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In this paper we study the observational constraints that can be imposed on the coupling pa-
rameter, α̂, of the regularized version of the 4-dimensional Einstein-Gauss-Bonnet theory of gravity.
We use the scalar-tensor field equations of this theory to perform a thorough investigation of its
slow-motion and weak-field limit, and apply our results to observations of a wide array of physical
systems that admit such a description. We find that the LAGEOS satellites are the most constrain-
ing, requiring |α̂| . 1010 m2. This constraint suggests that the possibility of large deviations from
general relativity is small in all systems except the very early universe (t < 10−3 s), or the imme-
diate vicinity of stellar-mass black holes (M . 100M�). We then consider constraints that can be
imposed on this theory from cosmology, black hole systems, and table-top experiments. It is found
that early universe inflation prohibits all but the smallest negative values of α̂, while observations
of binary black hole systems are likely to offer the tightest constraints on positive values, leading to
overall bounds 0 . α̂ . 108 m2.

I. INTRODUCTION

Gauss-Bonnet terms routinely occur in low-energy ef-
fective actions for gravity, and in particular show up as
the leading-order correction in heterotic string theory
[1, 2], from the large-N expansion of dual field theories
in the AdS-CFT correspondence [3–5], and as a result
of considering quantum fields in curved space-times [6].
They are also known to be the unique quadratic com-
bination of the Riemann tensor that leads to ghost-free,
second-order field equations [7]. As such, they are of
broad theoretical interest.

In D = 4 dimensions, the consequences of making such
a correction to the gravitational action have often been
studied by coupling to a scalar field dilaton with canon-
ical kinetic term to a Gauss-Bonnet term. Black holes
in theories with linear [8–11], quadratic [12–16], and ex-
ponential couplings [17–21] have all been well studied in
this context, as have their cosmologies [22–28]. In this
paper we study a variant of these theories that results
from the dimensional regularization of gravity with a
Gauss-Bonnet term [29, 30], using a method originally in-
troduced to study Einstein’s theory in lower dimensions
[31], and with the motivation of constraining quantum
corrections to the gravitational action.

Interest in the dimensional regularization of grav-
ity with a Gauss-Bonnet term was recently spurred by
the development of 4D Einstein-Gauss-Bonnet (4DEGB)
gravity [32–97]. This theory was originally thought to
contain only a single spin-2 degree of freedom [32], a claim
that was later shown to be untrue [66]. Nevertheless,
the proposed mechanism remains of interest, and can be
used to study the consequences of a Gauss-Bonnet term
on 4-dimensional gravitational physics. We consider the
observational consequences of the regularized version of
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4DEGB theory [29, 30]; a scalar-tensor theory that be-
longs to the Horndeski class [98, 99], and which shares so-
lutions with the original version of 4DEGB [94, 100, 101].

In order to introduce this theory let us begin with the
Einstein-Gauss-Bonnet theory, which is generated from
the following Lagrangian:

L = R+ αG , (1)

where α is a constant, and where

G = RαβµνR
αβµν − 4RµνR

µν +R2 (2)

is the Gauss-Bonnet invariant. Unfortunately, the inte-
gral of the Gauss-Bonnet term is a topological invariant
in four dimensions, and so the extra term in Eq. (1) does
not contribute to the field equations in D = 4.

The novelty introduced in Ref. [32], which was aimed
at avoiding this limitation, was to re-scale the coupling
constant by

α =
α̂

D − 4
, (3)

where α̂ is a new constant. Taking the limit D → 4 then
means that α diverges as the new terms that occur in the
field equations would otherwise vanish. A well defined set
of scalar-tensor field equations for the theory that results
from such a procedure were eventually written down in
Refs. [29, 30], where counterterms were introduced into
the action in order to remove divergences.

The regularized theory that results from this process is
an interesting one, for a number of reasons. First, it co-
incides precisely with the theory obtained from perform-
ing a suitable Kaluza-Klein reduction of Gauss-Bonnet
theory in higher dimensions [100, 101]. Second, it also
coincides precisely with the effective action that one ob-
tains for the trace anomaly that results from the bro-
ken conformal symmetry of massless fields in quantum
theory [102, 103] (up to arbitrary conformally invariant
functional as an integration constant [104]). This means
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that it can be viewed as both a dimensionally-reduced
theory and as a gravitational theory that displays known
quantum corrections.

From a phenomenological perspective, this theory is
also extremely interesting. It is known to be free from
Ostrogradski instabilities, and to admit simple black hole
and cosmological solutions that reduce to those of Gen-
eral Relativity (GR) in a suitable limit. The black
hole solutions admit a repulsive force near their cen-
tre, which has consequences for the singularity problem,
while presenting logarithmic corrections to the Hawking-
Bekenstein entropy area formula (as predicted by some
quantum theories of gravity such as Loop Quantum
Gravity and String Theory [105, 106]). The cosmolo-
gies also allow for accelerating solutions, which could be
of potential interest for the physics of the early universe.
Along with all of this, the theory contains only a single
additional free parameter α̂, which makes it particularly
well defined.

In this paper we consider the observational constraints
that can be imposed on the regularized 4DEGB theory
of gravity. In Section II we re-introduce the field equa-
tions from Refs. [29, 30, 100, 101]. We then use them
to derive the form of gravitational interactions in the
slow-motion, weak-field limit of the theory in Section III.
The dynamical problem of two gravitationally interact-
ing massive bodies is considered in Section IV, where
constraints are imposed on α̂ from observations made in
relevant physical systems. In Section V we proceed to
study the constraints that can be imposed from observa-
tions of the propagation of electromagnetic and gravita-
tional radiation. Finally, in Section VI we consider order-
of-magnitude constraints that can be imposed on regu-
larized 4DEGB from cosmology, black hole physics, and

table top experiments of gravity. Overall, we find that
the LAGEOS satellites provide the tightest bounds on
the coupling parameter α̂, but that observations based on
early universe physics or gravitational waves from black
hole mergers are ultimately likely to give even tighter
constraints.

We use units such that G = c = 1, and use Greek
letters to denote space-time indices.

II. GRAVITATIONAL FIELD EQUATIONS AND
THE POST-NEWTONIAN EXPANSION

In this section we will state the field equations of the
theory derived in Refs. [29, 30, 100, 101, 103], and explain
the slow-motion, weak-field expansion we will apply to
them.

A. Gravitational Field Equations

The action that describes our theory is given by [29,
30, 100, 101, 103]

S =

∫
M
d4x
√
−g
[
R− α̂

(
φG − 4Gµν∇µφ∇νφ

− 4�φ(∇φ)2 − 2(∇φ)4
)]

+ Sm, (4)

where φ is an extra scalar gravitational degree-of-freedom
and Sm describes the matter content. The field equations
of the action (4) are

Gµν = α̂Ĥµν + 8πTµν , (5)

where α̂ is the re-scaled coupling constant from (3), and

where Ĥµν is given by

−1

4
Ĥµν =

1

2
Gµν (∇φ)

2 − Pµανβ
(
∇αφ∇βφ−∇β∇αφ

)
+ (∇αφ∇µφ−∇α∇µφ) (∇αφ∇νφ−∇α∇νφ)

+ (∇µφ∇νφ−∇ν∇µφ)�φ+
1

4
gµν

(
2 (�φ)

2 − (∇φ)
4

+ 2∇β∇αφ
(
2∇αφ∇βφ−∇β∇αφ

))
,

(6)

where Pαβµν ≡ ∗R∗αβµν = Rαβµν + gανRβµ − gαµRβν + gβµRαν − gβνRαµ + 1
2 (gαµgβν − gανgβµ)R, is the double

dual of the Riemann tensor. The propagation equation for φ is

Rµν∇µφ∇νφ−Gµν∇µ∇νφ−�φ (∇φ)
2

+ (∇µ∇νφ)2 − (�φ)2 − 2∇µφ∇νφ∇µ∇νφ =
1

8
G . (7)

It can be seen from these equations that this theory belongs to the Horndeski class [98, 99], with G2 = 8α̂X2,
G3 = 8α̂X, G4 = 1 + 4α̂X and G5 = 4α̂ lnX (where X = − 1

2∇µφ∇
µφ). It can also be seen that the trace of Eq. 6

taks the particularly simple form R+ 1
2 α̂G = −T .

B. Post-Newtonian Expansion

We want to investigate the behaviour of the theory
given in Section II A under a post-Newtonian expan-
sion. This is an expansion of the metric about Minkowski

space, where the gravitational field is assumed to be weak
and the motion of matter is assumed to be slow compared
to the speed of light.

We therefore consider a metric that can be written as

gµν = ηµν + hµν , (8)
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where hµν is a perturbation. We proceed by using an
expansion parameter η, which is taken to be of the typical
order-of-magnitude of the 3-velocity v of a body in the
system under consideration (in most cases of interest η ∼
v/c ∼ 10−5 to 10−4).

The different components of hµν can then be expanded
as

h00 = h
(2)
00 + h

(4)
00 +O

(
η5
)

h0i = h
(3)
0i +O

(
η4
)

hij = h
(2)
ij +O

(
η3
)
,

where Latin indices run over the three spatial dimensions,
and where numbers in brackets indicate the order of an
object with respect to the parameter η. Different compo-
nents of the perturbation are expanded to different orders
in η due to the role each of them plays in the field equa-
tions and the equations of motion of particles and bodies.
Here we have included the terms that are required to re-
produce the leading-order Newtonian equations, and the
next-to-leading-order post-Newtonian terms, for objects
with time-like or null trajectories.

Matter fields in this approach are expanded such that

v = v(1), ρ = ρ(2), p = p(4), Π = Π(2) ,

where ρ is the density of mass, p is the isotropic pressure,
and Π is the internal energy per unit mass (such that
energy density is given by µ̃ = ρ(1 + Π)).

We also need to use the fact that time derivatives add
an extra order of η, compared to spatial derivatives of
the same quantity, such that

∂/∂t

∂/∂xi
∼ η . (9)

This equation encodes the “slow motion” aspect of the
expansion. We take this rule to apply to all fields, not
just those directly associated with matter, which extends
this notion from the motion of bodies themselves to the
gravitational fields they generate.

The only remaining object that needs to be perturbed
is the scalar field φ that appears in Eqs. (6) and (7),
which we now write as

φ = φ̄+ δφ (10)

where φ̄ ∼ η0 ∼ 1 is the constant background value of φ,
and where δφ ∼ η2 is a perturbation.

Everything described in this section is entirely stan-
dard in the post-Newtonian approach to weak-field grav-
ity, and is explained in great detail in (for example) Ref.
[107], to which the reader can refer for further explana-
tion and justification. We will use this formalism in the
following section to construct the slow-motion, weak-field
metric for 4DEGB gravity.

III. WEAK FIELD GRAVITY

The first task to perform in assessing the observational
viability of 4DEGB in the weak field regime is to expand
the field equations (5), in the smallness parameter η. The
results can then be solved order-by-order, to build up a
perturbative description of the gravitational field that
can be used to compute observables.

A. Solving the Perturbed Field Equations

The leading-order part of the 00 field equation (5) oc-
curs at order η2, and can be written

∇2h
(2)
00 = −8π ρ , (11)

which under asymptotically flat boundary conditions in-
tegrates to

h
(2)
00 = 2U = 2

∫
ρ

|x− x′|
d3x′ , (12)

where the last equality serves to define the Newtonian
gravitational potential U = U(x), and where the mass
density should be taken to be a function of the primed
coordinate position (such that ρ = ρ(x′)). This met-
ric perturbation is sufficient to describe all gravitational
physics at the leading-order Newtonian level of approxi-
mation, for bodies following time-like geodesics.

To determine the trajectories of rays of light to Post-

Newtonian order we require h
(2)
ij , as well as h

(2)
00 . This

can be determined from the leading-order part of the ij
field equations (5), which are at order η2 and read

∇2h
(2)
ij = −8π ρ δij , (13)

and which have the solution

h
(2)
ij = 2U δij = h

(2)
00 δij . (14)

Equation (13) is derived by choosing a gauge such that
2hµi,µ − h

µ
µ,i = 0, which can be retrospectively shown

to be satisfied for the solutions we find.
The post-Newtonian equations of motion require

knowledge of h
(3)
0i and h

(4)
00 , as well as h

(2)
00 and h

(2)
ij . The

equation for h
(3)
0i can be found by taking the leading-order

contribution to the 0i field equations (5):

∇2h
(2)
0i + U,0i = 16π ρ vi , (15)

where the gauge condition 2hµ0,µ − h
µ
µ,0 = −h00,0 has

been used, as well as the lower-order solutions above.
Again, this gauge condition can be retrospectively ver-
ified by the solutions it generates. The asymptotically
flat solution to Eq. (15) is

h
(3)
0i = −7

2
Vi −

1

2
Wi (16)



4

where the post-Newtonian gravitational potentials Vi and
Wi are given by

Vi =

∫
ρ vi
|x− x′|

d3x′ (17)

Wi =

∫
ρ [v · (x− x′)](xi − x′i)

|x− x′|3
d3x′ , (18)

and where various manipulations have been performed.
The mass density ρ and the 3-velocity field v in these
equations should be taken to be functions of the primed
coordinate position x′.

It now remains to determine h
(4)
00 . In order to do this

we use the scalar field propagation equation (7), which
has its first non-trivial part at order η4:

δφ,ij δφ,ij −
(
∇2δφ

)2
= U,ij U,ij −

(
∇2U

)2
. (19)

Imposing sensible boundary conditions, this equation ad-
mits the solutions

δφ = ±U . (20)

This is remarkably simple, and gives the interesting in-
terpretation that the value of the gravitational scalar φ
at a point in space-time is simply equal to the value of
the Newtonian gravitational potential (up to a sign).

Using Eq. (20), we can write the 00 field equation (5)
at order η4 as

∇2
(
h
(4)
00 + 2U2 − 4Φ1 − 4Φ2 − 2Φ3 − 6Φ4

)
= ±α̂G(4) ,

(21)
where

Φ1 =

∫
ρ v2

|x− x′|
d3x′ (22)

Φ2 =

∫
ρU

|x− x′|
d3x′ (23)

Φ3 =

∫
ρΠ

|x− x′|
d3x′ (24)

Φ4 =

∫
p

|x− x′|
d3x′ (25)

and where the order η4 part of the Gauss-Bonnet invari-
ant (2) is written as

G(4) = 8
(
U,ij U,ij −

(
∇2U

)2)
.

Integrating Eq. (21) gives the solution

h
(4)
00 = −2U2 + 4Φ1 + 4Φ2 + 2Φ3 + 6Φ4 ∓

(
α̂

4π

)
ΦG .

(26)
where we have introduced the new potential

ΦG =

∫
G(4)

|x− x′|
d3x′ . (27)

This equation represents a new type of gravitational po-
tential that is sourced by the Gauss-Bonnet invariant it-
self (in the same way that the mass density ρ sources the
Newtonian potential U). The ∓ sign in Eq. (26) has its
origin in the ± that occurs in Eq. (20).

Comparison of the results above with the PPN test
metric gives the gravitational parameters of this theory
as

β = γ = 1 (28)

and

ξ = α1 = α2 = α3 = ζ1 = ζ2 = ζ3 = ζ4 = 0 , (29)

exactly as in GR [108]. The only difference is the appear-
ance of the potential ΦG in Eq. (26), which has no coun-
terpart in the standard PPN metric. In what follows we
will determine the effects that this new post-Newtonian
gravitational potential has on observables, and use these
results to place observational constraints on the coupling
parameter α̂.

B. The N-Body Problem

Let us now consider a collection of point sources, as
the origin of the gravitational field. The energy density
of such a group of sources can be written as

µ̃ =
∑
A

mA
dτA
dt

δ3(r− rA)√
−g

. (30)

where mA is the rest mass of particle A, τA is the proper
time along its world-line, and we have taken p = 0.

If we now recall that µ̃ = ρ(1+Π), we find that we can
write

U =
∑
A

mA

|x− xA|
, (31)

and

Φ1 =
∑
A

mAv
2
A

|x− xA|
(32)

Φ2 =
∑
A

mAUA
|x− xA|

(33)

Φ3 = −1

2
Φ1 − 3Φ2 (34)

Φ4 = 0 . (35)

where UA is the value of U at particle A, without includ-
ing its own infinite contribution to this quantity.

The remaining vector post-Newtonian potentials are
given by

Vi =
∑
A

mAvAi
|x− xA|

(36)

Wi =
∑
A

mAvA · (x− xA)(x− xA)i
|x− xA|3

. (37)
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It now only remains to calculate ΦG , which is done in
Appendix A, and gives

ΦG = −32π

(
1

2
|∇U |2 − ψ1

)
, (38)

where

|∇U |2 =
∑
A,B

mAmB(x− xA) · (x− xB)

|x− xA|3|x− xB |3
(39)

ψ1 =
∑

A,B 6=A

mAmB(x− xA) · (xA − xB)

|x− xA|3|xA − xB |3
, (40)

and where infinite contributions have again been re-
moved. The potentials listed in Eqs. (31)-(38) can be
substituted back into the expressions derived in the pre-
vious section to find the relevant expressions for the com-
ponents of the metric perturbation hµν at each order of
interest.

IV. 2-BODY DYNAMICS

We will find below that a promising route for con-
straining the 4DEGB theory with observations involves
the bound orbits of two massive bodies. We will there-
fore begin this section by calculating the Lagrangian and
Hamiltonian formulation of this problem.

A. Relativistic Lagrangian and Hamiltonian

To begin with, let us consider a single time-like par-
ticle, which we will label 1. The Lagrangian that can
be used for investigating the motion of this particle can
be written L1 = −m1dτ1/dt, where m1 is its mass and
τ1 is the proper time measured along its worldline. The
Lagrangian L1 gives the force on particle 1 by taking
the partial derivative with respect to the field point:
F1 = (∂L1/∂x) |x=x1

. If instead we want a Lagrangian
that will be valid for more than one particle then we can
construct an L for which the force on the ith particle will
be given by Fi = ∂L/∂xi .

For a two-body system this Lagrangian is given to the
required order of accuracy by

L =− (m1 +m2) +
1

2
m1v

2
1 +

1

2
m2v

2
2 +

m1m2

r12
(41)

+
m1m2

2r12

[
3(v21 + v22)− 7v1 · v2 − (v1 · n12)(v2 · n12)

]
+

1

8
(m1v

4
1 +m2v

4
2)− m1m2(m1 +m2)

2r212

(
1± 4α̂

r212

)
,

where r12 = |x1−x2| and n12 = (x1−x2)/r12, and which
can be seen to reduce to the usual expression from GR
in the case α̂ = 0 [109].

This Lagrangian can be conveniently re-written by
choosing a frame such that m1v1 + m2v2 = 0,

which corresponds to the centre-of-momentum frame at
Newtonian-level accuracy. If we also define the total and
reduced masses by M = m1 + m2 and µ = m1m2/M ,
and the relative velocity by v = v1 − v2 then we get

L = L(2) + L(4) (42)

where L(2) (the Lagrangian at the Newtonian order of
approximation) is given by

L(2) = −M +
1

2
µv2 +

µM

r
, (43)

and L(4) (the first post-Newtonian correction) is

L(4) =
µM

2r

[(
3 +

µ

M

)
v2 +

µ

M

(v · r)2

r2

]
+
µ

8

(
1− 3

µ

M

)
v4 − µM2

2r2

(
1∓ 4α̂

r2

)
, (44)

where we have written r = x1 − x2 and r = |r|.
Using the expressions above for the two-body La-

grangian, we can construct the corresponding Hamilto-
nian and write it as

H = H(2) +H(4) , (45)

where the Newtonian-level contribution is given by

H(2) = M +
p2

2µ
− µM

r
(46)

and the first post-Newtonian contribution is given by

H(4) =− 1

2r

[
3

(M − 2µ)

µ
p2 + 7p2 + (p · r̂)2

]
− (M − 3µ)

8Mµ3
p4 +

M2µ

2r2

(
1∓ 4α̂

r2

)
, (47)

where the relative momentum is p = p1 = −p2, with
magnitude p = |p|. We will now use this Hamiltonian to
calculate the periapsis advance for two bodies in closed
orbits.

B. Advance of Periapsis

We can calculate the advance of periapsis using the
Hamilton-Jacobi approach, which has an action

S(r, φ, t) = Sr(r) + Sϕ(ϕ) + St(t)

= Sr + Jϕ− Et , (48)

where J is angular momentum and E is energy. The ra-
dial momentum can be extracted from the radial part of
this action using pr = ∂Sr/∂r and the angular coordi-
nate ϕ can be found using the equation for the general-
ized coordinate: ϕ = −∂Sr/∂J + constant. This gives
the angle ϕ (up to a constant) as

ϕ = −
∫
∂pr
∂J

dr , (49)
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where pr can be determined using the Hamiltonian (45).
Energy in this system is conserved, so H = E = con-

stant. Solving Eq. (45) for pr therefore gives

p2r = −A+
B

r
− J2

r2
+

6M2µ2

r2

(
1± 2α̂

3r2

)
, (50)

where we have performed a gauge transformation so that
r → r + µ/2, and where

A = −2(E −M)µ+O(η4)

B = 2Mµ2 +O(η4) .

The higher-order parts of these equations are not made
explicit, as they are not required in the final result.

Using Eq. (50) in Eq. (49) gives, to Newtonian order,
the usual result:

ϕN = cos−1
(

2J2/r −B√
B2 − 4AJ2

)
, (51)

where the constant of integration has been chosen so that
the moment of periapsis occurs at ϕ = 0, and where we
have neglected the last term in Eq. (50), which is small
compared to the first three.

The relativistic correction to ϕ can then be calculated
using

ϕR = −
∫
∂p

(4)
r

∂J
dr

∣∣∣∣∣
A=A(2), B=B(2)

. (52)

Here there is no need to include the η4 parts of A and B,
as the higher-order parts in the first two terms contribute
in exactly the same way as the lower-order parts do to
ϕN, and the higher-order parts included in the last term
would be of order η6.

We find that Eq. (52) evaluates to

ϕR =
3M2µ2

4J6

[
4J4 ± α̂(5B2 − 4AJ2)

]
ϕN (53)

+ periodic terms .

The constant of integration has been chosen here so that
ϕR = 0 at periapsis (i.e. when ϕN = 0). The periodic
terms in this expression are omitted as they do not pro-
duce a secular change that can accumulate.

To find the precession that occurs every orbit, we can
put ϕN = 2π into Eq. (53), and neglect the periodic
terms. This gives

δϕ =
6πM

a(1− e2)

[
1± α̂(4 + e2)

a2(1− e2)2

]
, (54)

where a is the semi-major axis of the orbit and e is
the eccentricity. In deriving this expression we have
used the Newtonian results J2 = Mµ2a(1 − e2) and
E = M −Mµ/2a. This equation gives the contribution
from the Gauss-Bonnet term to the advance of periapsis
of a bound orbit, and can be seen to reduce to the usual
expression from GR when α̂ = 0 (see e.g. [109]).

C. Observational Constraints

Let us now consider observational constraints that
can be imposed on the coupling parameter α̂, using
observations of closed orbits of time-like objects. We will
first consider the classical test of Mercury’s perihelion
precession, before moving on to the orbits of satellites
around the Earth, and the orbits of binary pulsars.

Perihelion Precession of Mercury: The detection of the
anomalous perihelion precession of the orbit of Mercury
pre-dates the discovery of relativistic gravity [110], and
was one of the original tests used to validate GR [111].
It therefore has important pedagogical importance.

Contributions to the perihelion precession of Mercury
come from the precession of the equinoxes of the coor-
dinates system (∼ 5025′′ per century), from the gravita-
tional influence of the other planets (∼ 531′′ per century),
and from the non-zero quadrupole moment of the Sun
(∼ 0.025′′ per century). A precise determination of these
contributions, analysed together with the ephemeris of
Mercury, gives an anomalous deficit of ∼ 43′′ per cen-
tury. This can be compared with the prediction from
Eq. (54) to constrain our theory.

For definiteness we use the anomalous perihelion pre-
cession determined by Pitjeva and Pitjev [112]:

δϕ− δϕGR = (−0.0020± 0.0030) ′′ per century , (55)

where δϕGR = 42.98 arcseconds per century is the fa-
mous prediction from GR. Other published values for this
quantity exist in the literature, and can be found e.g. Ref.
[113]. Taking the mass of the Sun to be 1.9884×1030 kg,
the mass of Mercury to be 3.3011 × 1023 kg, and their
orbit to have semi-major axis a = 57, 909, 050 km and
eccentricity e = 0.205 630, we find that Eq. (55) implies
that the coupling parameter of 4DEGB is constrained to
be

|α̂| = |(−3.54± 5.31)| × 1016 m2 . (56)

Alternate observations will of course give alternative
bounds on α̂, but for errors on δϕ of the order of ∼ 0.01
arcseconds per century we can see that the constraints
are going to be at the level of |α̂| . 1017 m2.

LAGEOS Satellites: The LAGEOS satellites are two
man-made satellites, which are spherical in shape with
a diameter of 60 cm, and which orbit the Earth at an
altitude of approximately 6 000 km. Lasers are reflected
off the satellites from ground-based stations, which allow
for precise tracking of their orbits. One of the many
benefits of this is that the gravitational field of the Earth
can be measured to very high accuracy.

Using 13 years of tracking data of the LAGEOS satel-
lites, the precession of the periapsis of the LAGEOS II
satellite was measured by Lucchesi and Peron to be [114]

δϕ =
[
1 + (0.28± 2.14)× 10−3

]
δϕGR ,
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where δϕGR is the prediction from GR (i.e. Eq. (54) with
α̂ = 0). Taking the mass of this satellite to be 405.38 kg,
and taking its orbit to have a semi-major axis a = 5.697×
106m and eccentricity e = 0.0135, this corresponds to a
bound on the 4DEGB coupling parameter of

|α̂| = |(0.23± 1.74)| × 1010 m2 , (57)

where we have taken the mass of the Earth to be
5.9722 × 1024 kg. This is a much tighter bound than
that obtained from the perihelion precession of Mercury,
which we take to be due to the much smaller orbital
radius of the LAGEOS satellites (∼ 106m, compared to
∼ 1010m for Mercury). This being the case, the 1/r4

form of the gravitational potential in Eq. (38) then
suppresses the contribution of the new effects in 4DEGB
by a much smaller amount.

Precession of S2 around Sgr A∗: The motions of stars
orbiting the central black hole of the Milky Way galaxy
have now been observed for 27 years, which has enabled
very accurate determinations of their orbital parameters.
The GRAVITY collaboration has detected the precession
of the star S2 to be [115]:

δϕ = [1.10± 0.19] δϕGR , (58)

where δϕGR = 12.1′ per orbit is the prediction from GR.
We find that this implies

|α̂| = |(2.17± 4.42)| × 1025 m2 , (59)

where we have taken the mass of the central black hole to
be 4.261×106M�, the mass of S2 to be negligible, and its
orbit to have eccentricity e = 0.884649 and semi-major
axis a = 1.54 × 1014 m (from an angular size of 125.058
mas and a distance of 8246.7 pc) [115].

This bound is weaker than that obtained from Mer-
cury and LAGEOS, but is obtained in a very different
environment. Further observations of S2, and other stars
orbiting Sgr A∗, may provide slightly better constraints
in future, but should not be expected to improve to the
level of those given by LAGEOS as the a2 suppression
in Eq. (54) is orders of magnitude larger in the present
case. We note while canonical scalar-tensor theories
(such as Brans-Dicke) have black hole solutions with
a weak field that is identical to GR [116], this is not
expected to be the case in 4DEGB. This is due to the
form of the scalar field propagation equation (7), which
is sourced by the Gauss-Bonnet curvature-invariant of
the space-time, and not its energy-momentum content.
The scalar field must therefore be non-constant, and
satisfy Eq. (19) in the weak field limit, independent of
whether the gravity is due to a black hole or matter.

Binary Pulsars: Binary pulsars are two-body systems
that contain at least one pulsar (i.e. a rotating neutron
star that emits regular pulses of radiation). These sys-
tems are excellent testing grounds for relativistic gravi-
tational physics, as they allow precise data about orbits

to be extracted from systems in which the bodies move
at very high velocities.

The first, and most famous, binary pulsar system to
be found was PSR B1913+16 [117], also known as the
Hulse-Taylor binary (after its discoverers). This system
provided the first indirect evidence for the existence of
gravitational waves, as the period of its orbit changed
over time due to their emission. In general, binary pul-
sars provide the possibility to constrain relativistic grav-
ity through five different post-Keplerian effects: the rate
of advance of periapsis, the rate of change of orbital pe-
riod, the gravitational redshift and two types of Shapiro
time delay effect.

The most promising binary pulsar system for con-
straining 4DEGB is PSR J0737-3039A/B [118], also
known as the double pulsar. In this system both bod-
ies were (for a time) emitting pulses of radiation that
were visible from Earth. In addition, the system was ori-
ented edge-on, which meant that all five post-Keplerian
parameters were visible, as well as the mass ratio of the
pulsars being determinable.

As we will discuss later, the Shapiro time delay effects
are unaltered in 4DEGB from their values in GR. The ad-
vance of periapsis, on the other hand, can be seen from
(54) to be dependent on the coupling parameter α̂. We
can therefore use the mass ratio, together with observa-
tions of these two relativistic effects, to determine the
masses of both pulsars together with the value of α̂ (as
there are three observables and three unknowns). Using
the mass ratio and the periapsis advance to determine
the masses, Kramer et al. find the time delay parameter
r to be given by [119]

r = (1.009± 0.055) rGR . (60)

where rGR is the value predicted in GR. Assuming this
combination of observables leads to a similar constraint
on the advance of periapsis of the system gives the fol-
lowing constraint on the coupling parameter:

|α̂| = |(0.4± 2.4)| × 1015
m2

sin i
, (61)

where i is the inclination angle of the system, where the
mass ratio has been taken to be 1.0714 and the semi-
major axis and ellipticity have been taken to be given by
a = 1.415032 c s−1/sin i and e = 0.087777. This gives a
best estimate for the constraints available from these ob-
servations to be |α| . 1015 m2, which is better than that
available from Mercury, but worse than the constraints
available from LAGEOS.

We note that while the structure of neutron stars in
4DEGB has not yet been studied, we still expect the anal-
ysis performed above to be applicable to the weak field
of such bodies. This is despite non-perturbative effects,
such as “spontaneous scalarization”, being known to ex-
ist in some scalar-tensor theories [120]. This is because
the only degree-of-freedom in our weak-field analysis that
could be altered by such non-linear physics is the mass of



8

the body, which is already treated as a nuisance parame-
ter when extracting constraints from data. In particular,
the coupling constant α̂ cannot be dependent on environ-
ment, and so the cannot be affected by non-linearities in
the same way as the coupling function ω(φ) of canonical
scalar-tensor theories.

V. PROPAGATION OF RADIATION

As well as the motion of massive bodies, there are also
a number of observational tests of gravity that rely on the
propagation of radiation. In the case of isolated, weakly
gravitating systems, two of the most widely used tests
of this type are gravitational lensing and Shapiro time
delay. More recently, there is also the direct detection of
gravitational waves by LIGO/VIRGO.

A. Lensing and Time Delay

The first test of relativistic gravity to be performed af-
ter the publication of GR was the observation of the grav-
itational lensing of light by the Sun, which is predicted
by Einstein’s equations to be 1.75′′ for a null trajectory
that grazes its edge. This effect was observed by Edding-
ton in May of 1919, during his famous trip to Pŕıncipe,
and was of great importance in establishing the validity
of GR. Today, this same effect is measured using Very
Long Baseline Interferometry, with results from around
2500 days of observations taken over a period of 20 years
giving the constraint [121]

θ = (0.99992± 0.00023) θGR , (62)

where θ is the deflection angle, and θGR = 1.75′′ is the
prediction from GR. This is one of the highest precision
results available on relativistic gravity, and is used to
place constraints on the post-Newtonian parameter γ to
around 1 part in 104 of its value in GR.

Even tighter constraints on γ are available from obser-
vations of the Shapiro time delay effect, which accounts
for the deflection in time of a radio signal as it passes
through a gravitational field. The most constraining ob-
servation of this effect in the Solar System to date was
from radio signals sent to the Cassini spacecraft on its
mission to Saturn. These give [122]

∆t = (1.00001± 0.00001) ∆tGR , (63)

where ∆tGR is the expected size of the effect from GR.
This gives a bound on γ of being within 1 part in 105 of
its expected value, which is currently the best constraint
available on this quantity (or on any post-Newtonian pa-
rameter associated with conservative theories of gravity).

We note that these observations, though extremely
precise, provide no new constraints on the coupling pa-
rameter α̂. This can be seen from the results presented
in Section III, where the order η2 parts of both the 00

and ij components of the metric are identical to the form
they take in GR. The equations of motion of null parti-
cles are only sensitive (at leading-order) to gravitational
potentials that appear in these components of the metric
at this order [108], so the lensing and time delay effects
in 4DEGB should be expected to be exactly the same as
they are in GR. This means that neither effect can be
used to constrain α̂, and all that can be said is that the
results quoted in Eqs. (62) and (63) are consistent with
this theory.

B. Gravitational Waves

A further constraint on α̂ comes from the propagation
of gravitational waves from the double neutron star col-
lision that resulted in the signal GW170817 [123].

The spatially flat Friedmann-Roberston-Walker
(FRW) metric is a solution to the field equations (5),
but results in an altered Friedmann equation:

H2 + α̂H4 =
8π

3
ρ+

C4

a4
, (64)

whereH = ȧ/a is the Hubble rate, ρ is the energy density,
a is the scale factor, and C is a constant of integration.

For Horndeski theories we know that the propagation
speed of gravitational waves is [99]

c2T =
G4 −X

(
φ̈G5,X +G5,φ

)
G4 − 2XG4,X −X

(
Hφ̇G5,X −G5,φ

) (65)

where X = − 1
2∂µφ∂

µφ. The reader may note that only
G4 and G5 are required to calculate the gravitational
wave speed.

Recalling that our theory is a subset of Horndeski with
G2 = 8α̂X2, G3 = 8α̂X, G4 = 1 + 4α̂X, G5 = 4α̂ logX,
we can now calculate cT in 4DEGB. We find this to be
given by

c2T = 1 +
4α̂
(
Ḣ + C2

a2

)
1 + 2α̂

(
H2 − C2

a2

) = 1 +
Γ̇

HΓ
, (66)

where Γ = 1 + 2α̂(H2 −C2/a2) and where we have used

X = 1
2 φ̇

2 and φ̇ = −H+C/a in a Friedmann background.
We note that the speed of propagation of gravitational
waves in an FRW cosmology in 4DEGB is not equal to
the speed of light, but that it reduces to the speed of
light in Minkowski space (i.e. when H = C = 0).

Now, the electromagnetic counterpart to GW170817
indicates that the deviation in the speed of gravitational
waves from that of light must be less than one part in
1015 [124–128]. From Eq. (66) this leads to the rather
weak constraint ∣∣∣∣∣ Γ̇

HΓ

∣∣∣∣∣ < 10−15 , (67)
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which, taking C = 0 for simplicity, implies

|α̂| . 1036m2 , (68)

where we have taken Ḣ ≈ H2 ≈ 5.8× 10−36 s−2. Taking
C 6= 0 will change this constraint, and will correspond
to cosmologies that contain a period in which the free
kinetic energy of the scalar field dominates over matter.
This is an intruiging possibility, which often occurs in
the cosmologies of scalar-tensor theories of gravity, but
which we will not consider further here.

The result (68) agrees with similar estimates in
Ref. [90], and can be seen to be considerably weaker than
the constraints imposed from the trajectories of massive
bodies studied in Section IV. It therefore appears to pro-
vide an exception to the rule that GW170817 tightly con-
strains Horndeski theories with non-trivial G4 and G5

[126–128].

VI. OTHER TESTS

We have so far considered constraints that are avail-
able on the 4DEGB theory from bound orbits of massive
bodies, and from the propagation of radiation. In this
section we will discuss some other tests of gravity that
are available, and what they may imply for 4DEGB.

A. Black Hole Shadows

The shadow of the super-massive black hole of M87
has recently been observed [129, 130], and can be used to
constrain deviations from GR [15, 131–133]. Here we will
recap what this implies for 4DEGB, following Refs. [34–
37].

Firstly, the simplest static, spherically symmetric so-
lution of 4DEGB has line-element [32, 100]

ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2 , (69)

where

f(r) = 1 +
r2

2α̂

(
1−

√
1 +

8Mα̂

r3

)
, (70)

and where M is a constant mass parameter. The scalar
field profile that together with (69) and (70) solves
the field equations (5) and (7) is given by φ(r) =∫

(r
√
f(r))−1dr − log(r/L) [100], where L is a length

scale. This is a dimensionally-reduced version of the gen-
eral static and spherically symmetric vacuum solution of
the Einstein-Gauss-Bonnet theory [134], and numerical
investigations suggest it is the only physically interest-
ing static and spherically symmetric solution of 4DEGB.
It has a non-trivial horizon structure, containing both
black and white hole horizons, and exhibits a repulsive
force at small radial distances, which may have conse-
quences for the singularity problem in relativistic grav-
ity. Furthermore, it presents logarithmic corrections to

the Hawking-Bekenstein entropy area formula [38, 100],
as predicted by some quantum theories of gravity (such
as Loop Quantum Gravity and String Theory [105, 106]).

The radius of the photon sphere, rph, for an object
described by (69), is given by the appropriate solution of
rf ′(r) = 2f(r), and the corresponding black hole shadow

radius is well approximated by RSh = rph/
√
f(rph). This

all gives

RSh

M
=

3 + δ
2
3

δ
1
3

(
1 +

(3 + δ
2
3 )2

2βδ
2
3

[
1−

√
1 +

8βδ

(3 + δ
2
3 )3

])− 1
2

(71)

with δ = −4β +
√

16β2 − 27 and β = α̂/M2. It can be
shown that the radius of the shadow monotonically de-
creases with α̂. Now, the black hole M87∗ has been mea-
sured by the Event Horizon Telescope to have a shadow
of size RSh = (4.96 ± 0.75) × 1013 m. Using Eq. (71),
this value, together with a value for the mass of the black
hole, can be used to infer bounds on α̂.

Observations of stellar dynamics around M87∗ imply
a mass of M = 6.14+1.07

−0.62 × 109M� [135], which in turn
allows one to derive the constraint

α̂ = (−0.67± 1.44)× 1026 m2 . (72)

Alternatively, measurements of gas dynamics imply M =
3.45+0.85

−0.26 × 109M� [136], which gives1

α̂ = (−1.26± 0.80)× 1027 m2 . (73)

Both cases prefer negative values for the Gauss-Bonnet
coupling, but clearly place much looser constraints than
those obtained in Section IV.

In addition to the constraints above, further bounds
can be placed on positive values of α̂ by the requirement
for the existence of an event horizon and a photon sphere.
These require α̂ < M2 and α̂ < 3

√
3M2/4, respectively.

Since we observe the shadow, this alone can be used to
place the constraints α̂ ≤ 1.07 × 1026 m2 for the stel-
lar dynamics case, and α̂ ≤ 3.37 × 1025 m2 for the gas
dynamics mass measurement.

We note that the consequences of 4DEGB gravity for
black holes depend greatly on the ratio α̂/M2, which for
M87∗ is not large enough to place competitive constraints
on α̂. However, smaller black holes will result in larger
effects, due to the existence of M in the denominator of
this ratio. This means that one could achieve constraints
on the order of α̂ . 1020 m2 from observations of SgrA*,
which are expected to be released by the EHT collabora-
tion in the near future. Going further, it may be possible
to achieve α̂ . 106 m2 from observations of a solar mass

1 Note that the masses reported in Refs. [135, 136] are not those
written here, as they assumed a distance to M87∗ of D =
17.9 Mpc. This does not agree with measurements made by
the Event Horizon Telescope, and was corrected to the values
presented above in Ref. [130].
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black hole, which could be possible through an analysis
of gravitational wave emission from binaries.

Finally, we note that an analysis of rotating solutions
in 4DEGB should be performed in order to properly
understand the shadows of realistic astrophysical black
holes. Our intuition from GR is that the consequences of
rotation should be small in this situation, but this should
be verified to be true in 4DEGB too.

B. Black Hole Binaries

The gravitational waves events that have been ob-
served by the LIGO/VIRGO collaborations, that re-
sulted from the inspiral and merger of binary black holes,
offer the possibility of imposing tight constraints on mod-
ified theories of gravity [137–140]. Here we will investi-
gate the possible bounds that such observations could
impose on the coupling constant α̂, using simple physi-
cal arguments (as in Ref. [140]). This is not intended
as a replacement for more sophisticated studies of these
events in 4DEGB, which will require complicated numer-
ical implementation, but to gain some insight into the
constraining power that they offer.

The black hole described by the metric function (70),
with mass mi, has an event horizon located at

rH(mi) = mi +
√
m2
i − α̂ . (74)

Let us consider the merger event that led to GW150914,
using this radius as an approximate size for the black
holes2. The frequency at which this waveform has maxi-
mum amplitude is around fGW ∼ 150Hz, and the chirp
mass of the black holes is inferred to be Mc ∼ 30M�
(assuming the two black holes are of equal mass, this
corresponds to masses m1 ∼ m2 ∼ 35M�) [137–140].
This value of fGW is taken directly from the data, and
does not require a particular theory of gravity in order to
be determined. The value of Mc can be determined from
the inspiral, and requires only weak gravity in order to
discovered. We therefore expect the orders of magnitude
quoted here to be correct for both GR and 4DEGB.

Now, using a weak field analysis it can be shown that
at the time of peak amplitude the two bodies have an
orbital separation of

R =

(
m1 +m2

π2f2GW

)1/3

∼ 350km , (75)

where the numerical value is obtained using the numbers
above. In order to quantify the closeness of the two ob-
jects, relative to their natural gravitational radius, we

2 Rotation, and the perturbations due to the other black hole, will
change this value, but we expect it be correct to an order of
magnitude.

introduce the compactness ratio:

R =
R

rH(m1) + rH(m2)
. (76)

Assuming both masses to be mi ∼ 35M�, and imposing
R > 1, so that the two black holes are not overlapping,
we obtain a lower bound on negative values of the cou-
pling parameter of α̂ & −1010 m2. We can gain an upper
bound on α̂ by requiring that rH is a real number. For
this same black hole masses, this gives α̂ . 109 m2. An
order of magnitude estimate of the constraints that may
be available from GW150914 is therefore

− 1010 m2 . α̂ . 109 m2 . (77)

This is among the tightest constraints we have found.
Of course, there are also many other gravitational

wave events that could also be used for our current
purpose, that have been detected since the discovery
of GW150914. One of the more promising of these is
GW170608 [141], which is the lowest mass binary black
hole merger event that has been confirmed to date. Fol-
lowing through the same logic as above, this system could
be expected to give the constraint −1010 m2 . α̂ .
108 m2, which can be seen to be marginally tighter. If
the sources of GW190814 are both confirmed to be black
holes [142], this would give α̂ . 107 m2. Combining con-
straints from multiple systems, or future events, may also
improve on the constraining power of these observations.

We reiterate that this is only a rough estimate of the
bounds that may be available from these systems, and
that it may well be possible to gain significantly tighter
constraints using a more thorough numerical relativity
treatment. This will be a significant challenge to imple-
ment, however, and will be left for subsequent studies. In
particular, as well as assuming the validity of weak-field
treatments, we have neglected spin and assumed circu-
lar orbits. Such assumptions could be removed in proper
numerical studies.

C. Table-Top Tests of Gravity

Due to the r−4 scaling of the extra terms that appear in
the metric in 4DEGB, measurements of gravity on small
scales offer the possibility of imposing tight constraints
on the theory. Of particular interest in this regard are the
so-called “tabletop” tests of gravity. These are gravita-
tional physics experiments that seeks to directly measure
gravitational effects in the laboratory, and which are the
modern counterparts of the Cavendish experiment.

Tabletop tests of gravity most commonly test for de-
viations from the inverse square law by modelling ex-
tra gravitational forces as being due to an additional
Yukawa-type potential. However, and of more relevance
for our work, there have also been studies that look for
additional power-law terms, of the form [143–145]

V =
m1m2

r

(
1− An

rn

)
, (78)
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where no sum is implied over n. Such a potential can be
compared to Eq. (41), which gives

V ≈m1m2

r

[
1∓ 2 α̂(m1 +m2)

r3

]
, (79)

where we have kept the additional term from 4DEGB
and neglected all other post-Newtonian terms. It can be
seen that Eqs. (78) and (79) give A3 = ±2α̂ (m1 +m2).

Now, the observational constraints from these exper-
iments currently yield bounds of order A3 . 2.2 ×
10−14 m3 [145], which from the above implies

|α̂| . 1016 m2 , (80)

where we have used a value of ∼ 1g for the masses in-
volved in the experiment.

This bound, while being one of the more promising
we have found in this paper, should be taken with a
large pinch of salt. There are number of reasons for this.
Firstly, the experiments themselves do not involve two
point-like masses, but are instead much more compli-
cated set-ups. In particular, the study in Ref. [145] is
based on a torsion balance in which one disk of metal
with holes in is hung directly above two other disks with
holes. The holes in these disks are the “masses”, and
the torque on the top disk is measured as the bottom
disks rotate. A calculation involving multiple extended
objects should therefore be performed to give more pre-
cise results.

Secondly, the extra “potential” in Eq. (79) is a post-
Newtonian term, rather than the Newtonian-level term.
There is a gauge dependence on the 00 component of the
metric at this level of accuracy, which introduces an extra
degree of ambiguity, and which does not occur at the
Newtonian level. This is not to say that this term does
not affect the equations of motion of time-like objects in
the same manner as a Newtonian potential (it does), but
that one would need to make sure that the gauge choice
that we used to calculate this metric corresponds to the
coordinates used by the experimentalists in a sensible
way, in order to make precise statements.

Giving thorough answers to the questions above would
require a more detailed study of the experimental set-up
that is used in Ref. [144, 145], which we leave for fu-
ture work. Despite these issues, we nevertheless expect
the bound in Eq. (80) to give a representative order of
magnitude for what these experiments should be able to
achieve. This is a bound that is competitive with those
achievable from analyzing the orbit of Mercury, but is
considerably weaker than those from the LAGEOS satel-
lites and binary black hole systems.

D. Primordial Nucleosynthesis

If we take C = 0, then it can be seen from the Fried-
mann equation (64) that the size of corrections to the
Hubble rate of standard cosmology is controlled by the

combination α̂H2, with the H4 term in Eq. (64) be-
coming dominant if α̂H2 � 1. However, given that
H0 ≈ 2.4 × 10−18 s−1 at the present time, this suggests
that a very large value of α̂ would be required to make
any noticable difference to the current rate of expansion
of the Universe.

For example, for the correction term to be of order
unity would require α̂ ∼ 1052 m2. This means that any
constraints from the recent expansion history of the uni-
verse, or from structure formation, are likely to be ex-
tremely weak. This is confirmed in Ref. [85], where
structure formation in 4DEGB leads to the constraint
α̂ . 1050 m2. To do better than this we must consider
the evolution of the Universe at much earlier times.

An ideal environment for testing our theory is therefore
the epoch of primoridal nucleosynthesis, which occured
roughly between 10 seconds and 20 minutes after the big
bang [146, 147]. The products of this period can be esti-
mated by observing the abundance of the light elements
in the Universe today, and can hence be used to constrain
the rate of the Universe’s expansion at energy levels of
about 1 MeV, corresponding to H2 ≈ 0.14 s−2.

A rough estimate of the constraints that can be im-
posed on the coupling parameter α̂ can be achieved by
requiring that the H4 term in Eq. (64) does not dominate
at the start of nucleosynthesis. This implies that

|α̂| . 1018 m2 . (81)

To get a more precise result we can run the open source
code PRIMAT3 [148], with an appropriately modified
expansion rate, to find the Helium mass fraction YP .
Comparing the result of this to the observational bound
YP = 0.2449 ± 0.0040 [149] then gives α̂ . 1017 m2.
Again, this bound is comparable to that which can be
achieved using observations of the perihelion precession
of Mercury, but is not as strong as those that can be
found using LAGEOS.

E. Early Universe Inflation

At earlier times than primordial nucleosynthesis, and
at higher energies, the physical processes that occurred in
the Universe are less well understood. Nevertheless, the
very early Universe is widely believed to have undergone
a period of very rapid expansion, known as “inflation”.
It is during this epoch that the seeds of large-scale struc-
ture are believed to have been sown, and which therefore
provides us with an opportunity to constrain α̂ using pro-
cesses that occured at very early times, when the correc-
tion term in Eq. (64) may become more significant.

First, it is important to note that Eq. (64) in combi-
nation with the energy conservation equation, which is
unchanged in this theory, indicates that Ḣ can become

3 http://www2.iap.fr/users/pitrou/primat.htm
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infinite at a finite value of the scale factor for negative
values of α̂. This occurs when Γ = 0 and implies that
there is an upper limit on H given by H2 = 1/(−2α̂). If
inflation takes place above the TeV scale, which is con-
sistent with the lack of new physics at the LHC and also
the need for Baryogenesis, we can turn this upper limit
into the constraint α̂ & −10−6 m2, which would be an
extremely tight contraint. Now let us see if anything can
be said concerning positive values of α̂.

Inflation occurs when ε ≡ −Ḣ/H2 < 1. If we consider
the matter content of the Universe during this period to
be well modelled by a scalar field φ in a potential V (φ),
then this translates to the condition4

2V ′2α̂2

9m2
plΓV (ΓV − 1)2

. 1 , (82)

where ΓV =
√

1 + 4V α̂/(3m2
pl), and where a dash indi-

cates a derivative with respect to φ. This result implies
that inflation is harder to achieve in 4DEGB than it is in
GR, and that the slope of the potential (i.e. V ′/V ) must
be shallower. However, we can always tailor the form of
V (φ) in order to allow inflation to still proceed.

Let us now turn to the production of perturbations
during inflation. The action for tensor perturbations in
4DEGB is given by

ST =
1

2

∫
d3x dt a3 Γ

(
ḣ2 − c2T

(∂h)2

a2

)
, (83)

where h is the amplitude of either of the two gravitational
wave polarisations, c2T = 1 + Γ̇/(HΓ) is the speed of
propagation, and Γ = 1+2α̂H2 (i.e. we are again setting
C = 0, for convenience). The evolution of the uniform
density curvature perturbation ζ follows from the action

Sζ =
1

2

∫
d3x dt a3Γε

(
ζ̇2 − (∂ζ)2

a2

)
. (84)

These equations imply that both the curvature and tenso-
rial perturbations are conserved on super-horizon scales,
when the wavenumber obeys k > aH.

Equations (83) and (84) allow the spectra of tensor
and scalar perturbations to be calculated in the usual
way, in terms of quantities at the time a given k crosses
the apparent horizon, which results in

PT =
2

π2m2
pl

H2

Γ

∣∣∣∣∣
∗

and Pζ =
1

8π2m2
pl

H2

εΓ

∣∣∣∣∣
∗

, (85)

where the asterisk indicates quantities are to be evaluated
at horizon crossing.

As already discussed in Ref. [150], these expressions
imply that the tensor-to-scalar ratio takes its usual form

4 The reader will note that we have switched to Planck units here,
as this is standard choice in this area of physics.

Observation Upper bound Data

on |α̂|/m2 source

GW observations ∼ 108∗ Ref. [138]

LAGEOS satellites 1010 Ref. [114]

Double Pulsar ∼ 1015 Ref. [119]

Tabletop experiment ∼ 1016 Ref. [144]

Orbit of Mercury 1017 Ref. [112]

Primordial nucleosynthesis 1018 Ref. [149]

Orbits around Sgr A∗ 1025 Ref. [115]

Event Horizon Telescope ∼1026∗ Ref. [123]

Speed of GWs 1036 Ref. [123]

Gravitational lensing −
Shapiro time delay −

Early Universe inflation − ∗

TABLE I. A summary of the order-of-magnitude constraints
available on |α̂|/m2 for the various different observables con-
sidered in this paper, ordered by stringency. A dash indicates
no constraint, a ∼ indicates that constraints are indicative
(due to simplifying assumptions), and a ∗ indicates that asym-
metric bounds are available on positive and negative values
of α̂ (the weaker of the two are shown here).

r = 16ε, while differentiating the power spectra with re-
spect to horizon crossing scale k = aH gives the spectral
indices at leading-order in slow roll as

∂ logPζ
∂ log(aH)

= ns − 1 = −2ε− ε̇/(εH)− Γ̇/(ΓH) ,

∂ logPT
∂ log(aH)

= nT = −2ε− Γ̇/(ΓH) . (86)

It is clear that nT 6= −r/8, meaning that the consis-
tency equation of canonical single field inflation is vio-
lated. The form of ns is also different from its canonical
form, but even when α̂H2 � 1 it seems it should still be
possible to choose a V (φ) that meets the tight observa-
tional constraints on this quantity [151].

We conclude that although both the background dy-
namics and the spectra of perturbations are different
from their canonical form, there does not appear to be
any compelling reason why inflation in 4DEGB should
not be considered consistent with current observations
for any positive value of α̂ (assuming we are otherwise
free to choose the shape of the inflationary potential).
This may change in the future, when the spectrum of
primordial gravitational waves is observed, and the con-
sistency condition can be tested. It may also change when
higher-order correlations are calculated, but we leave cal-
culations of such quantities for future work.
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VII. DISCUSSION

We have studied the observational constraints that can
be imposed on the coupling parameter α̂ of regularized
4DEGB theory. This has included studying the weak
field solutions of this theory, and calculating the equa-
tions of two body dynamics within it. It has also included
the bounds that can be imposed by studying the propa-
gation of electromagnetic and gravitational radiation, as
well as black hole shadows, tabletop experiments, primor-
dial nucleosynthesis of the elements, and early universe
inflation. Our results are summarized in Table I.

The tightest definite constraint in Table I come from
observations of the periapsis advance of the LAGEOS II
satellite, which gives |α̂| . 1010 m2. Other observations,
which often give tight contraints on alternative theories
of gravity are much less constraining, with observations
based on gravitational lensing and the Shapiro time de-
lay effect giving no constraints at all. In particular, the
recent constraints on the propagational velocity of grav-
itational waves from GW170817, which are often highly
constraining for scalar-tensor theories, are found to be
particularly weak in this case.

Being less conservative, we note that early universe in-
flation appears to rule out all but the smallest negative
values of α̂, and that binary black hole systems offer the
possibility of strong constraints on positive values, lead-
ing to the overall range of allowed values being

0 . α̂ . 108 m2 . (87)

These are the strongest constraints that we are aware of,
for the regularized 4DEGB theory (4).

Taking our conservative constraint of |α̂| . 1010 m2, it
would appear that strong deviations from GR are only
possible in the very early universe (at times t . 10−3s)
or in the immediate vicinity of stellar-mass black holes
(M . 100M�). This is promising in one sense, in that
the merger events of such objects are now being recorded
by the LIGO/Virgo collaboration with high frequency. It
would be particularly interesting to run numerical simu-
lations of such events in 4DEGB, to determine what ob-
servational signatures should be expected to result. On
the other hand, our results suggest that there is unlikely
to be any observable consequences from studying super-
massive black holes or the expansion of the late universe.
The accelerated expansion of the Universe being driven
by this theory, in particular, is ruled out to extremely
high significance by these bounds.

We consider this work to be a first study on the ob-
servational constraints that can be imposed on 4DEGB,
with much remaining work to be done to make these
bounds more precise. In particular, effects such as geode-
tic precession and the Nordvedt effect have not been in-
cluded here at all, as they will require detailed analyses

of spinning and extended bodies in order to be applied.
Likewise, strong field calculations have only been esti-
mated, with more work remaining to be done to fully
understand rotating and multi-black hole systems. In the
end, we expect observations of binary black hole mergers
and early universe physics to produce the tightest con-
straints on the 4DEGB theory, as it is these regimes that
the new non-linear gravitational effects of this theory will
become most pronounced.
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Appendix A: Calculating ΦG

Here we wish to calculate the form of ΦG for a system
of N bodies with energy density given by Eq. (30). We
start by defining a general potential V sourced by a field
X:

V(X) =

∫
X ′

|x− x′|
d3x′ . (A1)

If we use the identity

U,ijU,ij =
1

2
∇2|∇U |2 + 4π∇ρ · ∇U ,

then we can use ΦG = V(G) to write

ΦG =8V(U,ijU,ij)− 8V((∇2U)2)

=4V(∇2|∇U |2) + 32πV(∇ρ · ∇U)− 8(4π)2V(ρ2) .

Now V(∇2|∇U |2) = −4π|∇U |2, and we can write

V(∇ρ · ∇U) = 4πV(ρ2) + ψ1 ,

where we have discarded a surface term and where

ψ1 =

∫
ρ′ρ′′(x− x′) · (x′ − x′′)

|x− x′|3|x′ − x′′|3
d3x′d3x′′ . (A2)

This all gives

ΦG = −32π

(
1

2
|∇U |2 − ψ1

)
, (A3)

which on substituting for µ̃ from (30) into the relevant
expressions for U and ψ1 gives Eqs. (39) and (40), once
divergent terms are neglected.
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