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Coexistence of pseudospin- and valley-Hall-like edge states in a photonic crystal with C3v symmetry
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We demonstrate the coexistence of pseudospin- and valley-Hall-like edge states in a photonic crystal with
C3v symmetry, which is composed of three interlacing triangular sublattices with the same lattice constants.
By tuning the geometry of the sublattices, three complete photonic band gaps with nontrivial topology can be
created, one of which is due to the band inversion associated with the pseudospin degree of freedom at the �

point and the other two due to the gapping out of Dirac cones associated with the valley degree of freedom
at the K, K ′ points. The system can support triband pseudospin- and valley-momentum locking edge states at
properly designed domain-wall interfaces. Furthermore, to demonstrate the novel interplay of the two kinds
of edge states in a single configuration, we design a four-channel system, where the unidirectional routing of
electromagnetic waves against sharp bends between two routes can be selectively controlled by the pseudospin
and valley degrees of freedom. Our work combines the pseudospin and valley degrees of freedom in a single
configuration and may provide more flexibility in manipulating electromagnetic waves with promising potential
for multiband and multifunctional applications.
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I. INTRODUCTION

Over the past few years, topological photonics, inspired
by the development of topological states of matter in con-
densed matter physics [1], such as quantum Hall states [2]
and topological insulators [3,4], has become a rapidly emerg-
ing area that holds great promise for the realization of
robust control of electromagnetic (EM) waves [5]. Vari-
ous phenomena originally discovered in condensed matter
physics, such as quantum Hall [6], quantum spin Hall [7,8],
and quantum valley Hall [9] effects, are mimicked using
photonic crystals (PCs) since the behavior of photons in
PCs follows similar pattern to that of electrons in quan-
tum systems. Indeed, PCs have been found to be powerful
artificial media due to the flexiblity in manipulating EM
waves [10]. Following the early success in implementing
quantum Hall states using PCs [11–13], photonic systems
that emulate the quantum spin Hall effects exploiting the
polarization degeneracy between transverse-electric (TE) and
transverse-magnetic (TM) modes have been extensively stud-
ied [14–20]. A different proposal utilizing only the TM modes
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but exploiting the underlying crystalline symmetry of con-
ventional dielectric PCs has successfully constructed a pair
of pseudospin-up and -down photonic states based on the
two inequivalent two-dimensional (2D) irreducible represen-
tations of the C6v symmetry group [21]. This proposal has
been verified experimentally both in microwave and optical
regimes [22–25]. Recently, the valley degree of freedom as-
sociated with energy-band maxima and minima at the K, K ′
points of the Brillouin zone (BZ) of hexagonal lattices [9] has
also been introduced to photonics [26], which gives rise to
valley-contrasting transport of EM waves [27–29].

The pseudospin and valley degrees of freedom in photonic
systems allow the pseudospin- and valley-contrasting trans-
port of EM waves, which has the advantage of unidirectional
propagation and easy manipulation by choosing the chirality
of the excitation source. Thus it would be highly desirable to
introduce both pseudospin and valley degrees of freedom in
one photonic system, which would greatly extend the flexibil-
ity in manipulating EM energy transport and may provide new
opportunities for designing functional EM devices.

In this work, we present a PC structure supporting both
the pseudospin and valley degrees of freedom simultaneously.
The PC has a hybrid triangular lattice structure, which can be
considered as comprising three interlacing triangular sublat-
tices. First, the pseudospin degree of freedom is introduced
by increasing the size of one of the three sublattices such that
the fourfold degeneracy at the � point of the BZ is broken,
which leads to a topological nontrivial band gap. Next, the
sizes of the remaining two sublattices are modified such that
the rotation symmetry of the structure is reduced from C6 to
C3 and, consequently, the twofold degeneracies at the K, K ′
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FIG. 1. (a) Geometry of the 2D PC arranged in a hybrid triangular lattice with translation vectors of a1 and a2 and its corresponding BZ
(black solid hexagon). Metallic rods with different radii of rA, rB, and rC are placed at the lattice sites and the background is a dielectric with
dielectric constant of 2.2. (b) The band structure and real-space distributions of the electric fields (Ez) at the � point of the band-gap edges when
rA = rB = rC = 2.5 mm. (c) The band structure when rA = rB = 2.5 mm, rC = 2 mm. (d) The band structure and real-space distributions of Ez

at the � point of the second band-gap edges as well as the phase of Ez at the K point of the first and third band-gap edges when rA = 2.6 mm,
rB = 2.4 mm, and rC = 3.2 mm. Other parameter: lattice constant a = 10

√
3 mm.

points are broken, giving rise to the valley degree of freedom.
We note that while the mechanism used in this work to form
the pseudospin or valley degree of freedom is known in the
literature, combining these two in a single PC is a nontrivial
task and has not been studied to the best of our knowledge.
Pseudospin- and valley-momentum locking edge states are
observed at properly designed domain-wall interfaces and,
moreover, a four-channel system is presented to demonstrate
the novel routing of EM waves that can be selectively con-
trolled by either the pseudospin or valley degree of freedom.

II. PC STRUCTURE AND THE EMERGENCE OF
NONTRIVIAL PSEUDOSPIN AND VALLEY BAND GAPS

We consider a 2D hybrid triangular lattice as shown in
Fig. 1(a), which is formed by three interlacing triangular
sublattices A, B, and C that share the same lattice vectors
a1, a2 and lattice constant a. In general, this hybrid lattice
has threefold rotation symmetry rather than the sixfold rota-
tion symmetry of a regular triangular lattice. For illustration
purposes, we utilize metallic rods embedding in a dielectric
background to construct the PC. We only consider the TM
modes of the system and all the results in this work are
obtained by using COMSOL software. Note that due to the
boundary conditions of electric conductors, the out-of-plane
electric field is only confined in the dielectric region. The idea
presented in this work can also be carried over to other PC
designs.

When rA = rB = rC , there exists a double Dirac cone with
fourfold degeneracy at the � point [Fig. 1(b)], which can
be understood from the band folding phenomenon since the
primitive translation vectors now become b1 and b2 and the
K and K ′ points of the BZ associated with b1 and b2 will
be folded to the � point of the BZ associated with a1 and

a2. From the eigenstates at the degenerate point shown in
the right, we can see there exist two dipole modes and two
quadrupole modes. A complete band gap around the double
Dirac cone could be induced by simply increasing or decreas-
ing the radius of rods C. For example, if we keep the radii
of rods at the corners of the primitive hexagonal unit cell
(purple hexagon) equal (rA = rB) and make the size of rods C
smaller, then a complete band gap opens up around 18 GHz,
as depicted in Fig. 1(c). After checking the eigenstates at the
band-gap edges of the � point, we find two degenerate dipole
modes appear at lower eigenfrequency, whereas two degener-
ate quadrupole modes appear at higher eigenfrequency. On the
other hand, if we increase the size of rods C, then a complete
band gap appears again as shown in Fig. 1(d). However, unlike
the case in Fig. 1(c), the locations of the dipole and quadrupole
modes are exchanged, indicating a band inversion and thus a
topological phase transition.

The PC structure we proposed above is a simple im-
plementation of the hexagonal Su-Schrieffer-Heeger (SSH)
model [30,31] or the “shrink and expand” scheme proposed
in Ref. [21]. As the EM wave is only confined in the dielectric
region due to the boundary conditions of electric conductors,
six effective “electromagnetic particles” are formed inside
each hexagonal unit cell, see the real-space distributions of the
fields shown in Figs. 1(b) and 1(d), whose effective hopping
between or inside the unit cells can be controlled by the
relative size of the radii of rods A, B, and C. For example,
when rC < rA = rB, the effective hopping channels inside the
unit cell will be increased. As such the intrahopping will be
increased compared to the intercoupling so that a topological
trivial gap is induced, see Fig. 1(c). On the other hand, when
rC > rA ≈ rB, the interhopping becomes stronger than the in-
trahopping, thus creating a band inversion between the dipole
and quadrupole modes as shown in Fig. 1(d).
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Apart from the band inversion that introduces the pseu-
dospin degree of freedom, valley degree of freedom can also
be introduced by making the sizes of rods A and B slightly
different so that the Dirac cones at K and K ′ points (exist at
rC > rA = rB, not shown) are gapped out and become valleys,
see Fig. 1(d). The Dirac points at rC > rA = rB are protected
by inversion symmetry and by setting rA �= rB, the inversion
symmetry is broken and, consequently, the sixfold rotation
symmetry C6 is reduced to C3. One can see from Fig. 1(d)
that two complete band gaps from 18.1 to 18.3 GHz and 22.6
to 22.8 GHz appear and the phases of the electric fields (Ez)
at the K valley band-gap edges show intrinsic chirality. In
particular, the electric fields carry an angular momentum of
order ±1 at the first valley-gap edge and ±2 at the second
valley-gap edge, where the signs are determined by the phase
winding directions which are opposite for the upper and lower
edges at the same valley. Note that though the valleys at the K
and K ′ points have the same eigenfrequency, they are inequiv-
alent, i.e., compared with the K valley, the phase winding
directions at the K ′ valley edges are reversed (not shown).
The emergence of valley states with angular momentum of
order ±2 in our PC structure is a notable feature not present
in previous works [27,32].

III. PSEUDOSPIN-POLARIZED EDGE STATES

Topological edge states can be formed at the interface
between two PCs with different topologies according to the
bulk-edge correspondence principle. In the following, we will
demonstrate the existence of pseudospin-polarized edge states
within the second band gap at the interface between the topo-
logical nontrivial PC shown in Fig. 1(d) and a trivial PC with
rA = rB > rC .

The supercell of the proposed structure is depicted in the
left panel of Fig. 2(a). As can be seen from the simulated
band structures, there are two bands crossing almost the whole
band gap, which are the typical pseudospin-polarized edge
states [21,33]. A novelty of the supercell structure proposed
here is that in addition to the rods composing the trivial and
nontrivial PCs, there are rods located at the interface (marked
by green), which can be used as a useful knob to tune the
dispersion of the edge states. For example, from the band
structures shown in Fig. 2(a), one can see the dispersion will
be shifted toward high frequencies when the radius of these
rods r0 increases and vice versa.

To further demonstrate the pseudospin-momentum locking
behavior of the edge states, we show in Fig. 2(b) the distri-
butions of the time-averaged Poynting vectors at four marked
locations of the edge states [see Fig. 2(a)]. For all the four
states, the EM energy concentrates at the interface between
the trivial and nontrivial PCs and flows from one supercell
to its adjacent supercell, forming an effective wave-guiding
channel. For the states marked by triangles, the net energy
flows are along right and for the states marked by the inverted
triangles, they are along left. The left- and right-moving paths
are accompanied by half-cycle orbits. The rotation direction of
the Poynting vectors along the half-cycle orbits correlates with
the direction of the net energy flow, implying the pseudospin-
momentum locking behavior. We note that this feature is

FIG. 2. Pseudospin-polarized edge states. (a) Geometry and band
structures of the supercell containing a domain-wall interface be-
tween the topological nontrivial PC shown in Fig. 1(d) and a trivial
PC with parameters of rA = rB = 3.1 mm and rC = 1.5 mm, where
the parameters of the trivial PC are set to provide the band gap
covering of the second band gap of the nontrivial PC. The radius
of the green rods at the trivial-nontrivial PC interface is denoted by
r0. (b) The time-averaged Poynting vectors at the marked points of
the band structure in (a).

similar to that of the helical edge states found in quantum spin
Hall effects [7,8].

IV. VALLEY-DEPENDENT EDGE STATES

Apart from the second nontrivial band gap as shown in
Fig. 1(d), there exist additionally two band gaps above and
below. As there two band gaps are induced by gapping out
the corresponding Dirac cones, they are also nontrivial in
the sense that the integral of the Berry curvature associated
with the frequency band around the two valleys of K and
K ′ gives the valley Chern number of CK,K ′ = ±1/2 [9,26].
Furthermore, the two valleys can be transformed to each other
upon the rotation of the PC by π/3, π, 5π/3. As a result,
valley-momentum locking edge states are supported at the
domain-wall interface between the PC shown in Fig. 1(d) and
its inversion-symmetric counterpart, i.e., a rotation of π with
respect to each other, such that the difference of the valley
Chern number across the domain-wall interface at K and K ′
is +1 or −1. As the sign of the difference of the valley Chern
numbers determines the propagation direction of the emerging
edge states, this indicates that the edge state at one valley has
a positive velocity whereas the other has a negative one, i.e.,
the valley-momentum locking behavior.

To confirm this, we study the band structures of do-
main walls constructed by the PC of Fig. 1(d) and its
inversion-symmetric counterpart. Note two types of domain-
wall interfaces can be formed with either the smaller rods
or the larger rods at the interface, see Figs. 3(a) and 3(b).
For each domain wall, there is one edge state within each
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FIG. 3. Valley-momentum locking edge states at the domain
walls formed with (a) smaller rods and (b) larger rods, and their band
structures. The edge states are marked by red for the domain wall in
(a) and green for the domain wall in (b). The right panels show the
real-space distributions of the electric fields at the marked points in
the band structures.

valley band gap above and below. The group velocities
of the edge states at different valleys are opposite, indi-
cating the valley-momentum locking behavior. Furthermore,
from the real-space distributions of the electric fields (Ez),
we can see that the edge states show different symmetries at
the two domain-wall interfaces: They are asymmetric for the
interface with smaller rod and symmetric for the interface with
larger rods within both the valley band gaps above and below.

V. EXCITATION OF THE PSEUDOPIN- AND
VALLEY-HALL-LIKE EDGE STATES

The pseudospin- and valley-momentum locking edge states
discussed above could be useful for designing functional EM
devices. To demonstrate this, we build a four-channel system
(see Fig. 4) that consists of two EM routing channels, which
would be selectively activated by either the pseudospin or
valley degree of freedom. As the propagation direction of the
pseudospin-polarized edge states is determined by its inherent
chirality, i.e., the rotation direction of the energy flow shown
in Fig. 2(b), the two unidirectional propagations could be
selectively excited by a chiral source with positive or negative
angular momentum. We utilize a six-line-source array that
generates an angular momentum of order 1 within the hexago-
nal cluster at the interface for excitation in COMSOL. The line

FIG. 4. A four-channel system for EM routing that consists of
a 60◦ trivial-nontrivial PC interface as in Fig. 2(a) and another 60◦

interface in Fig. 3(b). The six-line-source array and two-line-source
array for the excitation in the numerical model are also shown.

sources are located equidistantly on the perimeter of a circle.
They are assigned with the same weight but different phases,
ranging from zero to 5π/3 with a successive anticlockwise
increment of π/3. On the other hand, the valley-dependent
edge states show distinct eigenfield distributions at different
valleys. Therefore, two line sources with the same magnitude
and designed phase difference that coincides with the eigen-
states are used for the excitation of the state at the selected
valley within both band gaps.

The simulated real-space distributions of Ez within the
three band gaps are depicted in Fig. 5. The parameters for the
PCs here are changed to enlarge the valley band gaps, which
will not alter the physics we proposed. At 19.64 GHz, the
pseudospin-polarized edge state is successfully excited by the
chiral source. The field is well confined at the trivial-nontrivial
PC interface and propagates only in the direction correlating
with the chirality of the source without being backscattered by
the sharp bend. Meanwhile, we can also observe the unidirec-
tional propagation for the edge states within the valley band
gaps. The field distributions within the two band gaps before
and after the sharp bend are consistent with those in Fig. 3(b).
It is worth noting that while the unidirectional propagation of
the pseudospin-polarized edge states at other frequencies can
be excited using the same settings of the source, the valley-
dependent edge states can only be unidirectionally excited by
adjusting the two line sources accordingly: The phase differ-
ence between the two line sources should be set in accordance
with the eigenstate at the selected frequency. In addition to the
capability of maintaining unidirectional propagation against
sharp bends, the pseudospin- and valley-Hall-like edge states
are also robust against moderate disorders. The robustness
of individual effects against lattice and structure disorders
has been analyzed in Refs. [21,34,35], which implies similar
behavior of our proposed structure.

For experimental realization, the 2D model system can be
implemented by 3D structure with the array of metallic rods
inserted between two metallic parallel plates, the response
of which shows a good agreement with the numerical re-
sults [21,22]. Furthermore, for ease of implementation, the
metallic rods can be replaced by metallic vias so that the
whole design can be realized by drilling metallic vias into a
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FIG. 5. The simulated distributions of the edge states. (a) The
excited pseudospin-polarized edge state by a six-line-source array
carrying OAM of order 1 at 19.64 GHz. The excited valley-
dependent edge state at (b) 17.01 GHz (in the first band gap) and
(c) 22.65 GHz (in the third band gap). The nontrivial PC has the
parameters of rA = 2.2 mm, rB = 2 mm, rC = 3.5 mm. The trivial
PC has the parameters of rA = rB = 3.1 mm and rC = 1.5 mm, and
the rods at the trivial-nontrivial PC interface have the radius of
2.5 mm.

dielectric material with metal coating on its top and bottom
surfaces.

To use only the pseudospin- (valley-) polarized wave-
guiding channel, one can set the upright (downleft) quadrant
in Fig. 4 identical to those of the upleft and downright quad-
rants. On the other hand, to exploit both the pseudospin-
and valley-Hall-like edge states, two wave-guiding channels
as demonstrated in Fig. 4 could be built. One could further
introduce more channels by dividing the PC structure into

multiple domains as studied in [36]. Therefore, a compact
triband and multichannel wave-guiding system can simply be
realized with the pseudospin and valley degrees of freedom,
which could potentially be used as optical multiplexing or
demultiplexing devices where multiband and multichannel
response is required.

VI. CONCLUSION AND OUTLOOK

In conclusion, we have demonstrated the coexistence of
pseudospin- and valley-Hall-like edge states in a PC structure
with C3v symmetry, which is composed of three interlacing
triangular sublattices. In the proposed structure, a band in-
version at the � point induced by simply changing the size
of the rods in one sublattice creates a topological nontrivial
band gap that encodes the pseudospin physics. Furthermore,
changing the sizes of the rods in the remaining two sublattices
leads to the gapping out of the Dirac points at the K, K ′
points which introduces the valley physics. The existence
of pseudospin- and valley-momentum locking edge states at
properly designed interfaces are demonstrated through dis-
persion analysis. To demonstrate the usefulness of the system
with both the pseudospin and valley degrees of freedom, we
have designed a four-channel system, where the unidirectional
routing of EM waves against sharp bends between two routes
can be selectively excited by either the pseudospin or the
valley degree of freedom. Beyond the potential multiplexing
or demultiplexing application explained in the main text, this
multiband and multidegree of freedom system could also be
potentially useful in a range of topological photonic applcia-
tions, such as topological photonic integrated circuits [35,37],
high-performance lasing [38–40], chiral light-matter interac-
tions [41–44], and nonlinear topological photonics [45–47].
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