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Abstract. By using differential geometry methods, we study the role of non-Abelian anomalies
in relativistic fluids. We obtain closed expressions for the covariant currents derived from the
Chern-Simons effective action. Our results are also applied to the Wess-Zumino-Witten action
that accounts for the interaction of Goldstone bosons with external electromagnetic fields. We
particularize these results to QCD with two light flavors.

1. Introduction
Quantum anomalies play an important role in the hydrodynamics of relativistic fluids. In the
presence of anomalous currents coupling to external electromagnetic fields, parity is broken
and new tensor structures appear in the constitutive relations associated with new transport
coefficients. This is the case of the chiral magnetic effect, which is responsible for the generation
of an electric current induced by an external magnetic field in the fluid [1], and the chiral vortical
effect, in which the electric current is induced by a vortex [2], i.e. 〈Jµ〉anom = σBB

µ+σVω
µ+· · · .

The corresponding susceptibilities, σB and σV , don’t contribute to entropy production so that
they are related to non-dissipative phenomena. It is believed that these phenomena can
produce observable effects in heavy ion physics [3], as well as in condensed matter systems [4].
Preservation of the second law of thermodynamics leads to a number of constraints to be satisfied
by the corresponding anomalous coefficients [5]. Alternatively, these coefficients have been
computed with a wide variety of methods, including kinetic theory [6, 7], Kubo formulae [8, 9, 10],
diagrammatic methods [11] and fluid/gravity correspondence [12, 13, 14, 15].

Recently it has been proposed a new formalism convenient to obtain the non-dissipative part
of the anomalous constitutive relations. The underlying idea is the construction of an effective
action for the hydrodynamic sources on a generic stationary background [16, 17, 18, 19]. While
this effective action can be constructed by solving the anomaly equations by trial and error [20],
there are other strategies based on differential geometry methods. Differential geometry has
revealed itself as a very powerful tool in the analysis of anomalies in quantum field theories [21],
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and the reason is that anomalies are originated in the topological structure of the gauge bundle,
so that they are determined from topological invariant quantities. This is also the case of
systems with spontaneously symmetry breaking, where the dynamics of Goldstone bosons is
very much constrained by the anomalies [22, 23, 24]. A further advantage of the differential
geometry approach is that it exhausts all perturbative contributions to the anomaly, which in
the non-Abelian case include triangle, square and pentagon one-loop diagrams. Some recent
applications of these techniques to the physics of anomalous fluids in thermal equilibrium have
been presented in e.g. Refs. [25, 26, 27].

In this manuscript we will present a systematic construction of the equilibrium partition
function for fluids with non-Abelian chiral anomalies using differential geometry methods along
the lines of [27]. We also extend this analysis to study the hydrodynamics in presence of
spontaneous symmetry breaking.

2. Equilibrium partition function formalism
We will present in this section the main ingredients of this formalism relevant to compute
anomalous constitutive relations [16, 17]. Let us consider a relativistic invariant quantum field
theory with a gauge connection on the manifold

ds2 = Gµνdx
µdxν = −e2σ(x)(dx0 + ai(x)dxi)2 + gij(x)dxidxj , (1)

A = A0(x)dx0 +Ai(x)dxi . (2)

We consider that all the fields {σ(x), ai(x), gij(x),Aµ(x)} are independent of the time
coordinate x0. From the partition function of the system, one can compute the energy-
momentum tensor and charged currents by performing the appropriate time independent
variations, i.e.

δ logZ =
1

T0

∫
d3x
√
g3

(
−1

2
Tµνδg

µν + JµδAµ
)
, (3)

where g3 = det(gij). We have considered in Eq. (3) the imaginary time prescription, in which the
Euclidean time direction is compactified to a circle of length β = 1/T0. We will denote by T0 and
µ0 the temperature and chemical potential at equilibrium, respectively. The invariance of the
partition function under transformations of the time coordinate, x0 → x′ 0 = x0 +φ(x), demands
that logZ depends only on the gauge fields through the following invariant combinations

A0 = A0 , Ai = Ai − aiA0 . (4)

This is the so-called Kaluza-Klein (KK) invariance. In particular, for a general dependence
logZ = W (eσ, A0, ai, Ai, g

ij , T0, µ0), one gets the consistent currents and energy-momentum
tensor

〈J i〉cons =
T0√
−G

δW

δAi
, 〈J0〉cons = −T0e

2σ

√
−G

δW

δA0
, (5)

〈T i
0 〉 =

T0√
−G

(
δW

δai
−A0

δW

δAi

)
, 〈T00〉 = −T0e

2σ

√
−G

δW

δσ
, (6)

and a similar expression for 〈T ij〉. This result illustrates the fact that W plays the role of a
generating functional for the hydrodynamic constitutive relations. In the rest of this manuscript
we will use differential geometry methods to compute the anomalous partition function, and
obtain from it the currents by performing the appropriate functional derivatives. Moreover, we
will show that in situations with spontaneous symmetry breaking, the covariant currents can be
computed directly from the Bardeen-Zumino (BZ) term needed to renormalize the anomalous
action.
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3. Non-Abelian anomalies
In this section we will study the partition function and currents for non-Abelian theories by
considering very general prescriptions within the differential geometry approach. We refer to [28]
for full details in the computation.

3.1. The chiral anomaly
Let us consider a theory of a chiral fermion coupled to an exterrnal gauge field Aaµ, with
Lagrangian

LYM = iψγµ
(
∂µ − itaAaµ

)
ψ , (7)

where ta = t†a are the Hermitian generators of the Lie algebra satisfying the commutation
relations [ta, tb] = ifabctc. Let us introduce the Lie algebra valued one-form for the gauge fields,
and the associated field strength two-forms, which are defined by

A = −iAaµtadxµ ≡ −iAµdxµ , F = dA+A2 ≡ − i
2
Fµνdxµdxν , (8)

respectively, where Fµν = ∂µAν − ∂νAµ − i[Aµ,Aν ]. Finite gauge transformations are
implemented by the Lie group elements g = e−iu

ata ≡ eu, thus leading to

Ag = g−1Ag + g−1dg , Fg = g−1Fg . (9)

The corresponding infinitesimal transformations are given by δuA = du + [A, u] ≡ Du and
δuF = [F , u], where we have introduced the adjoint covariant derivative Du.

To study gauge anomalies it is convenient to work with the fermion effective action functional
obtained by integrating out the fermion field

eiΓ[A] ≡
∫

DψDψ eiSYM[A,ψ,ψ] . (10)

Under a general shift Aaµ → Aaµ + δAaµ, the first order variation of Γ[A] can be expressed as

δΓ[A] =

∫
dDx δAaµ(x) Jµa (x)cons . (11)

The axial anomaly is given by the failure of the effective action to be invariant under axial gauge
transformations, which are defined as δAaµ = (DµuA)a. Plugging this into Eq. (11), one gets
after integrating by parts

δuAΓ[A] = −
∫
dDxuaA(x)Ga[A(x)]cons with Ga[A(x)]cons = DµJ

µ
a (x)cons , (12)

so that the consistent anomaly, Ga[A(x)]cons, is responsible for the non-conservation of the
currents. This well known result leads to important consequences for the hydrodynamics of
fluids affected by gauge anomalies, as we will show below.

3.2. The Chern-Simons effective action and the Bardeen form of the anomaly
In the following we will consider a general theory with chiral fermions, ψL and ψR, coupled to
two external gauge fields described by the Lagrangian

LYM = iψLγ
µ
(
∂µ − itaAaLµ

)
ψL + iψRγ

µ
(
∂µ − itaAaRµ

)
ψR . (13)
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The starting point to compute the functional Γ[AR, AL] is the anomaly polynomial, which is
given by

Pn(FR,FL) = cn

(
TrFnR − TrFnL

)
, (14)

where cn = in/(n!(2π)n−1) is the normalization found for a Dirac operator in 2n = D + 2
dimensions. Since the field strengths satisfy the Bianchi identity dFR,L = [FR,L,AR,L], the
anomaly polynomial is closed, i.e. dPn(FR,FL) = 0, and thus we can write

TrFnR − TrFnL = dω0
2n−1(AR,AL) , (15)

where ω0
2n−1 is the Chern-Simons form. The fermion effective action is constructed as the integral

of the Chern-Simons form in a (2n− 1)-dimensional manifold

Γ[AR,AL]CS = cn

∫
M2n−1

ω0
2n−1(AR,AL) . (16)

One can easily check that the anomaly polynomial is gauge invariant, δuPn(FR,FL) = 0. As a
consequence, the gauge variation of ω0

2n−1 is, locally, a total differential, i.e. δuω
0
2n−1(AR,AL) =

dω1
2n−2(u,AR,AL), so that the gauge variation of the CS action turns out to be 1

δuAΓ[AR,AL]CS = cn

∫
∂M2n−1

ω1
2n−2(uA,AR,AL) = −

∫
M2n−2

Tr
(
uAG[AR,AL]cons

)
, (17)

where the Stokes theorem has been used. Using the generalized transgression formula derived
in [29] (see also [28]), the Chern-Simons form can be written as

ω0
2n−1(AR,L,FR,L) = n

∫ 1

0
dtTr

(
ȦtFn−1

t

)
, (18)

where At is a one-parameter family of connections interpolating between A0 = AL and A1 = AR,
and the dot stands for derivative with respect to t. There are different choices for the family of
connections, and this ambiguity amounts to adding an exact differential in

ω0
2n−1(AR,AL) = ω0

2n−1(AR)− ω0
2n−1(AL) + dS2n−2(AR,AL) , (19)

where ω0
2n−1(AR,L) is the Cherm-Simons form for a single chirality. In the following we will

consider the interpolating curve At = (1 − t)AL + tAR which leads to the so-called Bardeen
counterterm preserving vector gauge transformations. Other choices lead to Chern-Simons
effective actions that do not remain invariant under vector transformations.

For completeness, we will present here some explicit formulas in the four-dimensional case
(n = 3). The Chern-Simons form preserving the vector Ward identity is

ω0
5(A,FV ,FA) = 6 Tr

(
AF2

V +
1

3
AF2

A −
4

3
A3FV +

8

15
A5

)
, (20)

and the Bardeen expression for the consistent anomaly [30] is obtained from

ω1
4(uA,A,FV ,FA) = 6 Tr

{
uA

[
F2
V +

1

3
F2
A −

4

3

(
A2FV +AFVA+ FVA2

)
+

8

3
A4

]}
. (21)

1 We define the vector-axial gauge fields (V,A) in terms of (AR,AL) by AR ≡ V + A and AL ≡ V − A, and
similarly for the vector-axial gauge transformation parameters, i.e. uR ≡ uV + uA and uL ≡ uV − uA.
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3.3. Currents and anomaly inflow
The currents induced by Γ[AR,AL]CS are obtained by performing a general variation of the
gauge field δA = B, where B is an infinitesimal Lie-algebra valued one-form. 2 The variation
δBω

0
2n−1(A) can be efficiently computed with the help of the generalized transgression formula

by considering a family of connections At = A + tB interpolating between A and A + B. The
results obtained can be expressed in the form

δBΓ[A]CS =

∫
M2n−1

Tr (BJbulk)−
∫
M2n−2

Tr (BJBZ) , (22)

where Jbulk = ncnFn−1 is the dual form of the bulk current, while JBZ is the dual form of the
Bardeen-Zumino current. Let us consider now a gauge variation of the gauge field, i.e. B = δuA.
Then, after integrating by parts in the rhs of Eq. (22) and using the Stokes theorem, one finds

δuΓ[A]CS =

∫
M2n−2

Tr
[
u(Jbulk +DJBZ)

]
= −

∫
M2n−2

Tr
(
uG[A]cons

)
, (23)

where we have used Eq. (17). Finally, this implies

Jbulk

∣∣∣
M2n−2

= −
(
G[A]cons +DJBZ

)
= −G[A]cov , (24)

where G[A]cov is the covariant anomaly. This identification of the bulk current with (minus)
the covariant anomaly is in agreement with the anomaly inflow mechanism [27]. In the four-
dimensional case the dual forms of the bulk and BZ currents read

J Vbulk = − i

24π2

(
F2
V + F2

A

)
, J Abulk = − i

24π2

(
FV FA + FAFV

)
, (25)

and

J VBZ =
i

12π2

[
3(FVA+AFV )− 4A3

]
, J ABZ =

i

12π2

(
FAA+AFA

)
, (26)

respectively. Let us mention at this point that the invariant polynomial is unique and so are
the bulk currents and the covariant anomalies, i.e. they are not affected by renormalization
ambiguities.

3.4. Dimensional reduction
Using the previous results, we can compute the partition function of anomalous hydrodynamics.
To this end, one should take all the fields to be time-independent, compactify the Euclidean time
direction to a circle, and finally perform a dimensional reduction of the Chern-Simons action.
In the language of differential forms, the one-form of the gauge field, A(x) = Aµ(x)dxµ, can be
decomposed into KK-invariant quantities

A(x) = A0(x)θ(x) + A(x) , where θ(x) = dx0 + a(x) and a(x) = ai(x)dxi , (27)

while A(x) = Ai(x)dxi. Taking into account that θ2 = 0, it turns out that the only terms
relevant for the anomalous partition function are those which are linear in θ. We will skip here
the technical details and just discuss the result. The Chern-Simons effective action Γ[A0,A]CS

naturally splits into two terms [27]

iΓ[A0,A]CS = W [A0,A]inv +W [A0,A]anom , (28)

2 In the following, it is understood that an expression is valid either for (AR,FR) or (AL,FL) where the chirality
of the fields has not been explicitly indicated.
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where W [A0,A]inv is non-local from the viewpoint of a (2n − 2)-dim Euclidean manifold, and
it is manifestly invariant under time-independent gauge transformations, so that it does not
contribute to the gauge anomaly. Consequently, the second piece W [A0,A]anom completely
accounts for the gauge non-invariance of the partition function, and its gauge variation
reproduces the consistent anomaly. Using Eq. (22), this means that the summation of the
boundary currents induced by these terms 3

δBW [A0,A]inv =

∫
S2n−3

Tr
(
BX

)
+ · · · , δBW [A0,A]anom =

∫
S2n−3

Tr
(
BJcons

)
+ · · · , (29)

should be equal to (minus) the BZ current, i.e. X + Jcons = −JBZ. Consequently, the
physical current induced by W [A0,A]inv is precisely (minus) the covariant current, i.e. X =
−(Jcons + JBZ) = −Jcov. This result implies that one can compute the covariant currents
directly from the invariant part of the action, bypassing the need to compute the anomalous
partition function, W [A0,A]anom. Using this procedure, the anomalous covariant current in a
stationary background reads (cf. [27, 28])

J0, cov = 0 , Jcov = T0
δ

δF
W [A0,F , da]inv . (30)

The results for the covariant currents in four-dimensional spacetime are

JV, cov = − i

4π2

[
V0FA + FAV0 +A0FV + FVA0 + da(V0A0 +A0V0)

]
,

JA, cov = − i

4π2

[
V0FV + FV V0 +A0FA + FAA0 + da(V2

0 +A2
0)
]
.

(31)

The fact that the covariant currents are obtained from Winv implies that they are the same
independently of the counterterm of the theory.

3.5. Currents in QCD with 2 flavors
While these results are valid for a non-Abelian theory with symmetry group U(Nf )×U(Nf ), it
would be interesting to illustrate these techniques by considering the case of QCD with Nf = 2.
The maximal number of chemical potentials to be consistently introduced corresponds to the
dimension of the Cartan subalgebra. Then, we consider the background given by a combination
of t0 = 1

212×2 and t3 = 1
2σ3, where σi are the Pauli matrices, i.e.

V (x) = V0(x) t0 + V3(x) t3 , A = A0 t0 , A(x) = 0 . (32)

V and A are one-forms, so that Va = V0 a dx
0 + Vi a dx

i where a = 0, 3 are flavor group indices
(and similarly for A). Since all external fields lie on the Cartan subalgebra, their field strengths
are particularly simple: FV = dV0 t0 + dV3 t3 and FA = 0. In addition to the equilibrium
velocity field uµ = −eσ(1, ai), we can define the equilibrium baryonic, isospin and axial chemical
potentials, as

µ0 = V0 0 e
−σ , µ3 = V0 3 e

−σ , µ5 = A0 0 e
−σ , (33)

where µ5 controls the chiral imbalance of the system [31, 32]. We assume that µ5 is constant, so
that we are just interested in the one-derivative terms from the vectorial part of the background.
Let us define the charge matrix for two light flavors with electric charges +2

3e and −1
3e, as

Q =

(
2
3 0
0 −1

3

)
=

1

3
t0 + t3 . (34)

3 In these expressions the dots stand for bulk contributions.
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Then the electromagnetic current writes

Jµem, cov = eψγµQψ =
e

3
Jµ0, cov + eJµ3, cov , where Jµa, cov = ψγµtaψ . (35)

Similarly, the baryonic and isospin currents write

Jµbar, cov =
2

3
Jµ0, cov , Jµiso, cov = Jµ3, cov , (36)

respectively. Notice that these currents fulfill the Gell-Mann–Nishijima (GMN) relation Jµem =
e
2J

µ
bar + eJµiso. The expectation values of the currents 〈Jµa, cov〉 are given by the first equation

in (31) after making the replacements (V0 0, Vi 0) = e
3(V0,Vi) and (V0 3, Vi 3) = e(V0,Vi). 4 Then,

we find the following expressions for the currents, written in terms of the chemical potential

〈Jµem, cov〉 = −5e2Nc

36π2
µ5ε

µνλρuν∂λVρ , 〈Jµiso, cov〉 = −eNc

8π2
µ5ε

µνλρuν∂λVρ , (37)

where Nc is the number of colors. To arrive at these out-of-equilibrium results we have performed
a Lorentz covariantization of the equilibrium currents. The baryonic current is obtained from
the GMN relation. Note that we find contributions from the chiral magnetic effect, and from
the first equation in (37) we can read the chiral magnetic conductivity

σB =
5e2Nc

36π2
µ5 . (38)

These results for the covariant currents are in agreement with the alternative method consisting
in computing the consistent currents from the functional derivative of the anomalous partition
function and adding the BZ currents, cf. Refs. [20, 33].

4. Partition function in presence of spontaneous symmetry breaking
In this section we will consider physical situations in which the symmetries are spontaneously
broken, either total or partially. This is the case of chiral flavor symmetry in QCD, which is
broken down to its vector subgroup, or the U(1) global phase in superfluids. A consequence of
the spontaneous symmetry breaking is the appearance of Goldstone bosons that can couple to
external gauge fields and contribute to the anomaly.

4.1. The Wess-Zumino-Witten partition function
The Wess-Zumino-Witten (WZW) partition function is used to describe the effects of the
anomaly when the symmetry is spontaneously broken. It accounts for the anomaly-induced
interactions between the external gauge fields A and the Goldstone bosons ξa [34, 35, 36, 37].
An immediate application of the non-Abelian case is the study of QCD in the confined phase,
leading to the prediction of relevant properties of hadronic fluids interacting with external
electromagnetic fields. The WZW action admits a very simple expression in terms of the CS
action of Eq. (16) [21, 22, 23, 24, 38]

Γ[A, g]WZW = Γ[A]CS − Γ[Ag]CS , (39)

where Ag is the gauge transformed field with the group element g ≡ exp(−iξata), cf. Eq. (9).
The dimensional reduction of the WZW action can be performed by following the same procedure

4 We denote the physical electromagnetic potential by Vµ, and its KK invariant form by Vµ, i.e. V0 = V0 and
Vi = Vi − aiV0. The physical magnetic field is then Bi = εijk∂jVk.
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explained in Sec. 3.4. The result is that the invariant part cancels and it is written only in terms
of the local anomalous part. It is easy to check that Ag is gauge invariant, and thus the gauge
variation of the WZW action gives precisely the consistent anomaly

δuΓ[A, g]WZW = δuΓ[A]CS = −
∫
M2n−2

Tr
(
uG[A(x)]cons

)
. (40)

Unlike the Chern-Simons action, the WZW effective action does not induce any bulk current.
Instead, under a general variation δA = B the WZW action induces a local consistent current
on the boundary M2n−2 given by

δBΓ[A, g]WZW =

∫
M2n−2

Tr
{
B
[
gJ (Ag)BZ g

−1 − J (A)BZ

]}
. (41)

The first term can be identified with the covariant current, and we conclude

J (A, g)cov = gJ (Ag)BZ g
−1 = J (A+ dgg−1)BZ . (42)

This connection between the covariant current and the BZ current provides the most efficient
computational method in the presence of spontaneous symmetry breaking, bypassing the need
to use the WZW action.

For applications to hadronic fluids, we are interested in the case G × G → G, where the
symmetry is broken down to the diagonal subgroup of vector gauge transformation. One just
have to make the replacements A → (AR,AL) and g → (e, U) in the previous relations, where e
is the identity element and U = exp (2iξata). In that case the WZW action takes the form

Γ[AR,AL, U ]WZW = Γ[AR,AL]CS − Γ[AR,AUL ]CS , (43)

where AUL = U−1ALU + U−1dU and Γ[AR,AL]CS is given by Eq. (16). Using Eq. (42), the
covariant currents can be obtained as

J R(AR,AL, U)cov = J R(AR,AUL )BZ , J L(AR,AL, U)cov = U J L(AR,AUL )BZ U
−1 . (44)

These relations, and their particularization to stationary backgrounds, can be used to obtain the
covariant currents for the hydrodynamics of hadronic fluids without computing the anomalous
WZW action. We have explicitly checked that the result for the covariant currents of hadronic
fluids are the same by using either the direct method of Eq. (44), or the anomalous WZW action.
We will present some partial results in the next subsection.

4.2. Hadronic fluids
Let us particularize some of the previous results to QCD with Nf = 2. We will consider the
spontaneous breaking of the axial symmetry U(2)L×U(2)R → U(2)V . The matrix of Goldstone
bosons

U(ξ) = exp
(
iX(ξ)

)
with X(ξ) := 2

3∑
a=1

ξata =

√
2

fπ

(
1√
2
π0 π+

π− − 1√
2
π0

)
, (45)

includes three Goldstone bosons from the broken SU(2)A symmetry. {π0, π±} are the
conventionally normalized Goldstone boson fields, and fπ ≈ 92 MeV is the pion decay constant.
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We will assume that the fourth Goldstone boson ξ0 is absent, as the U(1)A symmetry is violated
by non-perturbative effects. Then, the WZW effective action writes

T0W =

∫
d3x

[
e2Nc

12π2fπ
V0∂iπ

0Bi − ieµ5Nc

12π2f2
π

(
π−∂jπ

+ − π+∂jπ
− − 2ieπ−π+Vj

)
Bj +O(π3)

]
,

(46)
where Bi = εijk∂jVk is the KK-invariant magnetic field. To obtain this result we have expanded
the action in powers of the pion fields. The first term on the right-hand side of Eq. (46), linear
in the pion field, is responsible for the electromagnetic decay of the neutral pion, π0 → 2γ,

Leff ⊃
e2Nc

96π2fπ
π0εµνλρFµνFλρ , (47)

where Fµν = ∂µVν − ∂νVµ is the electromagnetic field strength. The quadratic term in Eq. (46)
also agrees with the known form of the parity-odd couplings obtained from the WZW action
in the presence of chiral imbalance (see e.g. Ref. [32]). Finally, the expectation values of the
covariant currents can be obtained either from the WZW effective action or from the BZ current
by using Eq. (44). We will leave this analysis for Ref. [33].

5. Conclusions
In this work we have used differential geometry methods to carry out a systematic construction
of partition functions and currents for non-dissipative effects in relativistic fluids in presence of
non-Abelian anomalies. In particular, our analysis can be applied to study transport phenomena
induced by external magnetic fields and vortices. We have studied in detail the covariant currents
induced by the chiral anomaly, and we have shown that they can be determined solely from the
gauge invariant piece of the Chern-Simons effective action. As a consequence, the covariant
currents are not affected by renormalization ambiguities, as these only appear in the anomalous
part of the action due to the local counterterms.

We have extended our study to theories with spontaneous symmetry breaking, as this
can lead to relevant information about the hydrodynamics of the corresponding Goldstone
bosons interacting with external fields. We have found that the Bardeen-Zumino current
fully determines the covariant currents, so that in this case it is not demanding to compute
the anomalous partition function to obtain the hydrodynamical constitutive relations. These
techniques have been illustrated by considering the case of QCD with two light flavors and,
in particular, we have obtained results for the chiral magnetic effect. Our findings are also in
agreement with previous results in the literature in the presence of chiral imbalance.

Finally, let us stress that the techniques presented in this work can be applied to a wide
variety of physical situations, ranging from the study of other sectors of the Standard Model
of particle physics, to superfluids [39, 40] and condensed matter systems affected by triangle
anomalies [41, 42].
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