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Abstract. In this paper we study inequalities among quasi-arithmetic means for a continuous field of
self-adjoint operators, a field of positive linear mappings and continuous strictly monotone functions
which induce means. We present inequalities with operator convexity and without operator convexity of
appropriate functions. Also, we present a general formulation of converse inequalities in each of these
cases. Furthermore, we obtain refined inequalities without operator convexity. As applications, we obtain
inequalities among power means.

1. Introduction

We recall some notations and definitions. Let T be a locally compact Hausdorff space and let A be a
C*-algebra of operators on some Hilbert space H. We say that a field (x;);er of operators in (A is continuous
if the function ¢ — x; is norm continuous on T. If in addition u is a Radon measure on T and the function
t — |lx¢|| is integrable, then we can form the Bochner integral fT x¢ du(t), which is the unique element in A

such that
(p( fT xtdu<t>)= fT (e du(®)

for every linear functional ¢ in the norm dual A".

Assume furthermore that there is a field (®;)ier of positive linear mappings ®@; : A — B from A to
another C*-algebra 8B of operators on a Hilbert space K. We recall that a linear mapping @; : A — B is said
to be a positive mapping if ®;(x;) > 0 for all x; > 0. We say that such a field is continuous if the function
t — ®y(x) is continuous for every x € A. Let the C*-algebras include the identity operators and the field
t = ¢¢(1y) be integrable with fT ¢(1g) du(t) = k1 for some positive scalar k.

Let B(H) be the C*-algebra of all bounded linear operators on a Hilbert space H. We define bounds of a
self-adjoint operator x € B(H) by

my = inf (x5} and M, = sup(x, &) 1)
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for £ € H. If Sp(x) denotes the spectrum of x, then Sp(x) C [m,, M,].
For an operator x € B(H) we define operators |x|, x*, x~ by

=@, xt=(w+0/2, 2 = (k- x)/2.

Obviously, if x is self-adjoint, then |x| = (x2)1/2
x=x"—-x").

We define a generalized quasi-arithmetic operator mean by

and x*,x~ > 0 (called positive and negative parts of

My = My(x, D) := (p_l (% qut (p(x1)) dy(t)), (2)
T

where (x¢)ier is a bounded continuous field of self-adjoint operators in a C*-algebra B(H) with spectra in
[m, M] for some scalars m < M, () is a field of positive linear mappings ®@; : B(H) — B(K), such that
fT ®;(1y) du(t) = k1p for some positive scalar k and ¢ € C[m, M] is a strictly monotone function.

As a special case of the quasi-arithmetic mean (2) we can study the operator power mean

1 1/r
(f % D (x}) dp(t)) , r € R\{0},
T
exp (L %Dt (In(x;)) dy(t)), r=0,

where (x¢)ier is @ bounded continuous field of strictly positive operators in a C*-algebra B(H), (P)ser is a
field of positive linear mappings @; : B(H) — B(K), such that fT D;(1y) du(t) = klg for some k > 0.

M (x, @) := ©)

The first result on studying some inequalities such as the Jensen inequality without operator convexity
is obtained in [10]. In [21] some techniques are used while one manipulates some inequalities related to
continuous fields of operators. There is extensive literature devoted to quasi-arithmetic means, see, e.g.
[1]-5], [7]-19], [19], [20].

In this paper we present inequalities with operator convexity and without operator convexity of func-
tions which induce means. Also, we present a general formulation of converse inequalities in each of these
cases. Furthermore, we obtain refined inequalities without operator convexity. As applications, we obtain
inequalities among power means. These results are generalizations of our previous results obtained in a
series of articles [10, 11, 13, 14, 16, 17]. The interested reader will find in [12, 15] extensions of inequalities
among quasi-arithmetic means in the discrete case T = {1,...,n}.

2. Inequalities with operator convexity

We recall some classical results about quasi-arithmetic means. A result with the monotonicity is given
in the next theorem.

Theorem 2.1. ([17, Theorem 2.1 and Theorem 2.3]) Let (x;)ser, (Pt)ser be as in the definition of the quasi-arithmetic
mean (2). Let ¢, @ € C[m, M] be strictly monotone functions.
If one of the following conditions
(i) o @t is operator convex and Y~ is operator monotone,
(i') ¢ o @~ is operator concave and —~! is operator monotone,
(ii) @' is operator convex and " is operator concave,
is satisfied then

My (x, @) < My(x, D). 4)

But, if one of the following conditions
(iii) 1 o @~ is operator concave and =" is operator monotone,
(iii’) 1 o @~ is operator convex and —y~1 is operator monotone,
(iv) @' is operator concave and Y~ is operator convex,
is satisfied then the reverse inequality is valid in (4).
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Proof. We shall give the proof for the convenience of the reader. We will prove only the case (i).
We put f = 1 o 7! in the generalized Jensen’s inequality [6, Theoem 2.1]

1 1
f (% f Pe(xe) d#(f)) <z f De(f (x0)) du(h),
T T
thereafter replace x; with ¢(x;) and finally we apply the operator monotone function ™. [

Next we give inequalities complementary to the ones in Theorem 2.1. In the following theorem we give
a general result. We obtain some better bounds than the ones given in [17, Theorem 3.1]).

Theorem 2.2. Let (x)ter, (Pr)ier, m and M be as in the definition of the quasi-arithmetic mean (2). Let ¢, ¢ €
Clm, M] be strictly monotone functions and F : [m, M] X [m, M] — R be a bounded and operator monotone function
in its first variable. Let my, and and My, my, < My, are bounds of the mean M, (x, @).

If one of the following conditions
(i) ¢ o @tis convex and P! is operator monotone,
(i) o is concave and —p1 is operator monotone,

is satisfied then
F[My(x, @), My(x, D)] 5)
L[ PM) - 9(2) ¢(2) — ¢(m) ) ]
< mﬂﬁﬁfh’(¢M@—¢mo¢m”+¢mo—¢mw¢“9'z1K
1 pM) — ¢(2) ¢(z) — p(m)
< oo Pl (= gt Y0 gy #00) 2 1

But, if one of the following conditions

(ii) o @~lis concave and =" is operator monotone,

(ii’) o @ tis convex and —p~! is operator monotone,

is satisfied then the reverse inequality is valid in (5) with inf instead of sup.

Proof. We will prove only the case (i).
Replacing z by ¢(z) and f by ¢ o ¢! in the inequality f(z) < 2= f(m) + Z24 f(M), z € [m, M], and then
using the functional calculus and operator monotonicity of "! we obtain

p(M)1x — p(My) Pp(M,) — p(m)1g
o —pm Y o — e

wwsw*( MMO. 6)

Now, by using operator monotonicity of F(-,v) and mlg < m,1x < M, < M,1x < M1k, we obtain

F[My, M|
_1 (PM)1k — (M) PMy) — p(m)1k

[¢ ( PM) — @(m) Yl + PM) — p(m)
PM) — p(z) ¢(z) — p(m)

@@®—¢ma¢m0+¢wn—mmV“Mgl]k’

wMﬁwq

IA

sup F [1/)1 (

my<z<M,

which give the desired sequence of inequalities (5). O

If we put F(u,v) = u — v and F(u,v) = v™?u0712 (v > 0) in Theorem 2.2, then we obtain the difference
and the ratio type inequalities among quasi-arithmetic means as follows.
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Corollary 2.3. Let the assumptions be as in Theorem 2.2.
If one of the conditions (i) or (i) in Theorem 2.2 is satisfied then

[ pM) — @(2) (z) — p(m)
Myl @) < Myl @) + mma’id{ 1(5@4) =i Y+ D= gt ‘“M)) i Z} e 7
If in addition = > 0 on [my, My], then
-1 ( $WM)—¢p(z) P@)=(m) M
My, @) < max 97 (oo Ym) + g YD) My (x, D). -

my<z<M, z

But, if one of the conditions (i) or (i’) in Theorem 2.2 is satisfied then the reverse inequalities are valid in (7) and
(8) with min instead of max.

If we put @(t) = t" and (t) = * or ¢(t) = t* and Y(f) = t' in Theorem 2.1 we obtain the monotonicity of
power means.

Corollary 2.4. Let (x¢)ier, (Pi)ter be as in the definition of the power mean (3). It r <s,r ¢ (-1,1),s ¢ (-1,1) or
1/2<r<1<sorr<-1<s<-1/2then

M (x, @) < MEl(x, D).

Further, putting power functions in (8) we obtain the following ratio type inequalities among power
means.

Corollary 2.5. Let (x¢)er, (Dt)ser be as in the definition of the power mean (3). Let r,s € R, v < sand rs # 0 and
m" and and MM, mt"l < MU, are bounds of the mean MU (x, D).
(i) Ifr<ssé¢(-1,1),r¢(-1,1) or 1/2<r<1<s or r<-1<s<-1/2 then

AW, 7,57 MBI (x, @) < MV (x, D) < Ml (x, ).
(ii) If 1<s,-1<r<1/2,r#0 or r<-1,-1/2<s<1,s#0 then
AR 7 ) I M (x, @) < MU (x, @) < A(W, 7, s)ME (x, D).

(iii) If -1<-s5<r<s<1,r#0 or -1<r<s<r/2<0 then

AR, 7, 1TTAMRY, 7, 5) MBI (x, @) < MU (x, @) < AR, 1, M (x, D).
(iv) If -1/2<r/2<s<-r<1,s#0 then

AR, s, 1)TTAEN, 7, 5) T ME (x, @) < MU (x, @) < A(HY, 5, M) (x, D),
where h"' = MU/R and A(h, 7, s) is a generalized Specht ratio defined by

_ l’(hs _ hr) % S(hr _ hs) _%
A(h,1,s) = {(s — 0 - 1)} {(r—s)(hs — 1)} , h>0.

The proof is similar to [4, Theorem 4.4] and we omit it.
In the same way, we can obtain the difference type inequality for power means.

Remark 2.6. The bounds given in Corollary 2.4 are better than the corresponding bounds given in [4,
Theorem 4.4] for s > 0. We give the short proof. Since

M
K(h/p) T E

Ww-h (p-1m -1\ VoM + g
m<t<M tr

G-Dh-D\ p wh = max , h=
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and m < ml"l < MU' < M, then K(h"], p) < K(h, p). Taking into account that K(h, p) > 1 for p ¢ (0, 1) it follows

K(i", 2)1/5 < K(h, ;)1/5 fors > 0.

Replacing h!"l and & in the above inequality by (h[’])r and i, respectively, and taking into account that
A(h,1,5) := K(h, £)!/* we obtain
AN, 1, 5) < A(h, 1, 5).

Then for s > 0 in the case (i) and (ii) of Corollary 2.4 we have
Ak, 1,5 ME(x, @) < AR, 7, 5) 7 MEL(x, @) < MI(x, @) < ME(x, D)
and
Ah, 1,8)  ME(x, @) < A, 7, 5) MBI, @) < MU (x, @) < AR, 7, s)MEN (x, D) < AR, 7, s )MEN (x, D),

respectively. Similarly, we can evaluate bounds in the other cases of Corollary 2.4.

3. Inequalities without operator convexity

In this section we give inequalities among quasi-arithmetic operator means with conditions on spectra
of the operators.

In the next theorem we obtain the monotonicity of among quasi-arithmetic means without operator
convexity in Theorem 2.1. This is a generalization of [10, Theorem 3].

Theorem 3.1. Let (x¢)ier, (Pi)ier be as in the definition of the quasi-arithmetic mean (2). Let m; and My, my < M;
are bounds of x4, t € T. Let @, ¢ : I — R be continuous strictly monotone functions on an interval I which contains
all my, M;. Let

(m@,M(p) N[m, Mi]=@, teT,

where my, and and My, my, < M, are bounds of the mean M (x, ®).
If one of the following conditions

(i) ot is convex and Y~ is operator monotone,

(i) ¢ o@is concave and —p~" is operator monotone,

is satisfied then

My (x, @) < My(x, @). 9)

But, if one of the following conditions

(ii) o @~ is concave and " is operator monotone,
(ii’) o @t is convex and —~1 is operator monotone
is satisfied, then the reverse inequality is valid in (9).

Proof. We will prove only the case (i).
Let my, < M. Since Sp (fT D(p(x1)) dp(t)) C ¢p([my,My]) and p o ¢~ is convex on ¢([my, My]), then by
using the functional calculus we obtain

Yo7 (f i) du(h))

(M) 1k~ [ 1 O(@(xe)) du(®) Jp 1 0u((xe)) du(®)—p(my) 1k
< P gty WMe) + ity ¢ (M) (10)

_ =) D) plry)
= ko (i Vm) + G v 4)) duc)

r/)
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On the other hand, since ¢ is monotone, then
(mp, Mp) N [m, Ml =@ = @((mg,My)) N ([m;, Mi]) =@,  teT.
By using the above condition and that m;1y < x; < M1y, t € T, then it follows

M <p)H P(xr) P(xp) — p(m (p
o, —gimy) P00 PO S )

fort € T. Applying a positive linear mapping ®; and integrating, we obtain
F 20w o o7 @) dut) = [, 10u(x) du(t)

1 p)—Px) PLe)—(rmy)
> (S wimy) + S g(M,)) duco).

r/)

Yoo (p(x)) = L FloM,)

(11)

Combining the two inequalities (10) and (11), and applying operator monotonicity of ~! we obtain the
desired inequality (9).
In the case m, = M, we use supporting line of a convex functions i o ¢! in the point z = ¢(m,) and
similarly as above we obtain (9). O

An example of the condition of spectra in the discrete case is shown in Figure 1.b).

—0-—-0-9———-—0-0————0—— -——o -0 0-——-—-—- oo ———o—
mg m, m, Mq, M, M, m; M, m, M, m, M,

a) b)

Figure 1: Spectral conditions for a convex function and T = {1, 2}

It is interesting to study the case when (9) holds only under the condition placed on the bounds of
operators whose means we are considering. We give it in the next corollary.

Corollary 3.2. Let (x¢)ier, (Pr)eer be as in the definition of the quasi-arithmetic mean (2). Let my and My, my < My
are bounds of x;, t € T and let @, : I — R be continuous strictly monotone functions on an interval I which contains
all my, M. Let

(mXIMX) N [mt/Mt] = QI te T/

where my and My, m, < My, are the bounds of the operator x = fT Dy (xp) d(t).

If one of the following conditions

(i) @ is convex, ¢~ is operator monotone, Y is concave, P! is operator monotone,

(ii) @ is convex, @' is operator monotone, \ is convex, —p~" is operator monotone,
(iii) @ is concave, —p~" is operator monotone, \ is convex, —p~" is operator monotone,
(iv) @ is concave, —p~" is operator monotone, \ is concave, P! is operator monotone
is satisfied, then

My (x, @) < My(x, D). (12)

But, if one of the following conditions
(i’) @ is convex, —(p‘1 is operator monotone, Y is concave, —yb‘l is operator monotone,
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(ii’) @ is convex, —qo’l is operator monotone, Y is convex, lp’l is operator monotone,
(iii’) ¢ is concave, ¢~ is operator monotone, V is convex, Y~! is operator monotone,
(iv’) @ is concave, ¢~ is operator monotone, V is concave, —p~" is operator monotone
is satisfied, then the reverse inequality is valid in (12).

Proof. We will prove only the case (i). Replacing ¢ by the identity function 7 in Theorem 3.1(i) and replacing
@ by I and ¢ by ¢ in Theorem 3.1(ii), we obtain (12). O

Using the condition on spectra we obtain the following generalization of Theorem 2.2.

Theorem 3.3. Let (X¢)ier, (Pi)ser be as in the definition of the quasi-arithmetic mean (2). Let m; and M, m; < M;
are bounds of x;, t € T. Let @, : [m,M] — R be continuous strictly monotone functions, where m = itan{mt} and
€
M = sup{M;}. Let
teT
(mp, M) O [my, Mi] =@, teT,

where my, and My, my, < My, are bounds of the mean My(x, @). Let g : o([my, My]) = Rand F : [m, M]xV — R
be functions such that g(¢([my, Myl)) € V and F be bounded and operator monotone function in its first variable.
If one of the following conditions

(i) ¢ o @tis convex and P! is operator monotone,

(i') o @ is concave and —p~" is operator monotone,

is satisfied then
. _1(_oMy)=9(2) @) -p(my)
nwgzlsquvF[lp (@(qu—@(m(p) Y(me) + Gaty-gptmy) w(M‘P))’g ((P(Z))] 1k
<FIMy(x, @), 9| [ §0:i(p(x)) du(t) (13)
T
_ M)— -
< sup F [‘7[’ ' Z((M;_%,)) Y(m) + ;;ZA))—(ISZZE) Y(M) /9(@(2))] 1k.

my<z<M,

But, if one of the following conditions
(i) ¢ o@~lis concave and =" is operator monotone,
(ii’) o @t is convex and —y! is operator monotone
is satisfied, then the reverse inequalities are valid in (13) with replace sup and inf by inf and sup, respectively.

Proof. We will prove only the case (i).
By using the inequality (see (6) in the proof of Theorem 2.2)

Pp(Myp) — p(m)1k
PM) — p(m)

(M)1x — (M)
PM) — p(m)

and operator monotonicity of F(-, v) we obtain RHS of (13).
Applying an operator monotone function ¢! on the inequality (see (11) in the proof of Theorem 3.1)

1_ [ pMy) = p(x:) P(xr) = (i)
fT P (@(M@) “otmg) Ot O = plmy)

My <y ((P (m) + ¢<M))

p zp(M(p)) du®) < (My),

we obtain

1 (P(Mqu)lK - (P(Mqa) @(M@) - (P(m(p)ll(
( P0y) —pGmy) VT o)~ ptm,)

By using operator monotonicity of F(-,v) we obtain LHS of (13). O

IP(M@)) < M¢.

1/2

Putting g = ¢! and F(u,v) = u — av or F(u,v) = v~?uv71/2, we obtain the next corollary.
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Corollary 3.4. Let (x¢)ter, (Pr)ier be as in the definition of the quasi-arithmetic mean (2). Let m; and My, my < M;
are bounds of x;, t € T and @, : [m, M] — R be continuous strictly monotone functions, where m = infier{m;} and
M = sup, {M,}. Let

(m(p,M(p) N[m, Mi]=@, teT,

where my, and M, m, < My, are bounds of the mean M, (x, D).
If one of the following conditions
(i) o @!is convex and Y~ is operator monotone,
(i) ¢ o@is concave and —p~" is operator monotone,
is satisfied then for any real number « the following sequence of inequalities

- P(My)—p(2) PE)—p(m
min {IP (@(qu oy 0g) + Gt ‘P(Msv)) “Z} 1k

mq,SzSMq,
< My(x, @) — aMy(x, D) (14)
M)-p(2) @—p(m)

< max (¢! (sf(M o Wm) + S YD) - az) 1.

my<z<M,

If in addition =" > 0 on [my, My, then

o oMp)-9(2) PE)-p(np)
. [ l(qzmnf AL ARy mEr ) ¢(M‘P))
min { P el Mg (x, D) (15)

my<z<M, z

< My(x, @) £ max {Lp (=i 55t L/}(M))} My (x, D).
my<z<M, z
But, if one of the following conditions
(ii) o @ is concave and Y~ is operator monotone,
(ii’) o @t is convex and —y! is operator monotone
is satisfied, then for any real number « the reverse inequalities are valid in (14) and (15) (for Y=! > 0) with replace
sup and inf by inf and sup, respectively.

If we put ¢(t) = " and (t) = t* in Theorem 3.1 and Corollary 3.4 we obtain the order among power
means as follows. These results are a generalization of [10, Corollary 7] and [11, Theorem 1].

AS

a)  WITHOUT CONDITION ON SPECTRA:
%7} (4) (2) - .
A=1, for r,sin (1), (2), (3)
T A=K(h® 75) " for r.sin (4), (5)
m (&) 7% A=K(h, r) " for r,s in (6)
ek et » A= K(h,s) ,for r,sin(7)
-1/2
b)  WITH CONDITION ON SPECTRA:

(3) 41 -
/ =1, forrsin (1), (2), (4) or (1), (3). (5)
[l -1/s [s] .-1/r .
A=K ,s) orA=K(h ,r) ,forrsin(6),(7)

Figure 2: Regions for the inequality MI'(A, @) < A MFI(A, @)

Corollary 3.5. Let (xt)ter, (®r)ier e as in the definition of the power mean (3). Let m; and My, 0 < m; < M; be the
bounds of x4, t € T.

If one of the following conditions
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(i) r<s,s>1orr<s<-1(Figure2.b (1)—(4)) and
(!, M) O [y, Mi] =@, teT, (16)
where m!"™ and MU', mt"" < MU are the bounds of M (x, @),
(ii) r <s,v < =1or1 <r <s (Figure 2.b (1)—(3),(5)) and
(", M) O\ [y, M =@, tET, (17)
where m¥! and MV, m¥! < M are the bounds of M)(x, @)
is satisfied, then
M (x, @) < ME\(x, D). (18)
(iti) Ifr,s € (-1,1), r < s (Figure 2. (6),(7)) and (16) is valid, then
M, @) < A, ) MEI(x, @), KT = Ml (19)
(iv) Ifr,s € (=1,1), r < s (Figure 2. (6),(7)) and (17) is valid, then

MU (x, @) < ABSL ) ME(x, @), BT = Mot /gle], (20)

A constant A(h,p) = A(h, p, 1) is defined as follows

1
p(h—i?) ((P—I;)E’Z‘l))” , h#1landp +0,

(1-p)(hP-1)
A(h,p) =4 (-1nit _
P Th h#landp =0,
1, h=1landp e R,

where h = M/m.

Proof. The proof is quite similar to the ones [10, Corollary 7] and [11, Theorem 1]. We give it for the
convenience of the reader.

(i): Wepute(t) =t and ¢(t) = t* for t > 0.

Then ¢ o ¢~1(t) = #/" is concave for r < s, s < 0 and r # 0. Since —i)~!(t) = —t!/* is operator monotone
fors < -1 and (m[r],M[’]) N [m;, M;] = @ is satisfied, then by applying Theorem 3.1-(i") we obtain (18) for
r<s<-L

But, i o ¢71(t) = /" is convex for r < s, s > 0 and r # 0. Since Y ~}(t) = t!/* is operator monotone for
s > 1, then by applying Theorem 3.1-(i) we obtain (18) forr <s,5 > 1,7 # 0.

Ifr=0ands > 1, we put () = Int and (t) = #, t > 0. Since 1 o p~!(t) = exp(st) is convex, then
similarly as above we obtain the desired inequality.

(ii): We put ¢(t) = #° and y(t) = t" for t > 0 and we use the same technique as in the case (i).
(iii)-a): Let m"l < MI"\. Suppose that 0 < r < s < 1. Then

(ml, M) [y, My] = @ = (@Y, MY O [, M) = @, teT.

Putting f(t) = /", which is convex, in the two inequalities (10) and (11), we obtain

s/r
( [ d>t(X¥)du(t)) < [0 aucr
T T
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Now, applying results about the function order (see [18, Corollary 6.5]) for the power function ¢ +— 7,
p =1 >1, we obtain the desired inequality (19).
the remaining the remaining combinations for r,s € (-1, 1) we use the same technique as above.
(iii)-b): If ml" = MU', we put ml"l - MUl in inequalities (iii)-a), and we use that lim;,_,; C(k,p) = 1 for
p # 1 and limy,_,; C(h,0) = 1.

(iv): We use the same technique as in the case (iii). O

4. Refined inequalities
In this section we give a refinement of the inequality (9).

For convenience we introduce the following denotations:

O, (111, M)
Xp(m, M)

P(m) + p(M) — 29p 0 o' (L2Z2MD)

M (21)
11k - |<P(M)1<P(m)| 'fT 10 (p(xy)) du(t) — at );p(m)lK

4

where (x;)er is a bounded continuous field of operators in a C*-algebra B(H) with spectra in I, (®y)ier is a
field of positive linear mappings ®; : B(H) — B(K), such that j; D;(1x) du(t) = k1 for some positive scalar
k, 9,1 : I — R are continuous strictly monotone functions and m, M € I, m < M. Of course, we include
implicitly that X, (11, M) = X, x(m, M), where x = fT D (@(xr)) du(t).

To obtain our main result we need the following result.

Lemma 4.1. ([14, Lemma 2]) Let x be a self-adjoint element in B(H) with Sp(x) C [m, M], for some scalars m < M.
Then

£y < M pmy + 2 vy - o7 @

holds for every continuous convex function f : [m, M] — R, where

m+M) 1 1 ‘ _m+M

o = fom + F - 2 (P52 and F= 10— oo 2

If f is concave, then the reverse inequality is valid in (22).

The next theorem is a generalization of [14, Theorem 7].

Theorem 4.2. Let (x;)er and (Py)ser be as in the definition of the quasi-arithmetic mean (2). Let my and M;, my < M;
be the bounds of x;, t € T. Let @,y : I — R be continuous strictly monotone functions on an interval I which contains
all my, M;. Let

(mqj,M(p) N[m, M1 =09, teT, and m<M,

where my, and and My, my, < M, are bounds of the mean M,(x, ®) and m = sup {Mt: M; <myg,te T}, M =
inf{mt: my > M({),t S T}
(i) Ify o @~ is convex and y~" is operator monotone, then

My(x,®) < ¢ ( fT L, (Y(x) du() - 5(,),@) < My(x, ®), (23)

where 8¢,y > 0 and x, > 0.

(') Ify o @t is convex and —y~! is operator monotone, then the reverse inequality is valid in (23), where
Op,p = 0and x, > 0.
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(ii) If Y o 7" is concave and —~" is operator monotone, then (23) holds, where 64,y < 0 and X, > 0.

(ii’) If ¢ o @7t is concave and W' is operator monotone, then the reverse inequality is valid in (23), where
Oy < 0andx, > 0.

In all the above cases, we assume that 6y = 04,y (1, M), X, = X, (11, M) are defined by (21) and in € [m,my],
M € [My, M], m < M, are arbitrary numbers.

Proof. The proof of Theorem 4.2 is similar to the ones of Theorem 3.1, but in addition we use Lemma C.

We only prove the case (i). Putting a convex function f = og™! (on ¢([r71, M])) and x = fT %@t (@(xe)) du(t) (=

in (22) we obtain

PM)1g - p(My)
(M) — p(1m)

PMp) — p(m)1k
(M) — (i)

PMy) < p(m) + (M) = 0p,yXp, (24)

where 6, and x,, are defined by (21).
On the other hand, since

(mp M) N [, M1 =@ = (0, M) N [m,M]=0 =
= @((mM)Nne(m,M]) =0, teT,

then
M)y - (p(xt)l/z( )+ p(x) — p(m) 1y
(M) p(m) (M) — (i)

Applying a positive linear mapping @y, integrating and adding —o,,,X,, we obtain

o) = o (ple) 2 £ P(M).

Sy 10 () dp(t) = 0,4,

PM)1x=p(M,) PMo)—g(m)1k

ML= p(M v ~ (25)
2 PM)—@(m) Mm)*' P(M)—q(i1) ED(M)_%W’%'

Combining the two inequalities (24) and (25), and considering that 6, > 0 and x,, > 0 holds, we obtain
PMy) S PMy) = 8y yXp < P(My).

Applying the operator monotone function ¢! we obtain (23). [J

07 (@, (0(x)+ D, (0(x,) )< v (@, (W (x,))+ @, (x,))-38,,%,)
<y (@, (w (x,))+ @, (w(x,))),

where B
8, = (M) +y(M)-2yo @71(M],
~ 1 1

Xq’ — 71}( _ _ — ) )7 (p(m)+(p(ﬁ)1K
2% Jp(M) - o(m)

D, (9(x1))+ P, (0(X,) 2

Figure 3: Refinement for two operators and a convex function i o ¢!

Example 4.3. We give a small example of a refined inequality among means for the matrix cases and
T = {1,2} (see Figure 3).
We put ¢(t) = t1/3,(t) = £* and we define @y, @, : M»(C) — M,(C) by @1(B) = O»(B) = 1B for B € My(C).

P(M,))
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13 8 1 0
If x; = (8 5) and x, =125 (0 1), then
3 45375 16

s — (1 1 =

MUBL = (3 + 3 32) = ( 16 29.375)'

108.81978  0.00059

[5] —  5[1,5 1,5 —

M - Mt % h ( 0.00059 108.81919)

and my = 0.05573, M; = 17.9443, my; = My = 125, my;3 = 19.4865 and M3 = 55.2635 (rounded to five
decimal places).
It follows that m = 17.94427, M = 125, 11 € [17.9443,19.4865] and M € [55.2635,125].
Let m = 17.94427, M = 125.
— 0.37027 0.20991

Then we get 61/35 = 2.94885 x 1010, xy 3 = (O 20991 0 16036) and

1, 1 _ 6970109  ~23.36045
[1/3] 2245 4 =5 — - 5]
M \/2x1+ 2%~ Ousstys = (—23.36045 93.06154) < ME

Putting the identity function in Theorem 4.2 we obtain another refinement of (9).

Corollary 4.4. Let (x¢)er and (Oy)ter be as in the definition of the quasi-arithmetic mean (2). Let m; and M, my < My
be the bounds of x;, t € T. Let @,y : I — R be continuous strictly monotone functions on an interval I which contains
all my, My, such that ¢~ is convex, Y1 is concave. We denote I the identity function on I.

If
(m(p,M(p) N[m, Mi] =@, teT, and my) <My,

(m¢,M¢) N[m, M1 =9, teT, and mpy) < My

are valid, where my, and M,, m, < M, are the bounds of M,(x,®) and my, = sup {Mt: M; <my,t e T},
My = inf {mt: my 2 My, t € T} and analogously for 1, then the following inequality

M (x, @) < My (x, D) + Ay, (172, M, 172, M) < My(x, D), (26)

for every m € [myy), my], Me [My, Mig], m < M and every m € [mpyym, ], Me [My, Mpy ], m < M, where
Ap,y (1, M, 171, M) = 8, 7 (11, M)X,p (171, M) — Oy, 7 (172, M)Xy, (172, M) > O

and dy,1, Oy, 1, X and x, are defined by (21).
Proof. Putting ¢ = I in Theorem 4.2 (i), we obtain

Mg(x, D) < Mr(x, D) — &, (1, M)xp (11, M) < My (x, D), (27)
where 0, 7(11, M) > 0. Putting i = I and replacing ¢ by ¢ in Theorem 4.2 (i), we obtain

My(x, ®) > Mz(x, D) — by, 7 (171, M)xy, (112, M) > Mz(x, D), (28)
where 6¢,](1”71,]\7I) <0.

Adding B B
O,z (11, M)Xp (172, M) — by, 1 (171, M)y (171, M)

in (27) and taking into account (28), we obtain (26). O
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As an application of results given in Theorem 4.2 we study a refinement of inequality (18).
For convenience we introduce denotations as a special case of (21) as follows

5rs(m, M) _ { s + M° — 2(}11"_'2.Mr )s/r, 20,
’ m + M —2(mM)*"%,  r=0, 2)
_ Yk — g | @) d = M r#0, (
xr(m/M) = 1 M)\ |-
L - |In (%) 7| [ &(Inx)) dy — In VMmlk|, =0,

where m,M € R,0 <m <Mandr,s € R, r <s. Of course, we include implicitly that x,(m, M) = x, (m, M),
where x = fTCDt(x;) duforr#0and x = fTCDt(lnxt) du forr=0.

The next corollary is a generalization of [10, Corollary 12].

Corollary 4.5. Let (xt)ter, (Pr)ier e as in the definition of the power mean (3). Let m; and My, 0 < m; < M; be the
bounds of x¢, t € T.

(i) Ifr<s,szlorr<s<-1,
(m[r],M[r]) N[m, My] =9, teT, and m<M,

where m" and M, mt"l < MU are the bounds of MU(x, ®) and
m = sup {Mt: M, <ml te T}, M= inf{mt: my > MUt e T}, then

1/s
M (x, @) < ( f D (x5) dy — 63?) < MBl(x, @), (30)
T

where 8,5 > 0 fors > 1, 6,5 < 0 for s < =1 and x, > 0. Here we assume that 6,5 = 6,s(i, M), X, = x, (1, M) are
defined by (29) and m € [m,m"], M € [MU", M], m < M, are arbitrary numbers.

() Ifr<s,r<-lorl<r<s,
(m[sl,M[S]) Nim, M;] =, teT, and m< M,

where m¥! and M1, ml*! < MU! are the bounds of M(x, @) and
m = sup {Mt: M, <mbl t e T}, M= inf{mt: my > Mt e T}, then

1/r
MI(x, @) < ( f Dy () dy — 63?) < MEl(x, @),
T

where b5, > 0 for r < =1, 85, < 0 for r > 1 and x; > 0. Here we assume that &, = 05,(m, M), X5 = X5(11, M) are
defined by (29) and m € [m, m!], M € [MI], M], m < M, are arbitrary numbers.

In the proof we use the same technique as in the proof of Corollary 3.5. We omit it.

Figure 4 shows regions (1),(2),(4),(6),(7) in which the monotonicity of the power mean holds true (see
Corollary 2.4), also Figure 4 shows regions (1)-(7) which this holds true with condition on spectra (see
Corollary 3.5). We show in [10, Example 2] that the order among power means does not hold generally
without a condition on spectra in regions (3),(5). Now, by using Corollary 4.5 we obtain a refined inequality
in the regions (2)-(6) (see Corollary 4.6).

Corollary 4.6. Let (x¢)ter, (Pr)ier e as in the definition of the power mean (3). Let m; and My, 0 < m; < M; be the
bounds of x;, t € T. Let

(m[’],M[’] N[m,Mi] =0, teT, my < My,

(m[S],M[S] N[m, M1 =09, teT, mis) < My,
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Mx,@) < MIx,@) in (1), 2), @), (6), (7)

WITHOUT CONDITION ON SPECTRA

M x,®) < M(x,®) + Ars,x) <€ MT(A,D)
in (2), (3), (4) or (4), (5), (6)
WITH CONDITION ON SPECTRA

Figure 4: Regions describing inequalities among power means

where m", MU w1 < MU and mbs), MBS, mls! < M) are the bounds of MU (x, ) and MBl(x, D), respectively, and

mezmy >M teT
mg: m; ZM[S],tE T

, M[r] = min

7

M) = max {Mt: My<mteT

mgs) = max{M;: My <mll,t € T, M = min

Let 171 € [my,y, m"], M € [MU", My,], 17 < M, and 1 € [myg, m*!], M € [M¥), Mq], it < M be arbitrary numbers.

Ifr<1<s, then

MU (x, D)

IA

M[r] (.X, (_I)) + 67,1 (_71—1/ M)?C;(ml M)
- 65,1 (7’}=’l, M)};’ (T’I=’l, M) < M[S] (xr CD)

Ifr <-1<s, then

MU (x, )

IA

MU, @) + ( fr (x7) dia = 610, KT, KD
-1

(Jp @ (x7) dpt = 6,1 (e, MYT (17, B)) < MV, D).
Ifr<-1,5s>1, then

M, @) < MU, @) + MU(x, D) — 6,1 (17, M)X, (17, M)
— (L (x) dp = 6,107, M)A, (7, 1)) < MEI(x, D).

The proof is similar to that of Corollary 4.4 and we omit it.
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