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1 INTRODUCTION 

Since the ultimate strength might be perceived as the 
most meaningful safety measure of the ship's hull 
girder structure, prediction of the ultimate bending 
moment becomes essential and unavoidable part of 
the ship structural concept design process. Methods 
employed should support multiple failure modes and 
their interactions, while giving precise prediction of 
collapse and post-collapse behavior of the structural 
members involved (particularly those under com-
pression). On the other hand, multiple executions 
within design loop demand utilization of stable, ro-
bust and sufficiently fast algorithms. 

Consideration of the above stated demands re-
sulted in development of the improved incremental-
iterative method for longitudinal ultimate strength 
assessment based on IACS prescribed incremental-
iterative method. Incorporated method particularities 
include contemporary advances which improve the 
accuracy during multi-deck ship application, as well 
as the ability to consider vertical shear force influ-
ence on the ultimate hull girder strength. 

Purpose of this paper is to give an insight into 
theoretical background and operational aspects of 
this method. It is to be used for the assessment of the 
ultimate bending moment as one of the design at-
tributes within optimization based decision making 
process, as implemented in OCTOPUS design 
environment (Zanic et al. 2007). 

2 EXTENSION OF THE BASIC METHOD 

2.1 General remarks 

Ultimate longitudinal strength is defined herein as 
the value of bending moment at which the flexural 

stiffness of the hull girder (i.e. the slope of moment 
to curvature curve) assumes the value of zero, as il-
lustrated by Figure 1. 
 

 
 
Figure 1. Qualitative hull module moment to curvature (M-Φ) 
response curve, obtained by utilization of the Bernoulli-Euler 
beam idealization of the hull girder. 

 
The general approach for assessment of the mo-

ment to curvature relationship used in IACS pre-
scribed incremental-iterative method is similar to the 
one originally proposed by well known and widely 
spread Smith's method (Smith 1977) and will not be 
further discussed here. Modifications of the basic 
method are introduced in effort to enable inclusion 
of the effects disregarded by the basic method and 
thus improve the overall accuracy of the analysis. In-
fluence of the shear stress and deck efficiency is in-
corporated into basic method as illustrated by the 
Figure 2, which represents general flowchart of the 
proposed method. 
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Figure 2. Flowchart of the proposed method. 

 

2.2 Inclusion of the shear stress influence 

Longitudinal ultimate strength is usually analyzed at 
the hull girder cross-section with maximum bending 
moment, where the shear force is negligible. Ac-
counting for shear might be interesting when there is 
a cross-section along the hull girder with less then 
maximum value of bending moment, but with sig-
nificant value of the shear force (cases of alternate 
loading conditions). Since in this case it is not so 
obvious whether the hull girder will collapse at the 
section with the maximum value of the vertical 
bending moment or at the sections with high vertical 
bending moment and shear force values, both sce-
narios deserve the due consideration. 

The effect of the vertical shear force on the hull 
girder ultimate strength is considered trough the in-
fluence of the warping induced shear stress distribu-
tion of the hull module on the collapse (buckling, 
yield) of the principal structural members. 

For the structural evaluation of primary response 
at the concept design level the beam idealization is 
often used. Since this evaluation is based on the ex-
tended beam theory which needs cross-sectional 
characteristics usually obtained using analytical 
methods, this can be very complicated for the realis-
tic combinations of interconnected open and closed 
thin-walled (un)symmetric cross sections. 

Application of the energy based numerical meth-
ods gives an opportunity for alternative approach 
based on decomposition of a cross section into the 
line finite elements between nodes i and j (Figure 3) 
with coordinates (yi, zi), (yj, zj); element thickness t

e
; 

material characteristics (Young’s modulus E, shear 
modulus G) and material efficiency RN and RS (due 
to hatches, cutouts, lightening holes, etc.) with re-
spect to normal/shear stresses respectively. 

The methodology (Zanic & Prebeg 2005) is based 
on application of the principle of minimum total po-
tential energy with respect to the parameters which 
define the displacement fields of the structure. 
 

 
 
Figure 3. Cut-out from the longitudinal structural member con-
sidered as the transverse strip (S1-S2) with external loading p 
and warping fields u. 

 
Primary displacement field (following classical 

beam theory) is defined by displacements and rota-



tions of the cross section as a whole. Secondary dis-
placement field u2(x,y,z) ≡ u(x,y,z) represents warp-
ing (deplanation) of the cross section. For piecewise-
linear FEM idealization of the cross section, divided 
into n elements, with shape functions N in element 
coordinate system (x,s), the warping field reads: 
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Element strain and stress fields ε and σ are ob-
tained from strain-displacement and stress-strain re-
lations: 
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Total potential energy of the ∆x-long transverse 
strip, or segment, of the beam (with section divided 
into n elements): 
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where p(x,s) = external loading on two cross sections 
(S1 and S2) of the strip. The minimization of total 
potential energy leads to classical FEM matrix rela-
tion K2Du2D = F2D (shortened to Ku = F). The ele-
ment stiffness matrix for the proposed linear dis-
placement distribution along the line element is: 
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Normal stress is varying with x and s. In the beam 
segment of length ∆x, at a certain point of the cross 
section, the resultant stress is given by: 
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where ξc(s) = distance from the considered point to 
the neutral axis. Vector of the nodal loads for the 
element e of the unsymmetrical cross section, in 
bending about the Z axis, reads: 
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For the case of bending about the Z axis the ma-
trix relations Ku = F with uu ⋅= )(xQ , can be con-
verted into expressions FuK =  for the warping due 
to unit load F . For the node warping ui(x), unit 
warping )(xu must be multiplied with Q(x). 

Embedment of the presented methodology into 
the overall incremental-iterative procedure for the 
ultimate strength assessment rests on the following 
rational assumption. Each cross section of the hull 
girder has particular ratio of the vertical bending 
moment and the vertical shear force derived from 
their respective distributions for the considered load-
ing condition. This ratio is approximated as constant 
during the incrementation of the hull girder curva-
ture/moment, enabling the calculation of the respec-
tive shear force within each increment. This, in a 
turn, implies that additional iterative loop should be 
placed over the balancing loop for each incremental 
step, since the value of the moment used for the cal-
culation of the shear force should be equal to the one 
obtained by the summation of the contributions of 
the balanced hull module principal structural mem-
bers. 

Since the instantaneous hull module neutral axis 
vertical position is changed during the iteration 
and/or incrementation, the respective equivalent hull 
module moment of inertia, as well as the instantane-
ous load vector for hull module vertical bending 
should be updated accordingly, in order to produce 
valid unitary warping distribution used for the calcu-
lation of the hull module shear stress distribution. 
For this purpose, 'efficiency' of the principal struc-
tural members is represented by the ratio of their 
Young's modulus and their instantaneous secant 
modulus, where instantaneous secant modulus is 
calculated for each principal structural member as 
the ratio between the stress and strain corresponding 
to the last valid equilibrium state.  

Furthermore, unitary warping distribution calcula-
tion methodology assumes higher resolution discre-
tization of the cross sectional model when compared 
to the incremental-iterative method used for the ul-
timate strength assessment. Therefore, principal 
structural members are assigned with their respective 
line elements (with averaged nodal values of the uni-
tary warping displacements), and the value of the 
unitary warping displacement is calculated for each 
of them in the following manner: 

− Stiffener-plate combinations are assigned with the 
five line elements in a case of the T-profile stiff-
ener with the attached plating. Two for the both 
parts of the flange, two for the both parts of the 
attached plating and one for the web. If the stiff-
ener cross section is of angle or flat bar type 
(bulbs are represented as equivalent T-profiles), 
the assigned number of line elements is either 
four or three respectively. Since the plating line 
elements are always characterized by the consid-
erably greater value of the unitary warping dis-



placement than the stiffener line elements, the 
greater value among those two is chosen as repre-
sentative. 

− Transversely stiffened plates are represented by 
one line element, since only plating is longitudi-
nally relevant, and the average value of that line 
element's nodal unitary warping displacements is 
accepted as the representative one. 

− Knuckles are assigned with two line elements, 
while multiple panel intersections are assigned 
with the number of line elements equal to the 
number of intersecting panels. Representative 
value for each of those principal structural ele-
ments is calculated as the average value of the 
group. 

When distribution of the unitary warping dis-
placements of the hull module is known, the shear 
stress distribution can be calculated using the fol-
lowing expression for the shear stress of the consid-
ered principal structural member: 
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where τ
PSM

  = shear stress of considered principal 
structural member; Q = instantaneous shear force 
value acting on the hull module; e denotes properties 
of the considered line element; p denotes plating. 

In effort to quantify the influence of the calcu-
lated shear stress on the stress obtained by the means 
of the valid stress-strain curves for every principal 
structural member, the following elliptic interaction 
formula (Yao et al. 2005) is used, both for compres-
sion and tension: 
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where τ
PSM

  = calculated shear stress of considered 
principal structural member; τU

PSM
 = ultimate shear 

strength of the plating in compression/tension; σM
PSM 

= longitudinal stress modified with the influence of 
the shear stress;  σL

PSM 
= longitudinal stress derived 

from valid stress-strain curves. 
If the considered principal structural member is in 

compression, then the ultimate edge shear strength 
of the proprietary plating is considered according to 
the criteria given by (Paik 2003): 
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where τY = yield stress of the material under pure 
shear loading according to von Mises criteria: 
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Y
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σ
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where σY = specified yield stress of the material; τE = 
elastic shear buckling stress of the simply supported 
plates: 
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where kτ = buckling coefficient for the shear loading, 
dependant on the aspect ratio of the considered plate: 
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σM
PSM

 is calculated using (9): 
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If the considered principal structural member is in 
tension, then the ultimate edge shear strength of the 
proprietary plating is considered according to the 
von Mises criteria, which gives τU = τY. In this case 
σM

PSM
 is calculated according to the following ex-

pression: 
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Kτ
C
 and Kτ

T
 represent shear influence coefficients 

of the considered principal structural member in 
compression or tension, respectively. According to 
their definition given in equations (14) and (15) it 
can be seen that calculated shear stress value can not 
exceed the considered value of the ultimate shear 
stress, which is therefore considered as the limiting 
value. In this boundary case (when calculated shear 
stress is equal to the ultimate shear strength in com-
pression or yield stress in tension) the shear influ-
ence coefficients will assume the value of zero, 
which will effectively exclude the considered princi-
pal structural member from the balancing procedure 
and annihilate it's contribution to the sectional verti-
cal bending moment. 

It should also be noted that if the used ratio of the 
hull module vertical bending moment and the shear 
force is small (actual limit value is dependant of the 
structural model layout), a large values of the shear 
force will be imposed throughout the incrementation 
sequence. This might cause a very large values of the 
shear stress in a considerable number of the hull 
module principal structural members and the balanc-
ing procedure might fail to find the equilibrium state 



of the section due to large longitudinal stress reduc-
tions induced by the influence of the shear stress. 

2.3 Deck efficiency coefficients  

Important drawback of the basic method is that it as-
sumes linear strain distribution over the hull module 
height. This constrains the consideration of the shear 
lag effects and limits the evaluation of the hull girder 
longitudinal strength significantly, especially in the 
case of multi-deck ships with complex transverse 
sections, where some discontinuous longitudinal hull 
girder components are imposed with reduced defor-
mation. Here, linear distribution assumed by the ba-
sic method, and given by the equation (16), can not 
be considered as accurate. 

eHMe yΦ=ε  (16) 

where εe = strain imposed on considered principal 
structural element by hull module curvature ΦHM; ye 

= distance from the centroid of the considered prin-
cipal structural element to the hull module effective 
horizontal neutral axis. 

An approximate procedure using linear-elastic 3D 
FEM analysis is used for prediction of the efficiency 
of each principal structural element in order to ob-
tain more accurate average strain as input for the 
stress-strain curves. 

Stress of each principal structural element can be 
obtained from the rapid 3D FEM analysis of the ge-
neric coarse mesh hull girder model (Zanic et al. 
2009). The ratio of this stress and the stress calcu-
lated by the means of the Bernoulli-Euler beam ide-
alization can be interpreted as structural efficiency 
coefficient (Biot et al. 2006): 
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where (εFEM)e = primary strain imposed on consid-
ered principal structural element obtained by the 
means of the 3D FEM analysis; (εEB)e = strain im-
posed on considered principal structural element ob-
tained  according to Bernoulli-Euler beam equation; 
Ee  = Young's module of the considered principal 
structural element; (σFEM)e = primary stress in con-
sidered principal structural element obtained by the 
means of the 3D FEM analysis; (σEB)e  = stress in 
considered principal structural element obtained ac-
cording to Bernoulli-Euler beam equation.  

Strain due to instantaneous hull module curvature 
is multiplied by the calculated structural efficiency 
coefficient and this product is used as input into 
relevant stress-strain curves. If contribution of the 
decks to the hull girder strength is to be evaluated, 
an average structural efficiency or deck efficiency 
coefficient valid for every principal structural ele-
ment of the particular deck can be defined as an av-

erage value of the structural efficiency coefficients 
of all deck components. Since the total deck axial 
force is equal whether calculated as the sum of the 
forces on the deck components considering their in-
dividual structural efficiency coefficients, or by 
overall approach using the average structural effi-
ciency coefficient, the definition of the deck effi-
ciency coefficient is given by: 
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where N = number of primary structural elements of 
the deck; Ae = area of the cross section of the consid-
ered primary structural elements of the deck; σe = 
stress of the considered structural elements of the 
deck. 

This is valid since strain imposed on each princi-
pal structural element is not contributed by the direct 
interaction of the adjacent elements. Due to the de-
coupled nature of the principal structural elements, 
the imposed strain is determined solely by the dis-
tance of  the considered element from the horizontal 
neutral axis. 

Since the same value of the ke is used throughout 
the curvature incrementation sequence, implementa-
tion of this modification has some obvious limita-
tions regarding overall accuracy, but relatively sim-
ple and not so time consuming nature of the 
procedure enables better structural response assess-
ment and renders this modification of the basic 
method as convenient for the application within the 
optimization based concept design loop. 

3 EXAMPLES OF APPLICATION 
 

3.1 Chemical tanker 

The work on example of application presented 
herein was originally performed by the UZ-FMENA 
within the scope of the FP6 project IMPROVE (Naar 
at al. 2008), where longitudinal ultimate strength 
evaluation was performed for the hull girder of the 
40 000 DWT ocean-going chemical tanker (Figure 
4) designed to carry large variety of different cargoes 
in thirty cargo tanks, as one of the three specific 
products considered by the project. The main par-
ticulars of the vessel are as follows (SSN 2008): 

 Length overall:          182.88 m; 
 Length between perpendiculars:   175.25 m; 
 Beam molded:          32.20 m; 
 Depth to main deck:        15.00 m; 
 Scantling Draught:         11.10 m; 
 Cargo tanks capacity (total):     44 000 m

3
; 

 Capacity of Duplex cargo tanks:   26 800 m
3
; 

 Service speed:          15.0 Knots. 



 
 
Figure 4. Chemical tanker designed by the SSN, Szczecin, Po-
land (SSN 2008). 

 
Non-linear FEM analysis of the prismatic struc-

tural model of the vessel was performed (Naar et al. 
2008) for two extreme loading scenarios (briefly de-
scribed in section 3.1.2) and the results obtained 
were used in section 3.1.3 for comparison only. 

3.1.1 Structural model 
Since the structure was considered as prismatic, only 
the product's midship section (one-bay) model was 
produced and analyzed. Structural layout, main 
structural dimensions, as well as the stiffener scant-
lings used are given by the Figure 5. 
 

 
Figure 5. Midship section drawing of the analyzed structure 
(Naar et al. 2008). 

 
Two different materials were used for structural 

elements, namely: high tensile steel (AH36) and 
stainless steel. Stainless steel is used only for the 
cargo tank plating (inner plating of the double sides 
and double bottom, cofferdam plating and strength 
deck plating), while high tensile steel is used for the 
rest of the structure. Relevant material properties of 
the materials used are specified by table 1. 

 
Table 1. Properties of the structural material. 

Material property High tensile steel  Stainless steel 

Youngs modulus (N/mm
2
) 210 000 210 000 

Poisson ratio (-) 0.3 0.3 

Yield stress (N/mm
2
) 355 455 

Span of the considered one bay model is 3560 
mm, while the unsupported lengths of the trans-
versely stiffened and cross stiffened panels of the 
cofferdam are: 890 mm (for the panels below the 
height of 5100 mm) and 1780 mm (for the panels 
above the height of 5100 mm). One bay model of 
longitudinally relevant structure produced using 
MAESTRO modeler and used as input for the longi-
tudinal ultimate strength assessment using OCTO-
PUS software is given by the Figure 6. 

 

 
 
Figure 6. MAESTRO one bay structural model of the analyzed 
midship section. 

 
Structural model of the chemical tanker midship 

section discreticised with the structural elements 
supported by the IACS incremental-iterative method 
(stiffener - plate combinations, hard corners, trans-
versely stiffened plates) is given by the Figure 7. 
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Figure 7. Longitudinal ultimate strength model of the analyzed 
midship section. 

3.1.2 Loading scenarios 
Two loading conditions of the vessel were identified 
and considered as extreme ones (Naar et al. 2008). In 
both cases the realistic loading distributions were de-
termined using hydrostatic analysis. First considered 
loading scenario is the one giving the maximum hull 
girder vertical bending (at corresponding frame sta-
tion), which constitutes the usual approach for the 
longitudinal ultimate strength assessment. Relevant 
distributions for this loading scenario are given by 
Figure 8. 
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Figure 8. Loading distributions for the first extreme loading 
scenario (Naar et al. 2008). 

 
The second extreme loading scenario corresponds 

to the loading condition with the large value of shear 
force and the hull girder section where the value of 
the shear force to vertical bending moment ratio is 
relatively high and might have an impact on the col-
lapse of the hull girder. Relevant distributions for 
this loading scenario are given by Figure 9. 
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Figure 9. Loading distributions for the second extreme loading 
scenario (Naar et al. 2008). 

3.1.3 Results 
For the given particular example of application con-
sideration of deck efficiency coefficients was disre-
garded due to the structural configuration of the ana-
lyzed hull girder (single-deck structure) and only 
shear stress influence was included into analysis. 

Since the first loading scenario (LC1) is analyzed 
at the section with maximum vertical bending mo-
ment where the shear force is negligible, the moment 
to curvature relationship for sagging and hogging of 
the hull girder indicated by the Figure 10 is obtained 
by the means of the original (unmodified) IACS in-
cremental-iterative method. The plot corresponding 
to second extreme loading scenario (LC2) is ob-
tained with included shear stress influence, and is 
also given in Figure 10. Values of the ultimate verti-
cal bending moments obtained by extended IACS 
incremental-iterative method (as implemented in 
OCTOPUS software) for both loading scenarios in 
sagging and hogging are given by Table 2. 
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Figure 10. Hull girder vertical bending moment to curvature re-
lationships obtained for LC1 and LC2. 

 
Table 2. Results obtained by the extended IACS incremental-
iterative method for both loading scenarios (values in kNm). 

 SAGG HOGG 

LC1 (max. MV; QV ≈ 0) -5.983 × 10
6 

+8.538 × 10
6
 

LC2 (max. QV; MV ≠ 0) -5.608 × 106 +7.753 × 106 

 
Nonlinear FEM analysis performed showed that 

the analyzed hull girder structure will collapse at the 
section of the maximum vertical bending moment 
for both loading scenarios considered, rendering the 
comparison of the results obtained by two methods 
employed not valid for the LC2 (since the structural 
collapse occurred at the different hull girder sta-
tions). Results obtained by the NL FEM are summa-
rized in the Table 3. 

Generally, based on the results obtained, it can be 
argued that neglecting of the shear induced effects 
for hull girder transverse sections with significant 
shear loading leads to overly optimistic and possibly 
unsafe estimate of the ultimate bending capacity. 

 
Table 3. Results obtained by the nonlinear FEM analysis for 
both loading scenarios considered (values in kNm). 

 SAGG HOGG 

LC1 (max. MV; QV ≈ 0) -5.830 × 10
6 

+8.630 × 10
6
 

LC2 (max. MV; QV ≈ 0) -6.100 × 106 +7.420 × 106 



3.2 Multi-deck structure 

Application of the procedure given in the section 2.3 
is exemplified by the analysis of the generic struc-
ture of the simplified passenger ship, namely the 
'ISSC benchmark' (ISSC 2006). Specification of the 
structural layout, dimensions and loading used by the 
various authors/contributors involved in analysis of 
this reference structure by various proprietary meth-
ods (including the nonlinear FEM analysis) is given 
by the same reference. Here, only results of the 
nonlinear FEM analysis will be used for comparison 
purposes. Figure 11 depicts the procedure of deter-
mination of the deck efficiency coefficients for this 
particular example of application (Andric 2007). 
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Figure 11. Procedure for determination of the deck efficiency 
coefficients using the prismatic ISSC benchmark model. 

 
The results of the hull girder ultimate strength 

analyses performed by all three methods available 
(original IACS incremental-iterative, extended IACS 
incremental-iterative and nonlinear FEM) are pre-
sented superimposed in Figure 12, and are summa-
rized in terms of the obtained ultimate vertical bend-
ing moments in Table 4. 

 
Table 4. Results obtained by the three methods available for 
hogging and sagging loading scenarios (values in kNm). 

 Unmodified IACS Extended IACS NL 3D FEM 

HOGG +2.52 × 10
6
 +2.30 × 10

6 
+2.44 × 10

6
 

SAGG -1.95 × 10
6
 -1.80 × 10

6
 -1.78 × 10

6
 

The results presented show excellent agreement 
with the reference results of the nonlinear FEM for 
the sagging case, while for the hogging case refer-
ence results are approached from the safe side. 
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Figure 12. Resulting moment to curvature plots obtained by 
both unmodified and extended IACS incremental-iterative 
methods superimposed with the results of the nonlinear 3D 
FEM using the prismatic ISSC benchmark model. 

 
Extensive validation of the implemented method-

ology for ultimate strength evaluation of multi-deck 
structures trough comparison of results obtained by 
nonlinear FEM and Coupled Beam (CB) method 
(Naar et al. 2004) analysis was performed. Multiple 
variants (structural openings, deletion of decks, re-
placement of pillars with longitudinal bulkheads, 
etc.) of the reference ISSC multi-deck structure were 
analyzed within the scope of the FP6 project IM-
PROVE (Naar et al. 2008). 
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Figure 13. Moment to deflection curves at midship section for 
prismatic multi-deck structure with deck openings in hogging 
(Naar et al. 2008). 

 
Very good agreement of the results was accom-

plished and reconfirmed (Figure 13). 



The value Mult = 2.39 × 10
6
 kNm is the ultimate 

moment obtained with NL FEM (Naar et al. 2008). 
For modified IACS method (denoted MS), the  mo-
ment value is Mult = 2.34 × 10

6
 kNm. 

4 APPLICATION IN DESIGN 

Incremental nature of the described concept for the 
ultimate strength assessment enables prediction of 
the structural collapse dynamics and establishment 
of the collapse sequence of the principal structural 
members of the hull module. 

The knowledge about that sequence of the sub-
structures (such as decks) composing a hull girder 
can give a very useful information regarding the 
weakest or critical structural areas. Collapse se-
quence for the second application case is presented 
in the Figure 14 for sagging case, as an example. 
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Figure 14. Collapse sequence for the sagging case. 

 
Furthermore, identified collapse scenario can be 

helpful in structural optimization with the ultimate 
vertical bending moment as a design attribute. This 
enables subsequent redesign of the critical compo-
nents resulting in a globally safer structure, espe-
cially if the methodology is employed within the op-
timization based concept design loop. 

5 CONCLUSIONS 

Considering the results of nonlinear FEM analysis 
for the first application case it can be concluded that 
the structural collapse, of the particular tanker struc-
ture considered, is not influenced by the vertical 
shear force induced effects. This can be generally 
explained by sufficient hull girder webbing (double-
sides) able to effectively sustain imposed shear load-
ing. Consequently, the structural collapse of the sin-
gle-sided hull girder structure (i.e. bulk carrier) 
might prove more prone to shear effects considered. 

Results of the hull girder ultimate strength analy-
ses of the second application case (multi-deck) show 
very good agreement with the results of the nonlin-
ear FEM analysis, especially for the sagging case. 

Generally, it can be noted that the results obtained 
by extended IACS incremental-iterative method are  
in better agreement with the reference results of the 
nonlinear 3D FEM analysis when compared to the 
results of the original IACS method, enabling safer 
estimate of the hull girder ultimate bending capacity. 

Further research has to be performed to fully un-
derstand the limitations of presented method and 
how it could be applied and improved for application 
to multi-deck structures. Detailed investigation will 
be performed to identify changes of the deck coeffi-
cients through design cycles and other possibilities 
of additional updates and improvements of the pre-
sented method. 

Ultimate strength safety measure as a design ob-
jective could be very useful in multi-criteria decision 
making since it drives the design process towards the 
most rational material distribution and safer ship de-
signs. 
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