eq. (8.2) is taken in the region where

all the invariants are negative. Thus, the quasi-multi-Regge kinematics (8.1) become,

−s≫ −s1,−s2 ≫ −s45,−t1,−t2 . (8.3)

In Eq. (8.2) a new coefficient function occurs: the vertex for the emission of two gluons along

the ladder, W (q2, q1, p4, p5, τ), which we shall call the two-gluon Lipatov vertex. Although

Eq. (8.2) can be defined for a generic helicity configuration, the MHV amplitude requires

the two-gluon Lipatov vertex to have two gluons of equal helicity. W can be expanded in

the rescaled coupling,

W (q2, q1, p4, p5, τ) = W (0)(q2, q1, p4, p5)

×
(

1 + ḡ2W̄ (1)(t1, t2, s45, τ) + ḡ4W̄ (2)(t1, t2, s45, τ) + O(ḡ6)
)

.(8.4)

The tree approximation, W (0)(q2, q1, p4, p5), was computed in Ref. [48, 49]. The one-loop

coefficient, W (1)(t1, t2, s45, τ) is known for the equal-helicity configuration [15]. Expanding

Eq. (8.2) to one-, two-, and three-loop accuracy, we obtain

m
(1)
6 = ᾱ(1)(t1)L1 + ᾱ(1)(t2)L2 + C̄(1)(t1, τ) + C̄(1)(t2, τ) + W̄ (1)(t1, t2, s45, τ)

m
(2)
6 =

1

2

(

m
(1)
6

)2
+ ᾱ(2)(t1)L1 + ᾱ(2)(t2)L2 (8.5)

+ C̄(2)(t1, τ) + C̄(2)(t2, τ) + W̄ (2)(t1, t2, s45, τ)

− 1

2

(

C̄(1)(t1, τ)
)2

− 1

2

(

C̄(1)(t2, τ)
)2

− 1

2

(

W̄ (1)(t1, t2, s45, τ)
)2

,

m
(3)
6 = m

(2)
6 m

(1)
6 − 1

3

(

m
(1)
6

)3
+ ᾱ(3)(t)L1 + ᾱ(3)(t)L2 (8.6)

+ C̄(3)(t1, τ) + C̄(3)(t2, τ) + W̄ (3)(t1, t2, s45, τ)

− C̄(2)(t1, τ)C̄
(1)(t1, τ) − C̄(2)(t2, τ)C̄

(1)(t2, τ) − W̄ (2)(t1, t2, s45τ)W̄
(1)(t1, t2, s45, τ)

+
1

3

(

C̄(1)(t1, τ)
)3

+
1

3

(

C̄(1)(t2, τ)
)3

+
1

3

(

W̄ (1)(t1, t2, s45, τ)
)3
,

with Li = ln(−si/τ) and i = 1, 2, and where m
(1)
6 must be known to O(ǫ2) in Eq. (8.5) and

m
(1)
6 and m

(2)
6 to O(ǫ4) and O(ǫ2) respectively in Eq. (8.6). Because for n = 6 we expect

to find a remainder function R
(2)
6 , combining the iterative formula (1.2) with the two-loop

expansion (8.5), we obtain an iterative formula for the vertex W (2),

W (2)(t1, t2, s45, τ, ǫ) =
1

2

[

W (1)(t1, t2, s45, τ, ǫ)
]2

(8.7)

+
2G2(ǫ)

G(2ǫ)
f (2)(ǫ)W (1)(t1, t2, s45, τ, 2ǫ) +R

(2)
6 (uW

1 , uW
2 , uW

3 ) + O(ǫ) ,

where the one-loop coefficient, W (1)(ǫ), is needed to O(ǫ2). Thus, a remainder function R
(2)
6

for the multi-Regge kinematics (8.3) may occur in the two-loop iteration of the two-gluon

Lipatov vertex.
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Figure 3: Six-point amplitude in the quasi-multi-Regge kinematics of (a) a pair along the ladder

and (b) three-of-a-kind.

Using the Mandelstam invariants of Section C.3, the conformal invariants (5.18) be-

come

u1 → uW
1 =

s45

(p+
4 + p+

5 )(p−4 + p−5 )
≃ O(1) ,

u2 → uW
2 =

|p3⊥|2p+
5 p

−
6

(|p3⊥ + p4⊥|2 + p+
5 p

−
4 )(p+

4 + p+
5 )p−6

≃ O(1) ,

u3 → uW
3 =

|p6⊥|2p+
3 p

−
4

p+
3 (p−4 + p−5 )(|p3⊥ + p4⊥|2 + p+

5 p
−
4 )

≃ O(1) , (8.8)

i.e. all the invariants yield a non-vanishing contribution, which is in general different from

unity.

8.2 Six-point amplitude in the quasi-multi-Regge kinematics of three-of-a-kind

In the quasi-multi-Regge kinematics of Section C.4, where the outgoing gluons are emitted

three in a cluster on one end and one on the other end of the ladder,

y3 ≃ y4 ≃ y5 ≫ y6; |p3⊥| ≃ |p4⊥| ≃ |p5⊥| ≃ |p⊥| , (8.9)

the high-energy prescription is

m6(1, 2, 3, 4, 5, 6) = s [g B(p2, p3, p4, p5, τ)]
1

t

(−s1
τ

)α(t)

[g C(p1, p6, τ)] , (8.10)

where q = p1 + p6, as shown in Fig. 3(b), t = q2 and s = s12. s1 can be anything between

s36, s46, and s56, the difference between them being of the order of s345, thus sub-leading

with respect to s. In order for the amplitude m6 to be real, Eq. (8.10) is taken in the

region where all the invariants are negative. Thus, the quasi-multi-Regge kinematics (8.9)

become,

−s≫ −s1 ≫ −s34,−s45,−s35,−t . (8.11)
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In Eq. (8.10) a new coefficient function occurs for the emission of three gluons at one end

of the ladder occurs, B(p3, p4, p5, τ). B can be expanded in the rescaled coupling,

B(p3, p4, p5,τ) = B(0)(p3, p4, p5)

×
(

1 + ḡ2B̄(1)(t, s34, s45, s35, τ) + ḡ4B̄(2)(t, s34, s45, s35, τ) + O(ḡ6)
)

.
(8.12)

The tree approximation, B(0)(p3, p4, p5), was computed in Ref. [50]. Expanding Eq. (8.10)

to one-, two- and three-loop accuracy, we obtain

m
(1)
6 = ᾱ(1)(t)L+ B̄(1)(t, s34, s45, s35, τ) + C̄(1)(t, τ) ,

m
(2)
6 =

1

2

(

m
(1)
6

)2
+ ᾱ(2)(t)L+ B̄(2)(t, s34, s45, s35, τ) + C̄(2)(t, τ) (8.13)

− 1

2

(

B̄(1)(t, s34, s45, s35, τ)
)2

− 1

2

(

C̄(1)(t, τ)
)2
,

m
(3)
6 = m

(2)
6 m

(1)
6 − 1

3

(

m
(1)
6

)3
+ ᾱ(3)(t)L+ B̄(3)(t, s34, s45, s35, τ) + C̄(3)(t, τ) (8.14)

− B̄(2)(t, s34, s45, s35, τ)B̄
(1)(t, s34, s45, s35, τ) − C̄(2)(t, τ)C̄(1)(t, τ)

+
1

3

(

B̄(1)(t, s34, s45, s35, τ)
)3

+
1

3

(

C̄(1)(t, τ)
)3
,

with L = ln(−s1/τ), and where m
(1)
6 must be known to O(ǫ2) in Eq. (8.13) and m

(1)
6 and

m
(2)
6 to O(ǫ4) and to O(ǫ2) respectively in Eq. (8.13). Because for n = 6 we expect to

find a remainder function R
(2)
6 , combining the iterative formula (1.2) with the two-loop

expansion (8.13), we obtain an iterative formula for the vertex B(2),

B(2)(t, s34, s45, s35, τ, ǫ) =
1

2

[

B(1)(t, s34, s45, s35, τ, ǫ)
]2

(8.15)

+
2G2(ǫ)

G(2ǫ)
f (2)(ǫ)B(1)(t, s34, s45, s35, τ, 2ǫ) + 2Const(2)

+ R
(2)
6 (uB

1 , u
B
2 , u

B
3 ) + O(ǫ) ,

where the one-loop coefficient, B(1)(ǫ), is needed to O(ǫ2). Thus, a remainder function R
(2)
6

for the multi-Regge kinematics (8.11) may occur in the two-loop iteration for the coefficient

function for the emission of three gluons on one end of the ladder.

In the limit y3 ≫ y4 ≃ y5, the kinematics (8.9) reduce to Eq. (8.1) and the prescription

(8.10) reduces to Eq. (8.2). Then the coefficient function B factors out into the two-

gluon Lipatov vertex W and the coefficient function for the emission of a gluon, linked

by a reggeised propagator [50]. Accordingly, the remainder function R
(2)
6 (uB

1 , u
B
2 , u

B
3 ) in

Eq. (8.15) reduces to R
(2)
6 (uW

1 , uW
2 , uW

3 ) in Eq. (8.7).

Using the Mandelstam invariants of Section C.4, the conformal invariants (5.18) be-

come [46]

u1 → uB
1 =

s s45

s345(p
+
4 + p+

5 )p−6
≃ O(1) ,

u2 → uB
2 =

(|p3⊥|2 + (p+
4 + p+

5 )p−3 )p+
5 p

−
6

(p+
4 + p+

5 )p−6 (|p3⊥ + p4⊥|2 + (p−3 + p−4 )p+
5 )

≃ O(1) ,

u3 → uB
3 =

|p6⊥|2s34
s345(|p3⊥ + p4⊥|2 + (p−3 + p−4 )p+

5 )
≃ O(1) , (8.16)
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i.e. all the invariants are of similar size.

9. Conclusions

In this work we investigated the high-energy limit of a colour-stripped MHV amplitude,

which is based on the Regge factorisation of the amplitude into a ladder of coefficient

functions and vertices linked by reggeised propagators [27]. We showed explicitly that in

the Euclidean region two- and three-loop n-gluon amplitudes in multi-Regge kinematics

are fully consistent with the Bern-Dixon-Smirnov ansatz, and in Section 6 we proved that

this result holds true at any loop accuracy. In particular, this implies that in the Euclidean

region the breakdown of the iterative structure of the two-loop amplitudes, occurring in

the two-loop six-point amplitude, cannot be resolved by multi-Regge kinematics, i.e. the

remainder function R
(2)
6 is sub-leading in the multi-Regge kinematics.

In Section 7 we showed that similar conclusions can be drawn for less restrictive multi-

Regge kinematics, namely the kinematics where all the outgoing gluons are strongly ordered

in rapidity, but for a pair of gluons either at one end or at both ends of the ladder. By

giving explicit examples for the two- and three-loop six-point amplitude, we argued that

in this case as well the Regge factorisation of the amplitude is consistent with the iterative

structure implied by the BDS ansatz. The structure of the high energy prescription ensures

that this result is valid for an arbitrary number of loops.

Finally, in order to find kinematics which might shed light on the violation of the BDS

ansatz for the two-loop six-point amplitude, in Section 8 we considered kinematics which

occur only for n-gluon amplitudes with n ≥ 6, and thus for which we could not invoke

the BDS iterative structure. We showed that the iterative structures for the new two-

loop functions that appear in these kinematics might have a dependence on the remainder

function R
(2)
6 (u1, u2, u3), where u1, u2, u3 are the conformal invariants, and therefore we

argued that these kinematical limits could provide some information on this quantity. This

suggestion is supported by the observation that, while in the multi-Regge kinematics of

Section 5 and in the quasi-multi-Regge kinematics of Section 7 the three conformal cross

ratios (5.18) all took limiting values, in the more general quasi-multi-Regge kinematics of

Section 8 they are allowed to vary over a range defined by the kinematic invariants.
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Erratum

We also would like to thank Lance Dixon and Jochen Bartels for pointing out to us that

the factorised form conjectured in Eq. (3.4) is not valid in the Minkowski region where

the centre-of-mass energy squared s and the energy squared s2 of the two gluons emitted

along the ladder are time-like while all other invariants stay space-like. Eq. (3.4) is valid in

the Euclidean region, where all invariants are space-like, and in the physical region, where

the s-type invariants are time-like and the t-type invariants are space-like. This error is

corrected in the present version, where we have made it clear that we are referring to the

Euclidean and to the physical regions only. The non commuting of the high-energy limit

and the ǫ expansion described in Appendix C of the previous version is no longer relevant

to the discussion, and Appendix C has been removed.

A. Multi-parton kinematics

We consider the production of n − 2 gluons of momentum pi, with i = 3, ..., n in the

scattering between two partons of momenta p1 and p2
∗∗.

Using light-cone coordinates p± = p0 ± pz, and complex transverse coordinates p⊥ =

px + ipy, with scalar product 2p · q = p+q− + p−q+ − p⊥q
∗
⊥ − p∗⊥q⊥, the 4-momenta are,

p2 =
(

p+
2 /2, 0, 0, p

+
2 /2

)

=
(

p+
2 , 0; 0, 0

)

,

p1 =
(

p−1 /2, 0, 0,−p−1 /2
)

=
(

0, p−1 ; 0, 0
)

, (A.1)

pi =
(

(p+
i + p−i )/2,Re[pi⊥], Im[pi⊥], (p+

i − p−i )/2
)

=
(

|pi⊥|eyi , |pi⊥|e−yi ; |pi⊥| cosφi, |pi⊥| sinφi

)

,

where y is the rapidity. The first notation above is the standard representation pµ =

(p0, px, py, pz), while in the second we have the + and - components on the left of the

semicolon, and on the right the transverse components. In the following, if not differently

stated, pi and pj are always understood to lie in the range 3 ≤ i, j ≤ n. The mass-shell

condition is |pi⊥|2 = p+
i p

−
i . From the momentum conservation,

0 =

n
∑

i=3

pi⊥ ,

p+
2 = −

n
∑

i=3

p+
i , (A.2)

p−1 = −
n
∑

i=3

p−i ,

the Mandelstam invariants may be written as,

sij = 2pi · pj = p+
i p

−
j + p−i p

+
j − pi⊥p

∗
j⊥ − p∗i⊥pj⊥ , (A.3)

∗∗By convention we consider the scattering in the unphysical region where all momenta are taken as

outgoing, and then we analitically continue to the physical region where p0
1 < 0 and p0

2 < 0.
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so that

s = 2p1 · p2 =

n
∑

i,j=3

p+
i p

−
j ,

s2i = 2p2 · pi = −
n
∑

j=3

p−i p
+
j , (A.4)

s1i = 2p1 · pi = −
n
∑

j=3

p+
i p

−
j .

Using the spinor representation of Ref. [50],

ψ+(pi) =













√

p+
i

√

p−i e
iφi

0

0













, ψ−(pi) =













0

0
√

p−i e
−iφi

−
√

p+
i













,

ψ+(p2) = i













√

−p+
2

0

0

0













, ψ−(p2) = i













0

0

0

−
√

−p+
2













,

ψ+(p1) = −i













0
√

−p−1
0

0













, ψ−(p1) = −i













0

0
√

−p−1
0













.

(A.5)

for the momenta (A.1)††, the spinor products are

〈21〉 = −√
s ,

〈2i〉 = −i
√

−p+
2

p+
i

pi⊥ , (A.6)

〈i1〉 = i
√

−p−1 p+
i ,

〈ij〉 = pi⊥

√

p+
j

p+
i

− pj⊥

√

p+
i

p+
j

,

where we have used the mass-shell condition |pi⊥|2 = p+
i p

−
i . The spinor products fulfill the

††The spinors of the incoming partons must be continued to negative energy after the complex conjugation,

e.g. ψ+(p2) = i

„

q

−p+
2 , 0, 0, 0

«

.
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usual identities,

〈ij〉 = −〈ji〉
[ij] = − [ji]

〈ij〉∗ = sign(p0
i p

0
j ) [ji]

(〈i+ |γµ|j+〉)∗ = sign(p0
i p

0
j )〈j + |γµ|i+〉

〈ij〉 [ji] = 2pi · pj = ŝij (A.7)

〈i+ |/k|j+〉 = [ik] 〈kj〉
〈i− |/k|j−〉 = 〈ik〉 [kj]

〈ij〉〈kl〉 = 〈ik〉〈jl〉 + 〈il〉〈kj〉

and if
∑n

i=1 pi = 0 then

n
∑

i=1

[ji] 〈ik〉 = 0 . (A.8)

B. Multi-Regge kinematics

In the multi-Regge kinematics, we require that the gluons are strongly ordered in rapidity

and have comparable transverse momentum (2.1). This is equivalent to require a strong

ordering of the light-cone coordinates,

p+
3 ≫ p+

4 · · · ≫ p+
n ; p−3 ≪ p−4 · · · ≪ p−n . (B.1)

In the high-energy limit, momentum conservation (A.2) then becomes

0 =

n
∑

i=3

pi⊥ ,

p+
2 = −p+

3 , (B.2)

p−1 = −p−n ,

where the = sign is understood to mean “equals up to corrections of next-to-leading accu-

racy”. The Mandelstam invariants (A.4) are reduced to,

s = 2p1 · p2 = p+
3 p

−
n ,

s2i = 2p2 · pi = −p+
3 p

−
i , (B.3)

s1i = 2p1 · pi = −p+
i p

−
n ,

sij = 2pi · pj = p+
i p

−
j i < j .

The product of two successive invariants of type sij fixes the mass shell. For example,

sk−1,ksk,k+1 = p+
k−1p

−
k p

+
k p

−
k+1 = |pk⊥|2p+

k−1p
−
k+1 = |pk⊥|2sk−1,k+1 = |pk⊥|2sk−1,k,k+1 .

Thus,

|pk⊥|2 =
sk−1,ksk,k+1

sk−1,k,k+1
. (B.4)
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The spinor products (A.6) are,

〈21〉 = −
√

p+
3 p

−
n ,

〈2i〉 = −i
√

p+
3

p+
i

pi⊥ , (B.5)

〈i1〉 = i
√

p+
i p

−
n ,

〈ij〉 = −
√

p+
i

p+
j

pj⊥ for yi > yj .

B.1 6-point amplitude in multi-Regge kinematics

For n = 6, the momenta of the gluons exchanged in the t channel are q1 = p1 + p6,

q2 = q1 + p5 = q3 − p4, q3 = −p2 − p3. The cyclic Mandelstam invariants are

s = p+
3 p

−
6 ,

s23 = −p+
3 p

−
3 = −|p3⊥|2 = −|q3⊥|2,

s34 = p+
3 p

−
4 ,

s45 = p+
4 p

−
5 ,

s56 = p+
5 p

−
6 ,

s61 = −p+
6 p

−
6 = −|p6⊥|2 = −|q1⊥|2. (B.6)

Then we see that

s345 s456 = s s45. (B.7)

The mass-shell conditions for the gluons along the ladder imply that

s34 s45 = s345 |p4⊥|2 = s345 |q3⊥ − q2⊥|2,
s45 s56 = s456 |p5⊥|2 = s456 |q2⊥ − q1⊥|2. (B.8)

The mass-shell conditions and Eq. (B.7) imply that

s34 s45 s56 = s |p4⊥|2 |p5⊥|2. (B.9)

In addition, one can see that

s23 + s34 + s24 = −|p3⊥ + p4⊥|2 = −|q2⊥|2. (B.10)

The momentum that flows out along the ladder is p4 + p5 = q3 − q1, with

|p4⊥ + p5⊥|2 = s45

(

1 − s s45
s345 s456

)

. (B.11)
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C. Quasi multi-Regge kinematics

C.1 Quasi-multi-Regge kinematics of a pair at either end of the ladder

In the quasi-multi-Regge kinematics of Eq. (7.1), we require that the gluons are strongly

ordered in rapidity, except for a pair at either end of the ladder. In light-cone coordinates,

it is

p+
3 ≃ p+

4 ≫ p+
5 · · · ≫ p+

n ; p−3 ≃ p−4 ≪ p−5 · · · ≪ p−n . (C.1)

Momentum conservation (A.2) then becomes

0 =
n
∑

i=3

pi⊥ ,

p+
2 = −(p+

3 + p+
4 ) , (C.2)

p−1 = −p−n .

The cyclic Mandelstam invariants are

s = (p+
3 + p+

4 )p−n ,

s23 = −(p+
3 + p+

4 )p−3 = −|p3⊥|2 − p+
4 p

−
3 ,

s45 = p+
4 p

−
5 ,

...

sn−1,n = p+
n−1p

−
n ,

sn1 = −p+
n p

−
n = −|pn⊥|2, (C.3)

where we did not indicate s34 because it is written as in Eq. (A.3), since no approximation

is taken on it.

C.2 Quasi-multi-Regge kinematics of two pairs, one at each end of the ladder

In the quasi-multi-Regge kinematics of Eq. (7.11), we require that the gluons are strongly

ordered in rapidity, except for two pairs, one at each end of the ladder. In light-cone

coordinates, it is

p+
3 ≃ p+

4 ≫ p+
5 · · · ≫ pn−2+ ≫ p+

n−1 ≃ p+
n ,

p−3 ≃ p−4 ≪ p−5 · · · ≪ pn−2− ≪ p−n−1 ≃ p−n .

Momentum conservation (A.2) then becomes

0 =

n
∑

i=3

pi⊥ ,

p+
2 = −(p+

3 + p+
4 ) , (C.4)

p−1 = −(p−n−1 + p−n ) .
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The cyclic Mandelstam invariants are

s = (p+
3 + p+

4 )(p−n−1 + p−n ),

s23 = −(p+
3 + p+

4 )p−3 = −|p3⊥|2 − p+
4 p

−
3 ,

s45 = p+
4 p

−
5 ,

...

sn−2,n−1 = p+
n−2p

−
n−1,

s1n = −p+
n (p−n−1 + p−n ) = −|pn⊥|2 − p+

n p
−
n−1, (C.5)

where we did not indicate s34 and sn−1,n because no approximation is taken on them. It

is easy to see that

s234 = −|p3⊥ + p4⊥|2,
sn−1,n,1 = −|pn−1⊥ + pn⊥|2. (C.6)

C.3 Quasi-multi-Regge kinematics of a pair along the ladder

We require that the gluons are strongly ordered in rapidity, except for a pair along the

ladder. In light-cone coordinates, it is

p+
3 ≫ p+

4 ≃ p+
5 ≫ p+

6 ; p−3 ≪ p−4 ≃ p−5 ≪ p−6 . (C.7)

Momentum conservation (A.2) then becomes

0 = p3⊥ + p4⊥ + p5⊥ + p6⊥ ,

p+
2 = −p+

3 , (C.8)

p−1 = −p−6 .

The cyclic Mandelstam invariants are

s = p+
3 p

−
6 ,

s23 = −p+
3 p

−
3 = −|p3⊥|2,

s34 = p+
3 p

−
4 ,

s56 = p+
5 p

−
6 ,

s61 = −p+
6 p

−
6 = −|p6⊥|2 , (C.9)

where we did not indicate s45 since no approximation is taken on it. The mass-shell

conditions for the gluons emitted along the ladder are

|p4⊥|2 =
s34s46
s

, |p5⊥|2 =
s35s56
s

. (C.10)

In addition, it is useful to evaluate

s234 = −|p3⊥ + p4⊥|2 − p−4 p
+
5 . (C.11)

– 32 –



C.4 Quasi-multi-Regge kinematics of three-of-a-kind

In the quasi-multi-Regge kinematics of Section C.3, where the outgoing gluons are emitted

three in a cluster on one end and one on the other end of the ladder,

p+
3 ≃ p+

4 ≃ p+
5 ≫ p+

6 ; p−3 ≃ p−4 ≃ p−5 ≪ p−6 . (C.12)

Momentum conservation (A.2) then becomes

0 = p3⊥ + p4⊥ + p5⊥ + p6⊥ ,

p+
2 = −(p+

3 + p+
4 + p+

5 ) , (C.13)

p−1 = −p−6 .

The cyclic Mandelstam invariants are

s = p+
3 p

−
6 ,

s23 = −(p+
3 + p+

4 + p+
5 )p−3 = −|p3⊥|2 − (p+

4 + p+
5 )p−3 ,

s56 = p+
5 p

−
6 ,

s61 = −p+
6 p

−
6 = −|p6⊥|2 , (C.14)

where we did not indicate s34 and s45 since no approximation is taken on them. In addition,

it is useful to evaluate

s234 = −|p3⊥ + p4⊥|2 − (p−3 + p−4 )p+
5 . (C.15)
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