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INTERPOLATION INEQUALITIES BETWEEN SOBOLEV AND
MORREY-CAMPANATO SPACES:
A COMMON GATEWAY TO CONCENTRATION-COMPACTNESS
AND GAGLIARDO-NIRENBERG INTERPOLATION INEQUALITIES

JEAN VAN SCHAFTINGEN

ABSTRACT. We prove interpolation estimates between Morrey—Campanato spaces and
Sobolev spaces. These estimates give in particular concentration-compactness inequal-
ities in the translation-invariant and in the translation- and dilation-invariant case.
They also give in particular interpolation estimates between Sobolev spaces and func-
tions of bounded mean oscillation. The proofs rely on Sobolev integral representation
formulae and maximal function theory. Fractional Sobolev spaces are also covered.

1. INTRODUCTION

The subcritical Sobolev embedding states that if 1 < p < ¢ and % > % — %, then for
every u in the Sobolev space W1P(RY), u € L4(RY) and

(11) (/|mﬁ5gc/ Dl + ul?.
RN RN

Because the norms in WHP(RY) and L9(RY) are invariant under translation, this em-
bedding is not compact, that is, bounded sets in WP(R™) need not be precompact in
LA(RN).

This noncompactness is an obstacle to prove that the optimal constant in the estimate
(L) is achieved. One of the key observations in the concentration-compactness method
of P.-L. Lions which allows to overcome this problem [13] is that the elements of any
bounded sequence that does not converge to 0 in LY(RY) can be translated in space so
that the sequence of translations does not converge to 0 in L{_(RY). This fact can be
deduced from the inequality [13, lemma I.1; 20, lemma 2.3; 32 lemma 1.21]:

P

1-2
(1.2) />MP§C(wp/ [ul?) Q/|DM%HMR
RN z€RN J By (x) RN

When p € (1,N) and g = J\J,V—_p the limiting inequality for (L)) is the critical Sobolev

D )
inequality

1—2
(1.3) (/ym%ﬂ Ngc/ymm.
RN RN
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This inequality is now invariant under both translations and dilations. In particular,
there are bounded sequences that do not converge to 0 in LNP/(N=P)(RN) and every
translation of which also converges to 0 in quOC(RN ). However, for every bounded se-
quence (up)nen in WHP(RY), that does not converge to 0 in LVP/(N=P) (RN there exist
sequences (Z,,)nen in RY and (r,,)nen in (0,00) such that if
un(y) = TSLNip)/pun (@n + 1Y),

then the sequence (vy,)nen does not converge to 0 in LP (RY) [14]. This follows from
the inequality for every u € WLP(RY)

_r

Np_ 1 Nep

(1.4) [ <c(sw o [ ) [ b,
o ey " Ipto o
T
which follows by Holder’s inequality from the interpolation estimate [23] theorem 1.2]
S p*/(N—p)

(15) /RN”U/‘N r < CHUHMI,(pr)/p(RN) RN‘Du’p’

where the Morrey norm is defined by

Q=

lullagorgen) = sup 7 f uf?) .
®) RN (Br(:v) )
r>0

The inequalities (I.2]) and (L4]) seem at first hand quite different: the first is translation-
invariant whereas the second is dilation- and translation-invariant. A first question that
we address in this paper is to determine the relationship between the inequalities (L2])
and (L4). We answer this question by proving a family of inequalities of which both
(C2) and (I4) are direct consequences: if ¢ > p > 1 and if A € [0,p/(¢ — p)), then for
every u € WLP(RN) N M},”\(RN),

q < = q-p p P
(16) [l < Ol el o)™ [ 1D P

where the localized Morrey norm is defined as [30] (see also [3.4])

1

— A q)9.

u A = Sup r ][ u N
” HM;Z) (]RN) ( BT(Z‘)‘ ’)

zeRN
r€(0,p)

the estimate (I.2]) follows by the classical Holder inequality from (L6]) with A = % and
p = 1, whereas (0] is obtained by letting p — co with A = %.

Our proof of (IL6]) is based on pointwise integral estimates of a function and the max-
imal function theorem. It covers higher-order derivatives (theorem [ZT]) and fractional
derivatives (theorem [L1]). Our proof also provides an independent proof of the classical
Sobolev and Gagliardo—Nirenberg inequalities.

Finally, we would like to mention that the statements of theorems 2.1l and E1] allow
to prove an interpolation inequality between Sobolev spaces and functions of bounded
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mean oscillation: assuming that s > ¢ € N, if s € N, and p > 1, then for every
u e WP(RN) N BMO(RY), one has u € W5 (RY) and

1_3 s
(1'7) ”Dzu”LSP/Z(RN) < C‘u’BMZQ(RN)‘u’&/s,p(RN)'

and if p > 1 and s € N, then for every v € W*P(RY)NBMO(RY), one has Du € LT (RM)
and

1—5 s
(18) 1D ul panregany < Cluliygogas 1Dl o vy

These inequalities were known when s € N or p = 2 [11],[19,[28].

2. STATEMENT OF THE RESULT

In order to state our results we recall the definition of the Campanato semi-norm]
[2,26]

" — sup r inf ][ u— P
‘ ’l:q A zeRN Pepk_l(RN) Br(x)’ ‘ 7
r>0

where P,_1(RY) denotes the space of polynomials on RV of degree at most k — 1. We
define the localized Campanato semi-norm

A .
= sup r inf u— P,
’ ‘l:q A(RN) :):E]RI?V PePr_1(RN) ][Br(m)‘ ‘

re(0,p)

If we use the convention that P_;(RY) = {0}, then we observe that
|u|£g:;‘(RN) = HuHMg:;‘(RN)’
It is clear from the definition that if £ < k, then for every u € L] )‘(RN ),

|u|£Z’>‘(RN) — | |£q A(RN

conversely [2, teorema 6.2],
Ul rgn <C<u A + sup p* inf ][ u—Pq>;
| |LZP(]RN) | |Lq RN) beRN | PEPL (RN Bp(m)| |

that is, we only need to look at differences with low-degree polynomials only at the scale

p-
We now state our main interpolation estimate.

Theorem 2.1 (Interpolation estimate). Let N € N, k € N, and ¢ € {0,...,k — 1},
1<p<q<ooand—€§)\§%.

p >0, if ue WEP(RN) 0 Ly7(RY), then D'u € LY(RY) and

/ D | < C (ol g1 ) / (67| D%ul? + pP| D ul?).
RN £,p RN

There exists a constant C such that for every

lWe warn the reader of the variety of conventions for the parameters in the definition of the Cam-
panato seminorm.
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We first discuss the relationship between the estimate of theorem [ZT] and similar
estimates. If » > 1, by the definition of the inhomogeneous Campanato space EZ’;‘(]RN )

and by the classical Holder inequality, for every u € W*P(RN) ﬂﬁl )‘(RN ), the inequality
can be weakened to

@ [ PP < Ol ) [ (DU 7D ).
RN L,p RN
If A < N, by the classical Holder inequality and by monotonicity of the integral
A
(2.2) [ul j1a < sup p (][ \uﬁ)z\r’
Le gzeRN By(x)

so that theorem [Z1] gives in particular the estimate in the case where fq < kp and

N > max(N (2., 1)

(¢—p)%
@3 [ st zc(sa £ W)Y [ iptae s pint)
RN Bp(x) RN

rERN

In particular, if % - % < % < % and if we set A = %, we obtain the inequality
1-2
e [ (s f )T [ @D ).
RN zeRN J B, (x) RN

This inequality yields (I2)) in particular; the estimate ([2:4]) can be proved in the wider
range p > 1 by the Gagliardo—Nirenberg interpolation inequality applied to balls and
then by integration over balls; this argument is well-known for £k = 1 and p > 1 [I3|
lemma I.1; 20, lemma 2.3; 32, lemma 1.21].

The inequality (Z3]) implies a subscale of the Gagliardo—Nirenberg interpolation in-
equalities[8,21]: if g < kp and ¢t = % > max(Nﬁ, 1), then

/ 4| Dbt < C( / Jul ) / (0% | DFulP + o | DtulP).
RN RN

We have in particular, if % - % < % < %, the classical Sobolev inequality

1 1 »
_ 1< o= Ep| Dk, |P P\\?
pN /]I{N‘u’ - (pN /RN(p D b+ Jul"))

If g < kp and A = 0, we have the interpolation inequality
[ A0t < Cluli g, [ (671D87 + 700,
RN RN
If¢e{1,...,k—1} and A = 0, the latter inequality can be improved by the isomorphism

between Campanato spaces and functions of bounded mean oscillation (BMO) [2, p. 159;
255 26, theorem 4.3], the estimate of theorem 2L if ¢g < kp, then

lq1 e, 19 q—p kp| nk, |p /p1 e, |p
(25) [ PP I < Clulte, e, [ TID AP 4 7D )
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where the local bounded mean oscillation seminorm is defined by

lulmo,&N) = Sup ][ ][ —u(z)|dzdy.
$ERN 7‘ 'r(x

0<r<p

We remark also, that when A € (—¢,0) is not an integer, the inhomogeneous Campanato
seminorm is a Holder seminorm [2], teorema 4.1; 10} 26, theorem 4.4].

As the proof of theorem 2.1] does not depend on any Sobolev or Gagliardo—Nirenberg
inequality, the proof of theorem 2Tl provides an alternative method to prove these inequal-
ities based essentially on the Sobolev integral representation and the maximal function
theorem.

In the homogeneous case A = (kp — £q)/(q¢ — p), if we let p — oo, theorem 2] implies
an interpolation result between Morrey spaces and Sobolev spaces

(2.6) [ D%l < Clul oo n®)7 [ DRp.
RN ¢ RN
In particular, when kp < N and % = % — % in (2.6]), we obtain the generalization of
(L)
¢ N (BY) K
(27) [ D < el S5 m [ Dt
RN N

which was known for £ =1 and p = 2 or k = 2 [23] theorems 1.1 and 1.2].
If kp = g¥, then the inequality (2.6]) becomes, by the equivalence between the Cam-
panato space Eé’O(RN ) and the space of functions with bounded mean oscillation BMO(R™Y),

1
(28) [ Dl < Clulygli, [ D P
R
where the bounded mean oscillation semi-norm is defined by
lulpmory) = sup ][ ][ u(z)|dz dy.
mGRN r(2) r(x)

The estimate (2.8]) is also the limit when p — oo of ([Z5]). This estimate was proved by
embeddings in the Besov scale space [19} theorem 1.4] and by duality between BMO(RY)
and the real Hardy space H!'(RY) [28, theorem 1.2]. Similarly, when (¢q — kp)/(p — q)
is positive and not an integer, we recover from (Z6]) interpolation estimates with Holder
continuous functions [21]

V4 - k .
(2.9) /RN‘D ul? < C’U‘qc(g;—kp)/(q—p)(RN) /RN‘D ul?;

the latter inequality still holds for integer (¢q — kp)/(q — p) if one takes the semi-norm
in the corresponding homogeneous Zygmund space.
When k = 1, the inequality (Z6]) also follows from the stronger interpolation inequality

[12, theorem 1]
[l < Il [ 1D
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by embeddings of the Morrey class MP/(@=P)(RN) in the Besov space Baod. J{a=p) (RM)
[12, §2.3; 23, lemma 3.4] (see also [33] corollary 3.3, proposition 2.4 and corollary 2.2])
the latter approach covers specifically the case p = 1 [5H7]. (For p = 2 and ¢ = 4 see
also [19, theorem 2.6].)

If ¢ > p(1+ %), the Lorentz space LN(@=P)/(kp).20(RNY) is continuously embedded in
MUkp/@=p)(RN) and thus the estimate (Z6]) implies

- k

If p € [1, %), the inequality (ZI0) can also be deduced from the embedding of the

Sobolev space W*P(RY) into the Lorentz space LNP/(N=kp).p(RNY) [Tt 22; [24], théoréme
7.1;129] and by interpolation between Lorentz spaces. These inequalities imply the weaker

inequality [9]:
q q—p k, P
J e < Ol e, [ 14

by the homogeneous embedding of BS,OO(RN ) in LP9(R™) which is a consequence of the
embeddings of Besov spaces into Lebesgue spaces and interpolation theorems [31].

3. PROOF OF THE ESTIMATE

The proof of theorem 2.1] will use a pointwise estimate on the value of a function by
its derivatives.

Lemma 3.1 (Pointwise estimate of the value of a function). There exists a constant
C > 0 such that for every u € Wll’k(RN), for almost every x € RN and for every R > 0,

ocC

k
RYD u(z)| < C(/ % dy + ][ \u!)
Br(0) lz —yl Br(z)

When ¢ = 0 this estimate is a direct consequence of the Sobolev integral representation
formula [I6, theorem 1.1.10/1]. It has appeared as an intermediate step of pointwise
interpolation for derivatives [17), (15)]. We provide here for the sake of completeness a
complete argument following that is a combination of these proofs [16], theorem 1.1.10/1;
17, theorem 1].

Proof of lemma[31. We fix n € C¥(By) such that fB1 17 = 1 and we define for every
r € RN and wy,...,w; € RY, the function g : (0,00) — R for each r € (0,00) by
o) = [ Dute e, win)de = [ Dl vy ),
1 r (X

where we have set for every r > 0 and 2z € RY, n,(z) = n(z/r)/r"V. The function g is
k — j times continuously differentiable and for every j € {0,...,k — ¢} and r € (0, 00),

gD (r) = / DIz +r2)[wy, ..., we, 2, . .., 2|n(z) dz
B

1
— L D, wey— ey - dlly — 2)dy.
T By (z)
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By integration by parts, for every j € {0,...,k — £}, there exists a function 7/ €
C*=J(By; Lin*(RY)) such that

D y()wy, ... wp, 2, ..., 2n(z)dz = (—1)! /B v(2) (2)[wy, ..., we dz,

B
and hence
g (r) = D u(x +r2)[wy, ..., wp, 2, ..., 2|n(z) dz
B
_ Y u(z +72)n7 (2)[w wy|dz
RS TR - 10
(=1’

_ iy —
=T /Br(x)U(y)m(y z)[wi, ..., weldy.

where we have set for every r > 0 and z € RV, ni(2) = o (z/r)/r
If 2 is a Lebesgue point of the function D‘u, then

lim g(r) = u(z).

Moreover, since u € Wlif (RN), for almost every = € RY and for every R > 0,

|DFu(y)|
/BR(a /BR(;L« |z —y IN PEEER A (/BQR(a)|DkU|)(/ |2|N= kdz)

hence for almost every = € RV,

-

x) |£C - y|N7k

By the integral version of the Taylor expansion of g at R, we write

-1 () ; R (k) () (—p)k—1
(3.1) Deu(x)[w1,...,wg]—}1£r(1]g z:: M‘/g %dr
—l—
z:: E/ —x)[wr,...,w]dy
/ /T(x wl, . ,wg,ﬂ:—y,...,x—y]ﬁr(y—x)dyﬁdr-

By Fubini’s theorem,

R
1
DFu(y Wiy eo o, W, T — Y, ..o, & — YNy — ) dy-——-=—dr
/0 /T(x) W)l I ) (k= Dlr

1
T (k—1) /B ( )Dku(y)[wl"”’w’x_y""’x—y]Hr(y—ﬁv)dydT,

where we have set for r > 0 and z € b H,(2) = H(z/r)/rN

H(z) = /:O ”iff) dt.
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Since |H,(2)| < C|z|™" and |ni(x)] < Cr~, we conclude that
Dk
RYDu(z)| < c(][ ) +/ AP gy, O
B@ B v =l

Proof of theorem [2l. For almost every z € RY, for every R > 0 and every P €
Pr_1(RY), we bound by the pointwise estimate (lemma [, since D‘P = 0 on RY,

R|D*u(x)| = R*|D"(u ~ P)(x)|

DF(u—P
Bgr(0) |z —y Br(z)

Dk
- c(/ 1D7uly)l dy+][ [u—PJ).
Br(0) [T — Yl Br(z)

We observe that by Fubini’s theorem

|DFu(y)| /R 1 / k, k-1 1 k
—=—dy = (N — k) — | D%l )™ dr + —— | D).
/BR(J:) |z — y| N+ 0 (T’N Br(z) ) RN=F g

We fix § > 0. Hence, if R < p, in view of our previous computation and by definition of
the maximal function and the Morrey-Campanato norm,

(32 AID (@) < O R EMAD ) @) + Rl ).
0

If ‘ulﬁé’i(RN) < M(|DFul)(z)pF*, we take

lulgor@yy \ Hx
o (e
M(|DFul)(x) '

and we obtain

I~ 0+ k apbdp ksl
pID u(a)| < O+ (MADFul) @) S ul I
P
33 k . AR Neee
SC([) M(’D u’)(x)) (p ’u‘ﬁz’?(RN)) :
Otherwise, we observe that by [3.2) with R = p,
P D@ < oMl o e
and thus if -\ —/4<pB<k—/
A+448 k—t—p
(3.4 P 1D (@) < C(p 1D u(@))) S (o7l guw) T
£,p

Hence, we have in both cases in view of (8.3]) and (3.4)
k—t—p

A+e+8
(35) D) < CPFMD ul)(x) + oD u(@)) T (0l 1 o) T
0

If we take g = % — A — £, we observe that by the assumption A < %, £ >0 and
thus, since A > —¢, 8 > —X — £. Moreover p < g implies that § < k — £. We obtain thus

o [ D%t < Ol ) [ MAD )+ D)
RN L,p RN
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By the maximal function theorem [27) theorem I.1], we deduce the desired estimate. [J

Remark 3.1. The estimate (4.7) is a variant of the local pointwise interpolation estimate
by maximal functions [I7), remark 3]

p1D ()| < (My(| D ul) (@) + o~ Ml (@) F (Ml (),

where the localized maximal function operator is defined by M,(f) = supy<, <), fBr($) |f].

4. THE FRACTIONAL CASE
In this section we study a fractional counterpart of theorem .11

Theorem 4.1 (Interpolation estimate of the function). Let N € N, k € N, and ¢ €
0,....k—1}, 1 <p< <oo,0<0<1and—€§)\§w. There exists a
{0,..., p<gq =

constant C' such that for every p > 0, if u € Wk+a’p(RN)ﬂE;’;‘(RN), then D*u € LI(RY)
and

LR
o |D*u(z) — Dru(y)[”
<C(p~ |u|£1A(RN ) Pp(k+ /RN /]RN |x— |N+op dz dy+ o P£p|Déu|p)-

In contrast with theorem 2.I] the case p = 1 is covered. Theorem [£.]] has the same
consequences as its counterpart theorem 2.1l We mention here some of the most striking
consequences.

In the homogeneous case A = %

if

, we obtain the fractional counterpart of (2.6]):

k k
1 q-—p [ D u(z) — D u(y)[?
(4.1) / | D ul? < C(|U| k+cr)P £q)/(a— p)(RN)) /RN o — gV dx dy.

In particular, if p(k 4+ o) < N, then

e wiowt [ |Dbu(e) - Dhuy)l?
(4.2) /R |u| M= (k+0)P < C(|u| L N/p (k+o)(RN)) N=(ktao)p /]RN o — gV dz dy.

The estimate (£1]) was known for p = 2 [23], theorem 1.1].
We also have the interpolation 1nequahty for £ > 1,

¢ plto) (ke _1)p ‘Dku(x) - Dku(y)‘p .
(4.3) /RN\DU LS (\u’BMO(RN)) ‘ /RN |z — y|N+sp dz dy;

this inequality is a consequence of interpolation inequalities between Besov spaces [15].

Lemma 4.2. There exists a constant C' > 0 such that for every u € I/Vllk(RN) for
every x € RV and every R > 0,

|D*uly) — D*u(x)|
\D ()| < C(/ e dy+]€3R(x)\uy).

BR($)




10 JEAN VAN SCHAFTINGEN

This inequality implies by Holder’s inequality the fractional interpolation estimate
[T7, (32); 18, appendix]

IDfue)] < C(Mul(w)' =

RN
the inequality of the lemma appears in fact in the proof of the latter inequality [17, (32)].
We give a proof of the lemma for the sake of completeness.

|D*uly) — DkU(fﬂ)lp)—pwﬂo) :
|z — y| NP 7

Proof of lemma[{.3 The proof begins as the proof of lemma [B.Il Instead of (B.1]), we

write

k=€ (5) _RY R (k) (y) — o(F)
D'u(z)[wy, ..., we) = limg(r) =Y g7(R) (=R)’ _/0 g ((; _*(i)! (R)(_r)kfl dr.

r—0 =0 ]!

We first have as previously
k=L GO(RY(=R)Y  F=f 1 :
g
Z—( ).,( ) = 27/ U(y)ﬁﬁj)(y—w)[wh---,wk] dy.
=0 J: =0 Br(z)

Next, we have

/ 1 g®(r)— g™ (R) (—r)Ftdr
0

rk (k—1)!
R
= _/ Dku(x—i—rz)[wl,...,wk,z,...,z] —Dku(x)[wl,...,wk,z,...,z]
0 B1
+ D*u(z)[ws, ..., wg, 2, ..., 2] — DXu(z + R2)[wi, ..., w, 2,. .., 2])
(_T)kfzq

(Y — z) dy———=dr.
m(y — ) ey
and we conclude by changes of variable and Fubini’s theorem. O

Proof of theorem [f.1. For almost every x € RY  for every R > 0 and every P €
Pr_1(RY), we bound by the pointwise estimate (lemma [B.1]), since D‘P = 0,

D¥ — DF
RY|D'u(z)| < c(/ | Tiy) y‘N;‘(””)’ dy + ][ [u—PJ).
Br(0) - Br(z)

We fix § > 0. By Holder’s inequality and by definition of the Campanato norm, if R < p,
(44) D ()] < Cp P (RM T Dy (Dru)(@) + B Plul s gy

where we use the notation
Du(y) — DMu(x)|\»
Dy (D" = | g
p(Du)(x) (/RN |z — y|Ntop )

If |u|£;,;(RN) < Dy p(DFu)(2)pF o+ we take

LIRS
Do (D))
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and we obtain

k—¢—p
+o+A

A4+
PID ()] < Cp (Do (DFu) () 5 ful 150
(4.5) . k s _
< O(p"7 Do (D*u) (@) 7745 (07 ul g1 vy ) 5750

Otherwise, we observe that by (@4 with R = p,
P D ()] < ol

and thus if - A\—/(<pg<k+4+o0—/

A+L+8 k+o—0—p
(4.6) pngéu(w)’ < C(szDéu(m)’) Mhto (P_)\‘UILLA(RN)) kto
£,p
Hence, we have in both cases, in view of (@3] and (4.6]),
A+e+p k+o—0—8
(4.7)  p'|D*u(z)| < C (0" Dy p(D*u) () + p*|Dlu(x)]) *+e (p*)\|u|£l’>\(RN))7>\+k+o _
L,p

We take 8 = w — A — ¢ and we conclude with

o [ D%t < OOl ) [ (7 Dy (D@ + 41D ). O
RN L,p RN

The above proof allows to recover in particular the unpublished elementary proof of
fractional Sobolev embeddings of H. Brezis.
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