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We study theoretically a laser-driven one-dimensional chain of atoms interfaced with the guided
optical modes of a nanophotonic waveguide. The period of the chain and the orientation of the laser
field can be chosen such that emission occurs predominantly into a single guided mode. We find
that the fluorescence excitation line shape changes as the number of atoms is increased, eventually
undergoing a splitting that provides evidence for the waveguide-mediated all-to-all interactions.
Remarkably, in the regime of strong driving the light emitted into the waveguide is non-classical
with a significant negativity of the associated Wigner function. We show that both the emission
properties and the non-Gaussian character of the light are robust against voids in the atom chain,
enabling the experimental study of these effects with present-day technology. Our results offer a
route towards novel types of fiber-coupled quantum light sources and an interesting perspective for
probing the physics of interacting atomic ensembles through light.

I. INTRODUCTION

Investigating the interaction of light and matter at the
level of single photons and atoms is central to quantum
optics. Nanophotonic systems enable strong coupling of
emitters to a well-defined optical mode, thereby provid-
ing a powerful platform for studying light-matter inter-
action experimentally [1–4]. In particular, the strong
transversal confinement of light in optical nanostructures
naturally enables the implementation of chiral light-
matter coupling, where the light propagation direction
symmetry is broken [5–11]. This recently led to the
demonstration of, e.g., optical isolators [12] and circu-
lators [13]. Moreover, this directional coupling is ide-
ally suited for the implementation of so-called cascaded
quantum systems [14, 15] which can show surprising ef-
fects such as the formation of entangled spin dimers by
driving the system into a steady-state [16–18].

Nanophotonic waveguides provide not only strong but
also homogeneous coupling, even for large ensembles of
emitters, e.g. for optically trapped laser-cooled atoms.
The propagation losses of light in nanofiber-based waveg-
uides are, in addition, small [19, 20]. The light-mediated
atom-atom interactions in this system are of extremely
long-range character. This enables the theoretical and
experimental investigation of many-body-physics with
all-to-all interactions [21–26]. Here, the physics depends
strongly on the absolute number of constituents which is
also the case, for example, for gravitating systems [27].
Moreover, since these interactions are mediated by the
light in the waveguide, the atom-waveguide coupling can
be drastically enhanced when a constructive interference
condition is met, as demonstrated, e.g., by the observa-
tion of large Bragg reflections using “mirrors” that con-
sist of only a few hundred atoms [28, 29].

In this work, we shed light on the signatures of all-

FIG. 1. System. Periodic array of two-level atoms with
nearest neighbor separation a, placed at a distance h from
a nanofiber. The atomic |g〉 → |e〉 transition with dipole
moment d = d/

√
2(1, 0,−i) is driven by a laser field with

Rabi frequency Ω and detuning ∆. Photons emitted in the
right-propagating mode are detected.

to-all interactions in an atomic system that is driven by
a laser field and coupled to a nanophotonic waveguide.
We operate in the regime of large coupling, where the
majority of scattered photons is unidirectionally emitted
into the waveguide [30]. All-to-all interactions manifest
in the fluorescence excitation line shape, whose form is
strongly particle number dependent. We find a charac-
teristic splitting into a double-peak as the atom number
increases. We, moreover, investigate the so far little ex-
plored regime of strong driving, where the laser Rabi fre-
quency becomes comparable with the single atom decay
rate. Here, the light scattered into the guided mode can
become non-classical, which is analyzed through the neg-
ativity of the Wigner function of the output light field.
This negativity exhibits, as well, a strong particle number
dependence, but also shows a high degree of robustness
against voids in the atomic chain due to the peculiar na-
ture of the all-to-all interactions. Our study shows that
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strong driving may enable the controlled realization of
non-Gaussian quantum states of light with a potential
use as quantum resources [31–33].

II. SYSTEM AND MODEL

We consider a periodic array of N atoms with nearest
neighbor separation a held at a distance h from the sur-
face of a cylindrical nanofiber (see Fig. 1). We model
the internal structure of each atom as a two-level system
with states |g〉 and |e〉. The wavelength of the |g〉 → |e〉
transition, λ, and the radius and dielectric constant of
the nanofiber are chosen such that it can only support
two pairs of counter-propagating guided modes [34, 35].

The dipole moment d = d/
√

2(1, 0,−i) and the position
of the atoms relative to the nanofiber ensure that the
atoms emit only into one of the pairs of modes. The
emission is chiral, i.e., each atom has a larger probabil-
ity to emit, e.g., into the right- than the left-propagating
guided mode (accessible with current experimental se-
tups [36]). Moreover, the atoms are coupled to the radi-
ation (unguided) modes of the free electromagnetic field.
An external laser field drives the |g〉 → |e〉 transition with
Rabi frequency Ω and detuning ∆, and the wave vector
of the laser, k, with k = |k| = 2π/λ, forms an angle ϕ
with respect to the atomic chain (as depicted in Fig. 1).

The dynamics of the system is described by the quan-
tum master equation (within the Born-Markov and sec-
ular approximations)

ρ̇(t)=− i

~
[H, ρ]+

∑
ij

Γij

(
σiρσ

†
j −

1

2

{
σ†jσi, ρ

})
(1)

with σi = |gi〉 〈ei|, where |gi〉 and |ei〉 are the ground and
excited state of the i-th atom in the chain, respectively
[37, 38]. The Hamiltonian can be split as H = Hl +Hint,
where the first part accounts for the action of the external
laser field

Hl = ~
N∑
j=1

(
Ω
[
eika(j−1) cosϕσj + h.c.

]
−∆σ†jσj

)
, (2)

and the second term describes the interatomic interac-
tions due to the exchange of virtual photons among the
atoms,

Hint = ~
∑
i 6=j

Vijσ
†
iσj . (3)

The coherent interaction matrix coefficients Vij can be
decomposed into the contributions of the unguided (u)
and the right- and left-propagating guided modes (R,L)
as Vij = V u

ij + V R
ij + V L

ij . While V u
ij decays with the

distance between the atoms in the chain, the guided
modes give rise to all-to-all coherent interactions. Sim-
ilarly, the incoherent emission, which is determined by
the matrix coefficients Γij , can be decomposed as Γij =

FIG. 2. Effective decay rate of the laser excited state.
Collective decay rates (pink lines), γn (divided by the single-
atom decay rate in the absence of the nanofiber, γ), for a
chain of N = 15 atoms with λ = 1 µm. The chain is at a
distance h = 100 nm from a silica nanofiber with refractive
index 1.45 and radius 220 nm, such that the single-atom beta
factor (ratio between the emission to the guided modes and
the total emission) is 0.15. The laser momentum forms an
angle ϕ = 1.37 rad with the chain (see Fig. 1). At the values
of a/λ that satisfy (4) (indicated by the vertical red dashed
lines), the effective decay rate Γ|ψ〉 (blue solid line) matches
the one of the right-propagating guided mode.

Γu
ij + ΓR

ij + ΓL
ij . Again here, the guided terms ΓR

ij and ΓL
ij

have all-to-all connectivity, which gives rise to collective
emission properties largely independent of the nearest
neighbor distance a [26, 38, 39]. On the other hand, Γu

ij

decays with the distance between the atoms, such that
the atoms emit independently into the unguided modes
as the ratio a/λ is increased [38]. The precise expressions
of these coefficients can be found in Appendix A.

III. ENHANCED ATOM-NANOFIBER
COUPLING

In Ref. [30] it was shown that emission takes place
predominantly into a single guided mode when the dis-
tance between neighboring atoms a and the driving angle
ϕ satisfy the relation

cosϕ =
mλ

a
− λ

λf
, m ∈ N (4)

with λf being the wavelength of the light guided by the
nanofiber. Under this matching condition, not only is
the efficiency of the coupling between the atomic array
and the nanofiber collectively enhanced [30, 40], but the
photon emission also becomes unidirectional. This phase-
matching mechanism can be nicely illustrated in the weak
driving limit, where all atoms are close to the atomic
ground state, by assuming that the collective state of the
atoms which is excited by the laser takes the form

|ψ〉 =

N∑
j=1

ψj |ej〉 , (5)

with ψj = eika(j−1) cosϕ/
√
N . The effective de-

cay rate of this state can be calculated as Γ|ψ〉 =



3∑N
n=1 γn|

∑N
j=1Dnjψj |2, where γn and Dnj are the col-

lective decay rates and modes, respectively, obtained
from the diagonalization of the matrix Γij . As shown in
Fig. 2, this decay rate matches the maximally achievable
collective rate (which, as shown in Ref. [30], corresponds
to the decay rate into the right-propagating mode) when
the ratio a/λ satisfies Eq. (4) (red dashed lines) [41].

IV. INTERACTION SIGNATURES AT WEAK
DRIVING

To analyze the properties of the light emitted into the
right-propagating mode, we calculate the photon emis-
sion rate

ΓR =
∑
ij

ΓR
ij

〈
σ†iσj

〉
ss
, (6)

where 〈. . . 〉ss denotes the expectation value in the sta-
tionary state. In the weak driving limit, where at most
one excitation is present at all times, this quantity can
be calculated for large atom numbers N [30]. In Fig.
3a we show that, indeed, as one approaches the match-
ing condition (4) (red dashed lines), ΓR quickly becomes
maximal, as almost all light is emitted into the fiber. In
fact, here ΓR ≈ NΩ2/γ.

Remarkably, the fluorescence excitation line shape
changes as the number of atoms increases. Under the
phase-matching condition (4) we observe a splitting of
the line into two peaks (see Fig. 3c), whose distance δ
increases proportionally to N (for N sufficiently large)
as shown in Fig. 3d. This splitting is consequence of the
fiber-mediated coherent interactions. This can be better
understood by inspecting the eigenvalues vn of the inter-
action matrix Vij (Fig. 3b), which represent the energy
shift of the corresponding collective eigenstate, Cnj , with
respect to single-atom resonance. At the phase-matching
point, the state (5) can be approximately written as an
equal weight superposition of the two (guided) extremal
eigenmodes C1j and CNj . Their eigenvalues, v1 and vN
(see Fig. 3b), increase linearly with N , but with oppo-
site sign. This N -dependence is directly reflected in the
observed line splitting.

V. STRONG DRIVING

For strong driving, more than one atom can be excited
at a time. Here, we need to solve the exact master equa-
tion, which constrains the number of atoms that we can
simulate to a maximum of N = 7.

In Fig. 4a, we show the normalized emission rate ΓR

at ∆ = 0 as a function of the Rabi frequency Ω. If the
atoms were non-interacting, all curves would fall into the
N = 1 one. We observe a clear departure from this be-
havior as N is increased. Deviations are particularly vis-
ible when the Rabi frequency is comparable to the single

FIG. 3. Line splitting. a: Emission rate into the right-
propagating guided mode, ΓR (in units of Ω2/γ, total single-
atom scattering rate in the weak driving limit), as a func-
tion of the laser detuning and the ratio a/λ for a laser angle
ϕ = 1.37 rad with the chain, Ω = γ/100, and N = 15. The
red dashed lines indicate where condition (4) is satisfied. b:
Eigenvalues vn of the interaction matrix Vij . c: Fluorescence
excitation line shape, and d: splitting δ between the two local
maxima, as a function of N for ϕ = 1.37 rad and a/λ = 0.8.

atom decay rate γ. Here, the normalized emission rate
exhibits a local maximum whose value increases with the
number of atoms, indicating that the rate grows faster
than linearly with N . Similarly, the collective beta fac-
tor, β = (ΓR + ΓL)/(ΓR + ΓL + Γu), which quantifies the
fraction of the photons that are emitted into the guided
modes, as well as the chirality of the photon emission
χ = (ΓR − ΓL)/(ΓR + ΓL) (see Figs. 4b and c) increase
with the number of atoms and are maximal at weak driv-
ing.

VI. NON-GAUSSIAN STATE OF THE GUIDED
LIGHT

Signatures of non-classicality can be observed already
at intermediate driving strength. To characterise the
state of the light emitted from the nanofiber mode, we
perform an analysis of the time-integrated photo cur-
rent observed via homodyne detection Xα [42]. For long
times, i.e. in the stationary state, the distribution func-
tion or marginal, Πt(Xα), of the photo current can be
calculated from the largest eigenvalue of a deformed mas-
ter operator (see Ref. [43] and Appendix B for details on
this calculation). In this limit, it obeys a so-called large
deviation form, Πt(Xα) ∼ e−tφ(xα), with φ being the rate
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FIG. 4. Strong driving and Wigner distribution. a,
b and c: Emission rate into the right-propagating guided
mode, collective beta factor and chirality, respectively (on
resonance) for N = 1 − 7 atoms. d: Negativity of the WD
for N = 1 − 6 atoms. e: WD for Ω/γ = 0.05, 0.5 and 1.5.
For low values of the driving field, the WD is always positive,
regardless of the number of atoms. For Ω/γ > 1 the negative
area of the distribution grows with N .

function and xα = Xα/t the time-intensive photo current
per unit time (activity). At very long times, Πt(Xα) con-
verges to a delta-distribution peaked at the mean photo
current per unit time. Quantum features, such as nega-
tive Wigner functions, can emerge when the rate function
differs from a Gaussian shape. However, these can only
be uncovered when the interval of the time integration is
not too long, i.e. when Πt(Xα) has not yet converged to
a delta-distribution. Integration-time dependent Wigner
functions were also observed in [42], where the photo cur-
rent was calculated from a stochastic master equation.
The approach we pursue here allows us to directly ac-
cess the rate function and thus the distribution function
of the photo current without the need to perform Monte
Carlo averages. Non-classical features of the output light
field are then studied by analysing the marginal distri-
butions Πt=1(Xα) ∼ e−φ(xα) from which we reconstruct
the Wigner distribution (WD) W (x, p) of the X- and P -
quadrature activities x = X/t and p = P/t, respectively,
using a Radon transform, as detailed in Appendix B.

We will quantify the non-Gaussianity of the state of
light emitted by the nanofiber through the negativity of
the WD [44, 45], which can be calculated as the volume
of its negative part, i.e.

δW =

∫
R2

[|W (x, p)| −W (x, p)] dxdp. (7)

FIG. 5. Robustness to imperfect filling. a: Collective
beta factor and b: chirality of the emission from the weakly
driven (Ω = γ/100, ∆ = 0) atomic chain as a function of the
system size N . The solid lines join the data points for a chain
without gaps while the rest of points represent configurations
with the same number of atoms but a single gap. c: Four
different configurations of N = 5 atoms in a chain of 7 sites
and Wigner distribution at Ω = 0.5γ, virtually unchanged for
all configurations.

A non-zero δW is symptomatic of a non-Gaussian state of
light, while δW = 0 for coherent and squeezed states [46,
47]. The negativity, as well as the full WD for selected
values of Ω/γ are shown in Fig. 4d and e, respectively.
Here, we observe that the negativity tends to zero for
small values of Ω, where the response of the system is
linear and hence Gaussian states are expected (first row
in Fig. 4e). For Ω� γ, the nonlinear response of the two-
level systems leads to negativity in the WD and hence
non-gaussianity of the emitted light [42, 48], which grows
with the number of atoms N (third row in Fig. 4e).
For large enough N , the negativity δW displays non-
monotonic behavior and for intermediate values of Ω, as
a result of the interplay between the driving and the all-
to-all interactions.

VII. ROBUSTNESS DUE TO ALL-TO-ALL
INTERACTIONS

In a realistic experimental apparatus involving atoms
interacting with a nanofiber, often the filling of the traps,
created either by the evanescent field of the nanofiber
or an external lattice, is imperfect, with gaps appearing
in the chain. Here, we demonstrate that the effects de-
scribed in this work are robust against this experimental
imperfection.

In the limit of weak driving, we show in Figs. 5a and
b the beta factor and chirality as a function of the num-
ber of atoms in the chain N , for perfect filling (joined
by the solid line) and for different configurations of the
same number of atoms leaving a single gap within the
chain (see inset in Fig. 5a for all configurations consid-
ered for N = 4). The impact on both β and χ is very
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small, sometimes even improving on the regularly spaced
array. Also the non-Gaussianity of the photon state is
robust against imperfect filling. E.g., in Fig. 5c we show
the WD, virtually unchanged for several gapped configu-
rations of the same number of atoms N = 5 in the chain,
with differences in the negativity of the order of 10−3

between different configurations.
We attribute this robustness to the periodicity of the

all-to-all interactions between the atoms mediated by the
nanofiber: the origin of the collective enhancement of
the beta factor and chirality is geometrical and hence
any displacement of the atoms will result in a relative
phase of 2π, which does not affect the emission properties
significantly.

VIII. CONCLUSIONS

We have shown that the light scattered unidirectionally
from a laser-driven array of atoms into a nanofiber con-
tains signatures of the all-to-all interactions induced by
the atom-fiber coupling. Moreover, in the strong driving
regime, we demonstrate a novel realization of a source
of quantum non-gaussian states of light in the optical
regime. This light can be transported through optical
fibers with very small losses for long distances, hence
making the findings in this work particularly relevant for
optical quantum information and communication. More-
over, it has been shown that a quantum circuit containing
operations that generate states represented by a nega-
tive Wigner function cannot be efficiently simulated with
classical algorithms [31–33]. Hence, the atom-nanofiber
setup considered in this work is a candidate for generat-
ing quantum computational resources by making use of
state-of-the-art light-matter technologies.

Our theoretical description does not only capture the
guided modes of the nanofiber, which are relatively sim-
ple to account for due to the translational invariance of
the problem. It also includes the radiation modes, which
are modified with respect to the free-space ones due to
the presence of the nanofiber. The inclusion of these ad-
ditional loss channels does not amount to a small pertur-
bation of the simplified model with guided modes only.
This is because we are interested in the stationary (long
time) properties of the system, which may be drastically
altered [18]. This is the key aspect that brings us close
to current experimental setups. Strikingly, even under
these much dirtier conditions, we uncover quantum ef-
fects, such as non-gaussian light states.

Finally, note that the results we present here can be
realized within current experimental capabilities. For ex-
ample, cesium atoms are routinely trapped close to the
surface of a nanofiber, at distances of only about 200
nm [6, 36]. While these parameters give rise to a weaker
single-atom coupling to the nanofiber, the all-to-all char-
acter of the interactions induced by the guided modes
makes it possible to observe all the effects discussed here
by increasing the number of atoms further.
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Appendix A: Coherent and incoherent interaction
matrices: guided and unguided modes

In this Section we give some details of the steps used for
the calculation of the coherent and incoherent interaction
terms Vij and Γij , respectively, which appear in the main
manuscript.

In order to calculate these coefficients, the key ingre-
dients are the coupling strength functions Gνi between
the atom i and the mode ν which, for the guided (g) and
unguided (u) modes, respectively, are given by [38]

Ggi =

√
ωβ

′
f

4π~ε0

[
d · e(g)(ri, φi)

]
ei(fβfzi+lφi),

Gui =

√
ω

4π~ε0

[
d · e(u)(ri, φi)

]
ei(βzi+mφi), (A1)

where ω is the mode frequency, l = ±1 denotes coun-
terclockwise or clockwise polarization, f = ±1 denotes
whether the mode propagates in the +z or −z direc-
tion (forwards of backwards along the nanofiber), and
m = 0,±1,±2, ... denotes the mode order. β is a contin-
uous variable in the range −k < β < k with k = ωa/c,
where ωa is the frequency of the atomic transition. Fur-
thermore, (ri, φi, zi) represent the position of the i-th
atom in cylindrical coordinates (note, that the axis of
the nanofiber is aligned along the z-axis), d is the atomic
dipole moment, and e(ν) denotes the profile function of
the electric field. The explicit form of each of these pro-
file functions can be found in the literature, e.g., in [38].
We consider for our purposes that that the nanofiber
only supports a single fundamental pair of guided modes,
HE11. Thus, the value of the longitudinal propagation
constant of the guided mode βf = 2π/λf and its deriva-
tive β′f = dβf/dω, which must be determined numerically
as the solution of an eigenvalue equation [34], are the only
solutions that lie in the range k < βf ≤ knf , with nf being
the dielectric constant of the fiber.

As demonstrated, e.g. in [38], the coherent interaction
coefficients can be calculated as

Vij = −P
∑
ν

[
GνiG

∗
νj

ω − ωa
+ (−1)δij

G̃∗νiG̃νj
ω + ωa

]
, (A2)
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and

Γij = 2π
∑
ν

GνiG
∗
νjδ(ω − ωa). (A3)

Here, P denotes the Cauchy principal value, δij denotes

the Kronecker delta function, and the tilde (e.g. G̃νj)
serves to indicate that the dipole moment d is to be
replaced with its complex conjugate. The sum can be
separated into two, over guided and unguided modes∑
ν =

∑
g +
∑

u, such that both coherent and incoher-

ent interactions can be separated as Vij = V g
ij + V u

ij and

Γij = Γg
ij + Γu

ij . Moreover, the sum over the guided

modes reads
∑

g =
∫∞

0
dω
∑
fl, such that it can be bro-

ken down into the two directions along the fiber, and
hence V g

ij = V R
ij + V L

ij and Γg
ij = ΓR

ij + ΓL
ij . For the un-

guided modes,
∑

u =
∫∞

0
dω
∫ k
−k dβ

∑
ml. Note, that for

the numerical evaluation of all coefficients we follow the
steps and approximations indicated in [38]. In particular,
we approximate the contribution to the coherent interac-
tions by the unguided modes as V u

ij ≈ Γ/γV vac
ij , where

Γ and γ are the single-atom decay rates in the presence
and absence of the nanofiber, respectively, and V vac

ij are
the dipole-dipole interaction coefficients in the absence
of the nanofiber. This approximation is only valid when
the coupling between the atoms and the nanofiber is weak
enough.

Appendix B: Wigner distribution

Here we give a detailed explanation on the procedure
for evaluating the Wigner distribution (WD) for the time-
integrated photo current per time. We analyze the quan-
tum state of the light emitted into the reservoir (here the
right-propagating guided mode) by studying the time-
integrated quadratures. A similar approach was pursued
in [42] to analyze resonance fluorescence in the stationary
state. The challenge is that the light field at the output
is not confined to a cavity with a well-defined stationary
quantum state but is rather characterized by continuous-
mode field operators B(t). To deal with this situation it
is convenient to define time-integrated output modes [42].
To this end, we define the time-integrated photo current

observed via homodyne detection as Xα =
∫ t

0
dXα(τ),

with

dXα(τ) = 1/2
(
e−iαdB(τ) + eiαdB(τ)

)
= dX(τ) cosα+ dP (τ) sinα.

Here, dB(t) and dB†(t) are the increments of the output
field operators [43], which can be expressed in terms of
increments of the X- and P -quadratures.

We now consider projections of the density matrix ρ(t)
onto the subspace for which the time-integrated quadra-
ture for light emitted from the system up to time t has
a specific value Xα. We denote the corresponding pro-

jected reduced density matrix by ρ
(Xα)
t . This quantity is

related to an s-biased reduced density matrix ρs(t), via
the Laplace transform [49, 50],

ρs(t) =

∫
ρ(Xα)(t)e−sXαdXα. (B1)

We obtain then the moment generating function Zt(s) =
Tr ρs(t), which at long times takes the large deviation
(LD) form etθXα (s). The full statistics of each Xα at long
times is contained within the scaled cumulant generating
functions (SCG) θXα(s), which are also identified as the
largest real eigenvalue of the deformed master equation
[43]:

ρ̇s(t) =− i

~
[H, ρs]+

∑
ij

Γij

(
σiρ

sσ†j −
1

2

{
σ†jσi, ρ

s
})

−s
2

(
e−iαJRρ

s + eiαρsJR
†
)

+
s2

8
ρs (B2)

where JR =
∑
j

√
ΓR
jje
−i 2πλf

a(j−1)
σj , is the jump opera-

tor associated with the right-propagating guided mode
in the nanofiber. When s → 0, Eq. (B2) collapses to
the standard trace-preserving master equation [Eq. (1)
in main manuscript]. Away from s = 0 the s-field biases
the dynamics towards rare events in the measured light

field. From the projected reduced density matrix ρ
(Xα)
t

it is possible to evaluate the marginal probability to ob-
serve a particular value of Xα as Πt(Xα) = Tr

[
ρ(Xα)(t)

]
.

At long times (stationary state) this marginal probability
takes the form

Πt(Xα) ' e−tφ(xα), (B3)

where xα = Xα/t is the time-intensive photo current
per unit time (activity) and φ(xα) is the so-called rate
function. At very long times, Πt(Xα) converges to a
delta-distribution peaked at the mean photo current per
unit time 〈xα〉. For example, this can be easily seen
for a Gaussian state, i.e. for a photo current perform-
ing a random walk with linear drift. This yields the
rate function φ(xα) = (xα − 〈xα〉)2/2∆x2

α, where ∆x2
α

is the variance of the photo current per unit time, i.e.

Πt(Xα) ∼ e−t(xα−〈xα〉)
2/2∆x2

α . Quantum features, such
as negative Wigner functions, can emerge when the rate
function differs from a Gaussian shape. However, these
can only be uncovered when the interval of the time in-
tegration is not too long, i.e. when Πt(Xα) has not yet
converged to a delta-distribution [42].

The SCG and the rate functions are related via the
Legendre transform:

φ(xα) = −min
s

[θXα(s) + xαs] . (B4)

The determination of the whole set of distributions (B4)
allows to reconstruct the Wigner distribution of the X-
and P -quadrature activities, W (x, p), using inverting the
Radon transform [51]

Πt=1(Xα) ∼ e−φ(xα)

=

∫
R

W (x cosα−p sinα, x sinα+p cosα) dp.
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In practice, not all φ(xα) are measured, but only a dis- crete set of them. Hence, the WD can be estimated nu-
merically using tomographic imaging software.
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