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1 Introduction

Multi-messenger astronomy involving coordinated signals of electromagnetic radiation and gravitational
waves provide a powerful tool for constraining fundamental theories of gravity. This was demonstrated
emphatically by the merger of two neutrons stars at redshift z ∼ 0.01, detected through a gravitational
wave GW170817 and a burst of gamma rays GRB170817A [1–5]. These effectively simultaneous twin
observations constrained the speed of the gravitational wave through the cosmological medium to be
identical to the speed of light to an accuracy of one part in a quadrillion! This immediately led to a
slew of papers (see, for example, [6–15]) examining the implications for modified theories of gravity,
especially those that are designed to reproduce the effects of dark energy through their long range
modifications (for relevant reviews of modified gravity, see [16, 17]). The multi-messenger probe has
proven particularly adept at constraining scalar tensor theories, such as Horndeski [18, 19] or Beyond
Horndeski [20, 21], where the gravitational wave will generically propagate through the cosmological
background at a different speed to its electromagnetic counterpart. This happens even though the
gravitational wave travels through regions of higher density where screening mechanisms are expected
to operate [22–24]. In a scenario with Vainshtein screening, the fluctuations in the scalar are more
or less decoupled from the gravitational interaction. However the background value for the scalar
spontaneously breaks Lorentz invariance, so much so that the effective Lagrangian for the metric
fluctuations can deviate noticeably from General Relativity [22].

Modified gravity took a hit after LIGO/Virgo announced this result. Large classes of scalar-
tensor theory were declared incompatible with the data from the neutron star event [6–9], or else
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irrelevant to gravity at sufficiently large distances. It is important to realise that these papers did
not declare all modified gravity models incompatible. They still left room for scalars conformally
coupled to curvature and some models with derivative couplings, such as Kinetic Gravity Braiding
[25]. Furthermore, subsequent investigations identified possible loopholes in the original analyses. For
example, in [26], it was noted that the frequency of the gravitational wave was very close to the
effective field theory cut-off of the relevant dark energy models, raising doubts as to whether or not
we are entitled to constrain these theories without further knowledge of their ultra-violet corrections.
In [15], a dynamical loophole was considered. It was shown that the anomalous speed of propagation
did not need to vanish identically, rather it could vanish on-shell, on account of the scalar equation of
motion. At the level of the homogeneous background, a candidate theory from the Horndeski class was
shown to exploit exactly this behaviour. A preliminary analysis suggested that this loophole would
not survive the consideration of inhomogeneous cosmological perturbations, although the analysis did
not exploit all of the dynamical data. Related ideas are also considered in [27], where the speed of the
gravitational wave also approaches unity dynamically, thanks to a non-minimal coupling between dark
energy and dark matter.

In this paper, we revisit the idea of dynamical loopholes using the effective theory of dark energy
[28, 29]. This has the advantage that we can investigate the existence of loopholes in a much broader
class of models including Beyond Horndeski1 [20, 21] and so-called DHOST models [31–33]. It also lends
itself to a careful study of linearised perturbations, both homogeneous and inhomogeneous. Previous
analyses did not consider the nature of the inhomogeneous source. Here we assume it is non-relativistic,
consistent with galactic overdensities. This means we have a vanishing inhomogeneity in the pressure
perturbation, and another dynamical zero in the metric equations of motion, in addition to the scalar
equation of motion.

With all of these new ingredients, we perform a complete analysis of the full class of theories from
Horndeski to Beyond Horndeski and DHOST. At the level of a homogeneous background, we recover
the loophole theory found in [15], along with some generalisations. We then consider this extended class
of loopholes in the presence of inhomogeneous perturbations, once again using dynamical knowledge of
a vanishing scalar equation of motion (although now including inhomogeneities) and also the vanishing
pressure perturbation. At the risk of ruining the punchline, we refer the reader to the conclusions for
the final outcome of this analysis.

The rest of the paper is organised as follows. In section 2 we review the effective field theory (EFT)
approach to dark energy, following [28, 29]. We review the generic approach of [6–9] in section 3 before
describing the loophole found in [15], along with generalisations, in section 4. In section 4.4 we study
the impact of inhomogeneities, fully taking into account the pressureless nature of the inhomogeneous
perturbations. Finally, in section 5, we conclude.

2 EFT of dark energy

The current expansion of the universe can be explained assuming the existence of a scalar field φ whose
energy density fills the universe. The time-dependent homogeneous solution φ̄(t) generates a preferred
foliation that slices the spacetime into a Friedmann Robertson Walker (FRW) metric. To work out the

1 Beyond Horndeski loopholes were briefly considered in [15] but were prematurely ruled out using constraints coming
from the decay of the gravitational wave, drawn directly from [30]. However, these constraints only apply to the residual
class of theories left after the analyses of [6–9] and not the dynamical loopholes.
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predictions for large scale structure surveys, we study the perturbations of φ around a background that
non-linearly realises time diffeomorphism invariance (time diffs). Instead of focussing on a particular
theory of dark energy, we use an effective approach, writing down the most general Lagrangian for
φ and then expanding it around its time dependent background. It is therefore more convenient to
develop a geometrical approach to expand and categorise perturbations rather than expand the scalar
field φ = φ̄+ δφ. In the following we outline this procedure, following references [28, 29].

2.1 Dark energy action in unitary gauge

We set the gauge by choosing the time coordinate to be a function of φ, t = t(φ), in such a way that the
dark energy field sits at its unperturbed value everywhere. This is the so called unitary gauge, in which
the perturbations of the field are eaten by the metric. The constant-time slices generated by φ foliate
the spacetime, making the action for perturbations no longer invariant under time diffs. It follows that,
beside the genuinely 4-d covariant terms such as the Ricci scalar, one can also include objects which are
constructed from the foliation. For instance, now we can separately consider the projection of tensors
along the orthogonal and parallel directions to the surface. This is done by contracting tensors with
the normal vector nµ or with hµν the 3-metric, respectively given by

nµ =
∂µφ√
−∂νφ∂νφ

and hµν = gµν + nµnν . (2.1)

All geometrical objects built from the foliation can be defined using these two projectors. Examples are
the extrinsic curvature tensor Kµν = hρµhσν∇ρnσ or the intrinsic curvature of the 3-dimensional surfaces
(3)Rµνρσ[h]. The most general effective action is constructed by writing down all possible operators
that are compatible with the remaining symmetries. The reduced symmetry pattern of the system
allows many terms in the action. They can be categorised as follows:

i. Terms which are invariant under all diffs: these are just polynomials of the 4-dimensional Riemann
tensor Rµνρσ and of its covariant derivatives ∇µ, contracted to give a scalar.

ii. Terms contracted with nµ. Since in unitary gauge nµ ∝ δ0
µ, in every tensor we can leave free

upper 0 indexes. For instance, we can use the 00 component of the metric or of the Ricci tensor.
It is easy to check that these are scalars under spatial diffs.

iii. Terms derived from the foliation. This includes terms like Dµ, the derivatives of the induced 3-
metric or the Riemann tensor (3)Rµνρσ that characterises the 3-d slices intrinsically; but one can
use also objects that tell us how the hyper-surfaces are embedded in the 4-dimensional spacetime.
These are the extrinsic curvature Kµν and the acceleration vector Aµ = nρ∇ρnµ. The action
contains all the possible scalars made by contracting these quantities.

iv. Since time diffs are broken all the couplings in front of the operators can be functions of time.

The most general action constructed using these ingredients takes the form

S =

∫
d4x
√
−g L[gµν , g

00, Rµνρσ,Kµν ,∇µ, t] , (2.2)

where the contractions are done with the metric gµν , using the 3-metric does not lead to new interac-
tions. Since the above action contains an infinite number of operators, we organise them in a derivative
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expansion: at lowest order in derivatives acting on the metric there are only polynomials in g00, at
first order we can use the trace of the extrinsic curvature K. The leading effective action, up to second
order in derivatives is

SEFT =

∫
d4x
√
−g
[M2
∗

2
fR− Λ− cg00 +

+
m4

2

2
(δg00)2 − m3

3

2
δKδg00 −m2

4δK2 +
m̃2

4

2
δg00 (3)R

−m
2
5

2
δg00δK2 −

m6

3
δK3 − m̃6δg

00δG2 . (2.3)

with

δK2 ≡ δK2 − δKν
µδK

µ
ν , δG2 ≡ δKν

µ
(3)Rµν − δK(3)R/2 , (2.4)

δK3 ≡ δK3 − 3δKδKν
µδK

µ
ν + 2δKν

µδK
µ
ρ δK

ρ
ν .

In the above action, δg00 ≡ 1+g00 , δKµ
ν ≡ Kµ

ν−Hhµν , with H ≡ ȧ/a being the Hubble rate, and δK
its trace. While M2

∗ is a constant, the other parameters are slowly-varying time-dependent functions.
The first line of eq. (2.3) consists of all the operators that start at the background level. The Friedmann
equation and requirement that the dark energy stress-energy tensor is covariantly conserved force the
parameters f , Λ and c to satisfy

3H2M2
∗ f + 3HM2

∗ ḟ − Λ− c = ρm , (2.5)

6Hc+ ċ+ Λ̇− 3M2
∗ ḟ(2H2 + Ḣ) = 0 , (2.6)

where ρm is the matter density. Note that if f = constant and c = 0 the background dynamics is
trivially equivalent the ΛCDM model and dark energy is driven by a cosmological constant, as opposed
to some large distance modification of gravity. To properly explore modified gravity we really ought to
deviate from this trivial case.

In the second line of eq. (2.3) there are those operators that start at quadratic order in pertur-
bations, while the last line contains cubic order operators. We did not attempt to write all possible
cubic operators - only those that affect the graviton propagation speed. The action (2.3) describes
both Horndeski and beyond-Horndeski theories. In principle. the parameters mi and m̃i are totally
unconstrained save for the fact that the action must be real (in particular, positive powers of mi and
m̃i can have either sign). Later on we will consider corrections that correspond to so called DHOST
theories [31–33].

3 Dark energy immediately after GW170817

The action (2.3) describes the perturbations of the dark energy field and also gravity. Therefore,
it captures the motion of gravitational waves (GWs) travelling across the universe. These may be
affected by the presence of the time-dependent foliation that breaks diffs (and hence Lorentz invariance
on smaller scales) by changing the speed of propagation or even allowing them to decay into dark
energy excitations [30]: the situation is analogous to light travelling in a medium. Recently, the twin
observation of GWs (GW170817) and its electromagnetic counterpart (GRB170817A ) coming from a
neutron star merger has put severe constraints on the speed of propagation of GWs relative to light
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cT /clight = 1 ± O(1) × 10−15. Note that in General Relativity, cT,GR/clight = 1 although generic
modifications yield a deviation of this result. Therefore, this event has been used in [6–9] to rule out
many of the operators of the dark energy action (2.3).

Let us explore the argument of [6] in detail. We start by expanding the action in scalar and
tensor perturbations. To expand the metric we use the ADM decomposition, so the line element is
parametrised as ds2 = −N2dt2 + hij(dx

i +N idt)(dxj +N jdt), and we work in the Newtonian Gauge,
defined by

N2 = 1 + 2Φ , Ni = 0 , hij = a2(1− 2Ψ)(eγ)ij , (3.1)

with ∂iγij = γii = 0. Time diffs are restored by defining the Goldstone boson π(x, t). Since we
are interested in studying the dynamics of GWs, we focus on the part of the action that is at least
quadratic in the graviton perturbations. We also keep cubic operators that contain two gravitons and
one scalar perturbation. This is because scalar perturbations with very long wavelength are seen by
the astrophysical GWs (whose wavelength is ∼ 103 km) as a local change of the FRW background,
and the value of the couplings in the dark energy action depend on the particular background for the
effective theory. Therefore, an astrophysical GW travelling in toward us experiences many different
FRW histories. The full dark energy action, expanded at second order in γij and up to first order in
scalar perturbations is given by eq.(A.16). Here we just report those terms that contribute to cT :

S =
1

8
a3
[
Aγ̇2

ij − a−2B (∂kγij)
2 + . . .

]
, (3.2)

with

A ≡M2
∗ f
(

1− Φ− 3Ψ + ḟ/f π
)

+ 2m2
4 + 2m2

5 (Φ− π̇)− 2m6

(
HΦ + Ḣπ + Ψ̇ + ∂2π/a2

)
,(3.3)

B ≡M2
∗ f
(

1 + Φ−Ψ + ḟ/f π
)

+ 2m̃2
4 (Φ− π̇) + 2m̃6

(
Φ̇− π̈

)
+ ˙̃m6 (Φ− π̇) . (3.4)

To compare this result with the predictions of General Relativity, it is useful to define the parameter

αT ≡
c2
T − c2

T,GR

c2
T,GR

= −2m2
4

2m2
4 +M2

∗ f
(

1 + Φ + 3Ψ− ḟ/fπ
)

(
M2
∗ f + 2m2

4

)2 + 2m̃2
4

Φ− π̇
M2
∗ f + 2m2

4

− 2m2
5

M2
∗ f(Φ− π̇)(

M2
∗ f + 2m2

4

)2
+2m6

M2
∗ f
(
HΦ + Ḣπ + Ψ̇ + ∂2π/a2

)
(
M2
∗ f + 2m2

4

)2 + 2m̃6
Φ̇− π̈

M2
∗ f + 2m2

4

+ ˙̃m6
Φ− π̇

M2
∗ f + 2m2

4

, (3.5)

where the last equality holds up to first order in perturbations. We see immediately that at background
level the requirement αT = 0 is achieved by setting m4 = 0. However, to robustly set cT to coincide
with the prediction of GR, we should also set to zero those couplings whose operators are turned on
by a long scalar perturbation, i.e. we set m̃2

4 = m2
5 and m6 = m̃6 = 0. This greatly reduces the phase

space of the available dark energy theories.
Similar results can be derived if we work in the covariant formalism [9]. After having restored the

scalar field φ, the Horndeski and Beyond-Horndeski actions are given by

S =

∫
d4x
√
−g

5∑
n=2

Ln[φ,X] , (3.6)
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where X ≡ ∂µφ∂µφ and

L2 = G2(φ,X) , (3.7)

L3 = G3(φ,X)�φ , (3.8)

L4 = G4(φ,X)R− 2G4,X∇[µ1∇
µ1φ∇µ2]∇µ2φ

+F4(φ,X)εµνρσε
µ′ν′ρ′σ∇µφ∇µ′φ∇ν∇ν′φ∇ρ∇ρ′φ , (3.9)

L5 = G5(φ,X)Gµν∇µ∇νφ+
G5,X

3
∇[µ1∇

µ1φ∇µ2∇µ2φ∇µ3]∇µ3φ

+F5(φ,X)εµνρσεµ
′ν′ρ′σ′∇µφ∇µ′φ∇ν∇ν′φ∇ρ∇ρ′φ∇σ∇σ′φ . (3.10)

In this formalism the quadratic action for the graviton on a homogeneous background is given by [34]

S
(2)
T =

1

8

∫
d4x a3

[
GT γ̇2

ij −
FT
a2

(∂kγij)
2

]
, (3.11)

with

FT = 2G4 +XG5,φ − 2Xφ̈G5,X , (3.12)

GT = 2G4 − 4XG4,X −XG5,φ + 2X2F4 − 2HXφ̇(G5,X + 3XF5). (3.13)

Therefore the parameter αT can be expressed as

GT αT = −2Xφ̈G5,X + 4XG4,X + 2XG5,φ − 2X2F4 + 2HX
√
−X(G5,X + 3XF5) . (3.14)

Requiring αT = 0 for any background means that it should vanish independently of the values of H,
Ḣ, φ̇ and φ̈. This implies G5,X = 0, F5 = 0 and 2G4,X −XF4 +G5,φ = 0. Therefore, G5 can only be a
function of φ, the Beyond Horndeski term F5 must be absent and F4 is fixed in terms of the derivatives
of G4 and G5.

4 Looking for a dynamical loophole

Recently, Ref. [15] uncovered a loophole in the argument of the previous section that could potentially
rescue an entire class of theories that had been previously discarded. The idea was that gravitational
waves must travel at the speed of light only in physical systems that satisfy the classical equations
of motion. The authors of [15] worked in the covariant formalism and used the homogeneous scalar
equation of motion to express φ̈ in terms of φ̇ and Ḣ, so that they could substitute it in eq. (3.14).
This opened up a new region in the parameters space of potentially viable theories.

We begin by reviewing the loophole identified in [15], To this end, consider a theory described by
the action (3.6), with potentials given by

G2 = −3µW ′′′(φ)X
√
−X + Λ− νeW (φ)

X
, G3 = −6µW ′′(φ)

√
−X , (4.1)

G4 = κG +
3

2
µW ′(φ)

√
−X , G5 = − 6µ√

−X
. (4.2)

Here, κG, µ, Λ and ν are constants, and the prime denotes a derivative w.r.t. φ. Using eq. (3.14) one
can verify that

αT =
µX2

2νφ̇eW (3Hµ− κG)
εφ , (4.3)
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where εφ is the homogeneous scalar equation of motion, taken to vanish on-shell

εφ ≡
3νeW

(
2φ̈− 2Hφ̇+XW ′

)
X2

= 0 . (4.4)

This means the gravitational wave constraints are satisfied dynamically, at least for homogeneous
configurations, thereby evading some of the conclusions drawn in [6–9]. However, the preliminary
analysis of [15] also suggested that this theory would not survive the necessary constraints in the
presence of inhomogeneous perturbations. But the analysis did not make use of the available dynamical
data. In particular it did not exploit the vanishing of the inhomogeneous pressure perturbation as a
possible means of escape.

As we will show below, the class of homogeneous theories that evade the LIGO/Virgo constraints
is also somewhat broader than this one particular example. Indeed, Beyond Horndeski loopholes were
prematurely ruled out in [15] using decay constraints that did not directly apply (see footnote 1), while
DHOST theories were not investigated in any capacity. All this considered, we expand our analysis
and ask again whether there are any theories that dynamically evade all of the relevant constraints
even in the presence of linear inhomogeneities.

In the EFT formalism the background evolution is already set by the condition (2.6) and the
perturbations of the scalar field are eaten by the metric. Working in the same setup as section 2, the
only propagating scalar field is the Goldstone boson of the broken time diffs, π. Our approach will be
to use the free equation of motion for the π perturbation to relax the constraints on the various dark
energy theories. To do that we need to expand the effective action (2.3) at quadratic order, focussing
only on operators with at least one π. Doing that we find (see appendix A for further details)

S(2)
π =

∫
d4x a3

{(
c+ 2m4

2

)
π̇2 +

(
2c− 3m3

3Ḣ
)
π̇π −

(
m3

3 +m2
4

)
π̇∂2π/a2 − 3m3

3π̇Ψ̇− 6cπ̇Ψ

− 4m2
4π̇∂

2Ψ̇/a2 −
(
2c+ 4m4

2 − 3Hm3
3

)
π̇Φ +

[
3Ḣ
(
c+ 2m4

2Ḣ
)

+ 3H
(
ċ− 2M2

∗ ḟ Ḣ
)

+ c̈

− 3/2M2
∗ ḟ Ḧ

]
π2 − 4m2

4Ḣπ∂
2π/a2 − 3M2

∗ ḟπΨ̈− 12
(
M2
∗ ḟH −m2

4Ḣ
)
πΨ̇− 6 (3Hc+ ċ)πΨ

− 2M2
∗ ḟπ∂

2Ψ/a2 − 3M2
∗ ḟHπφ̇+

[
6H
(
c− 2M2

∗ ḟH
)

+ 3H
(
m3

3 + 4Hm2
4 − 2M2

∗ ḟ
)]
πΦ

−M2
∗ ḟπ∂

2Φ/a2 + 4m2
4Ψ̇∂2π/a2 +

(
m3

3 + 4Hm2
4 + 4m̃2

4

)
Φ∂2π/a2

}
.

(4.5)

4.1 Homogeneous configurations

We begin by focusing on homogeneous configurations by neglecting any spatial gradients - we will
switch them back on in section 4.4. We can easily obtain the homogeneous free equation of motion for
π, although it is convenient to express this and other dynamical quantities in terms of gauge invariants.
According to how the homogeneous perturbations Φ, Ψ and π transform under a time diff, we can define
the following gauge invariant variables,

X ≡ Φ− π̇ , Y ≡ HΦ + Ḣπ + Ψ̇ . (4.6)
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The free equation of motion of π becomes[
6H
(
c+ 2m4

2

)
+ 2ċ+ 3Ḣ

(
m3

3 −M2
∗ ḟ
)

+ 4 ˙(m4
4)
]
X + 2

(
c+ 2m4

2

)
Ẋ

+ 3
[
2c+H

(
3m3

3 − 4M2
∗ ḟ
)

+ 4m2
4Ḣ + ˙(m3

3)
]
Y + 3

(
m3

3 −M2
∗ ḟ
)
Ẏ = 0

(4.7)

If we solve for Y and plug the solution into the expression of αT , eq. (3.5), we get

αT = m2
4 + αẎ Ẏ + αẊẊ + αXX , (4.8)

where

αẎ =
2m6

(
m3

3 −M2
∗ ḟ
)

2c+H
(

3m3
3 − 4M2

∗ ḟ
)

+ 4m2
4Ḣ + ˙(m3

3)
, (4.9)

αẊ = −2m̃6 +
4m6

(
c+M2

∗ ḟ
)

3
[
2c+ 3Hm3

3 − 4HM2
∗ ḟ + 4Ḣm2

4 + ˙(m3
3)
] , (4.10)

αX = 2
(
m2

5 − m̃2
4 −Hm̃6 − ˙̃m6

)
+

2m6

[
6H
(
c+ 2m4

2

)
+ 2ċ+ 3Ḣ

(
m3

3 −M2
∗ ḟ
)

+ 4 ˙(m4
2)
]

3
[
2c+ 3Hm3

3 − 4HM2
∗ ḟ + 4Ḣm2

4 + ˙(m3
3)
] .(4.11)

This expression for αT knows about the vanishing of the scalar equation of motion. Therefore, to have
αT = 0 in any homogeneous background, the above equations must vanish independently. We can do
that either by setting m4 = 0, m̃2

4 = m2
5 and m6 = m̃6 = 0 (and so we are back to the results of sec. 3),

or we can set

m2
4 = 0 , m3

3 = M2
∗ ḟ , m6 =

3

2
m̃6

2c+M2
∗

(
f̈ −Hḟ

)
(
c+ 2m4

2

) , (4.12)

and require
m2

5 = m̃2
4 − 2Hm̃6 + ˙̃m6 − m̃6∂t log(c+ 2m4

2) (4.13)

The above three equations identify a new class of dark energy theories that evade the LIGO/Virgo
constraints on homogeneous backgrounds. To ensure that our calculations are correct let us check
whether or not the rescued theory of [15] satisfies the conditions (4.12) and (4.13). Using the results
of [29] it is easy to write the rescued theory in the EFT language,

M2
∗ f = 2κG − 6Hµ , c = −3µ

(
HḢ − Ḧ

)
+
νeW

(
W ′X + 2φ̈

)
2HX

√
−X

, m4
2 = c+

3

4
M2
∗

(
f̈ −Hḟ

)
,

m3
3 = −6Ḣµ , m2

4 = m̃2
4 =

3µ

2
√
−X

(
2φ̈− 2H

√
−X +XW ′(φ)

)
, m5 = 0 , m6 = m̃6 = −3µ .

(4.14)

First of all notice that the couplings m2
4 and m̃2

4 are not identically zero, but proportional to the φ
equation of motion (see eq. (4.4)) and so vanishing on shell. We can also check that the parameters
of eq. (4.14) satisfy eq. (4.12). Finally, eq. (4.13) is satisfied, again, using the φ equation of motion
(4.14), completing the check. It is important to point out that eq (4.12) and eq (4.13) yield a broader
class of dark energy theories to the one proposed in [15] . This is because it also retains a rescued class
of Beyond Horndeski theories prematurely ruled out in [15].
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4.2 What about DHOST?

DHOST theories were not considered in any capacity in [15]. However, the EFT formalism is well
adapted to include them. To this end we supplement the EFT action (2.3) with the following operators,
corresponding to DHOST corrections [31–33]:

SDHOST =

∫
d4x
√
−g
[
4β1δKV + β2V

2 + β3aia
i
]
, (4.15)

where V ≡ (Ṅ − N i∂iN)/N and ai ≡ ∂iN/N . The action S ≡ SEFT + SDHOST , contains all the
possible independent operators that start at quadratic level, with at most two derivatives acting on
the metric, [31, 35]. Since SDHOST contains operators with one more derivative acting on the fields,
in general they propagate more than one scalar degree of freedom. Therefore, one has to impose the
following degeneracy conditions, that ensure the theory describes only one scalar degree of freedom
[31–33],

β2 = −6β1 , β3 = −2β1

[
2

(
1− 2

m̃2
4

M2
∗ f

)
+ β1

]
. (4.16)

Expanding the action (4.15) in perturbations, we note that these new operators do not lead to changes
in the expression for the speed of gravitational waves, cT . However, they do contribute to the free
scalar equation of motion and can therefore change the expression for αT , indirectly, once we have
evaluated it on-shell. To investigate this further, let us expand the action to second order. Since we are
interested only in the equation of motion for π, we consider only those terms which are proportional
to π or its derivatives. This gives,

SDHOST =

∫
d4x a3

[
8β1

(
3Ḣπ̈π̇ + 3π̈Ψ̇ + 3Hπ̈Φ + π̈∂2π/a2 − 3Ḣπ̇Φ̇− Φd2π/a2

)
+ 4β2

(
π̈2 − 2π̈Φ̇

)
+ 4β3 (∂iπ̇)2 /a2 − 2∂iπ̇∂iΦ/a

2
]
.

(4.17)

Again, we compute the homogeneous equation of motion of π and we express it in terms of the gauge
invariant quantities X and Y . After solving for Y , and plugging the solution into eq. (3.5), we obtain,

αT = m2
4 + α...X

...
X + αẌẌ + αẊẊ + αXX + αẎ Ẏ . (4.18)

The functions α...X , αẌ , αẊ , αX , αẎ are given in app. B. Here we just use the fact that α...X and αẌ
both vanish if and only if m6β1 = 0. If we want to have a non-trivial DHOST theory with β1 6= 0 we
must therefore impose m6 = 0. Inspecting equations (B.2) to (B.7), it is easy to see that this choice
implies m̃6 = 0 and m2

5 = m̃2
4. In other words, we return to the results of sec. 3. We conclude that

DHOST theories do not lead to any new results - we need to switch them off in order to escape the
conclusions of [6].

4.3 Adding inhomogeneities - an intuitive argument

We now ask if the class of theories of sec. 4.1 continue to satisfy the LIGO/Virgo constraints, even in
the presence of inhomogeneous perturbations. As a warm up to the main event we provide an intuitive
argument to illustrate why this is unlikely. However, we emphasize that this argument will not make
use of all of the dynamical information and we stress the importance of a more detailed analysis carried
out in the next section.
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To develop our intuition, note that an inhomogeneous perturbation introduces local curvature
and so locally, the universe looks like a curved FRW universe. We can then perform the same analysis
of sec. 4.1 expanding the action (2.3) around the following metric,

ds2 = −dt2 + a2

(
δij + k

xi xj
1− k|~x|2

)
dxidxj , (4.19)

with k 6= 0. The extrinsic curvature Kµν is not affected by k. However, on the background level, the
3-dimensional Ricci tensor goes as

(3)Rµν =
2k

a2
hµν . (4.20)

where we recall that hµν is the induced metric on the spatial slice. Glancing at the form of eq. (2.3),
this implies that only the operators proportional to m̃2

4 and m̃6 are affected by the change of the
background. Let us focus on the latter operator. Because of the curved background it now starts at
quadratic order in perturbations,

m̃6δg
00δG2 = m̃6δg

00

(
δKµ

ν
(3)Rνµ −

1

2
δK(3)R

)
= −m̃6

k

a2
δg00δK . (4.21)

Again, comparing with eq. (2.3), we clearly see that the effect of m̃6, in the presence of curvature, is
to shift the coefficient m3

3 → m3
3 − 2k/a2m̃6. As a consequence it changes the expression (3.5) for αT ,

and, in particular, the form of αẎ . Eq. (4.9) now becomes

αẎ ∝ m
2
3 −M2

∗ ḟ −
2k

a2
m̃6 . (4.22)

This must vanish for any value of k. This adds an additional requirement, forcing m̃6 which in turns
forces m6 = 0 and m2

5 = m̃2
4. Once again we return to the results of [6] and the loophole has been

closed, at least intuitively.

4.4 Adding inhomogeneities - a detailed argument

We are now ready to perform a more detailed and careful analysis of the LIGO/Virgo constraints in
the presence of linearised inhomogeneities. In other words, we restore the spatial gradients. Crucially,
however, there is another consideration that we will take into account that could help in relaxing the
very stringent bounds on the EFT coefficients: the fact that matter perturbations are pressureless.
This is equivalent to saying that the diagonal part of Einstein’s Equations is equal to the stress energy
tensor of the dark energy field, or in other words, we demand that the variation of SEFT w.r.t. Ψ is
zero.

The expression we obtain is quite complicated but can be simplified by exploiting the huge sep-
aration of scales in the problem at hand. We are interested in scalar perturbations with the typical
size of a galaxy, at the the same time, GWs have a typical length of λGW ∼ 103km. Therefore we can
exploit the fact that kGW ∼ λ−1

GW � ks ∼ r−1
gal � H0.

The expression for αT still takes the form of eq. (3.5). As our interest is only in those theories that
exploited a dynamical loophole at the homogeneous level, we parametrise them completely in terms of
Λ, c, m̃4 and m̃6 by using eqs. (4.12) and (4.13). We will assume this is the case for the remainder of
this section and evaluate αT accordingly.

For these loophole theories, we now compute the equation of motion for π, including spatial
gradients (C.1), and the Ψ equation of motion, which is also assumed to vanish in the absence of an
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inhomogeneous pressure perturbation. We can simplify the latter using the hierarchy of scales described
above. First we note that we are interested in large scale inhomogeneities of near cosmological size but
that still fit well inside the observable universe. In particular, this means that ks � kGW so we keep
only the lowest spatial derivatives acting on the scalars, dropping terms like ∂2ψ, ∂2Φ. Similarly, terms
proportional to H0 are even further suppressed, as this is the lowest scale of all. In the end, we find
the following approximation for the Ψ equation of motion,

Λ (Φ− 3Ψ)− 2ċπ + c (Φ + 3Ψ− 2π̇)−M2
∗

[...
f π + f̈ (Φ− 2Ψ + π̇) + ḟ

(
Φ̇− 2Ψ̇

)]
= 0 . (4.23)

Assuming ḟ 6= 0, we solve the scalar equation of motion for Y and eq. (4.23) for Ψ̇ and substitute back
into the appropriate expression for αT . Since we are restricting to loophole theories, we expect this to
vanish up to spatial gradients, which is indeed the case. Specifically, we get,

αT =
1

a2

[
(α1H

−1) ∂2π + (α2H
−2) ∂2π̇ + (α3H

−2) ∂2Φ + (α4H
−3) ∂2Φ̇ + (α5H

−2) ∂2Ψ
]
, (4.24)

where

α1=− 2Hm̃6

M4
∗ fḟ(c+ 2m4

2)

{
m̃2

4

[
2ċ+M2

∗

(...
f − 2ḟ(Ḣ +H2)

)]
+M2

∗ ḟ
[
2c+M2

∗ f̈ − 2H
(
M2
∗ ḟ + (m̃2

4)̇
)]}

,

(4.25)

α2=− 2H2 m̃2
4 m̃6

M4
∗ fḟ(c+ 2m4

2)

(
2c+M2

∗ f̈
)
, (4.26)

α3=
2H2 m̃2

4 m̃6

M4
∗ fḟ(c+ 2m4

2)

[
c+M2

∗

(
−f̈ + 5Hḟ + 3fH2

)
− ρm

]
, (4.27)

α4=− 2H3 m̃2
4 m̃6

M2
∗ f(c+ 2m4

2)
, (4.28)

α5=
2H2m̃6

M4
∗ fḟ(c+ 2m4

2)

[
m̃2

4

(
3c+ 2M2

∗ f̈ − 11M2
∗Hḟ − 9M2

∗ fH
2 + 3ρm

)
+M4ḟ2 − 2M2

∗ ḟ (m̃2
4)̇
]
. (4.29)

In deriving the above expressions we have also used the Friedmann equation (2.5) to express Λ in terms
of c and ρm, the matter density. We clearly see that to robustly set αT to zero we must demand that
either m̃4 or m̃6 are vanishing. However, from eq. (4.29) m̃4 = 0 implies ḟ = 0 which contradicts our
earlier assumption, so we must have m̃6 = 0. This now implies, via eqs. (4.12)-(4.13), that m6 = 0 and
m̃4 = m5, thus going back to the results of [6] and eliminating the loophole.

The only possible way out is if f = const (we set it to unity for simplicity). In this situation the
square bracket in the Ψ equation of motion eq. (4.23) is identically zero. Instead of solving for Ψ̇ as
we did previously, we now solve for Ψ and plug that into αT , arriving at the following expression,

αT =
1

a2

[
(α1H

−1) ∂2π + (α2H
−2) ∂2π̇ + (α3H

−2) ∂2Φ + (α4H
−3) ∂2Ψ̇

]
, (4.30)
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where

α1=
4Hm̃6

3M2
∗ (c+ 2m4

2) (2c− 3M2
∗H

2 + ρm)

{
m̃2

4

(
−2Hċ+ 3ρmḢ + 3H2ρm

)
+ (m̃2

4)̇ (3Hρm − 2ċ)

+c
[
9M2
∗H

2 + 6m̃2
4(Ḣ +H2) + 6H(m̃2

4)̇− 3ρm

]
− 6c2 − 9M2

∗H
2
[
m̃2

4(Ḣ +H2) +H(m̃2
4)̇
]}

,

(4.31)

α2=−8H2 c m̃6
Hm̃2

4 + (m̃2
4)̇

3M2
∗ (c+ 2m4

2)(2c− 3M2
∗H

2 + ρm)
, (4.32)

α3=4H2m̃6
6cHm̃2

4 −
(
3M2
∗H

2 − ρm
) [

2Hm̃2
4 − (m̃2

4)̇
]

3M2
∗ (c+ 2m4

2)(2c− 3M2
∗H

2 + ρm)
, (4.33)

α4=− 4H3 m̃2
4 m̃6

M2
∗ (c+ 2m4

2)
. (4.34)

(4.35)

We can achieve αT = 0 in one of two ways. The first is to set m̃6 = 0, leading us back to the results
of [6] and closing the loophole. As stated in the introduction, this essentially leaves us with scalars
conformally coupled to curvature and some models with derivative couplings, such as Kinetic Gravity
Braiding [25]. The other possibility is to set m̃4 = 0 and c = 0. However, as stated in the text after eq.
2.6, this corresponds to dark energy driven by a cosmological constant, as in the standard cosmological
model, and not some large distance modification of gravity. Although this set up would differ from the
standard ΛCDM scenario at the level of perturbations, we don’t think the scalar has any right to be
called a genuine dark energy field.

5 Conclusions

After an exhaustive treatment taking into account all of the relevant dynamical information the con-
clusion is clear: there are no dark energy loopholes that survive the necessary constraints up to and
including leading order cosmological perturbations. So, a decade and a half since one of us reviewed
the state of play [36], what now for dark energy?

Within the playground of scalar tensor theories, there is very little room for manoeuvre. Concerns
about the low cut off notwithstanding [26], there are very few models of genuine cosmological interest
that survive the purge carried out by LIGO and Virgo. One class of models that still survive are the
so-called KGB set-ups [25]. Although there are some special cases, such as the cubic galileon, that are
ruled out by other cosmological constraints [37], there is sufficient freedom in the KGB potentials to
still extract genuine dark energy candidates [38, 39]. Beyond that there is less room for optimism, Take,
for example, the chameleon models [40, 41]. Although these are compatible with the gravitational wave
data, the chameleon by itself cannot be considered a bonafide dark energy field as other constraints on
its mass render it irrelevant on Hubble scales [42]. In such scenarios, dark energy must be driven by a
cosmological constant and the case for modified gravity with chameleons is less strong. Similarly, we
could consider generic Horndeski theories where the higher order operators are suppressed by scales
larger than Hubble, and we would have no concerns with the speed of propagation of gravitational
waves. However, once again, in such a set up, dark energy must be driven by a cosmological constant
and the case of modified gravity is weakened.
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Perhaps this is pointing us towards a much less flamboyant origin of dark energy, corresponding
to a cosmological constant, or a weakly coupled quintessence field in slow roll. However, even these
scenarios are now being challenged by the so-called swampland criteria [43–45]. There should be some
caution here. Contrary to the claim made in [46] a slowly rolling quintessence field will not fall victim
to the distance conjecture after an order one excursion in units of the Planck mass, but after O(100).
This is because the heavy moduli typically have their masses set by some high ultra-violet scale, MUV

which is then modified as MUV e
−O(1)∆φ/Mp as the dark energy field rolls a distance ∆φ. To bring

their scale down to Hubble today, and contaminate quintessence, we need a very large exponential
suppression and a large number of Planck excursions.

Of course, the situation is different if some moduli are already light enough to be included in our
low energy effective theory, as candidates for dark matter. Now the distance conjecture could play an
important role as the dark matter mass decays exponentially with the rolling dark energy field. In fact,
it has been suggested [47, 48] that this may be able to alleviate the tension between measurements of
the local Hubble rate [49].

In our opinion, modelling dark energy within string theory is now more important than ever,
especially in light of the constraints coming from LIGO and Virgo. For example, some attempts to
incorporate dark energy in supergravity can be found in [50–52] and more recently in [53, 54].
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A Expansion of the effective action

As our aim is to obtain the equation of motion of π and derive the action to first order in scalar and
second order in tensor perturbations, we ignore all the terms quadratic in Φ and Ψ. To restore the π
field one needs to perform the time diff

t→ t+ π(t, ~x) . (A.1)

Under this transformation, any function of time f changes up to second order as

f → f + ḟπ +
f̈

2
π2 +O(3) , (A.2)

while tensors transform as
Tµν → (δµα + δµ0π)(δνβ + δν0π) Tαβ , (A.3)

from which we can derive the transformations of the different ADM components of the metric. The
metric gµν is decomposed as

g00 = − 1

(1 + δN)2
, g0i =

N i

(1 + δN)2
, gij = hij − N iN j

(1 + δN)2
. (A.4)
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From eq. (A.3) we get

δN → δN − π̇ + π̇2 − π̇δN +N i∂iπ +
1

2a2
∂iπ∂jπ +O(3) , (A.5)

N i → N i(1− π̇) + (1 + δN)2hik∂kπ +O(3) , (A.6)

hij → hij −Ni∂jπ −Nj∂iπ − ∂iπ∂jπ +O(3) . (A.7)

Making use of these relations, together with the derivative transformations,

∂0 → (1− π̇ + π̇2)∂0 +O(3) , ∂i → ∂i − (1− π̇)∂iπ∂0 +O(3) , (A.8)

we can derive the transformations of the extrinsic curvature tensor and 3-dimensional Ricci scalar

δK j
i → δK j

i − Ḣπδ
j
i − h

ik∂k∂jπ +O(2) , (A.9)
(3)R→ (3)R− 2ḣij∂i∂jπ +O(2) (A.10)

(A.11)

To compute the action we also need to expand the operators before performing the time diff. We work
in Newtonian gauge, so we have

δN = Φ , N i = 0 , hij = a2 [δij(1− 2Ψ) + γij ] +O(2) . (A.12)

and so

δK j
i = −

(
Ψ̇ +HΦ

)
δ j
i +

1

2
(1− Φ)δjkγ̇ik +O(2) , (A.13)

(3)R = −4a−2∂2Ψ +O(2) , (A.14)

R = 6
(

2H2 + Ḣ
)
− 2

[
6
(

2H2 + Ḣ
)

Φ + 3HΦ̇ + 12HΨ̇ + 3Ψ̈ +
∂2

a2

(
Φ− 2Ψ

)]
+O(2) . (A.15)

It is now straightforward to expand the effective action up to second order in gravitons and first order
in scalar perturbations,

S[γ] =

∫
d4x a3

{M2
∗ f

8

[ (
1− Φ− 3Ψ + ḟ/f

)
γ̇2
ij − a−2

(
1− Φ + Ψ + ḟ/f

)
(∂kγij)

2

+4a−2∂j

(
∂i (2Ψ− Φ) γik

)
γkj

]
+
m2

4

4

(
γ̇2
ij − 4a−2∂i∂jπγikγkj

)
+
a−2

4
m̃2

4 (Φ− π̇) (∂kγij)
2

+
m2

5

4
(Φ− π̇) γ̇2

ij −
m6

4

[(
HΦ + Ḣπ + Ψ̇ +

∂2π

a2

)
γ̇2
ij −

3

2
a−3∂i∂jπγ̇ikγ̇jk

]
+
a−2

4
m̃6

[
2∂k (Φ− π) γ̇ij∂kγij −

(
H (Φ− π̇) + (Φ̇− π̈)

)
(∂kγij)

2
]
− a−2

4
˙̃m6 (Φ− π̇) (∂kγij)

2
}

(A.16)

To recover the limit of General Relativity, we set all the mi couplings to zero and choose f = 1.

B Expression for αT in DHOST

Including also the DHOST operators, the coefficient αT is given by

αT = m2
4 + α...X

...
X + αẌẌ + αẊẊ + αXX + αẎ Ẏ , (B.1)
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where

α...X =
16f m6 β

2
1

[c+ 3Hm3
3 + (m3

3)̇ ] /M
2
∗ + 2H

[
(3β1 − 2)ḟ + 3fβ̇1

]
+
[
β1f̈ + 2ḟ β̇1 + f

(
3β1Ḣ + β̈1

)]
+ 9fH2β1

(B.2)

αẌ =
32m6β1

[
β1
(
ḟ + 3fH

)
+ 2fβ̇1

]
[c+ 3Hm3

3 + (m3
3)̇ ] /M

2
∗ + 2H

[
(3β1 − 2)ḟ + 3fβ̇1

]
+
[
β1f̈ + 2ḟ β̇1 + f

(
3β1Ḣ + β̈1

)]
+ 9fH2β1

(B.3)

αẊ =− 2

3

m̃6 −m6

{
[2c+ 4m4

2]/M
2
∗ + 24β1

[
β1f̈ + 2ḟ

(
3Hβ1 + 2β̇1

)]}
[c+ 3Hm3

3 + (m3
3)̇ ] /M

2
∗ + 2H

[
(3β1 − 2)ḟ + 3fβ̇1

]
+
[
β1f̈ + 2ḟ β̇1 + f

(
3β1Ḣ + β̈1

)]
+ 9fH2β1

+
2

3

3f m6

[
(24β1 − 1)β1Ḣ + 16β1β̈1 + 96Hβ1β̇1 + 72H2β2

1 + 16β̇2
1

]
[c+ 3Hm3

3 + (m3
3)̇ ] /M

2
∗ + 2H

[
(3β1 − 2)ḟ + 3fβ̇1

]
+
[
β1f̈ + 2ḟ β̇1 + f

(
3β1Ḣ + β̈1

)]
+ 9fH2β1

(B.4)

αX =
2m6

[
2ċ+ 6H(c+ 2m4

2) + 3Ḣ
(
m3

3 −M2
∗ ḟ
)
+ 4(m4

2)̇
]

3
{
[c+ 3Hm3

3 + (m3
3)̇ ] /M

2
∗ + 2H

[
(3β1 − 2)ḟ + 3fβ̇1

]
+
[
β1f̈ + 2ḟ β̇1 + f

(
3β1Ḣ + β̈1

)]
+ 9fH2β1

} (B.5)

αŸ =
2fm6β1

[c+ 3Hm3
3 + (m3

3)̇ ] /M
2
∗ + 2H

[
(3β1 − 2)ḟ + 3fβ̇1

]
+
[
β1f̈ + 2ḟ β̇1 + f

(
3β1Ḣ + β̈1

)]
+ 9fH2β1

(B.6)

αẎ =
2m6

[
(2β1 − 1)ḟ + 2f

(
3Hβ1 + β̇1

)
+m3

3/M
2
∗

]
[c+ 3Hm3

3 + (m3
3)̇ ] /M

2
∗ + 2H

[
(3β1 − 2)ḟ + 3fβ̇1

]
+
[
β1f̈ + 2ḟ β̇1 + f

(
3β1Ḣ + β̈1

)]
+ 9fH2β1

(B.7)

C Equations of motion for the π field including spatial gradients

From the quadratic action (4.5) we can derive the following equation of motion for π, including gradi-
ents.

−2π̈ (c+ 2m4
2) + 3Ψ̈

(
m3

3 −M2
∗ ḟ
)
− 2π̇

[
ċ+ 3H(c+ 2m4

2) + 2(m4
2)̇
]

+ 3Ψ̇
[
2c+H(3m3

3 − 4M2
∗ ḟ)

+4m2
4Ḣ + (m3

3)̇
]

+ Φ̇
[
2c+ 3H(m3

3 −M2
∗ ḟ) + 4m4

2

]
+ π

[
3Ḣ
(

2c+H(3m3
3 − 4M2

∗ ḟ) + 4m2
4Ḣ + (m3

3)̇
)

+3Ḧ(m3
3 −M2

∗ ḟ)
]

+ Φ
[
2ċ+ 12cH + 6Ḣ(m3

3 −M2
∗ ḟ) + 3H2(3m3

3 − 4M2
∗ ḟ) + 3H

(
4m2

4Ḣ + 4m4
2

+(m3
3)̇
)

+ 4(m4
2)̇
]

+ a−2
{
∂2π

[
2c+ 4Ḣ(m̃2

4 − 2m2
4) +H

(
m3

3 + 4(m̃2
4)̇
)

+ 4H2m̃2
4 + (m3

3)̇
]

+2∂2Ψ
[
M2
∗ ḟ − 2Hm̃2

4 − 2(m̃2
4)̇
]

+ ∂2Φ
[
−M2

∗ ḟ + 4H(m2
4 + m̃2

4) +m3
3

]
+ 4∂2Ψ̇ (m2

4 − m̃2
4)
}

= 0 .

(C.1)
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