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ABSTRACT: We consider the high-energy limits of the colour ordered four-, five- and six-
gluon MHV amplitudes of the maximally supersymmetric QCD in the multi-Regge kine-
matics where all the gluons are strongly ordered in rapidity. We show that various building
blocks occurring in the Regge factorisation (the Regge trajectory, the coefficient functions
and the Lipatov vertex) satisfy an iterative structure very similar to the Bern-Dixon-
Smirnov (BDS) ansatz. This iterative structure, combined with the universality of the
building blocks, enables us to show that in the Euclidean region any two- and three-loop
amplitude in multi-Regge kinematics is guaranteed to satisfy the BDS ansatz. We also
consider slightly more general kinematics where the strong rapidity ordering applies to all
the gluons except the two with either the largest or smallest rapidities, and we derive the
iterative formula for the associated coefficient function. We show that in this kinematic
limit the BDS ansatz is also satisfied. Finally, we argue that only for more general kine-
matics - e.g. with three gluons having similar rapidities, or where the two central gluons
have similar rapidities - can a disagreement with the BDS ansatz arise.
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1. Introduction

Recently, Bern, Dixon and Smirnov have proposed an ansatz [1] for the colour-stripped
I-loop nm-gluon scattering amplitude in the maximally supersymmetric N' = 4 Yang-Mills
theory (MSYM), with the maximally-helicity violating (MHV) configuration for arbitrary
I and n. They checked that the ansatz agrees analytically with the evaluation of the three-
loop four-gluon amplitude. The ansatz has been proven to be correct also for the two-loop
five-gluon amplitude, which has been computed numerically [2, 3]. The ansatz implies
a tower of iteration formulee, which allow one to determine the n-gluon amplitude at a
given number of loops in terms of amplitudes with fewer loops. For example, the iteration
formula for the colour-stripped two-loop MHV amplitude mg)(e) is

m?(e) = % [mg)(e)r + @ (e)m(2€) + Const® + O(e), (1.1)
thus the two-loop amplitude is determined in terms of a constant, Const®, a known
function, f(e), of the dimensional-regularisation parameter e (which is related to the
cusp [4, 5] and collinear [6, 7] anomalous dimensions) and the one-loop MHV amplitude
mgll)(e) evaluated to O(e?).

The BDS ansatz was first predicted to fail by Alday and Maldacena [8, 9], for am-
plitudes with a large number of gluons in the strong-coupling limit. They claimed that
the finite pieces of the two-loop amplitudes with six or more gluons would be incorrectly

)

determined. One can characterise this statement by the quantity Rg
2
R =m®(e) — = [m(l)(e)} — f@(eymM (2¢) — Const? (1.2)

where Rg) may be a function of the kinematical parameters of the n-gluon amplitude, but
a constant with respect to e. Then the claim was that Rg) # 0 for n > 6. This prediction
was backed up by Drummond et al. [10], who considered the finite contribution to the
hexagonal light-like Wilson loop at two loops. The conclusion was that either the BDS
ansatz was wrong, or the equivalence between Wilson loops and scattering amplitudes did
not work at two loops. The question was settled in Ref. [11, 12] by the numerical calculation
of mél)(e) to O(e?) and of mg)(e), which allowed for the numerical evaluation of RéZ) and
showed that it was different from zero. This result also confirmed the equivalence between
the scattering amplitude and the finite part of the light-like hexagon Wilson loop [13].
The question remains of how one can determine the function Rg)? A direct analytical
evaluation in general kinematics is currently beyond our capability: it would require the
computation of the one-loop hexagon to O(e?), as well as the two-loop hexagon through

to O(e"). Another approach is to try to constrain R

using some simplified kinematics,
where one knows that the amplitude has certain factorisation properties. Examples include
the limit where one or more of the gluons are soft or where two or more of the gluons are
collinear. In this paper, we consider another limit where the kinematics is simplified - the
high energy limit (HEL). For a multiparticle process there are several high energy limits

that one can take, corresponding to two or more of the gluon rapidities being strongly



ordered, together with constraints on the transverse momenta of the gluons. By relaxing
the restriction on the gluon rapidities and transverse momenta, one can systematically
return to the general kinematics. The simplest kinematics corresponds to the multi-Regge
kinematics [14], where all of the produced gluons are strongly ordered in rapidity and have
comparable transverse momenta. We shall start then with the simplest possible kinematics
and we will show that, in the Euclidean region, Rg) does not contribute for any n. Then we
shall consider various quasi-multi-Regge kinematics, which gradually approach the more
general kinematics, with a view to determining where the function an) might not vanish
and could therefore be constrained by the HEL.

Our paper is organised as follows. In Section 2, we review the multi-Regge kinematics
and discuss the Regge factorisation that tree-level (colour stripped) amplitudes obey. In
Section 3, we extend the Regge factorisation beyond leading order and provide a conjecture
for the factorised form for the colour stripped n-gluon amplitude to all orders, both in the
Euclidean region, where all invariants are space-like, and in the physical region, where the
s-type invariants are time-like and the ¢-type invariants are space-like*. The high-energy
limits of the four-, five- and six-gluon MHV amplitudes are developed in section 4, including
explicit expressions for the Regge trajectory (up to three loops), the coefficient functions
(up to three loops) and the Lipatov vertex in MSYM. In section 5 we consider the BDS
ansatz in the multi-Regge kinematics. By considering the four- and five-point amplitudes,
we show that both the coefficient function and the Lipatov vertex satisfy an iterative
structure very similar to the BDS ansatz itselff. This iterative structure ensures that the
six-point amplitude is completely determined by known functions, and, in the multi-Regge
kinematics is guaranteed to satisfy the BDS ansatz in the Euclid(g;m and in the physical
6

Regge kinematics. We derive exponentiated forms for the coefficient functions and Lipatov

regions. In other words, in those regions the remainder function R’ vanishes in the multi-
vertex in section 6 and prove that we recover the BDS ansatz in the multi-Regge kinematics
for any number of loops. We consider other quasi-multi-Regge kinematics in section 7.
In particular, we consider the slightly more general kinematics where all but two of the
gluons (the two gluons with either the largest or smallest rapidities) are strongly ordered
in rapidity. This quasi-multi-Regge kinematics first occurs in the five gluon amplitude
and introduces a new coefficient function with two final state gluons which also satisfies
an iterative structure similar to the BDS ansatz. Once again, R((f) does not contribute in
this limit and we note that the conformal kinematic ratios also take a particularly simple
form in this quasi-multi-Regge kinematics. Finally, in Section 8 we consider more general
kinematics - with three gluons having similar rapidities, or where the two central gluons
have similar rapidities. These configurations first appear with four gluons in the final
state. The new vertices and coefficient functions associated with these kinematics cannot
be determined using the five-gluon amplitude, and require explicit knowledge of the six-
gluon amplitude. We therefore cannot say anything about the sensitivity of the HEL to

*For the one-loop six-gluon amplitude, in the Minkowski region where the centre-of-mass energy squared
s and the energy squared sz of the two gluons emitted along the ladder are time-like while all other invariants
stay space-like, the factorised form conjectured in Section 3 is not valid [15, 16].

It is well known that the i-loop Regge trajectory is directly related to f(l)(e).



R(2), but note that in each of these cases, the three conformal kinematic ratios relevant
for six-gluon scattering do not simplify, and take general values. We enclose appendices
detailing the multi-Regge and quasi-multi-Regge kinematics.

2. Multi-Regge kinematics

Because in this work we make repeated use of the multi-Regge kinematics, we shall give
here a short pedagogical introduction to it. We consider an n-gluon amplitude, g1 go —
g3 ga -+ gn, with all the momenta taken as outgoing, and label the gluons cyclically clock-
wise. In the multi-Regge kinematics [14], the produced gluons are strongly ordered in
rapidity and have comparable transverse momenta,

ys>ya> > yps [psL] > [parl. > |pn]. (2.1)
Accordingly, we can write the Mandelstam invariants in the approximate form?

s12 = |psi||pnile® ™,

—|psi||pir]e¥* ™Y, (2.2)
s1i ~ —|piL|lpny]e? ™",

sij ~ |pirllpjolel il
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524

for i,j = 3,...,n. We label the momenta transferred in the ¢t-channel as

q1 = p1+Dn
Q2 = q1 +Pn—-1=G3 — Pn—2

Gn—4 = Qn—5+ P5 = qn—3 — P4
gn—-3 = —DP2 — D3,

with virtualities ¢; = %2' Then it is easy to see that in the multi-Regge kinematics the
transverse components of the momenta ¢; dominate over the longitudinal components,
qi2 ~ —|g;1|>. In addition, t; = s1,, and t,_3 = s23, and we label s = 519, and 51 = Sn—1,n)
82 = Sp—2n—1, - .-, Sp—3 = S34 for n > 4. Thus, the multi-Regge kinematics (2.1) become

§> 81, 89,...,80-3 > —11, —t2,...,—tn—_3, (2.4)

with the special case s > —t for n = 4. Labelling the transverse momenta of the gluons
emitted along the ladder as k1 = |pp_11|%, K2 = |[Pn_21|?, ..., Fn_a = |ps1|?, and using

Eq. (2.2), we can write
5182 52 83 Sn—4 Sn—3

Kl = ————— Kg = —————— Kp—q = ———, (2.5)
Sn—2n—1,n Spn—3n—2,n—1 5345

In Appendices A and B, we write the invariants (2.2) and the spinor products (2.7), in terms of light-cone
coordinates. Although the light-cone formulation is more convenient for performing calculations, we prefer
to give here those quantities in terms of rapidities because it is physically more intuitive. The translation
between light-cone coordinates and rapidities is straightforward (please see Appendix A).



for n > 4, which are known as the mass-shell conditions (B.4) for the gluons along the
ladder. Eq. (2.2) also implies a relation amongst the mass-shell conditions,

SKl '+ Kpda =S8182 " 8p_3. (2.6)

In the multi-Regge kinematics the spinor products are given by Eq. (B.5)

Yys —y
(21) = —\/|p3¢||pn;|exp( ) ,

2

(20 ~ —i P3| Dol exp <y3 - yz> 7 @)
|pi| 2

(i1) ~ ir/[pis |[Pni] exp <y — y”) ,

2

g i Yi — yj
(ij) ~ — ||pll|| Pj1L exp <%> fory; > y;.
j

2.1 MHYV amplitudes in multi-Regge kinematics

The colour decomposition of the tree-level n-gluon amplitude is [17]

M;O) = 2n/2 gn—2 Z tr(le e Tdn) m%o)(l, s ,n) ) (28)
Sn/Zn

where d; is the colour of a gluon of momentum p; and helicity v;. The T’s are the colour
matrices? in the fundamental representation of SU(V) and the sum is over the noncyclic per-
mutations S, /Z, of the set [1,...,n]. We consider the MHV configurations (—, —,+,...,+)
for which the tree-level gauge-invariant colour-stripped amplitudes assume the form

4
©)(1,2,...,n) = pip;) (2.9)
" (p1p2) -+ - (Pn—1Pn) (Pnp1)

where i and j are the gluons of negative helicity. The colour structure of Eq. (2.8) in multi-
Regge kinematics is known [18, 19, 20] and will not be considered further. Here we shall
concentrate on the behaviour of the colour-stripped amplitudes (2.9), which in multi-Regge
kinematics has the factorised form [19]

1
mP(1.2,...n) = 5 [gCO(p2.p3)]

n—3

9V O s,q0simn-a)]  (210)

1
CX = [QV(O)(%%M)} - [QC(O)(m’pn)} :
to ty
This factorization is shown schematically in Fig. 1. The gluon coefficient functions C'(©),
which yield the LO gluon impact factors, are given in Ref. [14] in terms of their spin

structure and in Ref. [19, 21] at fixed helicities of the external gluons,

COWy.pH) =1 COCyr,ph) = Z"—L, (2.11)
nl

§We use the normalization tr(T°T?) = §°¢/2, although it is immaterial in what follows.
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Figure 1: Amplitude in the multi-Regge kinematics. The green blobs indicate the coefficient

functions (impact factors) and the Lipatov vertices describing the emission of gluons along the
ladder.

with p| = p, + ip, the complex transverse momentum. The vertex for the emission of a
gluon along the ladder is the Lipatov vertex [19, 22, 23]

NG Aj11195L

, 2.12
Pn—j1 ( )

VO(gii1,q5,55) =
with pn_j = Qj-l-l — Qj'
3. The high-energy limit of the n-gluon amplitude

The virtual radiative corrections to Eq. (2.10) in the leading logarithmic (LL) approxima-
tion are obtained, to all orders in ag, by replacing the propagator of the ¢t-channel gluon
by its reggeised form [14]. That is, by making the replacement

IO o

in Eq. (2.10), where «a(t;) can be written in dimensional regularization in d = 4 — 2¢
dimensions as

2\ € 2
aft;) = g% cr < A ) N -, (3.2)
with N colours, and

cr = . (3.3)




a(t;) is the Regge trajectory and accounts for the higher order corrections to gluon ex-
change in the ¢; channel. In Eq. (3.1), the reggeisation scale 7 is introduced to separate
contributions to the reggeized propagator, the coefficient function and the Lipatov ver-
tex. It is much smaller than any of the s-type invariants, and it is of the order of the
t-type invariants. In order to go beyond the LL approximation and to compute the higher-
order corrections to the Lipatov vertex (2.12), we need a high-energy prescription [24]
that disentangles the virtual corrections to the Lipatov vertex from those to the coefficient
functions (2.11) and from those that reggeize the gluon (3.1). The high-energy prescription
of Ref. [24] is given at the colour-dressed amplitude level in QCD, where it holds to the
next-to-leading-logarithmic (NLL) accuracy. However, it has been shown to break down in
the imaginary part of the QCD one-loop four-parton amplitude [25], in the imaginary part
of the QCD one-loop five-gluon amplitude [26], and in the two-loop four-point amplitude in
MSYM [27]. This is because the mismatches between the colour orderings and the multi-
Regge kinematics become apparent at NLL. When the colour ordering is correctly aligned
with the multi-Regge limit, the factorisation applies to NLL and beyond. In Ref. [27], we
showed that the high-energy prescription, applied to the colour-stripped four-point ampli-
tude is valid up to three loops. Thus, we conjecture that in the multi-Regge kinematics in
the Euclidean region a generic colour-stripped n-gluon amplitude has the factorised form,

a(tnfl’))
—Sp_
< 3> [g V(Qn—i’n Qn—47 Hn—4)]

mn(1,2,...,n) = s[gC(p2,p3)] =

tn—3

= e £ (22) " ), G
() R ( 1)M1)

5 T t T

where we suppressed the dependence of the coefficient function and of the Lipatov vertex
on the reggeisation scale 7, and on the dimensional regularisation parameters 2 and e.
In the Euclidean region, where the invariants are all negative,

8,581,589, ...,8n-3,t1,t0,...tp_3 <0, (35)

the colour-stripped amplitude m,,, Eq. (3.4), is real. Then the multi-Regge kinematics (2.4)
are
—8> —81,—89,...,—8p—3 > —t1,—lo...,—tn_3, (36)

and the on-shell condition (2.5) is

e T o Ce)s) o G (Bees) g

)
—Sn—2n—1n —Sp—3,n—2n-1 —8345

In Eq. (3.4), the Regge trajectory has the perturbative expansion,
a(t) = g*al () + g'a® (t:) + g°a® (1) + 0(5°), (3.8)
with ¢ =1,...,n — 3, and with the rescaled coupling

g° = g%crN . (3.9)



In Eq. (3.4), the coefficient functions C' and the Lipatov vertex V are also expanded in the
rescaled coupling,

C(pips,7) = C(py, p)) (1 +Zgz’"0 (trs T +O(928)) : (3.10)
V(gjs1,45,55,7) = VO (gj41,5) (1 + ZE_]%V(T)(UHJJ',%;',T) + O(§2S)> :

with (p; + pj)2 = t, where C' and V are real, up to overall complex phases in C©),
Eq. (2.11), and V() Eq. (2.12), induced by the complex-valued helicity bases. Note that
because several transverse scales occur, we prefer to keep the dependence on p? of the
trajectory, coefficient function and Lipatov vertex within the loop coefficient rather than
in the rescaled coupling,

M2 ne _ M2 ne
" (t;) = < ] ) ol O™ (ty,7) = <T> ™ (tr,7),
—t —tk
B ,u2 ne
VOt ) = (L) VO tar,tym5.7). (3.11)
—hy
The expansion of Eq. (3.4) can be written as
My =m (>(1+g m® 4+ g@*m® + #md + 0(g )) (3.12)

3.1 Analytic continuation of the n-gluon amplitude to the physical region

We analytically continue the high-energy prescription for the colour-stripped amplitude
(3.4) to the physical region¥, where

§,51,89,...58,-3 >0, ti,t9,...t,_3 <0, (313)

through the usual prescription In(—s;) = In(s;) — im, for s; > 0. Then the multi-Regge
kinematics are given by Eq. (2.4) and the mass-shell condition by Eq. (2.5). We still use
the expansions of Eqgs. (3.8-3.11), but because of the analytic continuation on K1, ..., Kk,—3
(which follows directly from the Eq. (3.7) once the analytic continuation on the s-type
invariants is established), in going from Eq. (3.7) to Eq. (2.5), the Lipatov vertices become

complex,
. P\ )
V(n)(tj-i-latj?’%j?T) = </€_> Vphys(tj+17tj7l€j’T) ’ (314)
J
with
VA (i1, ty, 1, 7) = €™V O (40 1,05, 7) (3.15)

TCare must be exercised in analytically continuing Eq. (3.4): in Ref. [15] it has been shown that in the
Minkowski region where s, sy are positive while all other invariants stay negative, the one-loop six-gluon
amplitude cannot be cast in the form of Eq. (3.4).



4. The high-energy limit of the four—, five— and six—point MHV ampli-
tudes

4.1 The four—point amplitude in multi-Regge kinematics

For the 4-point amplitude, g1 g2 — g3 g4, the high-energy prescription (3.4) becomes

1 [/—s\°®
ma(1,23,0) = ks Clpapa ) 3 () o Clorpar]. (4.

In order for the colour-stripped amplitude my4 to be real, we take it in the unphysical region
where s is negative. Then the Regge kinematics are,

—5> —t. (4.2)

Using the loop expansions of the Regge trajectory (3.8) and of the coefficient function
(3.10), Eq. (4.1) can be written as Eq. (3.12) for n = 4. Then the knowledge of the I-
loop coefficient mfll) allows one to derive the I-loop trajectory o) and coefficient function
C(l)(t, 7). For example, the one-loop coefficient is given by

m =aV )L+ 200, 7), (4.3)

with L = In(—s/7), and & and C rescaled as in Eq. (3.11). The one-loop trajectory is given
by Eq. (3.2),

Q) —

% , (4.4)

and it is the same in QCD and in MSYM. The one-loop coefficient function, CV), has been
computed in Ref. [24, 25, 28, 29, 30]. In MSYM it is, to all orders in €

c(t,ry = LI 2f(_6) o) éln -
= Eig (—2 —eln %t + 3; Con € + ;::1 Cant 62"“) : (4.5)

In fact, in the formula that follow we shall need C(M) (¢, 7) through O(e*).
The two-loop coefficient of Eq. (3.12) with n =4 is

) _ 1

m = 5 (a (t)>2 124 (@) + 2001, na" (1) L

[\

_ _ 2
+ 20D, 1) + (c@)(t,T))

= % (mf))z +aP )L +2CP(t,7) - (C‘(l)(t, T))2 . (4.6)

where in the second equality we factor out the square of the one-loop amplitude, in order to

(1)

to facilitate the later comparison with the BDS ansatz. In Eq. (4.6), m, ’ must be known to
O(e?). The two-loop trajectory, o), is known in full QCD [31, 32, 33, 34, 35]. In MSYM,



it has been computed through O(e°) directly [36] and using the maximal trascendentality
principle [37], and through O(e?) directly [27],

a® = —2—52 — 203 — 8Cae + (36(a(3 + 82¢5)e” + O(e%). (4.7)

The MSYM two-loop coefficient function has been computed through O(e?) [27],

2 2. —t 1 —t\ 1 —t\ 1
Cm@ﬂZgﬁ;ﬂ“;—G@—?ﬁ7>g—<@%mm7>g
55 —t
- et <C2§3 —41¢5 + ¢4 1In 7) €

- (%g% + %cﬁ + (18¢2¢3 + 42¢5) In ;) e+ 0() (4.8)
1 2 —t\ 1

:§kmmﬂ}+§+<@+@m;>z

+ <<3 In _Tt — 19<4> + <4<4 In _Tt — 2C2C3 — 39C5> €

- (15 + 0+ (1866 + 1) n ) 4 0.

The three-loop coeflicient is given by

mf’) _ % (d(l)(t)>3L3 +aM) <@(2) )+ CY (¢, 7) 54(1)(t)> L2 (4.9)

n [d(i’») ®) +2a@ @) CW (¢, 1) +ab @) <2 CO(t, 1)+ (C(l)(tﬁ)fﬂ L

+2CO(t, 1) +2C% (¢, 7) CD (¢, 7)

2y ) 1 1)\3
= P - 1 ()

~ B _ _ 3
600 +209)(1,7) ~200)(1,7) CO(1,7) + 2 (O (1,7))

In MSYM, the three-loop trajectory, a(3), has been evaluated in Ref. [27, 15, 38, 39] through
O(%),

44 40
a® = 3—54 + 36203 + 1665 + Ofe) . (4.10)

The three-loop coefficient function has been evaluated in Ref. [27] through O(e") using



knowledge of mfll) to O(et), and mf) to O(e?),

4 2 —t —t\ 1
3) S P 2 =
cY(t, ) = 3.6 651117_ +<4C2 In T>64 (4.11)
—t 1 g —t\ 1 [217C (o, 4t 1
3G In— — —n® L) = 222 gm ) <
+<C2DT 6n7_>63+<9 + 5 — C3nT .

22 24 (3, -t T1. . —t\1
_zs A S Tt e TR 2
+< 9C2C3+3C5 2117_4—12C4n7_>E
211861

432

796
9
2 1 1 1 3

= 0O (t,1) cD(t,7) - 2 [Vt 7)]
44 40 16 22 —t\1
- gg—g - <§C2C3 t3G+5uh 7) -
n 3982
27

G+

5 —t 97 —t
C6— =4 In? — + <115C5 + —Cg(g) In — + O(e)
2 T 3 T

C6 — %Cg - <8C5 + ?Cz(s) ln_jt + O(e)

It is straightforward to obtain the four-point amplitude in the physical region, s > —t,
by continuing Egs. (4.3), (4.6) and (4.9) through the prescription In(—s) = In(s) — im, for
s> 0.

4.2 The five—point amplitude in multi-Regge kinematics

For the five-point amplitude, g1 g2 — ¢3 g4 g5, the high-energy prescription (3.4) becomes

1 —89 alt2) 1 —S81 a(t)
ms = s [g C(p2,p3,7)] 5 (T) [9V (g2, q1,5,7)] 5 (T) [9C(p1,p5,7)]

(4.12)

where ps = g2 — ¢1, and with the invariants labelled as in Section 2, i.e. t1 = s51, to = So3,

s1 = 845 and so = s34. In order for the amplitude ms to be real, Eq. (4.12) is taken in

the region where all the invariants are negative. Thus, the multi-Regge kinematics (3.6)
become,

-8 > —81,—82 > —11,—1to. (4.13)

Then the mass-shell condition (3.7) for the intermediate gluon 4 is

_ (=s1)(=52)

—S

: (4.14)

where k = —|py1 2. In the expansion of Eq. (3.12) for n = 5, the knowledge of the I-
loop five-point amplitude in the multi-Regge kinematics (4.13), together with the I-loop
trajectory oV and coefficient function C®, allows one to derive the Lipatov vertex to the
same accuracy. The one-loop coefficient is

m = a® (1) Ly + aW (k) Ly + CO(ty,7) + CO(ty, 1) + VO (t1, 0,5, 7). (4.15)

where L; = In(—s;/7) and ¢ = 1,2. Then subtracting the one-loop trajectory (4.4) and
coefficient function (4.5) from the one-loop five-point amplitude, we can derive the one-loop
Lipatov vertex. That will explicitly be done in a forthcoming publication.

— 10 —



In the expansion of Eq. (3.12) for n = 5, the two-loop coefficient is

1 2
mg) _ 1 <m§”) +a®(t)Ly +a? (ts) Ly (4.16)
+ CO(ty, 1) + VO (ty, ta, 6,7) + CO(ta, 7)
1
2

[\

2

<C’(1)(t1,7))2 - % (V(l)(tl,tg,ﬁ,7)> - ’

(CWt2m)”

_ 1
2
where mél), CW(t, 1) and VW (ty,ty, k,7) must be known to O(e?). Similarly, the three-
loop coefficient is

1 3
mé?’) = méz)mél) T3 (mél)) +a® (t)Ly +a® (t) Lo

+ CO(t1,7) + VO (b1, 2, 5,7) + OO (b, 7)
— CO(ty,7) CO(t1,7) = VO (11, ta, 5, 1)V D (b1, b2, 8, 7) — CO (22, 7) CV (2, 7)

1 /- 31 /- 31 /- 3
s (C(l)(t1,7)> +3 (V(l)(tl,tg,/i,T)) +3 (C(1>(t2,r)) : (4.17)
Here, to find még) to O(eY), mél), é(l)(t,T) and V(l)(tl,tg,H,T) must be known to O(e*)
while méz), CO(t, 1) and VP (t1,ts, k,7) must be known to O(e?).

It is straightforward to obtain the amplitudes in the physical region where s, s1, s5 are
positive and t1,t2 are negative, and where the multi-Regge kinematics are

s> 81, S99 > —t1, —l2. (4.18)
and the mass-shell condition is
S1 82
K= , (4.19)
s

by continuing Eqgs. (4.15) and (4.16) through the prescriptions In(—s;) = In(s;) — im, for
sj > 0and j = 1,2 and In(—k) = In(k) — im, for £ > 0, which implies Eq. (3.14) for the
Lipatov vertex.

4.3 The six-point amplitude in multi-Regge kinematics

For the six-gluon amplitude, g1 g2 — ¢3 g4 g5 g6, the high-energy prescription (3.4) in the
Euclidean region becomes

1 —83 afts)
meg = S [.g C(p27p377—)] g (T) [g V(QQ,Q3,/{2,7)]
1 /—s a(tz) 1 /—s a(ty)
X t_ <—2> [g V(Q17q27"€177—)] T <—1> [g C(pl,pG,T)] . (420)
2 T t T

with t1 = sg1, to = So34 and t3 = so3, S| = S56, S2 = S45 and s3 = s34. In order for mg to be
real, we take Eq. (4.20) in the unphysical region where the invariants s, s1, s2, 83, t1, t2, t3
are all negative, where the multi-Regge kinematics are,

-8 > —81,—82,—S83 > —t1,—1l2, 13, (4.21)

— 11 —



and the on-shell conditions (3.7) are,

B G Dl Gt B Gl Gl (4.22)
(—s456) (—s345)
with k1 = —[ps.|? and kg = —|ps1 |>. Because in Eq. (4.20) no new vertex or coefficient

function occurs with respect to Eq. (4.12), in the expansion of Eq. (3.12) for n = 6, the
knowledge of the I-loop trajectory a¥), the coefficient function C'©), and the Lipatov vertex
V" allow one to derive the I-loop six-point amplitude in the multi-Regge kinematics. The
one-loop coefficient is

W%U = aW(t1)Ly +aW(ta) Ly +aV(t3) Ly
+ CW(ty, 1)+ CW(ts, 1) + VO (1, b0, k1, 7) + VD (to, t3, k0, 7). (4.23)

with L; = In(—s;/7) and ¢ = 1,2,3. The two-loop coefficient is
(2)

1 2
mg) = 3 (mél)) +a@ ()L + a? (ty) Ly + a? (t5)Ls (4.24)
+ 0(2) (tlv 7—) + 0(2) (t37 7—) + V(2) (tla t27 K1, T) + ‘7(2) (t27 t37 K2, 7—)
_ 2 1/ 2
(1) _ = 1)
(c @hﬂ) 2(0 @&ﬂ>

(V(l)(tl,t2,m,7')>2 — % <V(1)(t2,t3, /{2,7’))2 ,

1
2
1
2

where mél), CW(t,7) and VW (ty,ty, k,7) must be known to O(e?). Similarly, the three-
loop coefficient is
1 3
mé3) _ mé2)mé1) _ g <mé1)) + 54(3) (tl)Ll + 5[(3) (tg)LQ
+ COt
— 0(2

(t1,7) + VO(ty,ta, k1, 7) + VO (to, t3, ko, 7) + CP(t3,7)
( )C(l (tl 7—) V(2)(t17t275177)‘7(1)(15177527"41177_)

( t37"£27 )V( )(t27t37"£277—) - 6(2)(t37T) C_'(l) (t377—)
C

((Nn,03+§(ém@aﬂf

(V(l)(tl,tg, K1, T ))3 + % <V<1)(t2,t3, @,T))S . (4.25)

Wl — Wl

Here, m(l) CO(t, 1) and VO (ty,ta, k,7) are needed to O(e*) while méz), CA(t,r) and
v )(tl,tg, K, T) must be known to O(e?).

It is straightforward to obtain the amplitudes in the physical region where s, s1, s2, s3
are positive and t1, to, t3 are negative, where the multi-Regge kinematics are

s > s1,892,83 > —t1, —t2, —13, (4.26)

and the mass-shell conditions for gluons 4 and 5, emitted along the ¢ channel, are

5152 52 53
K1 = 5 R = 5 (4.27)
5456 5345

by continuing Eqgs. (4.23) and (4.24) through the prescriptions In(—s;) = In(s;) — im, for
sj >0 with j =1,2,3, and In(—«;) = In(k;) — im, for k; > 0, with ¢ = 1,2.
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5. The Bern-Dixon-Smirnov ansatz in multi-Regge kinematics

The BDS ansatz prescribes that the n-gluon MHV amplitude be written as,

mp = m® |1+ Z aLMfLL)(e)]
L=1
= m9 exp Zal < (e) MV (1e) + ConstV) + E,@(e))] , (5.1)
=1
where )
_ 2°N
a= () e (5.2)
is the 't-Hooft gauge coupling, and with
10 =) +er? + 8 (5.3)

where f1)(e) = 1, and fél) is proportional to the l-loop cusp anomalous dimension [4],
’?}? =4 fél), which has been conjectured to all orders of a [5] and computed to O(a?) [40, 41],
and fl(l) is related to the soft anomalous dimension [6, 7], Q(()l) =2 fl(l)/l, and is known to
O(a®) [1]. In Eq. (5.1), Const®) are constants, and Eg)(e) are O(e) contributions, with
Const) = 0 and Ey(Ll) () =0, and MT(LL) (¢) is the L-loop colour-stripped amplitude rescaled
by the tree amplitude. In the convention and notation of Eq. (3.12), the rescaled coupling
(3.9) is related to a by,

a = 2G(e)7* (5.4)
with
e 7 T'(1 — 2¢) 9
= =1 . .
GO =taroma_g O (5:5)
Thus, the n-gluon amplitude is given by,
L
Lap(L)( — a (L)
M) = () i), (5:6)
and the BDS ansatz (5.1) becomes
1+ Z g”(t)mﬁf)(e)]
m (e
0) exp Z ( 02 e (EE)) + Const) + Eg”(e))] . (5.7)

5.1 Amplitudes with four or five gluons

Substituting the one-loop four-point amplitude (4.3) in Eq. (5.7) and comparing with the
expansion (3.12) for n = 4 of the high-energy prescription (4.1), we determine the Regge
trajectory from the coefficient of the single logarithm [27],

((6)—2f () oV (2¢) + O(e), (5.8)
D(e) = 41D (e)aV(3e) + O(e)
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with a(!) given in Eq. (4.4), and in general
aD(e) =271 D () aM (1) + O(e) . (5.9)

From Eq. (5.9), we see that to O(e?) only the first two terms of the f(!)(e) function (5.3)
enter the evaluation of the Regge trajectory. Using the f@ and f®) functions [1],

F@(e) = —C — (ze — Gue?,
3) 11 2\ 2
() = 7(4 + (6¢5 + 5CaC3)e + (c1(p + c2(3)e, (5.10)
we see that Eq. (5.8) agrees with Eqs. (4.7) and (4.10) to O(e"). The constants ci, ¢y are
known only numerically [42], but they do not enter the evaluation of the Regge trajectory.

Eq. (5.7) implies the iterative structure of the two-loop n-gluon amplitude given in
Eq. (1.1), which we report here in our convention (5.6) for the coupling,

1 2 2G2%(e)
@) () = = [,@ (2 (1) (2
m, (€) 5 [mn (e)] + G0 f(e)ym,,” (2¢) + 4 Const'™ + O(e) , (5.11)
with Const(® = —C22/2, and where the one-loop amplitude, mg)(e), must be known to

O(€?). Eq. (5.11) has been shown to be correct for n = 4 [43] and n = 5 [2, 3] for general
kinematics.

Using the iterative structure (5.11) for the four-point amplitude, it is possible to express
the two-loop coefficient function in terms of the one-loop coefficient function. In fact,
comparing Eq. (5.11) with n = 4 to the two-loop factorization of the four-point amplitude
in the multi-Regge kinematics (4.6), we find the following iterative structure

2 €
[O(l)(t, 7 e)} 4 25(2(6))

CA(t,1,e) = F@(e) MV (t,7,2¢) + 2 Const® + O(e), (5.12)

DO | =

where, to compute the two-loop coefficient function C®)(¢,7,€) to O(e”), the one-loop
coefficient function, C(M)(t, 7, ¢€), is needed to O(e?). Eq. (5.12) agrees with Eq. (4.8) to
O(e%).

Similarly, the iterative structure (5.11) for the five-point amplitude, means we can also
express the two-loop Lipatov vertex in terms of the one-loop Lipatov vertex. Comparing
Eq. (5.11) with n = 5 to the two-loop factorization of the five-point amplitude (4.16), and
using Eqgs. (5.8) and (5.12), we obtain

2 2
V(l)(tl, to, K, T,€)| + 252(:))

VO (ty, o, k7€) = FA VO (b1, ty, k,7,2€) + Oe)

(5.13)
where, to compute V(2 (t1,t2, K, 7,€) to O(e), V(l)(tl,tg, K, T,€), must be known through
O(€?). Of course, Eq. (5.11) with n = 5 requires the knowledge of the one-loop five-point
amplitude, mgl)(e), through O(e?)!l, but once V1) is known through O(e?), the two-loop

N | —

I'We shall provide the details of mél)(e) to that accuracy, in fact to all orders in ¢, in a forthcoming
publication [44].
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Lipatov vertex can be determined by Eq. (5.13) without knowing explicitly the two-loop

five-point amplitude. In fact, once evaluated, V2 can be used, together with C® and a®,

in Eq. (4.16) to determine the two-loop five-point amplitude in the multi-Regge kinematics.
The iterative structure of the three-loop n-gluon amplitude is,

m (€) = mP(mP(e) — 3 [mP0)] + 2 G ( ) £6) (&) mD (3¢) + 8 Const® + O(e) |

(5.14)
where msll)(e) and mg)(e) must be known to O(e*) and O(€?), respectively, and with
341 2 17 2
t(3) — [ == i 1
Cons <216+961> C6+< 9 + 62> . (5.15)

Eq. (5.14) has been shown to be correct for n =4 [1].

Comparing Eq. (5.14) with n = 4 to the three-loop factorisation of the four-point
amplitude in the multi-Regge kinematics (4.9), we obtain the three-loop iteration of the
coefficient function,

3
C(g)(t,T, €) = C(z)(t T,€) C(l)(t,T, €) — % {C(l)(t,T, e)]

L 4G
G (3¢)

The constants ¢, co cancel when Egs. (5.10) and (5.15) are used in Egs. (5.14) and (5.16).

Using the two-loop coefficient function to O(e?) (4.8), and the one-loop coefficient function

to O(e*) (4.5), we see that Eq. (5.16) is in agreement with Eq. (4.11) to O(e?).
Comparing Eq. (5.14) with n = 5 to the three-loop factorisation of the five-point

F3(e) W (t,7,3¢) + 4 Const® + O(e). (5.16)

amplitude (4.17), we obtain the three-loop iteration of the Lipatov vertex,
3 2 1 1 1 3
V( )(tl, to, R, T, 6) = V( )(t17 to, R, T, E)V( )(tla ta, K, T, 6) - g V( )(t17 to, K, T, 6):|
4
e ())ﬂ3 () VW (ty,ta, 5, 7,3€) + O(e) . (5.17)

5.2 Amplitudes with six or more gluons

In the two-loop expansion of the six-point amplitude (4.24), no new vertices or coefficient
functions occur. Thus, using the explicit expressions of V@ c® and o? in Eq. (4.24), one
can assemble the two-loop six-point amplitude in the multi-Regge kinematics. However,
even without knowing the explicit expression of the two-loop Lipatov vertex (5.13), it is
easy to see by substitution that the iterative structure of Egs. (5.8), (5.12) and (5.13)
ensures that the six-point amplitude (4.24) fulfils the two-loop iterative formula (5.11) for
n = 6. Furthermore, the expression has the correct analytic properties in the physical
region where s, s1, 2, S3 are positive and t1, t2, 3 are negative.

Because no new vertices or coefficient functions occur in the two-loop expansion of
Eq. (3.4) even for n = 7 or higher, we conclude that the two-loop expansion of Eq. (3.4)
fulfils the two-loop iterative formula (5.11), and thus the BDS ansatz, for any n. Thus,
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the multi-Regge kinematics are not able to resolve the BDS-ansatz discrepancy, i.e. the
quantity Rg) (1.2) vanishes in the multi-Regge kinematics, for any n.

The same arguments can be repeated for three-loop case: in the three-loop expansion
of the six-point amplitude (4.25) no new vertices or coefficient functions occur. Thus, using
the explicit expressions of V(®, C®) and a® in Eq. (4.25) one can assemble the three-loop
six-point amplitude in the multi-Regge kinematics. However, even without knowing the
explicit expression of the three-loop Lipatov vertex (5.17), it is easy to see by substitution
that the iterative structure of Egs. (5.8), (5.16) and (5.17) ensures that the six-point
amplitude (4.25) fulfils the three-loop iterative formula (5.14) for n = 6. Because no new
vertices or coefficient functions occur in the three-loop expansion of Eq. (3.4) for n =7 or
higher, the three-loop expansion of Eq. (3.4) fulfils the three-loop iterative formula (5.14),
and thus the BDS ansatz, for any n. Thus, also the quantity RS’) (1.2) vanishes in the
multi-Regge kinematics, for any n. Clearly, the same thing is to occur with the iterative
structure of the l-loop n-gluon amplitude for [ > 4. We conclude that Rg) vanishes in the
multi-Regge kinematics for any [ and n. The I-loop n-gluon amplitudes in the multi-Regge
kinematics are in complete agreement with the BDS ansatz, therefore they are not able to
resolve the violations of the ansatz for n > 6.

In Ref. [45, 11] it was argued that the remainder function (1.2) for n = 6 is a function
of the three conformal cross-ratios

512 845 523 S56 534 861
U = —, Uy = ————— | uy = ———. (5.18)
8345 5456 5234 5456 5234 8345
Using the notation of Section 2 and the results of Section B.1, we note that in the multi-

Regge kinematics (4.26) the conformal invariants (5.18) become [46, 47]

t t t t
up ~ 1, u2:3—ﬁlz(’)<—>, U3:1—H2:(’)<—>, (5.19)
252 S toS2 S

thus wuq is close to 1, while uo and ug are very small and are in fact sub-leading in the
multi-Regge kinematics.

6. Proof of BDS ansatz in multi-Regge kinematics

In the previous section, we derived iterative relations for the three building blocks that occur
in the multi-Regge factorisation of gluonic amplitudes, the Regge trajectory, the coefficient
functions and the Lipatov vertex. We argued that the high-energy prescription implied
that the six-gluon amplitude also satisfies the BDS ansatz (in the restricted kinematics
where the high energy prescription is valid). In this section, we are going to prove that in
in the Euclidean region the BDS ansatz is fully consistent with multi-Regge factorisation
(the proof for the physical region is similar). In particular, we show that, if BDS holds
true for four- and five-point amplitudes, then it also holds true for any n-gluon amplitude
(in multi-Regge kinematics).

We start by deriving exponentiated forms for the coefficient functions and the Lipatov
vertex. If the BDS ansatz holds true for the four-point amplitude, then we can immediately
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insert the tree- and one-loop four-gluon amplitudes in multi-Regge kinematics

S
m® =g200 (py, ps) 7 CO(py, ps),

mil)(le) :2(7(1)(,577.716) + d(l)(t,le) In <__‘9> 7
T
into Eq. (5.7), such that

24(0 5 S5y 922158 FO (e ) (s le)
my = g*C! )(pz,ps,);c( )(p1,p4) < )

—2 5l—1 f9(e) ~(1) 0 0]
X exp 2 ;:1 g2 G'(¢) ( Gao CY(t,1,le) + Const™ + E;’(e) | . (6.2)

Comparing Eq. (6.2) to the general form of the high energy prescription of Eq. (4.1), we
can easily identify the all-orders forms of the Regge trajectory

B T G(e) B
alt,e) = ; g2ol-t 1) FOe)aM (¢, le), (6.3)

and the coefficient function,

C(pbpjﬂ—v 6) =

s ( _
c® (pi, pj) exp Z g2l 271G e) <'};(1( )) CW(t,7,1le) + Const®) + Ei”(e)) ,
=1

(6.4)
where in the last equation t = (p;+p;)?. Note that expanding Eq. (6.3) and Eq. (6.4) in the
rescaled couplings reproduces the explicit forms for the two-, and three-loop iterative ex-
pressions given in Eq. (5.8) and Egs. (5.12) and (5.16) respectively. Furthermore, Eq. (6.3)
is in agreement up to O(e) with Eq. (5.9), which expresses the [-loop Regge trajectory in
terms of the function f) appearing in the BDS ansatz.

We can now repeat the argument for ms and, by reusing Eq. (6.3) and Eq. (6.4),
extract the corresponding formula for the Lipatov vertex,

S
- 92 C(p27p37 T, 6) E V(O) (q27 ql) C(pl7p57 T, 6)

(_81>a(t1,e) (_s2>a(t2,e)
X _ —_
T T

X exp Z el < f((;)f )) VD (ty, t1, k1,7, le) + BV (e) — Eg”(e)) . (6.5)

Comparing with Eq. (4.12), we find
Vg2, q1,5,¢) = VO(ga, q1)

> M(e) -
x exp ¥ g 2'Gl(e) (f (? VO (ty, b1, k1,7, 1e) + BV (e) — Eg”(e)) .

=1

(6.6)
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As before, expanding Eq. (6.6) in the rescaled couplings reproduces the explicit forms for
the two-, and three-loop iterative expressions given in Egs. (5.13) and (5.17).

We now turn to the generic case. Consider an n-gluon amplitude in multi-Regge
kinematics which satisfies Eq. (7.2). Inserting the exponentiated expressions for the Regge
trajectory Eq. (6.3), the coefficient functions Eq. (6.4) and the Lipatov verticx Eq. (6.6),
we find

0 )
_ 0 ottty | L7E) [ A A(1)
My = M, exp l; g~ 2°G'(¢€) [2G(l€) (C’ (t1,7,le) + CV (tp—3,T,l€)

n—3
A () I (=%
+k§::1a (th,le) n< - )

n—4
+ > VO (g, e, i, 7, l€)>

k=1

+Const") 4 Eil) (€)+ (n—4) (Eél)(e) - Eil)(e))] . (6.7)

The expression inside the brackets can now be easily identified as the one-loop amplitude
in multi-Regge kinematics,

n—3
mM(le) = CV(ty,7,le) + CV(t,_s, 7, l€) + Z a™ (ty,le) In <_—Sk>

i
k=1

n—4
+ZV(1)(tk+1,tk,l€k,T, le), (6.8)

k=1

and so we recover
my, =m® exp i g2 2!Gl(e) G mM(le) + ConstV) + O(e) (6.9)
" " — 2G(le) " ’ '

i.e. my, satisfies the BDS ansatz up to O(e).

7. Quasi-multi-Regge kinematics

7.1 Amplitudes in the quasi-multi-Regge kinematics with a pair at either end
of the ladder

It is possible to define a high-energy prescription for more general, i.e. less restrictive,
multi-Regge kinematics, such as the quasi-multi-Regge kinematics where all gluons are
strongly ordered in rapidity, except for a pair of gluons, either at the top or at the bottom
of the ladder as shown schematically in Fig. 2(a). For example,

Y3 XYy > > Yp; D31 |~ |pail-.- = |pnil, (7.1)
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for which the Mandelstam invariants are given in Section C.1. We conjecture that in the
quasi-multi-Regge kinematics of Eq. (7.1) a generic colour-stripped [-loop n-gluon ampli-
tude will have the factorised form,

1 sy q | “ltn—a)
mn(1,2,...,n) = s [¢° A(p2, p3,p1)] — <T4> 9V (¢n—15Gn—5, Kn—5)]

1/ —sp\ ) 1 [ —s\ ")
= (2 Ve ¢ (Z2) T wCoum . (72)

where we suppressed the dependence of the coefficient functions and the Lipatov vertices on
the reggeisation scale 7. s,_4 can be chosen to be either s35 or sy5, the difference between
the two being of the order of s34, thus sub-leading with respect to s. In order for m,, to be
real, one can take the invariants s, s1,...,Sp_4, t1,...,tn_4, defined as in Section 2, and
s34 all negative. Then the kinematics imply

—8>> —81,—82,...,—8p_4 > —834, —t1,~to, ..., ~ty 4. (7.3)

The limit of multi-Regge kinematics (3.6) is where s34 becomes as large as any s;-type
invariant.

In Eq. (7.2), the coefficient function C' and Lipatov vertex V are exactly the same as
in Eq. (3.4). However a new coefficient function, A(p2,ps,ps), is needed to describe the
production of two gluons at one end of the ladder. The tree approximation, A(®) (p2, P3,D4),
was computed in Ref. [48, 49]. A can be expanded in the rescaled coupling, just as in
Egs. (3.10) and (3.11),

A(p27p37p47 T) = A(O) (p27p37p4) (1 + g2A(1) (t7 534, 7—) + §4A(2) (t7 534, 7—) + O(g6)> : (74)
For n =5, Eq. (7.2) reduces to

1 a(t)
m5(17273747 5) =S [92 A(p27p37p477—)] ; (T) [.g O(p17p577—)] ) (75)

with ¢ = p1+ps = —(p2+p3+p4), t = ¢* and s = s12. Expanding Eq. (7.5) as in Eq. (3.12),
we obtain, at one-, two- and three-loop accuracy,

mi") = W)L+ CO(t,7) + AD(t, 534, 7), (7.6)
@ _ L 0\, @
ms = 5 <m5 ) +a'“(t)L
_ _ _ 2 _ 2
+OO(t,m) + A0, 530,7) — 5 (067 — 3 (A0t 530,7)) (7.7)

1 3
il = m@ )~ & (mf)’ 4 a9 0
+ CO(t,7) + A9t 534, 7) = CO(1,1)CW (8, 7) = AP (L, 534, 1) AV (L, 534, 7)

N % (C(1>(t,7)>3 n % (A0, 33477)>3, (7.8)

with L = In(—s;/7), and where mél) is needed to O(e?) in Eq. (7.7), and mél) and méz)
to O(et) and O(e?) respectively in Eq. (7.8). The coefficient functions C' were already
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Figure 2: Amplitudes in the quasi-multi-Regge kinematics of (a) a pair at either end of the ladder
and (b) two pairs, one at each end of the ladder.

evaluated in Section 4.1. Therefore, knowledge of the five-point amplitude at a given
loop accuracy in the quasi-multi-Regge kinematics (7.1) allows one to find the coefficient
function A at the same loop accuracy. Furthermore, combining the iterative formula (5.11)
for n = 5 with the high-energy prescription (7.2), one obtains an iterative formula for the
coefficient function A,

2 QG()

()ﬂ%)AU@&%T%HacmaU+O@,

(7.9)
where the one-loop coefficient function, AM(¢), is needed to O(e?). Similarly, it is straight

A s530,7,€) = 2 [AV (0, 530,7,0)] +

forward to derive from Eq. (7.8) an iterative formula at the three-loop coefficient function

3
A(g)(t, 834, T, 6) = A(z) (t 834, T, G)A(l)(t, 834, T, 6) — % A(l)(t,834,7', 6)]

L 4G
G(3¢)

where the one and two-loop coefficient functions A (e) and A (e) are needed to O(e?)

O (e) AD(t, s34, 7, 3€) + 4 Const® + O(e) (7.10)

and O(e?) respectively.

7.2 Amplitudes in the quasi-multi-Regge kinematics with two pairs, one at each
end of the ladder

One can also consider the quasi-multi-Regge kinematics where all gluons are strongly or-
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dered in rapidity, except for two pairs of gluons, one at each end of the ladder,

Y3 2 Ys > 0 > Yp1 X Yns P31 |~ |patl... ~ |pnil, (7.11)

for which the Mandelstam invariants are given in Section C.2 and illustrated in Fig. 2(b).
The high-energy prescription is

1 — Sy ltn-s)
M (1,2,...,1) = s [6> A(p2, p3, pa)] P ( - 5> 9V (¢n-5,@n—6;Kn—6)]

1 —S89 alt2) 1 —s1 a(ty)
S <T> 9V (g2, a1, k1)) o\ [9° A(p1,pnspa1)] - (7.12)

where we again suppressed the dependence of the coefficient functions and the Lipatov
vertices on the reggeisation scale. In order for m,, to be real, one can take all the invariants
s- and t-type to be negative. Then the kinematics imply

—8§ > —81, 782y, —Sp—5 > —834, —Sp—1,n, —t1, —t2,..., —ln—5, (7.13)

The limit of multi-Regge kinematics (3.6) is where s34 and s,,—1, become as large as any
s;-type invariant.

For n = 6, Eq. (7.12) reduces to two coefficient functions A linked by a t-channel
reggeised gluon propagator,

1 [—s\*®

me(1,2,3,4,5,6) = s [92 A(p2,p3,pa, 7)) i <Tl> [92 Alp1,pn,Pn-1,7)] . (7.14)
with ¢ = p1 + ps +pg = —(p2 + p3 +p4), t = ¢ and s = s19. s1 can be anything between
S45, S46, S35 and sgg, the difference between them being of the order of s34 or ssg, thus
sub-leading with respect to s. The quasi-multi-Regge kinematics (7.3) become

—5>> —51 > —534, — 556, —t . (7.15)

Expanding Eq. (7.14) as in Eq. (3.12), at one-, two- and three-loop accuracy, we obtain

mél) = 54(1) (t)L + A(l) (t, 534, T) + A(l) (t, S56, ’7') , (716)
1 2
mg) = 2 (mi?) +a® L (7.17)
= 1 /- 2 1 2
+ APt 530,7) + A2t 556,7) — 5 (A(l)(t,334,7)> -5 (A< )(t, 856, 7 )) ,
1
) = mm — 2 (md) + o)L
+A (t 834, T )+ (t S56, T )
- A (t 534, T) (t 534, ’7') A(2) (t, 8567')121(1) (t, 856,7')
A (¢ ’ AD (¢ ’ 7.18
5 (A0 s50,m) 4 5 (A0 05507 (7.18)

with L = In(—s1 /7). In the two- and three-loop expansion of the six-point amplitude, (7.17)
and (7.18), no new vertices or coefficient functions occur. Thus, using the explicit expres-
sions of A% and o®, k = 1,2,3, in Eq. (7.17) and in Eq. (7.18), one can assemble the

— 21 —



two- and three-loop six-point amplitude in the quasi-multi-Regge kinematics (7.15). How-
ever, even without knowing the explicit expression of A and A®)| it is easy to see by
substitution that the iterative structure of Eqgs. (5.8) and (7.9) ensures that the six-point
amplitude (7.17) fulfils the two-loop iterative formula (5.11) for n = 6. Similarly, using
Eq. (7.10), one can easily show that the six-point amplitude (7.18) fulfils the three-loop
iterative formula (5.14) for n = 6. Thus, also for the quasi-multi-Regge kinematics of
Eq. (7.15) the quantities Réz) and Ré?)) vanish.

Because no new vertices or coefficient functions occur in the two- and three-loop ex-
pansion of Eq. (7.12) for n > 6, we conclude that the two- and three-loop expansions of
Eq. (7.12) fulfil the two- and three-loop iterative formulas (5.11) and (5.14). Furthermore,
it is straightforward to extend the proof of Section 6 to the kinematics with a pair of gluons
emitted at either side or at each end of the ladder, and hence the BDS ansatz is fulfilled

l . .
SL) vanish in

in quasi-multi-Regge kinematics for any n or, in other words, the quantities R
the quasi-multi-Regge kinematics (7.11), for any n and for any I.
Continuing the kinematics (7.15) to the physical region where s, s1, s34, S56 are positive

and t is negative, the conformal invariants (5.18) become [46]

w1, g PR EPIDS) 850 <t> uy = Upsi Pt pips)ss o <3>
7 lq1|? (845 + Sa6) 7 lg1|? (s35 + Sa5) s)’

(7.19)

thus, just like for the multi-Regge kinematics (4.26) wu; is close to 1, while us and ug are

S

very small, in fact sub-leading to the desired accuracy.

8. What lies beyond?

From the analysis of Sects. 5 and 7, it is clear that no difference between the Regge fac-
torisation and the BDS ansatz will be found, unless there is a contribution from coefficient
funtions which appear for the first time in n-gluon amplitudes, with n > 6. To introduce
this type of coefficient function means considering even less restrictive multi-Regge kine-
matics. In this Section, we examine the two simplest of such instances: a cluster of two
gluons along the ladder, and a cluster of three gluons at one end of the ladder.

8.1 Six-point amplitude in the quasi-multi-Regge kinematics of a pair along the
ladder

In the quasi-multi-Regge kinematics of Section C.3, where the outgoing gluons are strongly
ordered in rapidity, except for the central pair,

Y3 > Ya = Ys > Ye; Ip3L| = [par| =~ psi| =~ |peLl, (8.1)

the high-energy prescription is

1 —S2 a(tz)
m6(17273747576) = S[gc(p27p37T)] 5 <T>

1 [ —sp )0
X [92 W((J2,Q1ap4,p5,7')] E <Tl> [gc(phpﬁvT)] ) (82)
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where py 4+ p5 = q2 — q1, and with t; = sg1, to = S93, S1 = S56 and so = s34 as illustrated
in Fig. 3(a). In order for the amplitude mg to be real, Eq. (8.2) is taken in the region where
all the invariants are negative. Thus, the quasi-multi-Regge kinematics (8.1) become,

—8 > —81,—82 > —S45, — 1, —12. (8.3)

In Eq. (8.2) a new coefficient function occurs: the vertex for the emission of two gluons along
the ladder, W(qe, q1, p4, p5, 7), which we shall call the two-gluon Lipatov vertex. Although
Eq. (8.2) can be defined for a generic helicity configuration, the MHV amplitude requires
the two-gluon Lipatov vertex to have two gluons of equal helicity. W can be expanded in
the rescaled coupling,

W (g2, q1,p1,05,7) = WO (g2, q1,ps,15)
X (1 + g2V_V(1)(t1, to, S45, T) + §4V_V(2) (tl, to, 845, T) + O(g6)> (84)

The tree approximation, W) (ga, g1, ps, p5), was computed in Ref. [48, 49]. The one-loop
coefficient, W) (ty, 3, s45, 7) is known for the equal-helicity configuration [15]. Expanding
Eq. (8.2) to one-, two-, and three-loop accuracy, we obtain

mél) = d(l)(tl)Ll + d(l)(tQ)Lg + é(l)(tl, 7') + C(l)(tQ, 7') + W(l)(tl, to, 845, 7')

1 2
mg) -5 (mg)) +a® )Ly +a? (ts) Ly (8.5)
+ CP(t1,m) + O (t2,7) + WOty t2, 505, 7)
1/ 2 1/ S 2
_Lewm _1pwm _Lwo
5 (C (751,7')) 5 (C (t2,7)> 5 <W (t1,t27845,7)> ;
1 3
m) = mmg) = 2 ()" +a@ )L+ 6 ()L (56)

+C® (t1,7) + 0(3)(?52 T)+ we )(t17t27845,7)
— CO(ty, 1)CW 2y, T) CP (ty, 1)CW (tg, 7) = WP (11, tg, s457) WD (21, L2, 545, 7)

n % (C( )(t, ))3 +3 (C*(l)(t2,r)>3 + % <W(1)(t1,t2,845,7)>3,

with L; = In(—s;/7) and i = 1,2, and where mél) must be known to O(e?) in Eq. (8.5) and
mél) and m(z) to O(e?) and O(€?) respectively in Eq. (8.6). Because for n = 6 we expect
to find a remainder function R62 , combining the iterative formula (1.2) with the two-loop
expansion (8.5), we obtain an iterative formula for the vertex W@,

1 2
W(2)(t17t2734577—7 6) = 5 [W(l)(t17t2734577—7 6):| (87)
2G?(e
i G(2(6))f(2 (@WO (b1, t2.505,7.26) + R () ! ull) + O(c),

2)

where the one-loop coefficient, W1 (¢), is needed to O(e?). Thus, a remainder function Ré
for the multi-Regge kinematics (8.3) may occur in the two-loop iteration of the two-gluon
Lipatov vertex.
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Figure 3: Six-point amplitude in the quasi-multi-Regge kinematics of (a) a pair along the ladder
and (b) three-of-a-kind.

Using the Mandelstam invariants of Section C.3, the conformal invariants (5.18) be-

come
W S45
up — up = — — ~0(1),
(pi +p3) Py +p3)
2, 4, —
W IpsL|“psp
Uz — Uy = 2 +5_6 ¥ T - ~0(1),
(IpsL + parl® + 02 oy ) (1 + P2 )pg
2, 4, —
uz — ugv = [P6.L"Ps Py ~ O(1), (8.8)

P3Py +p5)(Ips +par> +pipy)

i.e. all the invariants yield a non-vanishing contribution, which is in general different from
unity.

8.2 Six-point amplitude in the quasi-multi-Regge kinematics of three-of-a-kind
In the quasi-multi-Regge kinematics of Section C.4, where the outgoing gluons are emitted

three in a cluster on one end and one on the other end of the ladder,

Y3 = Y4 2 Y5 > Ye; P3| =~ |par] > |psi| >~ [pi], (8.9)
the high-energy prescription is

1 [—s1\%W
m6(17273747576) = s[gB(p27p37p47p577_)] Z <Tl> [gc(phpﬁ)T)] ) (810)

where ¢ = p1 + pg, as shown in Fig. 3(b), t = ¢* and s = s15. s1 can be anything between
$36, S46, and ssg, the difference between them being of the order of s345, thus sub-leading
with respect to s. In order for the amplitude mg to be real, Eq. (8.10) is taken in the
region where all the invariants are negative. Thus, the quasi-multi-Regge kinematics (8.9)

become,

—8 > —81 > —834, —S45, —S35, —L . (8.11)
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In Eq. (8.10) a new coefficient function occurs for the emission of three gluons at one end
of the ladder occurs, B(ps,p4,ps, 7). B can be expanded in the rescaled coupling,

B(p37p47p577—) = B(O) (p37p47p5)

_ _ (8.12)
X (1 + 32 BW(t, s34, 545, 535, 7) + G BP(t, 534, 545, 535, T) + O(QG)) :

The tree approximation, B (ps, p4, ps), was computed in Ref. [50]. Expanding Eq. (8.10)
to one-, two- and three-loop accuracy, we obtain

mél) = aW ()L + BY(t, 534, 545, 535, 7) + C(t,7),
1 _ _

mg) = 2 ( ) +a@ ()L + BA(t, s34, 545, 835, 7) + CD(t,7) (8.13)
, (8

2 1 /. 2
(t, 534,545,535, T )) — 3 (C(l)(tﬁ)) ,
1 _ _
m = mPm) — 3 <mé1)> +a® ()L + BO(t, s34, 545, 535,7) + CP (£, 7) (8.14)
— BO(t, 534, 545, 535, 7) BW(t, 834, 545, 535, 7) — CP(t,7)CW (8, 7)
1

n 2 <B(1)(t,834,345783577_))3 + % (é(l)(t,7)>3a

with L = In(—s1/7), and where mél) must be known to O(e?) in Eq. (8.13) and mél) and

(2) to O(e*) and to O(€?) respectively in Eq. (8.13). Because for n = 6 we expect to
ﬁnd a remainder function R62 , combining the iterative formula (1.2) with the two-loop
expansion (8.13), we obtain an iterative formula for the vertex B @),

1 2
BA(t, 534, 545, 535, T, €) = 3 [B(l)(t7334,8457835,7', E)] (8.15)

2G2(e)
G(2¢)
+ RY (uf ) + O(e),

+ F@(e) BO(, s34, 545, 835, 7, 2€) + 2 Const?

2)

where the one-loop coefficient, BM (¢), is needed to O(e?). Thus, a remainder function Ré
for the multi-Regge kinematics (8.11) may occur in the two-loop iteration for the coefficient
function for the emission of three gluons on one end of the ladder.

In the limit y3 > y4 ~ ys, the kinematics (8.9) reduce to Eq. (8.1) and the prescription
(8.10) reduces to Eq. (8.2). Then the coefficient function B factors out into the two-
gluon Lipatov vertex W and the coefficient function for the emission of a gluon, linked
by a reggeised propagator [50]. Accordingly, the remainder function Ré )(u? ,ug ,ugB ) in
Eq. (8.15) reduces to Ré )(u‘l}V,ugv,ugV) in Eq. (8.7).

Using the Mandelstam invariants of Section C.4, the conformal invariants (5.18) be-

come [46]
B S 845

up — Uy = _20(1)7

s345(P4 + P2 )Pg
wy > ulf = (IpsLI? + (P4 + 5 )P5 )P3 Pg ~ o)

(pi +p3)ps (Ipss + parl? + (ps + Py )ps)

2

uz — ub = [P L [Ps34 ~ O(1), (8.16)

s345(|p3L + par|> + (p3 +p;)p3)
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i.e. all the invariants are of similar size.

9. Conclusions

In this work we investigated the high-energy limit of a colour-stripped MHV amplitude,
which is based on the Regge factorisation of the amplitude into a ladder of coefficient
functions and vertices linked by reggeised propagators [27]. We showed explicitly that in
the Euclidean region two- and three-loop n-gluon amplitudes in multi-Regge kinematics
are fully consistent with the Bern-Dixon-Smirnov ansatz, and in Section 6 we proved that
this result holds true at any loop accuracy. In particular, this implies that in the Euclidean
region the breakdown of the iterative structure of the two-loop amplitudes, occurring in
the two-loop six-point amplitude, cannot be resolved by multi-Regge kinematics, i.e. the

)

remainder function Réz is sub-leading in the multi-Regge kinematics.

In Section 7 we showed that similar conclusions can be drawn for less restrictive multi-
Regge kinematics, namely the kinematics where all the outgoing gluons are strongly ordered
in rapidity, but for a pair of gluons either at one end or at both ends of the ladder. By
giving explicit examples for the two- and three-loop six-point amplitude, we argued that
in this case as well the Regge factorisation of the amplitude is consistent with the iterative
structure implied by the BDS ansatz. The structure of the high energy prescription ensures
that this result is valid for an arbitrary number of loops.

Finally, in order to find kinematics which might shed light on the violation of the BDS
ansatz for the two-loop six-point amplitude, in Section 8 we considered kinematics which
occur only for n-gluon amplitudes with n > 6, and thus for which we could not invoke
the BDS iterative structure. We showed that the iterative structures for the new two-
loop functions that appear in these kinematics might have a dependence on the remainder
function RéZ) (uy,ug,us), where uj, ug, usz are the conformal invariants, and therefore we
argued that these kinematical limits could provide some information on this quantity. This
suggestion is supported by the observation that, while in the multi-Regge kinematics of
Section 5 and in the quasi-multi-Regge kinematics of Section 7 the three conformal cross
ratios (5.18) all took limiting values, in the more general quasi-multi-Regge kinematics of
Section 8 they are allowed to vary over a range defined by the kinematic invariants.
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Erratum

We also would like to thank Lance Dixon and Jochen Bartels for pointing out to us that
the factorised form conjectured in Eq. (3.4) is not valid in the Minkowski region where
the centre-of-mass energy squared s and the energy squared so of the two gluons emitted
along the ladder are time-like while all other invariants stay space-like. Eq. (3.4) is valid in
the Euclidean region, where all invariants are space-like, and in the physical region, where
the s-type invariants are time-like and the ¢-type invariants are space-like. This error is
corrected in the present version, where we have made it clear that we are referring to the
Euclidean and to the physical regions only. The non commuting of the high-energy limit
and the e expansion described in Appendix C of the previous version is no longer relevant
to the discussion, and Appendix C has been removed.

A. Multi-parton kinematics

We consider the production of n — 2 gluons of momentum p;, with ¢ = 3,...,n in the

scattering between two partons of momenta py and po™*.

Using light-cone coordinates p* = py £ p,, and complex transverse coordinates p| =
p® + ip¥, with scalar product 2p- ¢ = pT¢~ +p ¢t —pi¢} —p’q., the 4-momenta are,

p2 = (p3/2,0,0,p5 /2) = (p3,0;0,0) ,
p1 = (p1/2,0,0,—p7 /2) = (0,p7;0,0) , (A1)
pi = ((0f +p;)/2,Relp; 1], Imp; 1 ], (0 — p;)/2)

(

= (Ipirle”, Ipirle " |piL] cos @i, |piL|sin ;)

where y is the rapidity. The first notation above is the standard representation p# =
(p°, p%, p¥,p*), while in the second we have the + and - components on the left of the
semicolon, and on the right the transverse components. In the following, if not differently
stated, p; and p; are always understood to lie in the range 3 < 4,5 < n. The mass-shell
condition is |p; l,z = pjpi_ . From the momentum conservation,

0= ZpiJ_7
=3
Py =-> 1, (A.2)
=3

n
Py =—>_p;
=3

the Mandelstam invariants may be written as,

Sij = 2Di - Dj = D; p; +P; P} — PilPj1L — PiDjL, (A.3)

**By convention we consider the scattering in the unphysical region where all momenta are taken as
outgoing, and then we analitically continue to the physical region where p? < 0 and p3 < 0.
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so that

n
s=2p1-p2= > Py,
ij=3

n
82i = 2p2 - pi = — Zpi_p;ra (A.4)
n
515 = 2p1'pz’=—2p;rp;-

Using the spinor representation of Ref. [50],

ot 8
Yy (pi) = \/Ee’@ » Y-(pi) = \/;e—idn

o o
o oooé
RS
o o

Yi(p2) =i , Y_(p2) =i 0 : (A.5)
—\/—p3
0
Yi(p1) = —i P v_(p1) = —i /
’ o |7 N=n

for the momenta (A.1)fT, the spinor products are

(21) = —/5,
(2i) = —z,/‘p’h pis, (A.6)
= _pl pl s

+
/ /p
Z] = Dil — DL _+
]

where we have used the mass-shell condition |p; |? = pjpi_ . The spinor products fulfill the

' The spinors of the incoming partons must be continued to negative energy after the complex conjugation,

€.g. ¢+(p2) =1 ( _p;707 07 0>
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usual identities,

(ij) = —(Ji)
[ij] = — 1]
(ij)* = sign(p{p}) [ji]
((i + 7"134))" = sign(pip})(j + [*]i+)
7 2p; - pj = 345 (A.7)

—
.
.
~—
<
=

and if > | p; = 0 then

B. Multi-Regge kinematics

In the multi-Regge kinematics, we require that the gluons are strongly ordered in rapidity
and have comparable transverse momentum (2.1). This is equivalent to require a strong
ordering of the light-cone coordinates,

pi>plo> Pl py <ppo < py (B.1)

In the high-energy limit, momentum conservation (A.2) then becomes

n
0= Zpilv
=3

py = —p3, (B.2)

D1 = —DPn s

where the = sign is understood to mean “equals up to corrections of next-to-leading accu-
racy”. The Mandelstam invariants (A.4) are reduced to,

s =2p1-p2=Dp3py,
Soi = 2p2 - Pi = —P3P; » (B.3)
1 = 2p1-Pi = —P; Pn s
sij = 2pi-p;j=pip; <]

The product of two successive invariants of type s;; fixes the mass shell. For example,

oot == 2,4+ - _ 2 _ 2
Sk—1,kSkk+1 = Dpp_1P Pp Py = Pk LI"Pp_ 1P = |PRLI™Sk—1 k41 = [PrL|"Sk—1 kkt1 -

Thus,
Sk—1,kSk, k+1
prL|® = T (B.4)
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The spinor products (A.6) are,

p+
(26) = —i p—ipu, (B.5)
i
(i) = i\/pipn
p‘.’r
<Z]> = — L_i_pjj_ foryi>yj.
p;

B.1 6-point amplitude in multi-Regge kinematics

For n = 6, the momenta of the gluons exchanged in the t channel are ¢1 = p1 + ps,
g2 = q1 + p5 = q3 — P4, q3 = —p2 — p3. The cyclic Mandelstam invariants are

s = p3pg
s23 = —p3p3 = —|psLl’ = —lgsL /%,

S34 = P31 Dy,

S45 = D4 D5 »

S

S56 = Ps Pg »
S61 = —PgPg = —IpsL® = —|a1|*. (B.6)

Then we see that

8345 S456 — S S45. (B?)

The mass-shell conditions for the gluons along the ladder imply that

834 S45 = 8345 !pu\z = 8345 ‘Q3J_ - Q2L\27

$45 556 = 5456 [P5.L|° = sas6 lq21 — 1o [*. (B.8)
The mass-shell conditions and Eq. (B.7) imply that
s314.545 556 = 5 [par|” Ips L[> (B.9)
In addition, one can see that
523+ s34+ 520 = —|p31 + par ]’ = —[q21 [*. (B.10)

The momentum that flows out along the ladder is ps + ps = ¢3 — g1, with

SS
paL +psi|? =sa5 (1 — 2o ) (B.11)
5345 8456
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C. Quasi multi-Regge kinematics

C.1 Quasi-multi-Regge kinematics of a pair at either end of the ladder

In the quasi-multi-Regge kinematics of Eq. (7.1), we require that the gluons are strongly
ordered in rapidity, except for a pair at either end of the ladder. In light-cone coordinates,
it is

py =pf >py > pn py =pp <psoo <L py. (C.1)

Momentum conservation (A.2) then becomes

n
0= ZPU_,
=3

p3 = —(p3 +pf), (C.2)

Py = —Pp -
The cyclic Mandelstam invariants are

s = (p§ +pi)py ;s
so3 = —(p3 +p)ps = —IpsL|® — pip3,

ot —
S45 = Py P55

e
Sn—1mn = Pp—1Pn >

Sn1 = —Dipn = —|PnLl? (C.3)

where we did not indicate s34 because it is written as in Eq. (A.3), since no approximation
is taken on it.

C.2 Quasi-multi-Regge kinematics of two pairs, one at each end of the ladder

In the quasi-multi-Regge kinematics of Eq. (7.11), we require that the gluons are strongly
ordered in rapidity, except for two pairs, one at each end of the ladder. In light-cone
coordinates, it is

Py ~pf >l > paat > pl_ ~p),
D3 =Py Kpg - L ppo— K P =Dy -

Momentum conservation (A.2) then becomes

n
0= Zpu )
i=3

s =—(f +p1), (C.4)
pr = —(pp_1+p5)-
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The cyclic Mandelstam invariants are

s = (p3 +p5)(Pp_1 +Pn),

sa3 = —(p3 +pi)ps = —IpsL)® — pip3,
S45 = pIPL
Sn—2n—1 = p:_gp;_p

St = =P (Dn_1 +Pn) = —IPnil> — P}l pn 1 (C.5)

where we did not indicate s34 and s,_1, because no approximation is taken on them. It
is easy to see that

= —|psL +p4¢!2,
= —|pn-11 +an_|2-

59234
(C.6)

Sn—1,n,1

C.3 Quasi-multi-Regge kinematics of a pair along the ladder

We require that the gluons are strongly ordered in rapidity, except for a pair along the
ladder. In light-cone coordinates, it is

ps > pi=pd >pd py <pp =p; <pg- (C.7)
Momentum conservation (A.2) then becomes
0=p3L+ps1 +psL+Dp6Ls
p3 = -5, (C.8)
P = —Dg -
The cyclic Mandelstam invariants are
s = p3pg
S93 = —p3p; = —|psL|?,
S34 = P3Dy
56 = Da Dg »
s61 = —PgPg = —|peLl?, (C.9)

where we did not indicate sy5 since no approximation is taken on it. The mass-shell

conditions for the gluons emitted along the ladder are

534546 535556
pasl” = — psL]? = ——=. (C.10)
In addition, it is useful to evaluate
_ 2 -
5234 = —|p3L +par|” —pyp3 - (C.11)
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C.4 Quasi-multi-Regge kinematics of three-of-a-kind

In the quasi-multi-Regge kinematics of Section C.3, where the outgoing gluons are emitted
three in a cluster on one end and one on the other end of the ladder,

Py ~pf~pf>pli ps ~py ~py <pg - (C.12)
Momentum conservation (A.2) then becomes

0 =mp31 +pa1L +p51 +D61 s
3 = —(p +pf +pd), (C.13)
P = —Pg -

The cyclic Mandelstam invariants are

s = p3pg
s23 = —(p§ +pi +p3)ps = —Ips1l® — (0f +p3)ps
$56 = D3 Dg »
s61 = —PgPg = —IpeLl’, (C.14)

where we did not indicate s34 and s45 since no approximation is taken on them. In addition,
it is useful to evaluate

934 = —|p3L +parL|* — (p3 +py)pa . (C.15)
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