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In this work, we develop an algorithm to construct all static spherically symmetric
anisotropic solutions for general relativistic polytropes. To this end, we follow the strat-
egy presented by K. Lake in Phys. Rev. D 67, 104015 to obtain all static spherically
symmetric perfect fluid solutions and then extended by L. Herrera el al. in Phys. Rev.
D 77, 027502 to the interesting case of locally anisotropic fluids. The formalism here
developed requires the knowledge of only one function to generate all possible solutions.
To illustrate the method, we obtain formal expressions for the generating functions of
known polytopic solutions. Additionally, we obtain the generating function for both the
conformally flat and class 1 polytropes.

Keywords: Keywordl; keyword2; keyword3.

PACS numbers:

1. Introduction

The general formalism to study polytropes for anisotropic matter has been presented
in recent papers.!> The motivations to undertake such a task lie, on the one hand,
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in the simplicity of the equation of state and the ensuing structure of the Lane-
Emden equation, and on the other hand, in the fact that the polytropic equation
of state may be applied to a wide range of very different astrophysical scenarios
(see Refs® 2" and references therein). Also, we know nowadays that the isotropic
pressure condition may be too stringent, and furthermore the presence of local
anisotropy is caused by a large variety of physical phenomena expected to be present
in compact objects.?8 4! Among all possible sources of anisotropy let us mention
two of them which might be particularly related to our primary interest: (i) the
intense magnetic field observed in compact objects such as white dwarfs, neutron

42747 (in some way, the magnetic field can

stars, or magnetized strange quark stars
be addressed as a fluid anisotropy) and, (ii): the viscosity, which is another source
of anisotropy expected to be present in neutron stars and, in general, in highly
dense matter (see Refs.*®2%). Also, as it has been recently proved, the isotropic
pressure condition becomes unstable by the presence of dissipation, energy density
inhomogeneities and shear,%® which can explain the renewed interest in the study
of fluids not satisfying the isotropic pressure condition, and justify our present
treatment. It is important to note that, although the degree of anisotropy may
be small, the effects produced on compact stellar objects may be appreciable. For
example, the occurrence of an interesting phenomena such as cracking??® may happen
even for slight deviations from isotropy.

The theory of polytropes is based on the polytropic equation of state, which in
the Newtonian case reads

1++
P =Kp =Kp ", (1)

where P and py denote the isotropic pressure and the mass (baryonic) density, re-
spectively. The constants K, v, and n are usually called the polytropic constant,
polytropic exponent, and polytropic index, respectively. When the polytropic con-
stant K is fixed and can be calculated from natural constants, the polytropic equa-
tion of state may be used to model a completely degenerate Fermi gas in the nonrel-
ativistic (n = 5/3) and relativistic limit (n = 4/3). In this case, polytropes provide
a way of modelling compact objects such as white dwarfs and allow to obtain in a
rather direct way the Chandrasekhar mass limit."'5” Now, if in the problem under
consideration the degree of compactness of the stellar objects involved is greater
than that corresponding to a white dwarf, for which we can still use Newtonian
gravity, we have to resort to the general relativistic regime (e.g. neutron stars,
strange-quark stars, super—Chandrasekhar white dwarfs). In fact, general relativis-

2312227y and a re-

tic polytropes have been extensively studied (see for example
markable well comprehensive framework to describe them for anisotropic fluids was
presented in.? In the general relativistic anisotropic case, two possible extensions of

the above equation of state (1) are possible, namely

1
P, = Kpy = Kpy' (2)

P, = Kp' = Kp'tw, (3)
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where P, and p denote the radial pressure and the energy density, respectively,
both leading to the same equation (1) in the Newtonian limit. As it happens in the
Newtonian anisotropic case, the fact that the principal stresses are unequal produces
an underdetermination of the problem, requiring to impose an additional condition.
This means that the assumption of either (2) or (3) is not enough to completely
integrate the field equations, since the appearance of two principal stresses (instead
of one) leads to a system of three independent (field) equations and five unknown
functions. Thus, in order to integrate the obtained system of equations, we need to
provide further information about the anisotropy, inherent to the problem under
consideration. Also, we can proceed in a different way in order to integrate the set
of equations by imposing certain conditions on the metric variables which are of
physical relevance. An example of this procedure is imposing the vanishing of the
Weyl tensor, usually referred to as the conformally flat condition.?® This condition
has its own interest, since it has been seen that highly compact configurations
may be obtained with the specific distribution of anisotropy created by such a
condition.? Other approaches which come from string theory, the Randall-Sundrum
model® or 5-dimensional warped geometries have retaken the interest for other
type of conditions, relating radial derivatives of the metric functions, that produce
stellar models embedded in a 5-dimensional flat space-time (embedding class one).
These models satisfy the Karmarkar condition®? (for recent developments see,,®! 67
for example) and its possible to choose one of these metric functions as the one
which generates the total solution. In the isotropic case, only two solutions exist
satisfying the Karmarkar-condition. However, when anisotropic interior solutions
are considered, a large amount of realistic solutions have been found.

Some years ago, Lake®® developed an algorithm which produced all static spher-
ically symmetric and isotropic perfect fluid solutions based on a single generat-
ing function, thus constructing an infinite number of previously unknown solutions
physically relevant. This work was subsequently extended by Lake himself% and by
Herrera et al.” to the case of locally anisotropic fluids, which describes very reason-
ably the matter distribution of a great varity of situations of interest, as commented
before (see, for example, Ref.?8 and references therein). In this case, the protocol
to obtain all the static and anisotropic solutions of Einstein’s equations can be
summarized as follows. Given a line element parametrized as

ds? = e*Mdt? — XV dr? — r2d0? 4)

from where, considering an anisotropic fluid, the Einstein field equations read

1 _ 1 N
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we introduce the variables

¢’ — exp [/(2,2 - i)dr} , (8)
e =y, 9)

where z = z(r) and y = y(r) are the so—called generating functions. In terms of
these functions, we obtain
A z2exp[ [ (535 + 22)dr] (10)
N z 2) ex 4 / ’
6 |:—2f (1+IIr2) e p[f(pfz+2z)dr] dr + C]

r8

where C'is a constant of integration and II = 87 (P, — P, ). Then, replacing (8)
in (5), (6) and (7), we arrive to

47Tp = TT ) (11)
-2 N
P, — z(r m);}—m/r ’ (12)
y
P = (1222 Fy e (2T (13)
T = - z P,
+ T r2  r )’
where
1
f(z):z'+z2~f—|—r—2, (14)
and the mass function m(r) is defined by
2m
-2
=1-—. 15
‘ - (15)

Note that, in contrast with the isotropic case reported in Ref.,%8 three physical
variables (principal stresses unequal) came into play. Therefore, in order for this
protocol to work, two generating functions are needed; namely, z(r) and y(r). Inci-
dentally, if a less general technique of generation is required, only one input function
is necessary, as shown in,”' to convert isotropic Newtonian static fluid spheres into
general relativistic anisotropic static fluid spheres. A different strategy consists in
providing one generating function and an additional ansatz such as the conformally
flat condition, certain energy density distribution or a non local equation of state,
for example.

In this work we shall develop a protocol to generate all static and spherically
symmetric anisotropic solutions for general relativistic polytropes. We note that
the constraint introduced by the polytropic equation of state leaves room to only
one generating function. Given the interest in polytropic equations of state for the
relativistic community, the protocol here developed could be of interest in several
contexts (for applications of polytropes in astrophysics and related fields, see, for
example, Ref.™).
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In the next section we shall present the general equations and the algorithm
which permits to construct all the solutions previously mentioned and then we shall
obtain the generating function for a specific solution previously considered in the
literature. The conformally flat and class I conditions are considered in subsequent
sections before we give final remarks and conclusions.

2. The algorithm

In this section we develop an algorithm to obtain all static and spherically symmetric
anisotropic solutions for general relativistic polytropes. For this purpose we shall
consider a line element parametrized in Schwarzschild-like coordinates as Eq. (4)
and write Einstein’s equations (5), (6) and (7) in terms of the generating function
y(r), given by (9), and the polytropic equation of state (3). That is

1y v
—ﬁ+ﬁ+?=—8ﬂp, (16)
1 y vy 141
_T72+7"72+T:87r](p n, (17)
! 2 / ! 2 1
(/' +2) W' +v'y) | 2y o b (18)
4r 4r

Using (16) and (17) we obtain

1
1// — KT72/n (]‘ - y u ry/)1+7l . y - 1 (19)
(8m)/nry ry

Integrating the above equation, the metric function v(r) turns to be
/ K(1—y—r)" - smd)i-1)
T.
(8mrn+2)ay

Then, replacing Egs. (9) and (20) in Eq. (4), the line element takes the form

K (1 —y—ry)"7 — (8rr)7 (y—
(8mrm+2) o Yy
Finally, after a long but straightfor-

ward calculation, the tangential pressure (18) can be expressed in terms of the
generating function as

ds* = exp[ 1)dr dt* — édr2 —r2dQ?. (21)

(2r = ) 2y { (SW)IQ/H n

87TPL =

x {2n 422+ n)y? +nry/ (ry’ = 3) —y[201+ ) (r2y" +2) +nry'| | +

+ (8wr?)?/™ n[r(y -1y + (y — 2)yH + 7"4/"} ) (22)

{KQ”(l —y =) L K@) (L y - )
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Therefore, the system is completely determined once the generating function,
y(r), is provided.

It is worth noticing that the mass function, m(r), is related to the generating
function by means of

2m
=1-—. 23
Y . (23)
Therefore, using the fact that Einstein’s equations imply 47p = T—; we have
1—y—ry
=< 9 24
p Srr? (24)

Then, Egs. (3), (22) and (24) express the physical variables in terms of the gener-
ating function. Even more, using the polytropic equation of state (3), and Egs. (8)
and (23), it can be seen that the anisotropic system described by (11), (12) and
(13) is reduced to the polytropic case under study. In this sense, the protocol for

the polytropic fluid developed here is consistent with the most general case reported
;0 70
1m.

3. Particular cases

In this section we obtain the generating function for the polytropic models reported
in? and.” It is worth noticing that although in both works the general relativistic
polytrope problem is solved, the main difference between them is the particular
type of anisotropy employed.

3.1. Model 1

A particular solution reported in Ref.? is based on the generalized Tolman-
Oppenheimer-Volkoff equation in the form

/

2
Pl = —Z(p+P)+ A, (25)

together with a specific form for the anisotropy factor A = P, — P. = Cf(P.,7)(p+

P,)rN . In this previous equation, C is a parameter encoding the anisotropy, and f

and N are certain function and number specific for each considered model (see™

for details). In particular, if f(P,.,r)r¥V =1 = ”7/ is assumed, then Eq. (25) reads

/

dj;r = —h(p+ PT)%,

where h = 1 — 2C. As noted in,? after defining the usual variable entering the
Lane-Emden equation, w™, as

(26)

p(r) = pew"(r) (27)
where p, is the energy density at the center of the object, Eq. (26) can be integrated,
producing

_20tn)

e = (1-20) (14 gy, (28)

rs
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where M and ry, are the mass and radius of the object and ¢. = P./p. with P, the
radial pressure at its center.

Now, in order to obtain the generating function for this case, let us replace Eq.
(27) in Eq. (16) and solve for y/(r) to obtain

, l—y— 8mpcrw™

29
: (29)
Combining (19) and (29) we arrive to
1+1 "
o 1—y+8rKrip. "w'tn . (30)
Ty
Then, deriving Eq. (28) we obtain
2q.K(1 !
h(1+ q.w)

and finally, using (17) and (31), the generating function takes the form

h(1 4+ gew) (1 + SWKTQpiJr%leF")

y = : (32)

h+ gchw — 2¢. K (1 + n)rw’

which completes the protocol. At this point, it is worth mentioning that although
once the generating function is obtained the Einstein’s equations are formally solved,
as previously mentioned, the constraint given by Eq. (29) must be fulfilled in order
to obtain the metric function v(r). We must emphasize that this procedure leads
to the generalized Lane-Emden equation obtained in? once the heuristic procedure
applied to the anisotropy was introduced. This assures us that our function y, given
previously, correctly generates the required solution.

3.2. Model 2

In this section, as a second example, we will concentrate in the double relativistic
polytrope model introduced in.”® In this case, the equation of state for each pressure
reads
_ 1+55
P.=K,.p ", (33)
1

P =K p'tor, (34)

with p = p.w" . The anisotropy factor can be written as

A = peqew”” (we —w), (35)
where 0 = n, /n) and q. = P,./pc. It can be shown that (see™ for details)
2
e’ = -~ (36)

(1 +ch)2(1+nr)e4ch(r) ’
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with

TS

we —w

s

Deriving expression (36) we obtain

2wl — 2w — (14 n,)w’

=2 38
v qc 1+ gow ( )
Finally, replacing in (17) the generating function reads
(14 gew) (14 87 Prer?w! mr
y = ( ) (39)

14+ ge(1 — 4r)w + 4gerw? — 2(1 + n,)gerw’

Before concluding this section, we would like to emphasize that Eqgs. (32) and
(39) correspond to formal expressions for the generating function, y, in the sense
that they lead to the corresponding Lane-Emden equations which must be solved.
Even more, given the high non-linearity of the polytropic equations, obtaining an
analytical solution for y could be a difficult task. Therefore, in the following sections
we propose some geometrical constraints which close the system and allow to obtain
the generating function numerically.

4. Conformally flat condition

A conformally flat model with polytropic equation of state was discussed in,? so it
is to be expected that this case is portrayed within our formalism. Conformally flat
anisotropic spheres have vanishing Weyl tensor. In the spherically symmetric case,
it can be shown that all non-vanishing components of it, Cyg,5, can be expressed
through the component ('3,,,. So, the Weyl tensor is described by a single function
that must be canceled leading to a linear differential equation for v/, which can be
integrated.®® In this section we provide the conformally flat condition in order to
close the system and find a solution for the generating function y.
As it is well known, in terms of the standard parametrization (4) the conformally

flat condition reads

A1 1 D N VA |

ﬁ—ﬁ+ZA/V/_T_7_ZV/2:O' (40)
Now, after introducing the generating function by e=* =y, Eq. (40) can be written
as

r(rv = 2)y +y(r e+ (/' —2))+4) —4=0. (41)

Next, using (19) and its derivative, Eq. (41) can be expressed in terms of only the
generating function and it can be numerically solved after a suitable choice of the
boundary conditions and parameters involved are made.

In figure 1 we show the behaviour of y for the values of the parameters indicated
in the caption. Note that the generating function is a monotonously decreasing
function, as expected.



Int. J. Mod. Phys. D Downloaded from www.worldscientific.com
by UPPSALA UNIVERSITY on 07/02/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

June 17,2020 17:38 WSPC/INSTRUCTION FILE AllStaticIJMPD

Instructions for Typing Manuscripts (Paper’s Title) 9

1.0,
LY \\

0.8 \ 1
[ \
L \‘

0.6 X :
» 'y
» W

0.4+ [\ .
I [\
r \\\\

0.2 RN ]

0.0- \ \ IS
0.0 0.5 1.0 1.5 2.0

Fig. 1. Generating function, y, as a function of r for K = 0.5 and n = 0.5 (black line), n =1
(blue line) and n = 3 (red line)

5. Class I condition

Embedding of four-dimensional space-times into higher dimensions is an invaluable
tool in generating both cosmological and astrophysical models.”® The necessary
and sufficient condition required for a spherically symmetric space-time to be of
class one to generate exact solutions of the interior Einstein’s field equations is the
Karmarkar condition.®® This reduces the gravitational behavior of the model to a
single metric function. As it is well known, for spherically symmetric space-times
the class I condition reads (Rggpq # 0)°%77

Rt@tt‘)Rr¢r¢ = RtrtrR0¢)0¢ + Rr@tGRr¢t¢a (42)
which leads to
! , )\/6)\

with e # 1. Then, using e=* = y and (19) together with its derivative we arrive to
a differential equation for y that can be integrated numerically for several values of
n and some selected values for K. The results are shown in figure 2, where it can be
seen that the generating function y is a monotonously decreasing function for the
selected parameters.

6. Final Remarks and conclusions

In this work we have developed an algorithm to construct all static spherically
symmetric anisotropic solutions for general relativistic polytropes in terms of one
generating function. The protocol here developed could be useful for dealing with
several phenomena in which anisotropic polytropes appear, with special emphasis
in the physics of compact objects. It is important to note that our findings can be
considered as particular cases of.”®
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Fig. 2. Generating function, y, as a function of r for K = 0.5 and n = 0.5 (black line), n = 1
(blue line) and n = 3 (red line)

To illustrate the algorithm, we have followed two routes. In the first case, we
have provided two solutions to the field equations in order for the generating func-
tion to be formally obtained. The first one is related with the general and detailed
formalism to model polytropic general relativistic stars with anisotropic pressure.?
In this case, a heuristic model based on an ansatz to obtain anisotropic matter so-
lutions from known solutions for isotropic matter was adopted. Within our scheme,
we have been able to connect in Model 1 with that result, which allows us to ar-
rive to the Lane-Emden equation presented in.? In the same way, in Model 2 we
have related our scheme with a recent work describing a general framework for
modeling anisotropic relativistic polytropes, when both pressures (P, and P, ) sat-
isfy a polytropic equation of state (the general relativistic double polytrope for
anisotropic matter).” Both examples demonstrate that those cases are, indeed,
contained within our general development.

In the second case, we have provided extra constraints to close the system. In
particular, we have chosen to work with geometrical constraints such as the confor-
mally flat and Karmarkar conditions. We have found that, although in both cases
a numerical analysis is required given the high non—linearity of the equations, the
obtained function is monotonously decreasing as a function of the radial coordinate,
as expected. In this regard, it could be interesting to explore other geometrical con-
straints which could allow one to obtain analytical solutions. This an other aspects
are currently under study.
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