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In this work we show that spherically symmetric regular black holes with topologies other than S3
de Sitter cores can not be excluded from Borde’s theorem. In particular, we prove that spacetime
connectivity leads to an S° core by discarding other allowed topologies, such as the orientable and
no orientable S? bundles over S*, for achronal slices. Finally, some conjectures regarding physical
quantification of topology change in these spacetimes are discussed.

I. INTRODUCTION

The 1965 Penrose theorem' proved that generic singu-
larities are unavoidable, provided some physical condi-
tions are satisfied. Therefore, as physical laws are unde-
fined in presence of these singularities, in order to guar-
antee the existence of the former, the latter have to be
substituted by some other object in an improved theory,
usually taken to be some approximation to a quantum
theory of gravity. However, the difficulty of formulating
a complete and consistent theory encompassing General
Relativity within the quantum realm has give place to a
line of work which deals with classical (or semiclassical)
black holes with regular (non singular) properties.

The first solution for a regular black hole was proposed
by Bardeen in 19682, who realized the idea of Sakharov®
and Gliner?, proposing that singularities could be substi-
tuted by an inflationary equation of state (i. e. a de Sitter
core). Since then, although there have been a great devel-
opment within the field, most of regular solutions which
are continuous throughout the whole spacetime were con-
structed following Bardeen’s proposal®®. Without trying
to be exhaustive, we would like to mention some works
along this line. In particular, Dymnikova®® found a
regular black hole solution whose interior corresponds
to an anisotropic fluid obeying a de Sitter equation of
state, p = —p, that was asymptotically Schwarzschild.
Other regular black hole solutions with a de Sitter core
were found by employing nonlinear electrodynamics as
the source? '2. In addition, regular black holes also ap-
peared in different extended theories of gravity'*'°. In-
terestingly, regular black hole solutions with a Minkowski
core have been recently pointed out'®, allowing thus to
explore new possibilities.

From a global point of view, there have been mainly
two lines of attack to the problem. The first one was
proposed by Borde during the 90s, who showed how a

reversed Penrose theorem!'” allowed, at the price of sac-
rifying global hiperbolicity, to explain the existence of a
family of regular solutions with a de Sitter core by us-
ing global methods. The second one has been very re-
cently developed by Carballo-Rubio, Di Filippo, Liberati
and Visser'®!'Y, who have shown a complete classifica-
tion of spherically symmetric and geodesically complete
black holes but this time by invoking global hiperbolicity
for the whole spacetime. Specifically, they have clarified
that most of regular black hole solutions do not evade
Penrose’s theorem by avoiding the formation of focusing
points, as proposed in Refs.'®'?, but rather by introduc-
ing a Cauchy horizon before this focusing point is reached
by outgoing geodesics, in accordance with Borde’s theo-
rem.

In this article we take an intermediate step based on
Borde’s theorem to show that regular black hole solu-
tions that are not asymptotically de Sitter but still main-
tain a Reissner-Nordstrom-like causal structure can be
constructed. Specifically, the manuscript is organized as
follows. Section II summarizes Borde’s theorem, which
relates topological changes and regular black holes wvia
global techniques. In order to facilitate the reading,
the main definitions and notations are established in
this section. In section III we introduce the relevant
Carter-Penrose diagrams for spherically symmetric, reg-
ular black holes with two horizons, and we provide the
reader with a simplified proof of the necessity of a de Sit-
ter core in the inner region. After regular black holes with
exotic (orientable and no-orientable) topologies are con-
structed from lightlike compactifications of their Carter-
Penrose diagrams in Section IV, we conclude in Section
V by conjecturing some relations between topological
changes, physical quantities defined on the relevant slices
and transitions between Petrov types. Finally, Section VI
present a brief summary of our findings.
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II. BORDE’S THEOREM

Theorem. Suppose that there is a spacetime M, that

1. M contains an eventually future-trapped surface

T.

2. The Ricci tensor, R, obeys R,,n*n” > 0 for all
null vectors n* € M.

3. M is null-geodesically complete to the future.

4. M is future causally simple, i.e., Et(X) = I1(X),
where X is any achronal compact subset of M.

Then there is a compact slice to the causal future of
7‘17.

The main ingredients of this theorem, which are cru-
cial for a correct understanding of it, are an (eventually)
trapped surface and an achronal hypersurface defined on
a future-causally-simple spacetime. Let us briefly review
their definitions.

A trapped surface is a two-surface in which both out-
going and ingoing null geodesics perpendicular to this
surface are convergent, i.e., these null geodesics have
negative divergence on this surface?’. In addition, for
a eventually future-trapped surface only is required that
the divergences are negative somewhere in the future of
the surface along each geodesic'”. A subset S C M of an
arbitrary spacetime M is said to be achronal if there does
not exist a pair p, g € S such that it can be connected by
causal curves’'. A spacetime M is said future causally
simple if EY(X) = IT(X), where X is some compact
achronal subset of M. E*(X) is the future horismo of
X, which is defined by ET(X) = J*(X)—I"(X), where
JT(X) is the causal future of X, I'*(X) is the chronolog-
ical future of X, and I*(X) is the boundary of I't(X).
Finally, we must remember that a slice I' is an edgeless,
achronal hypersurface; i. e. for every point p € I there
is no timelike curve that can reach points v € I~ (p) and
v e It (p).

III. REGULAR BLACK HOLES WITH A DE
SITTER CORE WITHIN SPHERICAL
SYMMETRY

As commented in the introduction, we are interested
in spacetimes possessing two horizons, namely, an event
horizon and a Cauchy horizon. The global structure of
these spacetimes is similar to the maximal extension of
the Reissner-Nordstrom spacetime, as Fig. (1) shows.

One possibility of obtaining a regular black hole space-
time is by identifying the regions corresponding to r = 0
in the diagram of Fig. (1). When making the identifica-
tion, the diagram of Fig. (2) is obtained, the shaded area
representing those spacetime points that can be reached
by time-like curves starting from p. In this case the
spacetime is future causally simple since E™(p) = I (p).

r = constant

pe.

FIG. 1. Carter-Penrose diagram for a Reissner-Nordstrém-
like black hole.

Moreover, it is future null geodesically complete, as can
be easily shown by inspection of Fig. (2).

Finally, let us impose that the null energy condition is
fulfilled. Then, all the requirements of Borde’s theorem
are satisfied and, therefore, there must be some compact
slice in the future of the trapped surface p.

Interestingly, this spacelike identification makes the
topology of the slices in the internal region of the regular
black hole to be S3. In order to show it, let us introduce
a new coordinate, which we denote by yx, such that the
rays of light that leave the point p can move along this
coordinate which wraps around the spacetime.

When we move through yx, the temporal coordinate
(in Schwarzschild coordinates) remains fixed, but the ra-
dial coordinate varies periodically. In addition, let us
remember that each point in these diagrams represent a
2-sphere. Therefore, in this region we can define a line
element by

ds® = a dx® + r?(x)dQ?, (1)
where « is a constant. Even more, by noting that r(x)

varies from r = 0 to a maximum value at r = r_ to then
decrease and get back to r = 0, we can write

r(x) =r_siny, 0<yx<2m. (2)

Then, the line element in the inner region can be writ-



FIG. 2. Carter-Penrose diagram for space-like regularization.
ten as

ds* = r% dx* 4+ r% sin? x dQ?, (3)

which clearly corresponds to that of a 3-sphere, which
is the topology of the spacelike sections of the de Sitter
spacetime, written in canonical coordinates.

Finally, let us note that that there is a change in the
topology of spacelike slices, which vary from R x S2 in
regions away from the core of the regular black hole to
53 in the inner region of it.

At this point, several comments are in order: first,
most solutions for regular black holes have the be-
havior described above, being known as Bardeen-like
solutions®®2%23; second, these solutions tend to a de Sit-
ter one as we approach r = 0. This can be shown, for
example, by looking at the spacelike diagram enclosed
by the two r = 0 regions of Fig. (2), which corresponds
to that of a de Sitter spacetime or using the previous
argument where a S3 topology for the inner spacelike
hypersurface is obtained; third, due to the de Sitter be-
havior, the null energy condition is saturated at r = 0
(Ruwntn? = 0 for all null vectors n# when r = 0). And
four, let us notice that the spacelike slices can also be
identified for values of r other that » = 0, which open
us the possibility of building an infinite family of solu-
tions with a de Sitter center. In this last situation, in
contrast with identifying the » = 0 regions of the dia-
gram, the range of variation of the x-coordinate is not
restricted between 0 and 27 and, therefore, the corre-
sponding spacetime is not simply connected. This sit-
uation would correspond, for example, to the identifica-

FIG. 3. Carter-Penrose diagram for null identification along
the Cauchy horizon.

tion of the two vertical dashed curved lines lying between
r =0 in Fig. (1).

IV. REGULAR BLACK HOLE SOLUTIONS
WITH NON DE SITTER ASYMPTOTICS

In the previous section we have shown that one can
easily construct regular black hole solutions with a de
Sitter core, which is equivalent to imposing R, n*n" = 0
at r = 0. Let us now consider the cases in which the null
energy condition is satisfied but not saturated. Then, if
the rest of the hypothesis regarding Borde’s theorem are
satisfied, a regular black hole with a non-de Sitter core
is obtained.

In order to show it, let us study other possible iden-
tifications different to the spacelike one previously con-
sidered. One possibility is to identify the sections corre-
sponding to 7 = r_ and see if the rest of the hypothesis
can be left untouched. This is indeed the case, as Fig.
(3) shows.

In Fig. (3), the shaded region represents the chronolog-
ical future of p, the boundary of this region being equal
to the future horismo of p. Therefore, after this null iden-
tification, the spacetime remains future causally simple.
In addition, Fig. (3) reveals that it is future null geodesi-
cally complete but not simply connected since the regions
between r = r_ and r = 0 are excluded from it.

The topology of the achronal slices constructed by
means of the null identification along r_ can be under-
stood as follows.
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FIG. 4. Line segment for null identification study.

First, the key point is to show that the line segment
along the Cauchy horizon can be deformed to a circle.
With the notation established in Fig. (4), we will say that
two points ¢;,t; are equivalent if ¢; = ¢; + na, i < j and
n € Z. Let us see if this relation defines an equivalence
relation.

1. First let’s see that t; is related to itself:

ti—t;=0=0xqa, 0€Z =t ~t

2. Then, if

tith :>tj—ti=na —>ti—tj:—’l’LOé,
(—n)eZ:thti

3. Finally, if

ti~tj, tj~te =t —t; =na, te—t; =n'a,
te —t; = t. — (t; —na) = (n' +n)a,
(n'+n)e€Z =t.~t;.

Then, the relation defined above is an equivalence re-
lation. In this way we can see that tg ~ t,, t1 ~ t,11,
ty ~ tpyo, to ~ to, and, as Fig. (5) shows, the line
segment together with this identification corresponds to
a circle without a point. Therefore, the topology of the
slices taken along r = r_ is [ST — {to}] x SZ.

Finally, as this slice is non-compact, we need to make
an Alexandroff extension to compactify it by adding a
point at the ¢~ infinity. In this way, the obtained topol-
ogy is that of S' x S2. We remark that the addition of
this point in order to makes the compactification does not
alter any property of the slice, in particular the property
of being edgeless and achronal.

We can also make another identification that is future
causally simple and that satisfies Borde’s theorem but in
which the space is non-orientable. For this identification,
the sections corresponding to » = r_ will be identified
in the way shown in Fig. (6), so it can be demonstrated
(in the same way as for the orientable null identification)
that the topology of the slices shown by dotted lines (or-
ange and violet) is S* x S? but with the particularity
that the outgoing null rays reach the null infinite of the
ingoing rays and vice versa. Therefore, the S? bundle is
placed in a non-orientable way on S' and the topology

FIG. 5. Diagram showing that lightlike identification along a
line segment gives place to a circle.

FIG. 6. Carter-Penrose diagram for non-orientable null iden-
tification along the Cauchy horizon.

of the null slices corresponding to this identification is
S$2xS! (the non-orientable S? bundle over S*).
All these results can be summarized in the following
Theorem. Let M be a spherically symmetric and static
spacetime such that

1. M contains an eventually future-trapped surface

T.

2. The Ricci tensor, Ry,
null vectors n* € M.

obeys R,,n*n” > 0 for all

3. M is null-geodesically complete to the future.

4. M is future causally simple, i.e., ET(X) = I't(X),
where X is any achronal compact subset of M.



Then there is a compact slice to the causal future of T
whose topology is

1. S8 if Ryn#n” =0atr=0

2. St x 8% if R,,n#n” > 0 for all p € M and M is
orientable

3. S'xS?% if R,,ntn” > 0 p € M and M is not ori-
entable

Even more, regarding connectivity, we observe that in
cases 2 and 3 of the previous theorem M is not sim-
ply connected. Therefore, assuming connectivity (which
is a physically desirable property for a spacetime) for
a spherically symmetric and static spacetime, together
with hypothesis 1-4 of Borde’s theorem, we are led to a
regular black hole with a de Sitter core (8% topology for
the compact achronal slice) as the only possibility. In
this sense, we think that there is no physical reason to
look for new regular black hole solutions with the exotic
topologies here studied since they can not incorporate
the connectivity of M.

As a summary, our main findings are presented in Ta-
ble (I).

Slice Compactification Topology
0tor— spacelike S3
r— tory spacelike R x §?
r4 to oo spacelike R x S?
0tor_ orientable lightlike St x 82
r— to r4| orientable lightlike R x §?
r4 to co| orientable lightlike R x §?
0 to r_ |non-orientable lightlike| S*xS>

TABLE I. Topologies for different achronal slices found in
spherically symmetric regular black hole spacetimes.

Interestingly, it is worth mentioning that, in previous
works (see, for example, Ref.!!), several regular black
hole solutions were obtained with the only requirement
that the mass distribution had to be regular at the
center and the solution should be either asymptotically
Reissner-Nordstrom or satisfies the weak energy condi-
tion (or both of them). In all the cases, the core of the
solution had a de Sitter center but nothing was com-
mented about Borde’s theorem conditions. In this sense,
our result allows to classify previously obtained regular
black hole solutions in a simple manner such as, for ex-
ample, those presented in Refs.®!1:?42%  which lie into
the first case of our theorem.

V. QUANTIFICATION OF TOPOLOGY
CHANGE IN REGULAR BLACK HOLE
SPACETIMES

From Borde’s theorem we have seen that, for regular
black hole spacetimes, the topology of certain achronal
hypersurfaces changes in regions near the core (or near

the Cauchy horizon in case of lightlike compactification).
In this section we are interested in defining quantities
related to physical variables of the system that allow us
to determine the topology of the relevant slices in order to
connect physical quantities with topological changes. In
order to simplify the discussion, and having into account
that we are interested in simply connected spacetimes,
only the spacelike regularization will be considered.

Regarding this point we would like to mention the work
of Refs.?®?7, where the authors attributed the changes
in topology to a change in the sign of the scalar cur-
vature. In the case they studied, they used a type-I
energy-momentum tensor satisfying 79 = 7. In this
case, R « (p — p1) and it can be seen that R < 0 when
the dominant energy condition is violated. Therefore, in
this case, the topology change is attributed to the viola-
tion of the dominant energy condition. However, as some
regular black hole solutions satisfying the dominant en-
ergy condition are known%7, we are not completely sure
about the kind of topology change the authors of these
works refer to. In addition, this change of sign is difficult
to be interpreted as a global (topological) feature, un-
less it completely modifies a globally defined magnitude,
which seems not to be the case presented in Refs.?6:27
because the local character of the Ricci scalar, R.

As an alternative to the previous proposal, the authors
of Ref.?® studied the energy conditions in regular black
hole spacetimes with several horizons, managing to relate
the sign of the Tolman mass, mr(r,, ), defined between
the radial coordinates (r4,rp) with the violation of strong
energy condition®’. In particular, it can be seen that
mr(rq, ) is negative in the region 0 < r < r_ (in this
region we have compact achronal hypersurfaces) and, in
the regions r— < r < ry and rp < r < oo, myp(ra, )
remains positive.

Let’s detail this idea. Following®® we will use a spher-
ically symmetric line element

2 o, dr? 2 702
ds® = —f(r) dt* + —— + r°dQ°. (4)
f(r)
Using Eq. (4) we arrive at
1d [ 5df
_po2_ Lt a [ »0f
For 2 dr <r d,r) ’ (5)

whose integration leads to

2mr(ry,ry) = <7’2?;>

b

Ta

where by definition??

™
mr(re, ) = 477/ dr 7’2(TéC — T((])). (7)

a



is the Tolman mass.

If we evaluate this mass gor the Reissner-Nordstrom
black hole (f =1- 271\[ + %) in the region e < r < r_,
we have the following:

Rl e ) o

In the case when € tends to zero, we see that Eq. (8)
is always positive. For the r_ <r <ry and rp <7r < oo
intervals the following results are obtained respectively

O () e

r_ r— T4+

and

2
e

_ 9
T4 T4+

(10)

&
dr

Therefore, Tolman’s mass in the studied regions for the
singular case meet the following

o mp(ry,oc0) > 0.
e my(r_,ry) > 0.
e mp(0,7_) > 0.

Now let’s analyze the regular cases studied in this
work. The right side of Eq. (6) can be rewritten as

follows
df
279
(%)

When r — oo the metric is asymptotically flat and can
be written as

beQﬁ

daf
r 7Tb dT —Ta

Ty @ d?"

(11)

Ta

2M
fal—0) (12)
.

from the above it is obtained that % = QT# Also, it can
be seen in Fig. (1) that the spatial coordinate r behaves
like a temporal coordinate in region r_ < r < r4 and vice
versa, in the metric this manifests like a sign change of f,
being positive for r > r, and negative when r_ < r < rg,

from this we get that fll—{ > 0. Then, in region 0 < r <
T+

r_, the function f changes sign, becoming positive again,

reason why the usual behavior of the coordinates r and

t is recovered, in this way we have that % < 0.
T_—

So, from what was obtained previously, equation (11)
can now be evaluated in the interest regions. In interval
(ry,00) we have

#2)

where k is the surface gravity of the regular black hole.

So the Tolman mass in this interval is mr(ry,00) =

M — T_%_K), the right side of this equality will be positive

if the strong energy condition or the dominant energy

condition?? is satisfied in this region3?, then we will as-

sume cases where one of these energy conditions is met.
For (r_,r,) interval, is obtained that

2df
(%)

since the second term on the right is negative, the Tolman
mass for that region is positive. Finally, in (0, r_) interval

we have
df
27
(5)

resulting in a negative Tolman mass for this region.

Can be noticed that the Tolman’s mass sign for the
(0,7_) interval differs between the regular and singular
cases, and it is precisely in this region that the topology
change occurs for the spatial slices of the regular black
holes analyzed in this work. This fact makes us to think
that there could be a relation between topology change
and the sign of the Tolman mass. In adition, we support
this conjecture on the fact that the topology of null infin-
ity changes from R x S? when the Bondi mass vanishes
to 52 for a non vanishing Bondi mass®!+32. Therefore, as
the Bondi mass roughly corresponds to the null version
of the Tolman mass, we are led to conjecture that mr
could be related to the topology change of the spacelike
slices.

Finally, trying to find a different strategy in order to
physically quantify the topology change, a couple of com-
ments are in order. First, in this work we are considering
spherically symmetric solutions. Importantly, they are of
Petrov type D at any point except at r = 0, which they
turn into O-type (conformally flat, which is in agreement
with the presence of a de Sitter core). Therefore, some
phase transition such as that explored in Refs.??3* could
be valuable in order to shed some light on the mechanism
of topology change. Second, we think that Morse The-
ory should be considered as a serious candidate in order
to explore this issues. Although some previous works on
this direction can be found in the literature®>3%, we have
not found applications to the case of regular black holes.
Even more, due to the type of geometries we are consid-
ering, the only non vanishing Newman-Penrose scalars
are Uy and A37. Therefore, we think that it would be in-
teresting to look for physically-relevant Morse functions

=2M —rif'(ry)=2M —2rik, (13)

T+

Ty e ﬁ

2 df
T 7+ d’F - dr

14
T N d?“ ( )

)
T

r_ o df

= 15
0 "+ dr (15)

3
T



defined only in terms of W5 and A in order to link them
with topological changes due to regularization.

VI. CONCLUSIONS

In this work we have studied all the possibilities that
Borde’s theorem provide in order to obtain regular
black hole solutions within spherical symmetry. We have
shown that both spacelike and lightlike compactifications
give place to regular black hole spacetimes with a de Sit-
ter (S3), S x §? (orientable) or S'xS? (non-orientable)

compact achronal and edgeless hypersurfaces. Interest-
ingly, if simply connectedness is imposed as a reasonable
property for the spacetime, only the inflationary de
Sitter core survives. Finally, we have discussed possible
ways of quantitatively detecting topology change is these
spacetimes, trying to open new routes for future research.
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