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Asymptotics for Toeplitz determinants: perturbation of
symbols with a gap

Christophe Charlier* and Tom Claeys*

January 19, 2015

Abstract

We study the determinants of Toeplitz matrices as the size of the matrices tends
to infinity, in the particular case where the symbol has two jump discontinuities and
tends to zero on an arc of the unit circle at a sufficiently fast rate. We generalize an
asymptotic expansion by Widom [22], which was known for symbols supported on
an arc. We highlight applications of our results in the Circular Unitary Ensemble
and in the study of Fredholm determinants associated to the sine kernel.

1 Introduction
We consider Toeplitz determinants of the form

1

27
Dy (f) = det(fj—k)jk=0,.. n—1 fi= o ), F(e®)e i%qp, (1.1)

where the symbol f is given by

(1.2)
s, for 0y <0 < 2w — 6y,

f(eie) — eW(ew) % {L for —0p <6 < 007
and fi is the k-th Fourier coefficient of f. The symbol depends on the parameters
s €]0,1] and 0y € (0,7), and on a function W (z) which we assume to be analytic in a
neighbourhood of the unit circle. In the simplest case where W (z) = 0, f is piecewise
constant with jump discontinuities at e*%.

For s € [0,1] and 6y € (0, 7) fixed, the large n asymptotic behavior for the Toeplitz
determinants D, (f) = Dy(s,6p, W) is well understood. For s = 0, the symbol is
supported on the arc v = {e : —0y < 0 < 6p}. If f is positive on v and symmetric,
f(e?) = f(e™), we have the following asymptotics due to Widom [22],

= 1

o0
e 1 0 1
+ kz_:l kW W_j, — 1 In cos 50 +t 15 In2 + 3¢'(—1) + o(1), asn — 0o, (1.3)
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where Wk is the k-th Fourier coefficient of W, defined by

[

W(ew) _ W(€2iarcsin(sin970sin 5))’ (14)

and where ( is the Riemann (-function. For W = 0, it was shown in [17, 18] that this
result holds not only for 0 < 8y < 7 fixed, but also if 6y approaches m slowly enough
such that n(m — 6p) is large. The error term in (1.3) then becomes O(n~1(7 — 6p)~1).

On the other end of the parameter range for s, we have s = 1: here the symbol is
smooth and we have the Szeg6 asymptotics

InD, (s =1,00, W) =nWy+ Z EWRW_i. 4+ o(1), as n — oo. (1.5)
k=1

For 0 < s < 1, f has two jump discontinuities which are special cases of Fisher-Hartwig
(FH) singularities. FH singularities are generally characterized by two parameters: «,
which describes a root-type singularity, and 3, which describes a jump discontinuity.
Our symbol f has Fisher-Hartwig singularities at ¥ with parameters o = 0 (which
means that there are no root-type singularities) and § = $ﬁ log s. Asymptotics for
Toeplitz determinants with Fisher-Hartwig singularities have been studied by many
authors [15, 23, 2, 3, 4, 14, 8, 9]. Applied to our symbol f, the results from, e.g., [8]
imply that, for s € (0,1) fixed, i.e. independent of n, we have

(In s)? | In(2sin 6y)

In Dy, (5,00, W) =nWy + 55 I 53
Ins +o0 +o0

+ 7 Z(Wk + W_k) Sin(k‘eo) + Z KW W _y
k=1 k=1

+2In <G <1 + g;j) G (1 - 1;;)) +o(1), (1.6)

as n — 0o, where (G is Barnes’ G-function.

If we let s tend to 0, the jump discontinuities of f turn into endpoints of the support
of f, and f transforms from a Fisher-Hartwig symbol to an arc-supported symbol on
[—60, 0p]. Nevertheless, letting s — 0in (1.6), we do not recover the Widom asymptotics
(1.3). This means that a non-trivial critical transition in the asymptotic behavior for
D, (s,6p, W) takes place as s — 0. In this paper, we show that the Widom asymptotics
(1.3) extend to the case where s # 0 but s = s(n) — 0 sufficiently rapidly as n — oc.

Theorem 1.1 Let 6y € (0,7) and define
0
x. = —2Intan ZO' (1.7)

Let f be of the form (1.2) with W analytic in a neighbourhood of the unit circle. As
n — oo and simultaneously s — 0 in such a way that 0 < s < e~ %" we have

In D, (s,60p, W) =1nD, (0,00, W) + o(1). (1.8)

The error term o(1) is uniform for 0 < s < e %" and e < 0y <7 —€, € >0, and can
be specified as

o(1) = O(n~12emeny), (1.9)
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Figure 1: As n — oo, In D, (s, 60y, W) follows Widom asymptotics for s = 0, Fisher-
Hartwig asymptotics for s € (0,1) fixed, and Szegé asymptotics for s = 1. Theorem
1.1 implies that the Widom asymptotics remain valid as n — oo with s = s(n) below
the curve s = e *". As n — oo with s = s(n) above the curve, a different type of
asymptotic behavior is expected.

In addition, the result extends to the case where 0y approaches w at a sufficiently slow
rate: (1.8) holds for e < 0y < m — % with M sufficiently large and 0 < s < e™%<" with
the error term given by

0(1) = O((m — )/ ?n=1/2enees), (1.10)

Remark 1.2 We believe the bound s < e7®<" is sharp: as n — oo, s — 0 with
s > e " the asymptotic behavior for In D, (s, 6y, W) is expected to be described in
terms of elliptic f-functions. For a heuristic discussion, see Section 5.4.

Remark 1.3 If f is positive on 7 and even in 6, the asymptotics for In D,, (0, 8y, W) in
(1.8) are given by (1.3). The perturbative result (1.8) is valid for general analytic W,
even if the positivity and symmetry conditions needed for the Widom asymptotics do
not hold. Note that the error term o(1) = O((7 —6g)/?>n~1/2e"*5) in (1.8) improves as
0o approaches w. This is reasonable since the perturbation of the arc-supported symbol
then takes place on a shrinking arc near —1. For our proof, it is however crucial that
n(m — 6p) is sufficiently large.

Application 1: the Circular Unitary Ensemble

Consider the Circular Unitary Ensemble (CUE) which is the set of unitary n x n
matrices with the Haar measure. The eigenvalues €1, ... e in this ensemble have
the joint probability distribution

1 o g2 T
W H ’ewﬂ — € ek‘2 Hd«%, 0]_,. . .,0n S [0,277) (111)
J=1

" 1<j<k<n



Define the random variable X = Xj, as the number of eigenvalues of a CUE matrix on
the arc v = {e¥ : —fy < 0 < 6p}. The average value of Xy, is given by

0
E,(Xg,) = ?On (1.12)

Define the moment generating function
F,(\) = E,(eM). (1.13)
By (1.11), we can write this as

1 . , n
Q) = — / I 1% — e 2o T ao (1.14)
j=1

I
(2m)mn! o 2x]n 1<jh<n
1 . . - i
= i LT e[, )
S0.27]" i ke j=1

with x, the characteristic function of the arc . But using the standard multiple
integral representation for Toeplitz determinants, we obtain

F,(\) = e™Dy(s =e > 00, W =0). (1.16)

This is an identity for any A > 0. The moment generating function F,(\) at large
positive values of X contains statistical information about large deviations where Xy, is
much bigger than its average value. As an illustration, a rough estimate of the integral
in (1.15) gives us the inequality

Prob,, [Xg, > p] < e PAF(\) = " PAD, (e7, 6, 0), (1.17)

which holds for any A > 0 and p € {0,1,...,n}. Theorem 1.1 gives asymptotics for
Dy(e=*,6p,0) for A > nx.. For large n, the minimum of the right hand side of (1.17)
in the range A > nz. is attained near

A =nx. = —2nlntan 04—0. (1.18)

Substituting this value for A and the asymptotic behavior for D,,(e~"*<, 6, 0), we obtain

0 —2n2+42pn 0 n
Prob, [Xg, > p] < (tan 40> (sin 20>
0o\ /4 ,
x M4 <cos 20> 21/12e3¢(=1)(1 4 (1)), n — oo. (1.19)

For typical values of p ~ %On, and even more generally for p < (1 — ¢)n with

0o

I si
c= _Hsmn (1.20)
2Intan %07

this estimate does not give any useful information since the right hand side is large for
large n. We do get non-trivial information for large deviations from the typical value.



If we let p =n —w(n), we have

0 —2nw(n) 0 n?
Prob, [Xg, > p| < <tan 40) <sin 20>

oo\ —1/4 ,
x pUA (COS 20> 21263 (1 1+ 0(1)), (1.21)

as n — oo, and the right hand side decays whenever w(n) < cn. If w(n) = o(n) as
n — 00, we observe that the probability to have at least n —w(n) eigenvalues on ~ can
be estimated by

Prob, [Xg, > n —w(n)] = O(n_1/4e"2¢(90)_2"w(") lntan%o), as n — oo, (1.22)

where the rate function ¢ is given by ¢(fy) = Insin %0. Note that this is not a large

deviation principle since we only have an asymptotic upper bound for the left hand
side of (1.22). A more detailed analysis of the moment generating function F(\) may
lead to better estimates, but it is not our aim to proceed in this direction.

Application 2: sine kernel determinants

In the double scaling limit where n — oo and 6y approaches m at rate O(1/n), the
Toeplitz determinant D, (s, y,0) converges to the Fredholm determinant of the oper-
ator 1 — (1 — s)K,, where K, is the integral operator acting on (—y,y) with kernel

sinr@—1). we have [10, formulas (236)-(241)]

w(z—t)
2
lim Dy (s, 00 = 7(1— %),0) = det(1 — (1 — 5)K,), (1.23)

where the operator K is defined by

Y sinm(z —t)
m(x —t)

(Ky)a) = [

-y

g(t)dt. (1.24)

Asymptotics for the right hand side of (1.23) have been studied by Dyson [13], see also
[10] for a historical review; the double scaling limit where y — oo and simultaneously

s — 0 appears to be subtle. As y — 0o, s — 0 in such a way that s < e_%y, with

1
¢= 5 m2+3¢(-1), (1.25)
we have
w2y 1
Indet(1 — (1 —s)Ky) = — 5 1 In7y + ¢+ o(1). (1.26)

Except for s = 0, (1.26) had not been proved rigorously until the recent paper [6],
where double scaling asymptotics were obtained both for s < e~ and for s > e 7Y,
The value of the constant (1.25) was also proved in [6].

As a consequence of our Theorem 1.1, we re-derive (1.26) and (1.25). Indeed, by
(1.3), (1.8), and (1.10), we have

2 1 1 1/2
In D, (s, w(l—;y),o) = n?Incos %y—z lnn—Z lnsin%y+c+(’)(y76"xcs)+0(y_l),
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(1.27)

with the error term uniform for n,y large, y1/2/n small, and
5 < e~ Ten _ e2nlntan%0 _ e2nlntan(§—%). (1.28)

The right hand side of (1.28) can be written as e Y (1+O(y*n™1)) for n,y large and
y?/n small.
Now, let us choose an arbitrary small function ¢(y) > 0 and assume s < (1 — e(y))ef%y.

Then for n sufficiently large, i.e. for n >> 32/e(y), (1.28) holds, and letting n — oo in
(1.27), we obtain

2y 21 1
lim In Dy (s,7(1 ——),0) = — ——Inmy+c+0y ), (1.29)

n—o0 n 2 4

for large y. We thus re-derive (1.26) in the double scaling limit where y — 0o, s — 0 in
such a way that s < (1 — e(y))e_%y, and we confirm the value of the constant (1.25),
using different methods than in [6].

In [6], the double scaling asymptotics y — oo, s — 0 such that s > e~ Y have also
been considered, and asymptotics for det(1 — (1 — s)K,) in terms of elliptic f-functions
were obtained. This is consistent with Remark 1.2 and the discussion in Section 5.4.

Outline

In Section 2, we will derive identities which express d% In D, (s,6p, W) in terms of or-
thogonal polynomials on the unit circle. In Section 3, we will study an equilibrium
problem which is crucial to obtain asymptotics for the orthogonal polynomials. In Sec-
tion 4, we will obtain asymptotics for the orthogonal polynomials as the degree tends
to infinity, via the Riemann-Hilbert (RH) method. An important novel feature in the
RH analysis is the construction of a modified Bessel parametriz compared to Bessel
parametrices that appeared in the literature before. This modification is needed be-
cause s # 0. The asymptotics for the orthogonal polynomials will lead us towards large
n asymptotics for d% In D, (s, 6y, W). Integrating the differential identity will complete
the proof of Theorem 1.1 in Section 5 for 6 fixed. In addition, we explain how the
proof can be extended to the case where 6y — 7 at a sufficiently slow rate.

2 Differential identities for Toeplitz determinants

In this section, we derive an identity for d% In D,,(s,6p, W) in terms of orthogonal poly-
nomials on the unit circle. Define ¢;,¢;, 7 = 0,1,2,... as the family of orthogonal

polynomials on the unit circle characterized by

Lo 0\ 7 (,—i i
° D1 ()P (™) f(e)dO = b, Vk,m € N, (2.1)
0

where the degree of ¢;, qzz is 7, and their leading coefficients x; are equal and positive.
For general weight functions f(e?), it is a standard fact that ¢y, ¢, exist and are
unique if Dy, (f), Dnt1(f) # 0 and that they are given by the determinantal formulas



[21]

foo faa fo o foa
. f1 fo fo1 o fonp
On(2) = ———| : o N (2.2)
DnD,,
i fnfl fn72 fn73 T f,1
1 z 22 .. 2"
and
fo f1 f2 o foupr 1
5(2) = 1 f1 f.o fT1 f—q.m+2 Z ’ (2.3)

VDnDyyy | : : " : :

fn fn—l fn—2 fl 2"

where D,, = D, (f) is the Toeplitz determinant defined in (1.1), and where f; is, as
before, the k-th Fourier coefficient of f. If f(e%) is positive, D,,(f) > 0 for alln € N and
the OPs are well-defined. For complex f, existence and uniqueness of the orthogonal
polynomials is not guaranteed for any n. For f given in (1.2), it will follow from our
analysis that they are well-defined for n sufficiently large and 0 < s < e *". If W =0,
the symbol f is even in @ and positive, which implies that ¢ = ¢ = ¢x.

From (2.2), we see that the leading coefficient x,, of ¢,, is equal to

B B D, (5,00, W)
Xn = Xn(s, 60’ W) N \/Dn+1(57907 W) .

We can thus express D, (s,0, W) in terms of the leading coefficients of the OPs if
Do,Dl,...,Dn 7&0

n—1
Dn(s,00,W) =[] x; (2.4)
j=0

To obtain an asymptotic formula for D,, (s, 6y, W) from this formula, we would need
information about all OPs of degree 0 up to n — 1. To circumvent this problem, we
derive differential identities for In D,,(s, 6y, W).

2.1 Differential identity for general W

For general sufficiently smooth symbols f(z;s) depending on a parameter s, there exists
an identity for the logarithmic derivative of D,,(f) with respect to s: if Dy,_1, Dy, Dpt1 #
0, we have [9, Proposition 3.3]

O0sIn Dy, (5,600, W) = 1/ 27" [Yﬁl(z)Y’(z)]21 0sf(z,s)dz,
S1

27

where 57 is the unit circle in the complex plane, ' = %, Os = 3

Xn ' &n(2) X' P s
Y(z) = 51 . (2.5)

_Xn—lznil(z)n—l(zil) —Xn—1 —_— ;
s, w—2z 2miw



For our symbol given by (1.2), this formula reduces to

1
0.1n Dy(s, 00, W) = - / Y)Y (2)],, ¢ Pz, (2.6)
s
Y

where v¢ =57 \ 7.

2.2 Differential identity for W =0

If W = 0, the integral at the right hand side of (2.6) can be simplified. Although
(2.6) will be sufficient for the proof of Theorem 1.1, we will show here how to simplify
the differential identity if W = 0. This will allow us to give a more elegant proof of
Theorem 1.1 in this case.

Proposition 2.1 Let D, (s, 6y,0) be the Toeplitz determinant with symbol (1.2) in the
case where W (e'?) = 0. We have the following differential identity for In D, :

Osxn  2(1— —_ i
s 1n Dy (s, 00,0) = —2n Xi LA - ) (¢n(e“90)8s¢n(e 90)). (2.7)

Proof. Taking the logarithm of both sides in (2.4), and then differentiating with
respect to s, we get

0sIn Dy, (s, 60,0 *—22 SXJ

i=0 Xi

On the other hand, by (2.1),
1 2w

A A R
- [ 0 (@s(eM)05() f(e?)db = 27X,

Xj
and this gives
27 n—1 o )
ds1In Dy, (s,60,0) = —/ > 0i(e)p;(e?) | £(e?)do. (2.8)
j=0
Here we can use the Christoffel-Darboux formula (see e.g. [21, 8] for a proof of it):

Z@ = —160(2)8n (=) + 2 (Fa(=7)6(2) — @) 6u(2))

Substituting this into (2.8), we obtain

83Xn
Xn

0sIn Dy, (s,0p,0) =2n

2T d o . _
“5r | a1 (B8 — (Gala)
OsXn

n

!/

L n(e®)] ()0

z=et0

=2n + 0L+ L+ I3+ 1y, (2.9)



where
27

I = —% i eieas (%(e—ie)) @L(ew)f(ew)de, (210)
2 ] ' '
L= _glﬂ/o eon(e™"")0s (%(629)) f(e)do, (2.11)
2r L , ‘ A
I3 = 217r/0 61988 ((¢n(z—1)) Z:€w> ¢n(€ze)f(€u9)d9, (2‘12>
I = % 0% e (6a(="N)'| _, 0s6ule”)f(e*)ab. (2.13)

From the orthogonality relation (2.1), we easily get

)
I=I; = —n X2, (2.14)

Xn

The computation of I; and I is slightly more involved. Using (1.2), we have

L 02” A (G L (ou(e™) as

S 0 () & (o) 0. @19

211 0o

I =

Integrating by parts and then using orthogonality, we obtain

_ 1= —— —i PNERL I ing 4 (—, _ip i0
ho= S [0 (Ge™) nle)],) 7 45 | on()0, 5 (Gn(e™)) S(e)a0
1—3s — i 0 2m—0p 85Xn
= ! ! —n—. 2.1
2me [38 (qbn(e )> Pnle )}90 " Xn (2.16)
In the same way, we show that
O T i i
L= o [ e @), 0l (a0
7'('1 _OS S zze 27— 88Xn (217)
= g [FeleB0u()] -
Summing up (2.14), (2.16), and (2.17), and using the fact that ¢, = ¢, if W = 0, we
get the result. O

As a consequence of Proposition 2.1 and (2.5), we can express the right hand side
of (2.7) in terms of Y = Y™ given by (2.5):

Corollary 2.2 We have

85 In Dy (s, 80, 0) = nds In Y12(0) + 2(1; ) (Ylifjgia <Y1§£1€2(9;§>> - (2.18)

Proof. By (2.5), we have
Yi2(0) = x % Yu(e'™) = xq, ' dn ().

Substituting this into (2.7), we get (2.18). O



Integrating both sides from 0 to sp in (2.6) or (2.7), we obtain
S0
In Dy, (so, 00, W) —1In Dy (0,00, W) = / [0s In Dy, (s, 00, W)] ds. (2.19)
0

In order to obtain asymptotics for In D,,(sg, 0o, W), we need large n asymptotics for
the right-hand side of (2.6) and (2.7) uniformly for 0 < s < sp.

To obtain large n asymptotics for Y, we will use the following RH characterization
[16]: Y (2) = Y(™(2) is the unique 2 x 2 matrix-valued function which satisfies the
following properties.

RH problem for Y
(a) Y :C\ S; — C?*2 is analytic.
(b) Y has the following jumps:

Y+(Z) = Y—(Z) (é anf(z)> R for z € 51 \ {ZO = ei907Z—0 = 67100} ,

where Y, (2) (Y_(z)) denotes the limit as z is approached from the inside (outside)
of the unit circle.

Z'I”L

_ 0
(c) Y(2)=(I+0(z71)) <() z_”> as z — 00.
(d) As z tends to zp or z tends to Zg, Y behaves as

~ [(O(1) O(ln|z — 2])
Y61~ (0) ols—ah) =

_(0(1) Oz~ =) _
Y(2) (0(1) (’)(ln]z—zo|)> as z — 2g.

3 Equilibrium measures
It will be convenient to introduce a new parameter x € RT U {+o00} defined by
s=e ", (3.1)

such that f can be written as f(e?) = eW () g=nV (e®)

) f 6
V(i) = 0, for e €7, (3.2)
z, fore? e S\ Y.

, Where

An important ingredient for the large n analysis of the orthogonal polynomials and the
RH problem for Y is the following minimization problem: find the measure pu = p(®
which minimizes

[ 081z sl antrnts) + [ Vi) (33)
among all Borel probability measures on the unit circle Sj.

10



This measure, which is unique and absolutely continuous with respect to the Lebesgue
measure, is called the equilibrium measure, is denoted d,u(x) = u(x)(ew)dﬁ, and its sup-
port is denoted J*). The equilibrium measure p = p®) and its support J = J@
are uniquely determined by the following Euler-Lagrange variational conditions [1, 20]:
there exists a real constant ¢ = ¢(*) such that

2/ log |z — e?|du(e?) — V(z) + £ =0, for z € J, (3.4)

—Tr

2/ log |z — e |du(e”) — V(z) + £ <0, for z € S\ J. (3.5)

—T

The support and density of the equilibrium measure can be computed explicitly.

Proposition 3.1 (a) For x = +oo, the support of the equilibrium measure and its
density are given by

. ) 1 cosf+1
— jloo) — 0y _ ,(c0)(i0y _ L+ [ COSYT L
J=J 7, u(e") = u'>(e") 57\ 5050 —costy” (3.6)

The constant £ = () in the variational conditions (3.4)-(3.5) is given by
() = 21nsin %0, (3.7)
and the variational inequality (3.5) is strict for z € Sy \ 7.
(b) Let x. be given by (1.7). For x > x., we have the same result as for r = 400:
J=~, uE®) =u®("?), =) (3.8)

Moreover, the variational inequality (3.5) is strict for z € Sy \ v if * # xc; if
T = X, it is strict for z € Sy \ (YU {—1}), and there is equality for z = —1.

(c) For 0 < x < x., the support of u consists of two disjoint arcs: we have
J=1{e":0¢c[—b,60]U[r— 01,7+ 61]}, (3.9)
where 01 = 61(z) € (0,7 — 6p) is the unique solution of

1— et

u(e?)do = «, (3.10)

2 / log
[—00,00]U[r—01,7+01]

and the density is given by

: 1 /cosO + cos b
60
= —\/——F. 11
u(e”) 27\ cos 6 — cos b (3.11)

The constant ¢ is given by

1 s2+2cos(bh)s + 1
- _ 1= 12
¢ /0 s ( \/52 —2cos(fp)s + 1 ds, (312)

and the variational inequality (3.5) is strict for z € Sy \ J.

11



Remark 3.2 Although part (c) of the proposition is not needed for the proof of The-
orem 1.1, we present it here for completeness and to support the heuristic arguments
in Section 5.4, where we will discuss asymptotics for D,, if z < x..

Proof. Note first that the equation (3.10) has indeed a unique solution 6; for z < z.,
since the function

0 — 2/ log ’ | u
[~00,00]U[r—01,7+061] lI—e

decreases as a function of §; € (0,7 — 6p), and is bijective from (0,7 — ) to (0, z.).

The equilibrium measure p is uniquely characterized by the conditions (3.4)-(3.5),
which means that it is sufficient for us to show that the measure p defined in cases (a),
(b), and (c) satisfy these variational conditions. To do so, consider the function

flz) =2 / log |z — €|du® (7). (3.13)

If we define #; > 0 as the unique solution of (3.10) if z < z., and if we let 6; = 0 for
x > x., we have

. . 7 0
/ log |e** — 6’9\\/md9. (3.14)
T J[~80,00]Um—81,m+61] cos 6§ — cos g

fe) =
The derivative % f(e") can be written as a contour integral

d ey 1 [1E4e <§—zl)<£—zl>>1/2 o
Tl €)= —5 it _oa <(§_ZO)<£_ZO) d¢, 2z =¢€%  (3.15)

where the square root is analytic off J and tends to 1 as £ — oo, and where the contour
¥ consists of one (if x > x.) or two (if z < z.) counterclockwise oriented circles around
the arc(s) of J. If ! € S; \ J, the contour has to be chosen sufficiently small such that
e’ lies in the exterior of ¥.

If e’ € J, a residue calculation shows that %f(eio‘) =0. If & € S1\ J on the
other hand, we have

cos f14cosa :
d 1/70059(1)—00501’ 1f(90<0£<71’*91,

do
% —(c:o:a’ lf gy 61<a<271—90.

It follows that f(e!®) is constant on [—6p, 6] U [r — 01,7 + 61], and that it achieves its
maximum on |7 — 01,7 + 61] (i.e. at 7 if z > x.). We have

fe™) = f(1), for —0p < a < by, (3.17)
f(e®) = f(-1), for 7 — 6 <o <m+ 6, (3.18)
fe ) < f(-1), for a ¢ [ — 61,7+ 64]. (3.19)

F1) = £, f(=1) < f(1) + =, for z > ., (3.20)
f)y=—¢, f(-1)=f(1)+ =, for x < z, (3.21)
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then (3.17)-(3.19) imply the Euler-Lagrange conditions (3.4)-(3.5).
For the case x > z., using (3.16), we obtain after a straightforward calculation,

; ; T 1+ cosf o
—1)— = f(ei™) — f(eif0) = 7 dh=— —=z.<
P = £0) = ) = ) = [T\ i~ —2atan P s <z

which proves the inequality in (3.20), and the fact that there is equality at —1 if x = z.
Moreover, using an other residue calculation, we get

1 11 1+s 90
1) = ! d:/ 1— ds = —2logsin — = —¢(>).
) /0 fls)ds 0o S < \/82—2008(00)S+1> i B

This proves the equality in (3.20). For 0 < x < ., by (3.16),

cos 61 + cos 6

T—01
F=1) = £0) = () = p(e) = |

cos By — cos 0

by definition of f and 61, and

! s2+2cos(bh)s+1 B
I )_/0 s <1_ \/52—2008(00)8+1> ds =t

This completes the proof. O

4 Riemann-Hilbert analysis for x > z.

We will now perform an asymptotic analysis of the RH problem for Y as n — oo with
x > x.. Our analysis uses the Deift/Zhou steepest descent method [7, 11, 12] and shows
many similarities with the analysis done in [17] for s = 0 (or £ = +00). An important
difference is that we need to modify the Bessel parametrices around the points zg, Zg,
see Section 4.4 below.

4.1 First transformation ¥ — T

We define g by

fo ) )
o) = [ logs = *)au e, (11)

—6
Below we write g = p(®), v = u(*), and ¢ = ¢(>). We have that €9 is analytic for
z € C\ v, and by the Euler-Lagrange variational conditions (3.4)-(3.5), we also have

9+(2) +g-(2) —log(z) —im + £ =0, for z € v\ {z0,%0}, (4.2)

2g(z) —log(z) —im+ £ <0, for z € 51\ v, (4.3)

6o(2) 9 (2) = —u(2), for 2 €4\ {0, 30} (4.4)
Define

T(z) = engi03e%la'*‘Y(z)e_"g(z)":*e_%l”e_ "fhos (4.5)

Then it is straightforward to check that T satisfies the following conditions.
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RH problem for T
(a) T :C\ S; — C?*? is analytic.

(b) T satisfies the jump relation

T (z) =T_(z)Jr(2), on 51\ {#0,%0}, (4.6)
with
0+ (2)=0-()) (L 1),V () gn (g () - () W ()
Jr(z) = 0 (g4 ()9 (2)) :

(c) T(2) =1+ 0(z71) as 2 — .
(d) As z — 29 = € or 2 — Zg = e 7% we have
_ (0(1) O(ln|z — )
T(z) = <0(1) O(n|z —z))) " %7

_(0(1) O(nl|: 7)) _
T(z) = ((’)(1) O(In |2 —Zo|)> , as z — 2.

We define
d(z) =2¢g(z) —logz —im + ¢, (4.7)

so that e? is analytic in a neighborhood of v with the exception of v itself. For z €
v\ {20,%0}, we have

P1(2) = (9+(2) +9-(2) —logz —im + £) + (94 (2) — g-(2)) (4.8)

= g9+(2) — 9-(2), (4.9)

by (4.2). But g4(z0) = g-(20), and integrating (4.4) between zy and z, and then
substituting it into (4.8), we obtain

d4(z) = —277/ @dé. (4.10)
o
Analytically continuing the left and right hand side, we obtain

: E+1 d¢
# )_/Zo (€ —z0)(€ —z)/* €

(4.11)

where the branch cut of the square root is chosen on . It is now convenient to express
Jr in terms of ¢:

6_n¢+(z) GW(Z) -
0 6_n¢7(z) , 2 EY \ {207 ZO};

1 efna:enqﬁ(z) eW(z)

0 1

Jr(z) =
), z €851\ .
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20

20
Figure 2: The jump contour for S.

4.2 Second transformation 7" — S

We can factorize Jr on « as follows:

e_n¢+(z) GW(Z) 1 O
( 0 e_n¢(z)> = (e—nqs_(z)e—mz) 1>

0 eW () 1 0
x <_6W(z) 0 ><en¢>+(z)€W(z) 1)- (4.12)

Using this factorization, we can split the jump on + into three different jumps on a
lens-shaped oriented contour, see Figure 2. It is important that the jump contour lies
in the region where W is analytic. Denote by v4 and ~v_ the lenses around ~ on the
|z| < 1 side and the |z| > 1 side respectively. Define

.
T(z) <_6_n¢(z1)€_w(z) 0) , |z| <1,z inside the lenses around ~,

1
S(z) = T(z) <e—n¢(z)1€—W(z) (1)> ,  |z| > 1, z inside the lenses around -, (4.13)
T(z), z outside the lenses.
Then S solves the following RH problem.
RH problem for S
(a) S:C\ (S1Uv_U~vy) — C?*? is analytic.
(b) S satisfies the jump relations
Si(z) = 5_(2)Js(=), for z € S U~y- Uy, (4.14)

where Sy (S_) denotes the boundary value from the left (right) of the contour,
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and where

1 e—na:enqb(z)eW(z)

, forze S ,
0 1 1\

0 eiW(z)
JS(Z) = e W(2) 0 ) for z € v \ {20,70}, (415)
! 0 fi € v+ U
, or z _.

e b2 - () T+

(c) S(z) =T+ 0(z71) as z — 0.
(d) As z — 29 = € or 2 — Zg = e 7% we have

S(z) = O(ln |z — zp]), S(z) = O(In |z — Zg]). (4.16)

By (4.7) and (4.3), we observe that the jump matrices for S converge to the iden-
tity matrix on Sy \ v as n — oo, except at —1 if x = z.. On 4 U~_, one shows
that Re¢(z) > 0 and consequently the jump matrices for S also converge to the
identity matrix on y4 U y—. The convergence of the jump matrices is point-wise in
z and breaks down as z approaches zg,zg, and also as z approaches —1 if x = =z..
Therefore, we will need to construct approximations to S for large n in different
regions of the complex plane: local parametrices will be constructed in small disks
D(zo,7), D(Zg,7), D(—1,r) surrounding 2o, Zg, —1, and a global parametrix will be con-
structed in C\ (D(zo,7) U D(Zp,7r) U D(—1,7)).

4.3 Global parametrix

Ignoring the exponentially small jumps for S and small neighborhoods of zy,Zzp, —1, we
are led to the following RH problem:

RH problem for P(>)
(a) P :C\ vy — C?*? is analytic.

(b) P has the jump

o0 - 0 W) _
Pj_ )(z) = p )(z) (—eW(z) c 0 ) , z €7\ {20,%0} (4.17)
(¢) PO)(2) =T+ 0O(z7") as 2 — .
(d) As z — zp or z — Zg, we have
PO (2) = O(|z — 2|V, P(2) = O(|z — | /%). (4.18)

The solution of this RHP is explicitly given by

1 1 . B
(00) (5) = ehooos [ 2 (B(Z) + 8 (Z)) T2 (ﬁ(z) - (Z)) e~ Mz)o3
e (2%@ (8(2) = B71(2)) %Z(B(z) +871(2)) ) . (419)
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0D(zg,T)

Figure 3: The jump contour for P.

_\1/4
where ((z) = <Z_Z°) is analytic in C \ v and f(z) — 1 as z — oo, where hoo =

z—20

lim,_, h(z), and

((z — 20)(2 — 7))/ W (€) 1
h(z) = , de, 4.20
) 2m /v<<£—zo><§—20>>i“f—z ¢ (20

with ((z — 20)(z — %0))"/? analytic off . Note that & is analytic in C \ v, bounded near
20, 20, and oo, and that it satisfies the jump relation

he(2) +ho(z) =W(), =z €v\ {0,750}

Using these properties, it is straightforward to verify that P(>) solves the above RH
problem.

4.4 Local parametrix near z

We want to construct a function P defined in D(zp,r) satisfying the following RH
conditions.

RH problem for P
(a) P:D(z,7)\ (S1 U7y Uv_) — C?*? is analytic.

(b) For z on the contour shown in Figure 3, P satisfies the jump conditions

eW(z)
Py(z) = P_(z) <6—0W(z) ) ,ony\ {20, %},

0
1 enld(z)—2) W (z)
P =) (g J) (121)
P _p 1 0
+(Z> - _<Z) efmb(z)efW(z) 1/’ on y— U~yy.
(c¢) For z € 9D(zp,r), we have
P(z) = (I+0(n™1) P™®)(2), as n — 0. (4.22)
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(d) As z tend to zp, the behaviour of P is
P(z) = O(In |z — 2]). (4.23)

4.4.1 Bessel model RH problem

We will construct P in terms of a model RH problem for which the solution is con-
structed using Bessel functions. Consider the following model RH problem:

RH problem for V¥

(a) ¥ :C\ Sy — C**? is analytic, where Sy = R~ U {xei%ﬁi : z € RT}, with the
orientation from oo towards 0 for the three half-lines.

(b) W satisfies the jump conditions

0= () ). cer,

0=} 7). celeFioern)

V0 = (0) (} ‘j), (e {se ¥z e R},

() ¥(() = (%gé)_? L (1, ;) (r+0(¢) ¥, as¢ o0, ¢ ¢ 5

i
(d) As ¢ tend to 0, the behaviour of ¥(() is
¥(¢) = O(In [¢]). (4.24)

This model RH problem is well-known and it can be solved explicitly using Bessel
functions, see e.g. [19, 17]. The unique solution to this RH problem is given by

Io(2¢?) 1 Ko(2(7) o
(27”(516(265) _2g§K6(2gé)>’ larg (| < 55,
3H(2(-0) 3H (2(-0)

2
g <arg( <m,

—m < arg( < —%W,

(4.25)

where H[()l) and H(()Q) are the Hankel functions of the first and second kind, and Iy and
K are the modified Bessel functions of the first and second kind.

4.4.2 Modification of the model RH problem

We will use a conformal map which maps the curves v_, v, v+ in the vicinity of zg to
(part of) the jump contour for W. This is similar to the construction in [17], which
corresponds to the case s = 0. If s = 0, P has no jump on . (see Figure 3), and the
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Figure 4: The jump contour for 0.

model RH problem fits perfectly to construct the local parametrix P. In our situation
however, P does have a jump on ., and for this reason we need to modify the model
RH problem. A different but similar construction was done in [6].

Define ¥ by
W(¢) = (I+A(Q) w(Q), (4.26)
where A is given by
(-
a0 = (o ) P (a.27)

with the branch cut of In(—¢) on R* and with imaginary part between 0 and 27, and
with F defined by

r _ 1
¥(¢) ((1) Q’Tiln<> |arg (| < %,
Z1
F(O) =4 Y() G 2) (é o ln<> Z <arg( <, (4.28)
U(z) (_11 (1)> <(1) _217Tiln<> —r < arg( < —ZL.

It is easy to check that F' is an entire function. T is analytic in C\ ¥g, with X5 as
shown in Figure 4. On X, it has the jump relations

() =T (0) (_01 é) .

() =T (0) ((1) 1) on R¥,

b)) =T () G ?) o on {we¥izert),
T, (¢) = T_(C) G 2) ., on {xe—%”i Lz e R+} .

(4.29)
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4.4.3 Construction of the local parametrix

We construct P as follows,

P(2) = E(2)¥(n%¢(2))e #2733 W ()os (4.30)

where E is an analytic function in D(z9,7), and where ((z) = =¢(z)%. By (4.11), we
have that ((z) is a conformal map near zp, and that ((z9) = 0. Moreover, ( maps
v N D(zp,7) to part of the real line. We now fix the lens-shaped contours v_ and 74
by requiring that ¢(y- U~vy) C Xg.

For any analytic function F, we have that P defined in (4.30) satisfies conditions (a),
(b), and (d) of the RH problem for P. Indeed, P is analytic in D(zg,7)\ (YU~y+Uy-U~°)
by construction, and by (4.30) and (4.29), it is straightforward to verify that the jump
condition (4.21) holds. The logarithmic behavior (4.23) of P near zy follows from the
logarithmic behavior (4.24) together with the definition (4.26)-(4.27) of ¥. If we define

E(z) by
1 /1 —i\ (1 E
E(z) = P(“)(z)eéw(z)%ﬁ (—i _11> (anqb(z)> ,
we have in addition the matching condition (4.22) for P. Using the jump relation for
P(®) it is easily verified that E is analytic near zy. This completes the construction
of the local parametrix near z.

4.5 Local parametrix near %z,

Once the local parametrix near zy constructed, the local parametrix near Zg is easy

to construct. Define for z € D(Zp,r), P(z) = P(Z), where P(Z) refers to the local
parametrix constructed near zy. Then, P satisfies the following RH conditions.

RH problem for P
a) P:D(Zo,r)\ (S Uryp Uy_) — C>*? is analytic.
(a) Y+ Uy
(b) For z € D(Zp,r) and z on the jump contour, P satisfies the jump conditions

0 eW(2) o
P =P () (_ v ) on 7\ {20, 70},

| onl(6(z)-2) W ()
P+<z>=P_<z>(0 e e ) on +°,

1 0
Py (z) = P-(2) <en¢>(z)eW(z) 1) ,on Y- Ung.

(c¢) For z € 9D(zy, ), we have

P(z)= (I+0(n™")) P>®)(2), as n — 0o. (4.31)

(d) As z tend to Zp, the behaviour of P is

P(z) = O(In|z — %))
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4.6 Local parametrix near —1

For x > z. 4+ 9§, the jump matrix for S converges exponentially fast to the identity
matrix as n — oo near —1. However, as x approaches x., the convergence becomes
slower, and for = =z, the jump matrix for S does not converge to I any longer.
Therefore, we need to construct a local parametrix near —1. This construction can be
done for any x > x. but is only necessary when x is close to x.. The local parametrix
should satisfy the following conditions.

RH problem for P

(a) P:D(—1,7)\ S — C?*2 is analytic.

(b) P has the jump
Pi(z) = P_(z) <0 1 ) , ze€ S1ND(—1,r). (4.32)

(¢) For z € 9D(—1,r), we have

P(z) = (I +0(1))P™)(2), as n — oo. (4.33)

The solution of this RHP is given by

Pl =P (5 M), (434)

- 1 en(o(s)—z) W(s)
with h(z) = — ———ds. Using the fact that ¢(s) — z. has a
27 S1AD(~1,r) s—z
double zero at s = 1, it is straightforward to verify that

h(z) = O(n~2e"@=0))  for z € AD(—1,7), as n — oo, (4.35)

and this implies the matching condition (4.33).

Note that we use the same notation P for the different local parametrices defined
in D(zg,7), D(Z0,7), and D(—1,7r).
4.7 Final transformation S — R

Define

R(z) =

{S(Z)P<°°>(z)—1, 2 €C\ (D(z0,7) U D(%,7) UD(~1,7)), (4.36)

S(z)P(2)71, z € D(z9,7) U D(Zp,7) U D(—1,7).
P was constructed in such a way that it has exactly the same jump relations as S in
D(zp,7)UD(zg,r)UD(—1,7), and as a consequence R has no jumps at all inside those

disks. Moreover, from the local behaviour of S and P near zp, zg and —1, it follows
that R is analytic at these three points. We have the following RH problem for R:
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Figure 5: The jump contour for R.

RH problem for R
(a) R:C\ Xg — C?*2 is analytic, with $p as in Figure 5.
(b) R satisfies the jump conditions:
Ri(z)=R_(z) I+0(n™")), for z € 0D(z9,7) UOD(Zp, ),
Ri(2) = R_(2) (I + O(n*%e"@c*w))) . for z € dD(—1,r),
Ri(z)=R_(2)({+0O(e")),c>0 for z elsewhere on Xp.

(c) R(z) =T+ 0(z71) as z — o0.

As n — oo with s < e7®<", it follows from the standard theory for small-norm RH
problems that

R(z) = [+0(n 2e"@ )1 O(n™Y),  R(z) = On 2"@ )+ O(nY), (4.37)

uniformly for z € C\ ¥r. By a more detailed analysis of Cauchy operators associated
to the RH problem for R, one obtains in addition that

O R(z) = O(n'/2eM@e2)), (4.38)

The latter estimate is not really needed for the proof of Theorem 1.1, but will be needed
in our alternative proof if W = 0, see Section 5.2. Since s = e¢~*", it follows that

rn

OsR(2) = ——0:R(2) = O(n~1/2enee), (4.39)

5 Asymptotics for D, (s, 60y, W)

We will now complete the proof of Theorem 1.1 using the results from the previous
sections. We first do this for general analytic W in the case where € < 0y < m — € for
some € > 0. Afterwards we will explain how the proof can be somewhat simplified if
W =0, and we will show how it can be extended to the case where 6y approaches 7 at
a sufficiently slow rate.
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5.1 Proof of Theorem 1.1 for e < 0y < 7w —¢

By inverting the transformations Y +— T +— S +— R, we obtain an expression for R in
terms of Y, involving the parametrices P and P(*). For z € v¢ N (D(z,r) U D(Zg, ) U
D(-1,r)), we have

nmwi

Yi(z) = e 537293 R(2) Py (2)e™(75e 5 730505 (5.1)
and for z € v¢\ (D(z0,7) U D(Z0,7) U D(—1,7)),

nmi nt nmi

Vi(z)=e 2 %e 29 Ry(z)P(>) (2)6"9(2)036%2"36 2 93, (5.2)

It follows that

(=1)me?9()e™ Ay (2), 2z € ~4°N (D(z0,7) U D(Z5,7) UD(—1,7)),

—1 ! —
[Y (Z)Y (Z)]Ql - {(_1)n62ng(z)en€A2(z)7 = ,YC \ (D(Z(),T') U D(zT), 7’) @] D(—l,"f’)),

(5.3)

where
A1(2) = [P7H(2)R7' (2)R'(2)P(z) + P~ (2)P'(2)],, . (5.4)
Ag(z) = [P<°O>‘1(z)R—l(z)R'(z)P<°°>(z) 4+ P ()P () . (5.5)

Note that the boundary values of A;(z) and Aa(z) as z is approached from the inside
and the outside of the unit circle are the same. For z € D(—1,r), the local parametrix
P is given by (4.34), and one verifies that the formulas for A; and Ay coincide in this
case.

Substituting (5.3) in the differential identity (2.6), we find

O0sIn Dy (8,00, W) =11 + I, (5.6)
where
1
L = / 27?9 e Ay (2)eV ) dz,
271 ¢
1
I=— [ 2729 e Ay (2)e P dz,
21 Jye

with 7§ =N (D(20,7) U D(%0,7)) and 75 = v\ (D(z0,7) U D(%0,7)).

Now we need to know how I; and I behave for large n and s < e™ %<, For A,, we
note that P(°) does not depend on n, and that R and R’ are uniformly bounded by
(4.37). This implies that As(z) is uniformly bounded on ~§ for large n. For A;, we need
to take a closer look at the construction of P near zy and Zg, but it is straightforward

to show that P(z) = O(n), P71(2) = O(n), and P'(z) = O(n?) for z € 7§. We get

L] = O n3/ do |,
[90,00+T]U[27‘r—00—7‘,27r—90}

2r—60p—r .
12| = O </ 62”9(6“1””5‘ dOé> ;
Oo+r

e
62ng(e )+nl
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as n — oo with s < e~#™. The function 2g(z) + ¢ — x. is always negative on ¢ except
that it has a zero of order two at z = —1. Therefore we obtain after a straightforward
analysis that

L] =0 (e”(%_c)> . O >0, (5.7)
I = O(n~1/2em), (5.8)

asn — 0o, s < e Tl

If we integrate (5.6) from 0 up to s = e < e~ %" we finally obtain the desired
estimate

In Dy, (5,00, W) — In Dy,(0, 00, W) = / (I + Iy)ds' = O(n~/2e @)y,
0

5.2 Alternative proof of Theorem 1.1 if W = 0, s = o(n'/2e7"%)

In the case where W = 0, there is an alternative approach to prove Theorem 1.1: we
can use the differential identity (2.18) instead of (2.6). This does not make the proof
much shorter, but it has the advantage that no integrals have to be estimated, and
that we only need information about Y at the points 0 and zg, instead of on the entire
curve .. The objects in the differential identity can be computed more explicitly in
this case by the following result.

Proposition 5.1 Let W =0. As n — oo with © > x., we have

Yi2(0) = e Sin%o +0n~ Y, (5.9)
dsIn Yi2(0) = O(n~1/2ene), (5.10)
Yii(z0) = e~ 2 O(n'/2). (5.11)

Proof. Using (5.2) and the expressions g(0) = 7i and Pl(go)(O) = sin%O (if W = 0),
we get the result for Yi2(0).
For 0, InY12(0), we have

s (Rll(O)Pl(;O)(O) +Rlz(0)P2(§O)(0))

951 ¥12(0) = ) o)
R11(0) Py 7 (0) + R12(0) Py 7 (0)

(5.12)

By (4.39), this yields (5.10).
For the rest of this proof, we assume that |z| < 1 and that z lies outside of the
lenses and in D(zg,r). Then we have by (5.1),

YH(Z) = eng(z) [Rn(z)Pn(z) + ng(z)Pgl (Z)] . (5.13)
By (4.1) and (4.2), we can show that

{ o+
g(zo):—§+z 02 .

On the other hand, by (4.25), as z — 2 for fixed n, we have

U1 (n%C(2) =14+ 0(z — 20), Pa1(n?¢(2)) = Oz — 20).
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This implies, by (4.26), that
le(Z[)) = Ejl(ZO)(l + O(G_nz))6_%¢(20), as n — oQ.

Since ¢(z9) = 0, we have Pj1(z9) = O(y/n), j = 1,2, and

-Op+m

YH(Z()) = €n<7§+l 2 ) (PH(Z()) + 0 (1)) = 6_%80(711/2),

as n — oo. Od

By Proposition 5.1 and (2.18), we have

nds In Yi2(0) = O(n'/2eme), (5.14)
2(1 — S) Yn(eieo) Yll(ewo) .
p- Im <\/Y12(0) 0Os <\/Y12(O)>> = 0O(n), (5.15)

as n — oo. Therefore, using (2.19), we get

In D, (s,00,0) = lnDn(0,90,0)+/ O(n!/2emwe)ds'
0
= InD,(0,60,0) + O(n1/2e_"($_mc)),

and we rederive Theorem 1.1 with a slightly worse error term which is only small if
s = o(n!/2e="e),

5.3 Extension to the case where 6, depends on n

The RH analysis done in the previous section is valid as n — oo with e < 0y < ™ — €
and € > 0 independent of n. If y = 6y(n) depends on n and approaches m as n — oo,
the arc v grows and the gap (', /27=%)) closes. Similarly to [17], we will show here
that the RH analysis carried out before remains valid as long as n(m — 6p) is large.

A first problem in the RH analysis is that we need to allow the radius r = r(n) of
the disks D(zg,7), D(—1,r), and D(Zg,r) to depend on n (or on 6y) in order to prevent
the disks to overlap. For instance, we can keep the disks separated from each other if
we let r(6y) = d(m — 0y), with 6 > 0 a sufficiently small but fixed number. Then the
local parametrices near zg, Zg, —1 can be constructed in exactly the same way as before.
However, in order to make the asymptotic analysis work, it is crucial that the jump
matrix for R tend to I uniformly as n — oo on the n-dependent jump contour. Recall
that the jump matrix for R is given by

Tn(z) = P(2)P(™)(2)~1 z € 0D(zp,r) UOD(zp,r) UOD(—1,r),
BEIZA PO (2)J(2) PO (2)L, 2 € Sk \ (DD (20,7) UOD(Z5,7) UOD(—1,7)) ,
(5.16)

where Jg denotes the jump matrix for S given in (4.15).

The first thing to notice is that h(z), defined in (4.20), and /(z), defined right before
(4.20), are uniformly bounded on the jump contour X . This implies that P(*)(z2) is
uniformly bounded for z € ¥ . Next, by (4.11), we have

[9(2)| = Csin(m — bo), z € ¥R, (5.17)
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for a constant C' > 0 independent of z and 6y. By (4.15), this already implies that the
jump matrix Jg is I + O(n~ (7 — 6p)~!) on Xg, except on the three circles around
20,20, and —1. On 9D(zg,r) and dD(Zg, ), we have

Jr(z) = P(2)P) ()71 = P (2) (I+0(n " ¢(2)7")) P(z)~! (5.18)
= I+0n Yr-06)1). (5.19)
Finally, on dD(—1,r), by (4.34), we have
Jr(z) = P(2)P)(2) "t = I + O(h(z)) = I + O(n~'/2e =), (5.20)
It follows from these considerations that
Jr(z) — I =0On " (r —0p) 1) + O(n~1/2e @)y, as n — oo,

with 8y approaching 7 sufficiently slowly such that n(r—6y) — +00. By the small-norm
theory for RH problems, it follows that

R(z)=1+0(n Hr—0)) ")+ O(n~ 1 2en@=e)y, (5.21)
and
R(2) =0 (n Y (m— )7 ") + O(n~ 1/ 2e7namae)y, (5.22)

as n — 00, n(m — 0y) — +oo. The proof of Theorem 1.1 can now be completed in the
same way as before, where the estimate (5.7) remains valid, (5.8) becomes

L] = O((mr — ) /2n1/2emee),
and we obtain the error term (1.10).

Ten

5.4 Heuristic discussion of the asymptotics for s > e~

As n — oo with s = e™®" > ¢~ (@=0)n § > 0, it is expected that the behavior of
the Toeplitz determinants D,,(s, 0y, W) is very different from the behavior described in
Theorem 1.1. As shown in Proposition 3.1, the equilibrium measure is then supported
on two disjoint arcs. In the RH analysis, that means that the RH problem for the
global parametrix P(°) will become more involved. It is well understood that P(>)
can then be constructed using elliptic #-functions, see e.g. [5, 11, 12]. For this reason
and because of the analogy with the Fredholm determinants of the sine kernel discussed
in Section 1, we expect that the asymptotic behavior of the Toeplitz determinants will
also involve elliptic f-functions, and will be oscillatory. A transition between the Widom
asymptotics (1.3) and the Fisher-Hartwig asymptotics (1.6) should become visible here.
A rigorous analysis is delicate, and we plan to come back to this in a future publication.
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