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Abstract

The study is motivated by the problem of stabilizing the concentration of atmospheric
carbon, which is widely discussed in the context of global warming nowadays. A key
difficulty in the design of stabilization strategies is the uncertainty of the underlying phys-
ical model. In the present paper, a general problem setting is suggested and a relevant
alanytic framework elaborated. Analysis employs specific qualitative features of an un-
certain dynamics, including automatic stabilization of the trajectories in the absence of
input disturbances. An asymptotic version of Krasovskii’s extremal shift control principle
is developed and model-robust strategies stabilizing a state coordinate at a prescribed
level are constructed.
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On the Exact Stabilization of an Uncertain
Dynamics”

Arkady Kryazhimskiy (kryazhim@aha.ru)
Vyacheslav Maksimov (maksimov@imm.uran.ru)

1 Motivation

In the context of global warming, a considerable interest has been drawn to the problem of
stabilization of the concentration of greenhouse gases in the atmosphere. A vast literature
is devoted to this issue. Here, we refer to Svirezhev, et. al., 1999 (providing a list of
relevant publications), in which the problem is analyzed using an ODE model of the
global dynamics of carbon, the major greenhouse gas in the biosphere.

The model’s state variables are the amounts of carbon in the atmosphere, z(t), and in
the ocean, y(t), and the average surface/air temperature, z(¢); here ¢ is the time variable.
The state variables are scaled so that their zero values correspond, respectively, to the ab-
solute value of carbon in the atmosphere, the absolute value of carbon in the ocean and the
average surface/air temperature in the pre-industrial period. Annual antropogenic emis-
sions of COgq, ¢(t), act as controls regulating the dynamics of carbon in the atmosphere.
The model has the form

@) = o(t) —arx(t) + agy(t),
gt) = onz(t) —agy(?), (1.1)
2(t) = azz(t) — agz(t)

where aq, as, ag and a4 are positive parameters. The initial state of the model represents
the amounts of carbon in the atmosphere and in the ocean and the average temperature
at time 0 (corresponding to the year 2000):

Svirezhev, et. al., 1999, analyze emission control scenarios ¢(t) that keep the tem-
perature, z(t), within a prescribed interval [27, 21|, the so-called tolerable window, which
prevents the occurrance of harmful impacts of global warming. (Generally, the tolerable
window approach imposes also constratins on the rate of change of the temperature, Z(t);
see WBGU, 1995; Bruckner, et. al, 1999). A reasonable scenario consists in stabilizing
the amount of carbon in the atmosphere, x(t), at a prescribed limit value Z as time goes
to infinity:

lim z(t) = 2. (1.2)

“This work was supported in part by the RFBR (project # 03-01-00737) and by the Program on Basic
Research of the Russian Acad. Sci. in Changes of Natural Terrestrial Objects in Russia in Zones of Intense
Technogenic Influence (project # 3 10002-251/I1-13/196-018/300503-340).



Then, as (1.1) shows, the temperature, z(t), is stabilized at 2 = a3%/ay. Moreover, if one
guarantees £ (t) < z(t) — & < £7(t) with explicit bounds £~ (¢), £ (t) converging to 0 as
t — oo, then similar exlicit bounds ¢~ (¢), (" (¢) (converging to 0 as t — o) can easily be
derived for z(t): ¢ (t) < z(t) — 2 < (" (¢); and the tolerable window constraints are met
provided [2 + p = (t), 2 + pT(t)] C [z7, 2] for all £ > 0.

Our study relates to “post-planning” decisionmaking. Assuming that an emission
scenario ¢(t) that ensures (1.2) is found, we address the question of the practical realization
of (1.2). The question immediately becomes nontrivial if we take into account that the
model is inaccurate and does not present us the real dynamics. It is clear that (1.2)
is violated if we implement ¢(t) for even a sligtly perturbed model. In practice, the
uncertainties in the model (reflecting highly complex processes in the environment) should
be viewed as large enough. An adequate assumtion is that the “real system” is not known
to us; instead, we are given a (relatively broad) class of “admissible” systems, which
includes the real one. This assumption implies that a desired emission control policy
should guarantee (1.2) for every admissible system chosen beforehand.

Since in (1.1) the evolution of the stabilized variable x(t) does not depend on z(t), the
dynamics of z(t) and y(t) is of practical interest. One can assume that admissible systems
describing a variaty of admissible dynamics for z(t) and y(¢) can include nonlinear models
much more complex than the linear one given in (1.1). For example, the admissible systems
may have the form

2(t) = () + cu(t) + g(z(t), y (1)), (1.3)
g(t) = —g(=z(t),y(t)) '

where c¢ is a positive parameter and g(z,y) is an (uncertain) function decreasing in = and
increasing in y. The parameter u(t) acts as a “scenario correction” control intended to
compensate the uncertainty of the model. Using currently available data on the trajectory
of the “real” system, the controller forms u(t) and modifies the original emission scenario
©(t) with the intension to ensure (1.2). The initial state

z(0) =2 y(0) =y° (1.4)

can also be given inaccurately. It is clear that in order to guarantee that every admissible
system of the form (1.3) (1.4) is stabilized (in the sence of (1.2)), one should impose further
constraints on the functions g and initial states (1.4). We describe such constraints in
section 7.

In sections 2 — 5 we pose the stabilization problem in a general form, formulate basic
assumptions and describe our solution method originating from theory of guaranteed con-
trol (Krasovskii and Subbotin, 1974). In section 6 we show that models of the type (1.3),
(1.4) are included in the class of general control systems, introduced in section 2 (in partic-
ular, u(t) in (1.3) acts as the derivative w(t) of a control w(t) used in the general setting).
In section 7 we apply the method to solving the above outlined problem of stabilization of
the amount of carbon in the atmoshpere. The desired carbon concentration stabilization
strategies update u(t) using data on the current values of atmospheric carbon, z(t).

2 Stabilization problem: an introduction
We consider n-dimensional dynamical control systems of the form
x(t) = f(tax(t)aw(t)aw(t))a (2'1)

z(0) = 2%; (2.2)
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here t > 0 is the running time, z(t) € R" is the state of the system at time ¢, w(¢) and
w(t) are the values of a 1-dimensional control and its derivative at time ¢, respectively,
and z° is the system’s state at time 0. In what follows, we identify a system (2.1), (2.2)
with the pair (f,z%) where f : [0,00) x R® x R! x R! — R"™ and z° € R™; we call f and
20 the system’s dynamics and initial state, respectively.

Somewhat nontraditionally for control theory, we assume that the admissible control
functions (admissible controls) are smooth enough. Two key features of our setting are
the following: every admissible control w has a limit at infinity,

lim w(t) = w, (2.3)

t—o00

and the system’s dynamics f has an essential limit depending on w (2.3):
tlim vraimax, s¢| f (¢, z,w(t), w(t)) — f(z, )| = 0. (2.4)
—00 =

Note that under a natural assumption that f is continuous and autonomous (i.e., f(¢, z, w, u) =
f(z,w,u)), (2.4) is ensured if each admissible control w satisfies

lim vraisup,s|w(7)| = 0. (2.5)
t—00 =

Therefore, we include the latter requirement in our definition of the admissible controls
w. We fix a nonempty set W of real functions w on [0,00) such that w is absolutely
continuous on every finite subinterval of [0, c0), (2.5) holds and (2.3) holds for some real
w. We call each w € W an admissible control and denote by w its limit value defined by
(2.3). We set

W = {w:we W} (2.6)

For every t > 0 and every w € W we denote by W(t,w) the set of all admissible controls
v such that v(7) = w(7) for all 7 € [0, t]; we call W(t, w) the set of extensions of w beyond
t; for t = 0 the set of initial ertensions is identified with W and does not depend on a
weW.

Given a system (f,z°) and an admissible control w, every (Caratheodory) solution x

0 (2.1), defined on [0, 00) and satisfying (2.2) is called a trajectory of (f, z°) corresponding
to w. The controller starts the control process from the initial state 20 at time 0.

We suppose that the “real” system is not known to the controller. Instead, the con-
troller is given a set S of “admissible” systems containing the real one; S is minimal in
the sense that all systems in S are equally admissible to be the real one. The stabiliza-
tion problem we deal with requires to construct an admissible control that brings the kth
coordinate of the state vector z(t) of the (uncertain) real system to a prescribed value as
t — oo. It is allowed to update controls using observations of the current values of the
state coordinate z(¢). With no loss of generality we set k = n. In what follows, we denote
by &, the prescribed limit value for the nth coordinate of the state vector. Thus, a sought
admissible control should ensure z,(t) — &, as t — co.

The issue of stabilization of dynamical systems with uncertainties arises in many appli-
cations including engineering, economy and ecological management (see, e.g., Lurye, 1959;
Aiserman and Gantmakher, 1963; Emelyanov, 1967; Leitmann and Wan, 1977; Coreless
and Leitmann, 1985; Lee and Leitmann, 1994). Usual stabilization techniques are based
on the design of appropriate Lyapunov functions including Lyapunov vector functions (see,
e.g., Ledyaev and Sontag, 1999; Clarke, et. al., 2000; Matrosov, 2001; Bobylyov, et. al.,
2002). A general approach to constructing feedbacks that stibilize systems with uncertain
dynamics has been elaborated in Krasovskii and Subbotin, 1974 within the framework of
theory of closed-loop differential games.



The setting considered in the present paper deals with nonstandard smooth controls
which have limits at infinity, and also assumes a limited information on the current states.
These features create serious difficulties in using the Lyapunov approach. We take into ac-
count specific properties of the systems considered, including (2.4) (another key property is
outlined in the next paragraph), and solve the problem using a relevant asymptotic version
of the Krasovskii extremal shift feedback principle (Krasovskii and Subbotin, 1974).

The proposed solution method employs a stabilization property of admissible controls
(see assumption A8 in section 4): a trajectory = of an (f,z°) € S corresponding to a
w € W converges, as time goes to infinity, to a rest point Z of the “limit dynamics” f (see
(2.4)); moreover, Z is determined by the limit value @ for w, i.e., f(Z, ) = 0. Assuming
for a moment that the stabilization propety holds true, we notice that the contoller’s task
is equivalent to the formation of an admissible control w such that the rest point Z for
the limit f of the real system’s dynamics f, which is determined by w, has the prescribed
value Z,, as its nth coordinate: Z,, = Z,,. If at some point in time the controller finds that
the latter equality is inconsistent with the current admissible control, he/she decides to
choose another extension of the current admissible control so as to change the trajectory
and make the equality hold. Within this pattern, major technical tasks are obviously to
identify a signal on the inconsistency of the current admissible control and to choose its
new extension upon the receipt of the inconsistency signal. In section 5 we fulfill these
tasks using additional assumptions given in section 4.

Thus, a control strategy consists in step-by-step updating the extensions of current
admissible controls at appropriate “switching” times t1,to,.... In the rest of this section
we describe the implementation of a control strategy informaly. At the initial time 0 the
controller selects an initial admissible control wg and estimates a set Wy C W of the limit
values w of “inconsistent” admissible controls w that are unable to solve the stabilization
problem. The motion of the real system starts under wy and goes along a trajectory x.
At each time ¢t > 0 the controller observes z((t), and decides if wy must be switched to
another extension, w;. If the controller’s decides to switch at a time ¢, he/she fixes a
delay 6(t§, wo) > 0 for the switch and switches the admissible control wg to w; at the time

t1 = 5(t8, w()).

The controller decides to switch upon the receipt of a signal on the inconsistency of
the current admissible control wg. Generally, an inconsistency signal can appear as a
result of an analysis of wy and the entire past of the observed (nth) coordinate of the
current trajectory zg. In the present study we use a simpler pattern assuming that the
inconsistency signal appears if s(t, 0, wo, o(t)n, o(0)n, Wo) = 1 where s is a 1/0-valued
(logical) function of “informational parameters”: the current time ¢, the initial time 0,
the current admissible control wg, the current and initial values of the observed state
coordinate, xo(t), and z¢(0),, and the initial set estimate W of inconsistent limit values
of admissible controls. The time ¢§, at which the controller decides to switch, is set to be
the time of the first occurrence of the inconsistency signal:

ts = infT()
where B
T() = {t Z 0: S(t, 0, wo, .CC()(t)n, .CC()(t())n, W()) = 1}.

Recall that the receipt of the inconsistency signal implies that wy is inconsistent in the
sense that Z determined by f(Z,wy) = 0 where f is the limit dynamics for the real system
(f,2°) does not satisfy the criterion Z, = #,. This allows the controller to extend the
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initial set Wy of inconsistent limit values of admissible controls to a new set W; by adding
wo. Generally, Wi can contain other extra elements. We assume that the controller forms
W1 as a function of the current informational parameters:

Wl = I(ﬁ)a Oa wo, .CC()(t)n, .CC()(O)n, WO)

If the decision on a switch is made and the time ¢; for the switch is fixed, the controller
chooses wy as a function of the updated informational parameters:

w1 = E(tla Oa wo, .CC()(t)n, .CC()(O)n, Wl)

This completes the first step of the control process (wy is never changed if s(¢, 0, W, zo(t)n,
20(0)n, Wo) = 0 holds for all £ > 0).
The performance of m steps of the control process results in the formation of admissible

controls wog, wi, . . ., W, switched on sequentially at times 0,%1,...,%, and a set estimate
Wy, of inconsistent limit values of admissible controls. On [¢;,t;11) the real system goes
along a trajectory z; corresponding to w; (i = 0,1,...,m — 1). At each time ¢t > t,,

the controller observes z,,(t), and decides if w,, must be switched to another extension,
Wpm+1- If the controller’s decides to switch at a time ¢}, he/she fixes a delay (¢, wy,) > 0
for the switch and switches w,, to w;,4+1 at the time

b1 = £5 + (L5, win). (2.7)

The controller decides to switch upon the receipt of an inconsistency signal appearing if
5(t, tims Wiy Ton (V) s T (b )y Win) = 1; here s is a 1/0-valued function of informational
parameters including the current time ¢, the latest switching time t,,, Wy, Tm(t)n, the
value of the observed state coordinate at the latest switching time, z,,(tm)n, and the
current set estimate W, of inconsistent limit values of admissible controls. The time ¢,
at which the controller decides to switch, is set to be the time of the first occurrence of
the inconsistency signal:

ty, = inf T), (2.8)

where B
T = {t > tm : s(t, tm, Winy T (V) )y T (Em ) my Win) = 1} (2.9)

The receipt of the inconsistency signal implies that the limit value w,, is inconsis-
tent; therefore the controller can include w,, in the set of inconsistent limit values and
replace W, by a new set Wm+1. Generally, Wm+1 can also contain elements different from
Wy,. The controller forms W,,,1 as a function of the current collection of informational
parameters:

Wint1 = I(tr,, tm, Wi, Tm(t)ny Ton (tm) s Win).- (2.10)
If the decision on a switch is made and the time t,, 1 for the switch is fixed, the controller
chooses wy,+1 as a function of the updated informational parameters:

Wm+1 = E(tm—i—la tmy Win, xm(t)na xm(tm)na Wm—l—l)' (211)

This completes step m + 1 of the control process; this step never terminates and w,, is
never changed if s(¢, Wy, Tm(t)n, Tm(tm)n, W) = 0 for all ¢t > ¢,,.



3 Problem formulation

In this section we transform the above informal description of a control process to strict
definitions of a control strategy and corresponding trajectories and give an accurate for-
mulation of the stabilization problem.

We identify a collection of informational parameters with a 6-tuple (¢,7,w,&,(,V)
where t > 7 > 0, w € W, £ and ( are reals and V is a subset of the set W of the
limit values for all admissible controls. In practice we deal with special collections of in-
formational parameters, described in the previous paragraph; therefore in what follows,
avoiding unnecessary formalism in notations, we denote by (¢, tpm, Wi, (t)n, T(tm)n, Win),
by (£, tm, Wi, T(E)n, T(tm)ny Win), or by (&, tym, Wi, ©(t)n, T(tm)ns Wimt1) (m = 0,1,..)
an arbitrary collection of informational parameters. We denote by P the set of all collec-
tions of informational parameters.

Any function s mapping P into {0, 1} will be called an inconsistency signal map. Any
function ¢ : [0,00) x W [0, 00) such that liminf; . inf,ey d(t, w) > 0 will be called
a delay map. Any function I mapping P into the set of all subsets of W will be called
an inconsistency estimate map. A function E : P — W will be called an extension map
if for every (t, tm, W, ZTm(t)n, Tm(tm)n, Wmi1) € P the admissible control wy, 1 given by
(2.11) belongs to W(t, wyy,).

We define a control strategy to be a 6-tuple R = (wy, Wo, s, 6,1, E) where wq is an
admissible control, Wy is a subset of reals, § is a delay map, s is an inconsistency signal
map, I is an inconsistency estimate map and F is an extension map.

We use the notions of a control flow and a trajectory flow to define system’s trajectories
corresponsing to a given control strategy.

We define an infinite control flow to be an arbitrary sequence (tm,, wm)5S_, such that
0 =tg, wo €W, tims1 > tm (m =0,1,...), limy, 00ty = 00 and wyuy1 € W(tm41, W)
for all m = 0,1,...; we call ¢, (m = 0,1,...) the switching times for (tm,wm)5_,.
If (tp, wm)se—o is an infinite control flow, the (unique) admissible control w such that
w(t) = wp(t) for t € [tm, tmt1) (m=0,1,...) is called the composition of (tm,, wm)oe_,.

We define a trajectory flow for a system (f,z°) € S, corresponding to an infinite
control flow (t,, wm)>>_,, to be a sequence (t,, Tm)o_, such that for each m = 0,1,...
T, is a trajectory of (f, %) corresponding to w,, and for each m = 0, 1,. .. the restrictions
of i1 and z,, to [0,t,] coincide. If (tm,,Zm)o— is a trajectory flow for a system
(f,2%) € S, corresponding to an infinite control flow (¢, wm)%_,, then the (unique)
function z : [0,00) — R™ such that x(t) = z,(t) for t € [ty tms+1) (M =0,1,...) is called
the composition of (tm, Tm)o_,.

Remark 3.1 Clearly, if z is the composition of a trajectory flow (tm,zm)50_, for an
(f,2%) € S, corresponding to an infinite control flow (t,, w;,)%_,, then z is a trajectory
of (f,z°), corresponding to the composition of (¢, wm)%_,.

Similiarly we define finite control flows and corresponding trajectory flows. A finite
control flow is an arbitrary sequence (tp, wm)h,_o such that 0 = tg, wg € W, tymg1 >ty

(m=0,1,...,7—1) and w41 € W(tmi1, wn,) for allm =0,1,...,r—1); we call ¢, (i =
1,...,m) the switching times for (tm, wm)r,_o- If (tm,wm)h,—o is a finite control flow, the
(unique) admissible control w such that w(t) = w,(t) for ¢ € [tm, tmy1) (M =0,...,7—1)

and w(t) = w,(t) for t > ¢, is called the composition of (tm, Wm)p,—o-

A trajectory flow for a system (f,2°) € S, corresponding to a finite control flow
(tiy Wm)m—o, 1s a sequence (tm,Tm)m—o such that for each m = 0,1,...,r z,, is a tra-
jectory of (f,z°) corresponding to wy, and for each m = 0,1,...,r — 1 the restrictions
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of i1 and z,, to [0,t,] coincide. If (tm,,Tm),—o iS a trajectory flow for a system
(f,2°) € S, corresponding to a finite control flow (¢, wm)",_o, then the (unique) func-
tion z : [0,00) — R™ such that x(t) = x,,(t) for t € [tm,tmt1) (m =0,...,7 — 1) and
x(t) = z,(t) for t > t, is called the composition of (tm, Tm)n—_o-

Remark 3.2 If z is the composition of a finite trajectory low (t,, T )",_o for an (f,z2°) €
S, corresponding to a finite control flow (t,,,wm)",_o, then z is a trajectory of (f, ),
corresponding to the composition of (ty,, wm)h,—o-

Given a control strategy R = (wo, W, 8,5, T, I, E) and a system (f,z°) € S we define
an infinite processing flow for (f,z°) under R to be a sequence (ty,, Win, T, Win)S_, such
that

(1) (tm, wm)5o_p is an infinite control flow,

(i1) (tm, Tm)_g is a trajectory flow for (f,z%), corresponding to (tm, wm)3_y,

(iii) for each m = 0,1... the set T}, (2.9) is nonempty and ¢,,+1 is defined by (2.7)
with ¢}, given by (2.8),

(iv) for each m = 0,1 ... the relations (2.10) and (2.11) hold.

Note that in the above definition the requirement that the set T3, (2.9) is nonempty is
a formal interpretation of the fact that the inconsistency signal appears at some t > t,,,
and hence there is a need to find a new extension wy, 1 for the current admissible control
Wi

We denote by Poo(f, 20, S) the set of all infinite processing flows for a system (f, 2°) € S
under a control strategy R. We call a function z : [0, 00) — R™ an infinite-step trajectory
of a system (f,2°) € S under a control strategy R if  is the composition of the trajectory
flow (tm, Tm)SS_, for some (t, Win, Ty Win )Ly € Poo(f, 2%, S).

We also need to introduce finite-step versions of the above definitions. We define a
finite processing flow for a system (f, 2°) € S under a control strategy R = (wo, Wo, s, I, E)
to be a finite family (¢, Wi, Tm, Win)h—o such that

(1) (tm, wm)r,—o is a finite control flow,

(i1) (fms Tm)hyp is a trajectory flow for (f,z%), corresponding to (t, Wm)%—o,

(iii) for each m = 0,1...,r — 1, T}, (2.9) is nonempty and t,,41 is defined by (2.7)
with ¢}, given by (2.8),

(iv) T} is empty,

(v) for each m =0,1...,7 — 1 the relations (2.10) and (2.11) hold.

The single element differing the latter definition from the definition of an infinite
processing flow is (iv), which is a formal description of the fact that the inconsistency
signal never appears after ., and the admissible control w, is therefore never changed
after t,.

We denote by P(f,z° S) the set of all finite processing flows for a system (f,2°) € S
under a control strategy R. We call a function x : [0, 00) — R™ a finite-step trajectory of a
system (f, z°) € S under a control strategy R if z is the composition of the trajectory flow
(tms Tm)Tg for some (tm, Wi, Tmy Win)'—o € P(f,2°,9). Infinite-step and finite-step
trajectories of a system (f,2°) € S under a control strategy R will be called trajectories
of (f,z%) under R.

An accurate formulation of the stabilization problem under consideration is as follows:
find a control strategy R such that for every system (f,z°) € S and for every trajectory
z of (f,2°) under R it holds that lim; ;o x(t), = 2,. A control strategy R that solves
the stabilization problem will be called a stabilization strategy. Let us stress that a sought
stabilization strategy R is by definition robust with respect to systems in S: no matter
which system is chosen in S, R brings its nth state coordinate to the prescribed limit Z,,



as time approaches infinity. An important practical implication is that R stabilizes the
uncertain real system provided there is a guarantee that it lies in S.

4  Assumptions

Our basic assumptions on the set S of admissible systems are the following.
A1. For every system (f,z°) € S the system’s dynamics f is continuous.

A2. For every (f,2°) € S and every w € W there exists a trajectory of (f,x°),
corresponding to w.

Theorem 4.1 Let assumptions Al and A2 be fulfilled. Then for every control strategy R
and every system (f,xz°) € S there is a trajectory of (f,z°) under R.

Theorem 4.1 follows straightforwardly from the definition of a trajectory of an admis-
sible system under a control strategy and Remarks 3.1 and 3.2.

Let us introduce a set X C R™ such that for every w € W, every (f,z%) € S and every
trajectory x of (f, z°), corresponding to w, it holds that x(t) € X for all ¢ > 0.

A3. For every (f,2°) € S there is a continuius function f : R* x R' — R™ such that
for each w € W and each x € X one has (2.4); we call f the limit dynamics for (f,z").

Remark 4.1 Note that if for every (f,z°) € S the dynamics f is stationary (i.e., f(t, z,w,u) =
f(z,w,u)), A3 follows straightforwardly from the continuity of f (see assumption A1) and
(2.5).

For every (f,z°) € S the limit dynamics f is unique; this follows from the continuity of
f. Given a (f,2°) € S and an n € W (see (2.6)), the equation f(Z,n) = 0 determines the
rest points of the limit dynamics f for the parameter . We make the following assumption.

A4. For every (f,2°) € S and every n € W, the set X contains the unique rest point
of f for the parameter 7.

By A4 for every (f,z%) € S there is the unique function Z(- |f, %) : W +— X such that
for every n € W the value Z(n | f, z°) is the rest point of f for the parameter 7, contained
in X; we call Z(- | f,2°) the rest point map for the system (f, z°).

Remark 4.2 Under assumpion A3 and A4 the rest point map Z(- |f,z°) is continuous
for every (f,2°) € S.

Now for every (f,2°) € S we define the nth coordinate projection of the rest point map
z(- | f,2%); to be the function Z,(- |f,2°) : W + R! whose value, for any n € W, equals
the nth coordinate of z(n | f, z°), i.e., Zn(n |f,2%) = (Z(n | f, 2°))n.

Remark 4.3 Under assumpions A3 and A4 the coninuity of Z(- |f,2°) (see Remark 4.2)
implies that Z,, (- | f, 2°) is continuous.

Assumptions A5, A6, A7 and A8 are key for our solution method.

A5. There is a nonempty bounded interval [w~, w*] C W such that for every (f, z°) €
S one can find an 1 € [w™,w"] satisfying Z,(n | f, z°) = &,, and for every (f,z°) € S the
nth coordinate projection Z, (- |f, z°) of the rest point map is increasing on [w=, w*].
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Remark 4.4 If all 7, (- |f,2°) are decreasing, assumption A5 is fulfilled after the state
transformation z — —x.

Note that if assumption A5 is fulfilled, then for every (f,z°) € S the equation
Zn(n|f, 2% = &, has the unique sulution in [w~, w"]; we denote this solution by w(f, z°)
and call it the target limit value for admissible controls for (f, z°).

To formulate assumptions A6, A7 and A8 we need several further definitions. We
suppose that for every ¢ > 0 and every w € Y/ a nonempty set W(t, w) C W(t,w) of
operative extensions (of w beyond t) is selected; for ¢t = 0 the set of initial operative
extensions is a given nonempty subset Wy of W, not depending on w. We also assume
that

7€ w,wt] forall wveWy, (4.1)
vew,wt] forall veW(tw), t>0, weW. (4.2)

Substantially, the sets of operative extensions represent stocks of the extensions of the
admissible controls, that are used in stabilization strategies.
Let us fix a delay map dp such that ¢t — o (¢, w) is increasing for every w € W and

li inf = 00; 4.3
Jim inf Go(t, w) = oo; (4.3)
we call dg the operative delay map. An infinite control flow (ty,, wn)5S_, will be said to be
operative if wg € Wy, tmt1 = tm + 00(tm, W) and w11 € W(tmi1, W) (m =0,1,.. BE
similarly, a finite control flow (,,, W, )5,—o Will be said to be operative if wg € Wy, tymi1 >
tm + 00(tm, wm) (m=0,1,...,7—1) and wpt1 € W(tmt1, wn) (m=0,1,...,7r—1).

Remark 4.5 If (t,, w,)2_, is an infinite operative control flow, then, in view of (4.3),

The “limit controllability ” assumption A6 states that the interval [w™, w™] is covered
by the limit values for the operative extensions of the final control in an arbitrary finite
operative control flow.

A6. For every finite operative control flow (t;, w;)i"g, every tm+1 > tm + S0 (tm, Wm)

and every 1 € [w™, w] there exists a wy, 11 € W(tmy1,Wn) such that @41 = 7.

The “uniform limit continuity” assumption A7 requires that a switch from w,, to w41
within a finite operative control flow (ti,wi)%ié
provided the limit values w,, and w,,+1 are close to each other, and the distance between
the trajectories is estimated from above uniformly with respect to the operative control

flows, systems and trajectories.

implies a small change in trajectories

A7. There is a positive-valued function w on [0, c0) such that
(i) limy,—o w(p) = 0, and
(ii) for every finite operative control flow (t;,w;)T 4!, every (f,2°) € S and every

trajectory flow (t;, z;)™*¢ for (f,zY), corresponsing to (t;, w; m+1 it holds that

[Zm()n — Tma1 (O)n] < w([Wn — Wit |) (4.4)

for all t > #p,41.

The “uniform convergence” assumption A8 states that the composition w of any finite
operative control flow brings the trajectories of every system (£, z%) € S to the rest point of
the limit dynamics f, corresponding to the limit value w for w, and the rate of convergence
is uniform with respect to the operative control flows, systems and trajectories.
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A8. There are real-valued functions v~ and v on [0, 00) such that

(i) limy 0o v~ (1) = lim, 0o v (r) = 0, and

(ii) for every finite operative control flow (t;, w;)™,, every (f,2°) € S and every tra-
jectory flow (t;, z;)™, of (f, ), corresponding to (t;, w;)™, it holds that

v (t—tm) < Zpm(t)n — Zn (@] f, 2°) < VT (t — ) (4.5)

for all t > t,,.

5 Stabilization strategy

In this section we construct a stabilization strategy under assumptions A1 — A8. Intending
to use assumptions A6 — A8 involving operative control flows, we restrict our analysis to
a class of control strategies that produce operative control flows only. We call a control
strategy R = (wq, W, 9, s, I, E) operative if § = dp and

Wm+1 = E(tm—i—la tma W, .CC(t)n, x(tm)na Wm—i—l) S W(tm—l—la wm) (51)
for every (tmi1, tm, Wi, Z(t)n, (tm)ns Wimi1) € P.

Lemma 5.1 Let R = (wo, W, do, s, I, E) be an operative control strategy, (f,2°) € S and
(tms Wins Ty, Win)SS_ be an infinite processing flow for (f, %) under R. Then the infinite
control flow (ty,, wm)o_q is operative and

1

im
m—00

(tm+1 — tm) = Q. (5.2)

Proof. By the definition of an infinite processing flow for (f,2°) under R, for each
m = 0,1...the set T}, = {t > tu : 8(t, tm, Wi, T (t)n, T (tm ), Win) = 1} is nonempty
and tp,4+1 = t}, +00(t, wy,) where ¢, = inf T,,,. By the definition of the operative delay map
the function t — o (¢, wy,) is increasing; therefore, ¢, 11 > tm + 00 (tm, W) (M =10,1,...).
Taking into account (5.1), we find that the infinite control flow (¢,,, wn)r_, is operative.
Using Remark 4.5, we get (5.2).

Similarly, we prove the following.

Lemma 5.2 Let R = (wo, Wy, 50, 8, I, E) be an operative control strategy, (f,2°) € S
and (ty, Wi, Ty Wi )l be a finite processing flow for (f,x°) under R. Then the finite
control flow (ty,, wm)5o_, is operative.

Our next observation (based on assumptions A3, A4, A7 and AR) is essentially the
following. If a processing low (t, Wi, Tm, Win)°_, generated by an operative control
strategy is such that the limit values w,, of the current (operative) extensions w,, tend to
the target limit value @(f, 2°), then the corresponding trajectory z of the system (f, z°)
is stabilized: z(t), — & as t — co. The next lemma provides an accurate formulation of
this result and suggests an estimate for the rate of convergence.

Lemma 5.3 Let

(i) assumptions A3, A4, A7 and A8 be fulfilled,

(ii) R = (wo, Wy, b0, s, I, E) be an operative control strateqy and (tm, W, Tm, Win)
be an infinite processing flow for an (f,z°) € S under R,

(iii)

o
m=0

lim @, = w(f,z°). (5.3)

m—00
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Then the composition x of the trajectory flow (tm, Tm)o—, satisfies

B~(t) <z(t)p — 2n < BT (t) forall t>0 (5.4)
where
B () — Tim BT (4) — O
Jim 57(t) = lim 87 (t) = 0; (5.5)
moreover,
— _ V_(t)_"@n_&)‘ lf tE[O,tl),
B (t) - { inf,,>% 0, if t>tg41, k=0,1,..., (5'6)
+ A .
+ _ v (t) + 2 — &0l if t€[0,t1),
ﬂ (t) - { SUPp >k O-r—tb lf t 2>ttt k=0,1,..., (57)
where
oo = inf v (E—t) — (| @it — Do) — [En — Eml, (5.8)
t>tm41
Ur—; = sup V+(t_tm)+w(‘wm+1 — W) + [Zn — &ml, (5.9)
t>tm41
fm :a_cn(u_)m‘fa xO)' (5'10)

Proof. Let us use notation (5.10). The continuity of Z, (- |f, z°) (see Remark 4.3) and
(5.3) yield
lim &y, = Zn(@(f,2°)|f,2°) = &» (5.11)

m—00

(the latter equality holds by the definition of the target limit value w(f,z°)). By the
definition of an infinite precessing flow the trajectory flow (fm,xm)50_, corresponds to
the infinite control flow (t,,, wm)se—g. Therefore for any m = 0,1, ... the trajectory flow
(ti, z;)™, corresponds to the finite control flow (¢;, w;)i™,. Then by assumption A8

v (t—tm) < 2m(t)n — Em < VT (t—ty) (5.12)
for all ¢t > t,, and by assumption A7

[Zms1(t)n — Tm(t)n] < w([Wpt1 — Wml)

for all t > ¢,,. Hence, for all ¢t > t,,11
v (t=tm) — w([Wmt1 — Om|) < [Tmi1(B)n — &m| < V+(t —tm) + w(|Wmt1 — Ol

Therefore
0, < Tyt () — & < o)f forall ¢ >t (5.13)

where o, and o, are given in (5.8) and (5.9). For the composition z of the trajectory
flow (t, Tm)o0_y we have x(t) = z,(t) for all t € [ty,, timr1]. Then (5.13) gives us

inf o, <z(t), — &, < sup o, forall t>tps.
m2k m>k

Due to the arbitrarity of k for all ¢ > tx1 we have (5.4) with 87 (¢) and 87 (t) given
by (5.6) and (5.7) (see the expressions for ¢t > t;41). For t € [0,t1) (5.4) holds due to
(5.12) where we set m = 0 (see the expressions for ¢ € [0,¢1) in (5.6) and (5.7)). By (5.3)
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and by Assumption A8 w(|Wy41 — Wm|) — 0 as m — co. By Lemma 5.1 we have (5.2).
Assumption A8 and (5.2) imply that ming>¢,, ., v~ (t—t,) — 0 as m — oo. These relations
and (5.11) yield that o, — 0 as m — oo (see (5.8)). Similarly we get that o, — 0 as
m — oo. Hence, for 87 (t) and 37 (t) (see (5.6) and (5.7)) we have (5.5). The lemma is
proved.

A similar result holds for finite processing flows.

Lemma 5.4 Let
(i) assumptions A3, A4, A7 and A8 be fulfilled,
(ii) R = (wo, Wo, b0, s, I, E) be an operative control strateqy and (tm, W, Tm, Win)r—o
be a finite processing flow for an (f,z°) € S under R,
(iii)
o, = w(f,z°). (5.14)
Then the composition x of the trajectory flow (tm,, Tm)n,—o Satisfies

B (t) < x(t)y — &, < BT(t) forall t>0

where
‘B (1) — Tim BT (1) — 0
Jim 57(t) = lim 87 (t) = 0;
moreover,
v (t) + | &, — &0 if tel0,t),
g (t) = min{infr—szZk Oy V (t—1t.)} if t€E [thrr, thta), K <1 —2,
v (t—t) if t>t,,
v (t) + |20 — &l if t€[0,t1),
pr(t) = Max{sup, os,,>k Oy VTt —t)} if t€ [thyr,trpo], K <7 —2,
v (t—t,) if t>1,

with o,,, 0,5, and &, defined by (5.8), (5.9), (5.10).
We omit the proof which is similar to the proof of Lemma 5.3.

Lemma 5.3 is more informative than Lemma 5.4, since it adresses a “generic” case
where a processing flow corresponding to a control strategy is infinite. In Lemma 5.3 a
key condition for the stabilization relations (5.4) is the convergence (5.3) of the limit values
for the current admissible controls to the target limit value w(f, ). Lemma 5.4 deals
with an “exceptional” case where w(f,z") is (apparently) “found” by the limit value for
the admissible control at some finite step of the control process (see (5.14)). Wishing to
use these conditions to stabilize the (real) system, the controller faces a nontrivial task: to
ensure the convergence (5.3) (or the precise equality (5.14)) without knowing the system
(f,20) that is actually regulated.

We approach a solution using an appropriate asymptotics for the lower estimates W,
of the set of all inconsistent limit values w for admissible controls; the latter set consists
obviously of all @ # w(f,2°). Step by step the estimates W,, are extended so that
eventually they cover the entire interval [w™,w™] of “meaningful” (see assumption A5)
limit values for admissible controls — except for the target limit value w(f,z°). Such
remarkable asymptotics of W,, emerges thanks to assumptions A8 and A5, which allow
the controller to register the inconsistency of the limit value w,, of a current (operative)
extension w,, with an immediate identification of which of the “inconsistency” inequalities,
Wy, < W(f,2°) or Wy, > w(f,2°), holds actually.

An accurate formulation is the following.
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Lemma 5.5 Let

(i) assumptions A3, A4, A5 and A8 be fulfilled,

(ii) (i, w;)™o be a finite operative control flow, (f,z°) € S, (i, z:)™, be a trajectory
flow for (f,z%), corresponding to (t;,w;)™y, and v~ and v be the functions defined in
assumption AS8.

Then for every t > t,, the inequality

T (O)p — T <V (E— t) (5.15)
implies
W < W(f,2°), (5.16)
and the inequality
Tt — n > VT (t—tn) (5.17)
implies
Wy, > W(f, 2°). (5.18)

Proof. Let t > t,, and (5.15) hold. By the definition of the target limit value w(f, z°)
we have &, = Z,(W(f,z%)|f, 2°). Therefore, (5.15) is equivalent to

Lo (V) — Tn(W(f, 20)| f,2°) < v (t — ).

By assumption A8
v (t - tm) < 'xm(t)n - a_cn(u_)m‘fa xO)'
Hence,
$nxt%1_'jn(ﬁ(faxoﬂfax0)<:xnxt%z_'jncwnﬂfax0%
or
Zn(W(f, xo)\f, xo) > T (W] f, .ch). (5.19)

By assumption A5 Z,, (- | f, 2°) is increasing on [w ™, w*]. Furthermore, @ (f, 2°) € [w™, w™]
and W, € [w™,w™] since the finite control flow (¢;, w;)™ is operative (see (4.1) and (4.2)).
Consequently, (5.19) yields (5.16). We showed that (5.15) implies (5.16). Similarly, we
show that (5.17) implies (5.18). The lemma is proved.

In what follows, the common notation |dy, do| is used for an open, closed or half-open
interval of reals with the endpoints d; and ds.

Lemma 5.5 can be interpreted as follows: if in step m + 1 of the control process
at some point in time, ¢, the observed state x,,(t), of the real system satisfies (5.15)
or (5.17), then the limit value w,, of the current admissible control w,, is inconsistent;
moreover, (5.15) implies that the entire interval [w™,w,,] is inconsistent (in the sense
that it comprises inconsistent limit values only), whereas (5.17) implies that the entire
interval [@W,, wT] is inconsistent. This gives us a clear idea of the construction of an
inconsistency signal map s and an inconsistency estimate map I in a desired (operative)
control strategy R = (wo, Wo, &0, s, I, E). Indeed, we see that the inconsistency signal map
s should produce an inconsistency signal (i.e., take value 1) if either (5.15) or (5.17) is
registered; and the inconsistency estimate map I should define the new set estimate W, 1
as the union of W,,, and one of the intervals [w ™, w,,] and [@,,, w'], depending on which
of the inconsistency inequalities, (5.15) or (5.17), is registered.
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Thus, it is reasonable to set

) 1 if zp(t)n —2n <v (t—tm),
8(ty oy Winy Ton (s Ton (i) W) =< 1 if 2y (B)p — &n > v (8 — ), (5.20)
0 otherwise,

and
Wm—l—l = I(t:na tma Wi, xm(t)na xm(tm)na Wm)
V?m Ulw™, W] i zp(t5)n — Tn < v (t—tn),
= Wi U [0, w*] 3 2 (t5,)n — &0 2> vF (t = th), (5.21)
W otherwise

(in the latter formula the last line is just a formality; it corresponds to the case where the
inconsistency signal is not produced and, consequently, there is no need to update Wm).

If the controller uses (5.20) and (5.21), then each step m, in which the current limit
value w,, is identified (via s) as inconsistent, results in an essential extension of the current
estimate W,,: one of the “solid” intervals, [w™, Wy,] or [Wym,, w'], is added to W,. In this
situation, the current (upper) estimate for the set of “consistent” limit values, i.e., the
complement [w~, w*] \ W,,, is necessarily an interval |v,,,v;}| C [w™, w™] containing the
target value w(f, xo). Now suppose that the extension map E places the new limit value
W41 in the middle of the new “consistency” interval |v,, 1, v 4]:

v +ut
Zm4l T "mAl (5.22)

U_)m—l—l == 9

Then in step m + 1 the “consistency” interval |v,, +2,v;; 4o is two times shorter than
[Urn1s Vrn 1| (unless step m+1 terminates the control process, implying @1 = W(f, z°)).
As a result, |v,,,v;;| shrinks gradually to @(f,z°). This pattern can be viewed as an
asymptotic version of the Krasovskii extremal shift feedback principle, known in differential
games (see Krasovskii and Subbotin, 1974). Together with the convergence properties
stated in Lemmas 5.3 5.4, it leads us to a solution of the stabilization problem.

In the rest of this section we implement the above informal argument rigorously. We
call an operative control strategy R = (wq, Wo, do, s, I, E) a target identification strategy

~

if wy is an operative extension (wy € Wy);

Wo = (—00,00) \ [w™,w™]; (5.23)

the inconsistency signal map s is given by (5.20); the inconsistency estimate map I is given
(5.21); and the extension map FE is such that w11 = E(tm+1, tm, Wiy, Tm () ns Tm (Em)ny Wint1)
satisfies (5.22) provided

™, W\ Wit = [ g | (5.24)

Note that the definition of E is correct thanks to assumption A6. We aslo note that
generally an extension w11 satisfying (5.22) is not unique, therefore a target identification
strategy is defined not uniquely.

Our main statement is the following.

Theorem 5.1 Let assumptions A1 — A8 be fulfilled. Then
1) every target identification strategy R = (wg, Wo, s, I, E) is a stabilization strategy;
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2) if the set {Z,(-| f, z%) : (f,2°) € S} of the nth coordinate rest point maps is uniformly
continuous on [w™,wt], i.e.,
lim(e) =0 (5.25)

e—0

where

¢(5) - Sup{‘in(nl‘fa xO) - En(”Q‘fa xO)‘ M, M2 € [w_a w+]a ‘771 - 772‘ <g, (f’ xO) € S}’
then there exist real functions 5~ and 5t on [0, 00) such that

lim 37 (t) = lim 1 (t) = 0 (5.26)

e—0 e—0

and for every system (f,z°) € S and every trajectory x of (f,z°) under the control strategy
R, it holds that

B(t) < x(t)n — &n < BT(t) for all t>0; (5.27)
moreover,
3~ — v (t) —|Zn — €| if te[0,t1),
Bt = { infskam  if t>the, k=0,1,..., (5.28)
+ 5 .
2+ . 14 (t) + ‘.xn — fo‘ lf te [O,tl)’
() = { SUD;> O, if t>tge1, k=0,1,..., (5.29)
where
- L
=it () W) (e
Um - tthE)lanrl 14 (t tm) w ( 2m—2 ) p ( 2m_1 ) 9 (530)
% wt —w™ wt — w
5 = sup vi(t—-12)+w (W) +p (2”17_1> ) (5.31)
t2t9n+1
to =0, th, 4 =1t +inf{do(t,w):t>1t, weW} (5.32)

(m=1,2,...).

Proof. Let (f,2°) be an arbitrary system in S and x be an arbitrary trajectory of (f, z°)
under the control strategy R.
In order to prove statement 1 we must show that

lim z(t), = &p. (5.33)

t—o00

Suppose x is an infinite-step trajectory. By definition there exists an infinite process-
ing flow (tim, Wi, T, Win)_o for (f,2°) under R such that = is the composition of the
trajectory flow (¢, m)59_, i€,

x(t) = () for all ¢ e [0,t,,) (5.34)

for each m = 0,1, .... By the definition of an infinite processing flow the trajectory flow
(tm, Tm)20_ correspons to the control flow (¢, wp)5S_; for each m = 0,1. .. the set

T = {t >t 2 5(t, tons Wins T (V) Ton (b ) s W) = 1} (5.35)
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is nonempty; ty, 11 = t5, + 0(t,, Wy ), where ¢, = inf T;,,; and for each m =0,1...
m)
m)

Wm—l—l - I(t:mtmawmaxm(t)naxm(t n Wm)a
Wm+41 = E(tm—i—la tmy Win, xm(t)na xm(t n Wm—l—l)' (536)

The former relation and (5.21) yield

V?m Ulw™, @] if zp(tl)n —Tn <v (8, —tm),
Wi U [@, w

Wint1 = wt] iz (t)n — & 2 VT (8, — tm), (5.37)
W otherwise.

For each m = 0,1... the fact that the set T},, (5.35) is nonempty and the definition
of the inconsistency signal map s (see (5.20)) yield that for every t € T, we have either
Tt — &n < v (t — ty) OF Tp(t)y, — & > v (t — t). By Lemma 5.5 the former
inequality and the latter inequality imply, respectively, the inequalities w,, < w(f,z%),
Wy, > W(f,2°). Therefore, for ¥, = inf T}, we have one of two cases:

T (B — B S V(5 — ), W < B(f, 2°), (5.38)

Ton(E ) — B = v (B — ), B > B(f, 2°) (5.39)

(Lemma 5.5 is applicable since, as noticed above, the finite control flow (t;,w;)i", is
operative).

Basing on this, we will now show that for every m = 0, 1,... the set [w™,w™] \ Wy41
is an interval |v,,,;, v, | containing the target limit value @(f,2°). We use induction.
As noted above, for m = 0 we have either (5.38) or (5.39). Let (5.38) hold with m = 0.
Since wy € Wy, we have wg € [w™, wt] (see (4.1)). Then by (5.37) and (5.23)

Wl = W() U [w_,u_)()] = (—OO, OO) \ [ll_)o,w+],

and clearly @ (f, 2% ¢ Wi; hence, [w,w"]\ Wi = |v], v | = (w0
-~ w

|v], vy |. Similarly, if (5.39) holds with m = 0, we state that |w ’+] \ Wi = |ug,vf
[w™,wp) and W(f,2°) € |v,v{|. Now assume that
w(f,2°) € v, o] = [w™,wh] \ Wi, (5.40)
for some m = 0,1,.... As we noticed earlier, we have (5.38) or (5.39). Suppose (5.38)
holds. Due to (5.37)
Wanst = Won U 0™ @] = [(—00,00) \ [, vl] U [, ).
By (5.40) and (5.38) w™ < W, < w(f,2°) < v}, < w™T. Therefore
(£, 2°) € [0, 0\ W1 = om0, vhn] = | max{un, b, v (5.41)
Similarly, if (5.39) holds, we state that
B(f,29) € [0, w0\ W1 = 015 0] = oo min{uy @l (5.42)

This completes the proof by induction. Moreover, we stated that for each m = 0,1, ...
one of the relations (5.41) and (5.42) holds, implying, in particular, (5.24).

Recalling the definition of the extension map F and taking into account (5.24), we find
that for every m = 0, 1... the limit value Wy,4+1 for w41 (5.36) is given by (5.22). Now
replacing m by m+1 in (5.41) and (5.42), we get that one of the following relations holds:

w(f, -76'0) € ‘U%+2av$+2‘ = ‘max{v;z—l—lﬂwm-l—l}’vr—;—l—l" (5.43)
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w(fa xO) € ‘U;H—Qa U;—H-Q‘ - ‘U;H—la min{v;z—f—la wm-f—l}" (5'44)

Suppose (5.43) is satisfied. Taking into account (5.22), we get

- +
o oot = | U1 T Vm1 |
’Um+2, Um+2 - vm+1’ 2 3

hence,

+ - U1 ~ Umii1
Uniga ~ Uy = (5.45)

Similarly, we obtain (5.45) if we assume that (5.44) holds. We stated that for every
m =0,1,...(5.45) holds. Therefore,

+ —
— w —w
v$+1—vm+1§27m for all m:O,l,....

Hence, in view of @(f,z°) € |v;,, 1, v} 1] (see (5.41) and (5.42)) and (5.22),

_ . 0 wt —w™
|Om1 —w(f, )\ST forall m=0,1,.... (5.46)
Now we make use of Lemma 5.3. Assumptions (i) and (ii) of Lemma 5.3 are satis-
fied trivially. Above we noticed that the infinite control flow (t,,,wn)59_, is operative.
Furthermore, by (5.46) lim,, o0 Wy, = W(f,2°). Thus, assumption (iii) of Lemma 5.3 is
fulfilled, too. Applying Lemma 5.3, we find that the trajectory x being the composition
of the trajectory flow (¢, Zm)50_ satisfies

B~(t) <x(t)y — 2n < BH(t) forall t>0 (5.47)

where limy_,oo 37 (t) = limy_00 37 (t) = 0. We get (5.33) and thus complete the proof of
statement 1.

Let us prove statement 2. Suppose (5.25) holds. Taking into account that v (r),v*(r) —
0 as r — oo (see assumption A8) ¢ .| — 10 — oo as m — oo (see (4.3) and w(p) — 0 as
p — 0 (see assumption A7), we easily find that for 3~ and 3% given by (5.28) and (5.28)
the limit relations (5.26) hold true.

Let us show the estimates (5.27). Consider the estimates (5.47). By Lemma 5.3 57 (t)
and 37 (t) (see (5.47)) are given by (5.7), (5.7) where o, and o, are defined in (5.8),
(5.9), (5.10). By (5.46)

B B wt —w™
W1 — Wi | < “oma

hence, in view of (5.8) and (5.9)

o, < inf v (t—t,) —w

mo= t>tm1 ( 2m=

of > sup vT(t—ty)+tw
t>tm41

One can easily state that

o, >0, of<ah (5.48)
where ., and &, are given by (5.30) and (5.31). Indeed, comparing o,, with &,, and o,
with &, we see that for (5.48) it is sufficient to show that

inf v (t—ty) > inf v (t—1), sup v (t—ty,) < sup v (t—1t2), (5.49)

- 0
t2tmy1 t2th, t2tmy1 t>t0 0
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and
+

|#n — &m| <9 (%) : (5.50)

Since tiy1 > t; + do(ti,wi) (i = 0,1,...), we have &y, > 0, tp1 > 0, (see (5.32)).
Therefore, (5.49) holds true. Noticing that &, = Z,(W,|f,2°) (see (5.10)) and Z, =
Zn(W(f, 2°)| f, 2°) and taking into account the definition of 1 (&) and (5.46), we get (5.50).
Thus, (5.48) is stated. Now, comparing 3~ (5.6) with 3~ (5.28) and 8% (5.7) with 3*
(5.29), we find that 3, > 3. and 3 < 3. Hence, (5.47) implies (5.27).

The case where z is a finite-step trajectory of (f,z°) under the strategy R is treated
similarly; Lemma 5.4 is used instead of Lemma 5.3.

The proof is completed.

6 Stabilization of balance processes

In this section we consider an application of Theorem 5.1 to control systems of the form
presented earlier in the context of the problem of stabilization of atmospheric carbon (see
section 1):

Ht) = p(t) + cult) + g(a(t). y(1). 6.1)
i) = —g(a(®).(0) |
2(0) =, 4(0) =y (62

here z(t), y(t) € R" represent the system’s state; u(t) is a 1-dimensional control parameter;
¢ € R™, the functions ¢ : [0,00) — R"™ and g : R" X R" — R" are continuous. For a system
of form (6.1), (6.2) we have

z(t) +y(t) = 2° + 30 + cw(t) + O(t) (6.3)

where

w(t) = /0 Cu(r)dr, (6.4)
(1) = /0 L o(r)dr. (6.5)

If z(t) and y(t) represent the amounts of a certain substance in two compartments of a
physical system, (6.3) gives us a balance equation showing that the total amount of the
substance in the system remains constant unless extra amounts of the substance enter one
of the compartments with a nonzero rate ¢(t) + u(t).

Following the notations of sections 2 — 5, we treat functions w (6.4) as controls, and
write 1 (t) instead of u(t). We fix a bounded interval [wy , wg ] containing 0 and a bounded
interval [w],w;’] and make the following assumption.

A9. The set W of all admissible controls consists of all real functions w : [0, 00) —
[wg ,wg] such that w is absolutely continuous on every bounded subinterval of [0, co),
w(0) = 0, the limit relation (2.3) holds for some real w, and i takes values in [w] , w].

We assume that there is a “real” system of the form (6.1), (6.2), and the controller
needs to design an admissible control w that brings the nth coordinate, z,(t), of the state
component z(t) of the “real” system to the prescribed value Z,, as t — co. The real system
is not known to the controller; instead the controller is given a class B of systems of the
form (6.1), (6.2), which contains the real one. When forming a desired admissible control
the controller is allowed to observe the current values z,,(t).
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This stabilization problem is identical to the one considered in sections 2 — 5; the two
problems differ in the form of the control systems only (compare (6.1), (6.2) and (2.1),
(2.2)). However, this difference is merely formal. Using (6.3), we easily reduce a system of
the form (6.1), (6.2) to a system of the form (2.1), (2.2), and thus come to the stabilization
problem posed and analyzed in sections 2 — 5. Namely, expressing y(¢) from (6.3) and
substituting into the first equation in (6.1), we get

$(t) = f(t, z(t), y(t), w(t), w(t)),
z(0) = 2°

where

flt,z,w,v) = @(t) + cv + gz, —z + 2° + 0 + cw + B(1)). (6.6)
A formal (obvious) statement is as follows.
Lemma 6.1 Let c € R", ¢ :[0,00) — R"™ and g : [0,00) x R" x R" — R™ be continuos,
29,90 € R", f:[0,00) x R* x R" — R™ be given by (6.6), w € W and u = w. Then a
function (z(-),y(:)) : [0, 00) — R™ x R"™ is a (Caratheodory) solution to (6.1), (6.2) if and

only if x(-) is a trajectory of the system (f,z°), corresponding to w, and (6.3) holds for
all t > 0.

Now we specify the class B of amissible systems of the form (6.1), (6.2). We fix a
continuous function ¢ : [0, c0) — R™ such that

lim ¢(t) =0 (6.7)

t—o00

and the function ® given by (6.5) satisfies

lim ®(¢) = ® (6.8)

t—o00

with some ® € R”. We also fix Ko > 0, K >0, a; > 0, by > 0, ¢; > 0, and nonempty
bounded sets X° and Y° in R®. We identify B with a subset of the set of all 4-tuples
(c,9,7° y°), where c € R" g: R x R* — R™ and 2°,y° € R", such that

(i)

le| < e (6.9)

(i)
%€ X0 4% cY?, (6.10)

(iii)
9(0,0)=0, [g(0,5)] < Ko(1+|yl) forall ye R™ (6.11)

(iv) g is continuously differentiable and

‘W‘ <K forall z,yeR", (6.12)
Y

(v) for all z,y € R™ the matrix

G('xa y) =

(6.13)

is nondegenerate and

(G_l(x, y)MC>n <0 (6.14)
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(here 9¢(z,y)/0x and dg(x,y)/dy are the Jacobi matricies for the maps x — g(z,y) and
y — g(z,y), respectively; we also recall that z,, is the nth coordinate of a z € R"™);

(vi) the matrix functions (x,y) — 0g(z,y)/0y and (x,y) — G~(z,y) are Lipschitz
continuous on R"™ x R";

(vii)

(xt — 22, gzt y) — g(22,y)) < —aq |zt — 22)? (6.15)
for all z!',22 € R", y € R"
and
bily' = < (vt —y% 9(2,9") — gz, 9%) (6.16)
for all = € R", y*,y?> € R
here and in what follows, | - | and (-,-) are, respectively, the Euclinean norm and scalar

product in R™.
In this section we assume the following.

A10. The class S of admissible systems is the set of all (f,z%) (of the form (2.1),
(2.2)) such that f is given by (6.6) for some (c, g, 2% ¢°) € B.

Under this assumption, we study the stabilization problem formulated in section 2;
the latter problem represents formally the above outlined stabilization problem for an
uncertain system of the form (6.1), (6.2).

Technically, our goal is to state that assumptions Al — A8 are fulfilled.

Lemma 6.2 Let assumptions A9 and A10 be fulfilled. Then assumptions Al and A2 are
fulfilled. Moreover, there is a bounded set X C R"™ such that for every system (f,z°) € S

and every admissible control w the trajectory of (f,x°), corresponding to w, takes values
in X.

Proof. Consider assumption Al. The continuity of ¢ and g for every (c, g, 2% ¢%) € B
yields that f (see (6.6)) is continuous for every (f,z°) € S. Assumption A1 is fulfilled.

Consider assumption A2. Let (f,2°) € S. Then f is given by (6.6) where (c, g, 2°, %) €
B. Take a w € W. For all 2!, 2% € R and almost all t > 0

A(xl,xQ,t) = (acl — 22, f(t, xl,w(t),w(t)) — f(t, xQ,w(t),w(t)» (6.17)

is transformed as follows:

Azl 2% t) = (a' =22 g2, —2' + 2) — g(2?, —2® + 2))
(x' — 22 g(at, —2' + 2) — g(2®, —2' + 2)) +
(x' — 22, g(2?, -2 + 2) — g(2?, 2% + 2))
= (z' —2? g2, —z' +2) — g(2?, —2' +2)) -
(=t — (=2?), g(2?, -zt + 2) — g(2?, —2? + 2)) (6.18)
where z = 29 + 30 + cw(t) + ®(t). Hence, by (6.15) and (6.16)
Azt 2% t) < —(ag + by) |zt — 2?2 (6.19)

Then, in view of (6.17), (6.6) and (6.11), for all z € R™ and almost all ¢ > 0
A($, 0, t) = <$a f(ta €T, w(t)’ w(t))> -
(, (1) + ci(t) + g(0,2° +y° + cw(t) + (1))
—(ay + by)|z|% (6.20)

IN
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The continuity of ¢ and (6.7) imply that ¢ is bounded. By assumption A9 w and w take
values in the bounded intervals [wy,wg] and [wy,w]], respectively. Therefore, due to
(6.11) and due to the boundedness of X° and Y

lo(t) + cir(t) + g(0, 2° + y° + cw(t) + ®(t))| < C forall t>0

with some C' > 0 not depending on (f, 2°) and on w. Now (6.20) yields that for all z € R™
and almost all ¢t > 0

(, f(t, 2, w(t), w(t)) < Kilz| - (a1 + b1)|z|?

with some K; > 0 not depending on (f,z°) and on w. The latter condition guarantees
that every solution to the differential equation (2.1) is extendable to [0, c0), which proves
assumption A2. Moreover, taking into account that X° is bounded, we find that there is
a bounded X C R". such that every solution to (2.1), (2.2) takes values in X. The proof
is completed.

Assumptions A3 and A4 involve a set X containing the values of the trajectories of all
systems (f,z°) € S. In this section we assume that X is a bounded set defined in Lemma
6.2.

Lemma 6.3 Let assumption A10 be fulfilled. Then assumptions A3 and A4 are fulfilled;
moreover, for every system (f,z°) € S the limit dynamics f is given by

fz,n) =g(x,—z+2°+9y° +cn+ ) (6.21)
where (c, g, 1% y°) € B is such that f satisfies (6.6).

Proof. Consider assumption A3. Let (f,z°) € S and f be given by (6.6) where
(c,g9,2°% %) € B. Let w € W. The form of f (see (6.6)) and relations (6.7), (2.5) and (6.8)
show that for every z € R"

tlg& vraimax,>¢| f (¢, z, w(t), w(t)) — f(z,w)| =0

where f is given by (6.21). Assumption A3 is fulfilled.

Consider assumption A4. Let (f,z°) € S, f be given by (6.6) with (c, g, 2% y%) € B,
and n € W. By (6.21) f(x,n) = g(z, —x + z) where z = 20 4+ 4° 4 ¢+ ®. Thus, we must
show that the equation

g(z,—x+2)=0 (6.22)

has the unique solution in R"™. Suppose the differential equation

(89(50\), —EN)+A2)  9g(E(N), €M) + AZ)) dé(d) | 9g(E(A), —€(A) + A2)

=0
O Ay d\ 0y ‘

or, equivalently,

d€(A) | 99(E(N), —€(A) + A7)

GEN), ~€0) +A2) 5 o

z=0 (6.23)

(see (6.13)) has a solution £ on [0, 1], which satisfies the initial condintion £(0) = 0. Then,
clearly, for all A € [0, 1]

9(E(A), =€(A) + Az) = ¢(£(0), =£(0)) = ¢(0,0) = 0
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(see (6.11)); in particular, £(1) solves (6.22). Rewriting (6.23) as

de(\) D9(6(N), ~6() +)2)

S = =GN EN), —EN) +22) By

and taking into account that the matrix functions (z,y) — 9g(z,y)/dy and (z,y) —
G~ Y(z,y) are Lipschitz continuous, we find that the desired solution &(-) exists indeed.
Thus, the equation (6.22) has a solution. Suppose there are two different solutions to
(6.22), x! and x2. Then

D = <.CC1 - an g(xla _xl + Z) - g(an —.CCQ + Z)> = 0.
On the other hand, similarly to (6.18), (6.19) we get
D = <$ —a?,g(z', —z' +2) — g(2? —a! +2)) -
< ( 2),9(552, —$1+2) —g(xQ,—x2+z)>

< —(ag + b))zt -2 <0
(see (6.15) and (6.16)). The contradiction shows that the solution to (6.22) is unique.
Assumption A4 is filfilled. The lemma is proved.

By Lemma 6.3 for every (f,z°) € S the rest point map Z(-| f, z°) and its nth coordinate
projection Z, (-| f, %) are defined on W.
Let us fix a nonempty closed interval [w=, w™] C [wy , wg].

Lemma 6.4 Let assumption A10 be fulfilled and
Zn(w|f,2°) <&y En(w|f,2°) > 2y (6.24)
for every (f,2°) € S. Then for the interval [w™,w*] assumption A5 is fulfilled.

Proof. Let (f,2°) € S and f be given by (6.6) where (c, g, 2% y°) € B. In view of (6.24)
it is sufficient to show that Z,(-|f, z°) is increasing on [w—,wt]. For brievity we write
T,(-) and Z(-) instead of Z,,(-|f, z°) and Z(-| £, 2°), respectlvely For every n € [w™, w*] we
have f(Z(n),n) = 0 where f is the limit dynamics for (f,z°) By Lemma 6.3 f is given by
(6.21). Therefore, for every n € [w™, w™]

9(z(n), =Z(n) + ecn+2) =0
where z = 20 + y° 4+ ®. The differentation yields that for all n € [w™, w™]

G(z(n), —2(n) + cn + 2) dfl(:) 1 B9@), _32(;7) tenta), g

(see (6.13)); hence,

di;rén) _ (—G_l(f(n), —5(77) +Cn+2)ag(£(n)’ _'Z(;) +cn+2)c>n'

By assumption the right hand side is nonnegative (see (6.14)). Therefore, Z,(-) is increas-
ing on [w™,w™]. The lemma is proved.

Now we turn to assumptions A6 — A8 invloving operative control flows and specify
the definition of the sets of operative extensions. Let us suppose that every switch of
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an admissible control is “penalized” by a new constraint on the subsequent admissible
controls. Namely, let us fix a positive-valued decreasing function 7 on [0, c0) such that

tlg& v(t) = 0. (6.25)
We suppose that if at some time t;41 the current admissible control w; is switched to
a wit1 € W(t,w;), then necessarily |w;11(7)| < v(tiy+1) for almost all 7 > ¢;41. Recall
that the target identification strategies (we are going to apply) are operative, i.e., in every
switch they generate some w;;; € W(t,w;) (see (5.1)). Therefore, in order to satisfy
the “switch penalization” constraint automaticaly, we assume that if v € W(t, w), then
|0(7)| < 7(t) for almost all 7 > ¢. Further details in the definition of the sets of operative
extensions are technical and intend to meet assumptions A6 — AS.

An admissible control w will be said to be stabilized if there is a 7 > 0 such that
w(t) = w for all t > 7; 7 will be called a stabilization time for w. We fix a positive-valued
decreasing function -y on [0,00) such that yo(t) < (t) for all ¢ > 0 and assume the
following.

A11. For every w € W and every ¢t > 0 the set W(t, w) of operative extensions of w
beyond t consists of all v € W(¢, w) such that

(i) v is stabilized,

(i) v € [w™,wt],

(iii) ©(7) is either nonnegative for almost all 7 > 0 or nonpositive for almost all 7 > 0,

(iv) yo(t) < |0(&)| < v(t) for almost all £ € [¢, 7] where T is the minimum stabilization
time for v.

The set Wy of initial operative extensions consists of all v € W satisfying (i) — (iv).

Lemma 6.5 Let assumptions A9 and A1l be fulfilled, (t;,w;);m_, be a finite operative
control flow, and 1, be the minimum stabilization time for w; (i =0,1,...,m). Then for
alli=0,1,...,m

d
T <ti4+ —— 6.26
@) (6.26)
where B
d = max{w™,0} — min{w~, 0}. (6.27)

Proof. Indeed, by assumption All wg is either positive-valued or negative-valued on
[0, 70]. Hence, wy(t) is located between wy(0) = 0 (see assumption A9) and wy(79) = W €
[w™,wt] for all ¢ > t;. Consequently,

wo(t) € [min{w™, 0}, max{w™,0}] forall t>0. (6.28)
Since |wo(7)| > vo(t) for almost all ¢ € [0, 70] (see assumption All, (iv))
|@o| = [wo — wo(0)| = [wy(70) — wo(0)] = Yo(70)-

By (6.28) the left-hand side does not exceed d (see (6.27)). Then (6.26) holds for i = 0.
Similarly, using induction, we state (6.26) for ¢ = 1,...,m. The proof is completed.

Our final assumption (needed to prove the validity of assumption A8 — see Lemma 6.9
below) concerns the operative delay map dy.

A12. For every stabilized w € W and every ¢ > 0 it holds that ¢ + d¢(¢, w) > 7 where
7 is the minimum stabilization time for w.
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Lemma 6.6 Let assumptions A9 — A1l be fulfilled. Then
1) assumption A6 is fulfilled,
2) assumption A7 is fulfilled with

o+ K
ay +b1u'

w(p) =

Proof. Assumption A6 is fulfilled obviously (see (ii) in assumption A11). Let us prove
statement 2. Let (,, wm)%ié be a finite operative control flow, (f, z°) € S have the form
(6.6) for some (c, g, 2% y°) € B and (t;, 2;)™5" be a trajectory flow (t;, ;)7 5! for (f, 20),
corresponsing to (t;, w;)5'. We must show that

CQ—l-K
a; + b1

[Zm41(t) — zm(t)] < |[Wint1 — Wi (6.29)

for all t > ¢,,41. For almost all ¢ > t,,,1 we have (see (6.6))

1) = 2P = {emia(8) = 2m(0), i1 (6) — i ()
= (Tms1(t) — 2m (1), c(m41(t) — wm(t))) +
(Tmi1(t) — zm(t), Agm(t)) (6.30)

where

Agm(t) = g(Zm41(t), =Tmi1(t) + 2m41(t)) — g(zm(t), —Tm(t) + 2m (1))

Zmi1(t) = 204+ 90 + cwmyi(t) + (1),
zm() = 2%+ 940 + cwn,(t) + ().
We set
Agm(t) = Algm(t) + AQQm(t)
with
Algn(t) = g@mi1(t), —Tms1(t) + 2m+1() = 9(@m(8), —2m(t) + 211 (1)),

Algn(t) = g(@m(t), —zm(t) + 2mr1(t) = 9(@m(t), —Tm(t) + 2m (1))
Using (6.15) and (6.16), similarly to (6.18), (6.19) we get
(@m1(t) = 2m(t), Algm(t)) < —(a1 +b1)|zm11(t) — 2m(B)]*.
In view of (6.12) and (6.9)

(@ms1(t) = 2m(t), A (1) |2m+1(8) = 2m ()| A% (8)]

Klzm1(t) = 2m(@)|zm11(2) = 2m(1))]
Klzm1(t) = zm(t)|e1|wm1 (8) — wm(t)]-

VAN VAN VAN

Now (6.30) yields

1d

5 77| Tm1 (1) = 2 () < 21 (8) = 2 () o (1)
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where
hin(t) = c1lmi1(t) = wm(8)] = (a1 + b1)[Tm 41 () — 2m ()] + Kcfwmi1(t) — wm(t)].
Hence, for almost all ¢ > ¢,, 11 such that |x,,11(t) — zm(t)] >0

L i1 (t) = ()] = . A
e T 9 gt () — 2 (t)] dE

|Zm+1(t) = 2m()]* < hun(2).

Recalling that
Wint1(tmt1) = Wi (tmr1) (6.31)

and using the form of h,,(t), we find that for all ¢ > ¢,, 11

i) — (0] < IL(0) + I3,(0) (6.32)
where

t

L) = [ e T iy (7) — () dr, (6.33)
tm+1
t

() = / e~ (@) Ko (7) = wn (7)]d (6.34)
tmt1

Now we use assumptions A1l and A12 to estimate the integrals (6.33) and (6.34). By the
definition of an operative control flow t,,11 > t + do(wm, tym) and by assumption A12
tm + 00(Wm, tm) > &m where &, is a stabilization time for w,. Therefore,

W (T) = Wy, for all 7 > 41 (6.35)

and |[Wy41(7) — Wi (7)| = |Wm41(7)| for almost all 7 > ¢,,11. By assumption A1l (see
(iii)) Wm+1(7) is either nonnegative for almost all 7 > 0 or nonpositive for almost all 7 > 0.
Then for

W)= [ lima(idr

tm+1

we have

C(t) = |wms1(t) = Wing1(tmr1)| < [Oms1 — W1 (Eng1)| = [Wmg1 — W; (6.36)

the latter equality follows from (6.35) and (6.31). Intergrating by parts in (6.33), we get

1 ¢
Tl 1) = —(a1+b)t [ & _(a1+b1)t 1) — / (a1+b1)7 d
m(t) cie o ble ¢(t) e e ¢(r)dr
C1 C1 _ _
t) < mt1 — Win|. 6.37
a1+51C()_a1+bl‘w 17 Ol (6.37)

Consider the integral I2,(t) (6.34). In view of (6.35) and (6.31) for all 7 > t,,41

[ W41 (T) = Wi (T)] = [ Wit 1(T) = Win(tmr1)| = (7)) < [Wmp1 — Wi

(see (6.36)). Therefore,

t
I2(t) <K e~ (@b g — | dr <

) — Wy |. 6.38
. a1+b1‘ m+1 m ( )

Now (6.32) (6.37) and (6.38) yield (6.29). Statement 2 is proved.
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To prove the validity of assumption A8 we need two technical statements formulated
below as Lemmas 6.7 and 6.8. We set

{ 1 if p€lq,q+d/v(q),

C(p,q) = e~(@tb)(P—a=d/%(@) if p> g+ d/vo(q)

(p=q=0),  (6:39)

where d is defined in (6.27), and

((r) =sup{v()¢(p,q): ¢ >0, p=q+71} (r>0). (6.40)
Lemma 6.7 It holds that
lim ¢(r) =0. (6.41)

Proof. Take an arbitrary € > 0. For every r > 0 let ¢(r) > 0 be such that

e

Y(a(r)<g(r) +r,q(r) 2 C(r) = 3 (6.42)

Let
t(e) = sup {q >0:7(q) > %}

Since +y is decreasing, v(q) < /2 for all ¢ > t(¢). Taking into account ((p(r),q(r)) < 1
(see (6.39)) and (6.42), we find that

() <)) +7,000) + 5 < yla) +5 <o i glr)2te). (6.43)

Consider the case where ¢(r) < t(g). Since 7 is decreasing,

70(q(r)) = (t(e)) i gq(r) <t(e). (6.44)
Let p(e) > d/vo(t(¢)) be such that
-2
Then for all > p(e) such that ¢(r) < t(¢), in view of (6.44), we have (see also (6.39))

Ha(r)C(a(r) +7,(r) < Alg(r)e o)

< 7(0)e—(a1+b1)(0(6)—3/70(75(5)) <&
- -2
By (6.42) the left hand side is not smaller than ((r) — /2. Therefore,

C(r)y<e if q(r)<t(e) and r > p(e).

Combining with (6.43), we get ((r) < e for all » > p(g). This proves the limit relation
(6.41). The lemma is proved.

We set .
Ar) =sup [ e @00+ p) ~ Bldp (r > 0) (6.45)
q>0J0
Lemma 6.8 It holds that
lim A(r) = 0. (6.46)

t—o00
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Proof. Take an arbitrary e > 0. Let po(e) > 0 be such that |®(p) — ®| < (a1 + b1)e/2 for
all p > po(e) > 0. Then

(a1 + bl)E

2(g+p) =2 < —

forall ¢>0 andall p>py(e) >0.

Denote

C = sup{|®(p) — @] : p > 0}.
For every p > po(e) and every ¢ > 0

h(r,q) = /06_(“1+b1)(r_"’)\<1>(q+p)—‘f\dp

- C’/00(6) e_(“1+b1)(r_p)dp N (a1 +b1)e /r 6_(a1+b1)(r_p)dp
0 2 po(e)
C

— — (e—(a1+b1)(7‘—po(6)) _ e—(a1+b1)7‘) +
1 1

(al —+ b1)€ 1 (1 N e—(a1+b1)(7’_90(5)))
2 a1 +b

< Y ab)rpe) 4 €
- 2

a; +b
Let pi(g) > po(e) be such that

C
ar+ b

e—(a1+b1)(p1(€))—po(e)) <

DN ™

Then h(r,q) < ¢ for all p > p1(e) and all ¢ > 0. Since A(r) = sup,>q h(r, q) (see (6.45),
A(r) < e for all p > pi(g). This proves (6.46). The lemma is proved.

We are ready to state the validity of assumption AS.
Lemma 6.9 Let assumptions A9 — A12 be fulfilled. Then assumption A8 is fulfilled with

C1 K01 _
a+b ! (an+ 61)2> Cr)+ KA(r) - (647)

I/+(7‘) = v (r)= e_(al‘f'bl)(r)‘X‘ + (

where |X| is the diameter of the set X C R" defined in Lemma 6.2 (|X| = sup{|y1 — y2| :
y1,y2 € X}), € is defined in (6.40), (6.39) and X is defined in (6.45).

Proof. First of all, Lemmas 6.7 and 6.8 show that lim, o v~ (1) = lim, , vt (r) = 0.
Let (t;,w;)™_, be a finite operative control flow, (f,z°) € S have the form (6.6) with some
(¢,9,2% %) € B and (t;, 7;)™, be a trajectory flow (t;,z;)™_, for (f,z°), corresponsing
to (t;, w;)™,. Denote Z,, = (W |f, 2°). We will state that

|Zm(t) — Zm| < e_(a1+b1)(t_tm)‘xm(tm) — Zm| +
Kq

C(t —ty) + m&(t —tm) + KAt —t,,)  (6.48)

C1
a; + b1

for all ¢ > ¢,,,. Assume (6.48) holds for all ¢ > ¢,,,. Note that the right hand side in (6.48)
tends to 0 as ¢ — oo. Therefore, considering the left hand side in (6.48) and recalling that
by Lemma 6.2 z,,(t) € X for all t > t,,, we find that Z,, lies in the closure of X. Hence,
|Tm (t) — Zp| < |X]| for all ¢ > t,,,. Consequently, in (6.48) in the first term on the right
|Tm(t) — Zm| can be replaced by |X|. Then |z, () — Zm| < v (t — tm) (t > ty) with vT
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given in (6.47). This completes the proof (see assumption A8). Thus, our goal is to state
that (6.48) holds for all ¢ > t,,.
By Lemma 6.3 and by the definition of Z,,

f(a_cm, wm) = g(fm, —ZTm + zm)

where

Zm = 20 + 90 + cwp, + O
For almost all ¢ > t,,

1d _ 9 _ .
§a‘$m(t) —Zpl” = (@(t) = Tm(t), Tm(t))

= (zp(t) — T, (b)) + (X () — Tm, Agm(t)) (6.49)
where

Agm(t) = 9(@m (1), —2m(t) + 2m(t)) = g(@m(t), —2m(t) + 2m(t)) — 9(Tm, =T + Zm),

Zm(t) = 2% 4 30 + cwp,(t) + B(1).

We have
Agm(t) - Algm(t) + AQQm(t)
where
Algm(t) = g(@m(t), —zm(t) + 2m(t)) — 9(Tm, —Zm + 2m (1)),
A% (t) = g(Tm, —Tm + 2m(t)) — 9(Tm, —Tm + Zm)-

Using (6.15) and (6.16), similarly to (6.18), (6.19) we get
(@m(t) = Zm, Algm () < (a1 +b1)|wm(t) — Tm?,
and using (6.12) and (6.9), we find that

(@m(t) = Tm, Agm (1)) Klzm(t) = Zml|2m(t) = Zm]

<
< Klom(t) = Zm|(c1[wm(t) — @m] + | 2(t) — 2|).

Now (6.49) yields
1d

-z _ 2 <« 7
th‘xm(t) Tin|® < T (t) — TR ()

where
hin(t) = e1fiom(t)] = (a1 + b1) |2 (8) — Zm| + K (e1|wim(t) — G| +[2(2) — D).
Hence, for almost all ¢ > ¢, such that |x,,(¢) — @] > 0

d 1 d _ 9
N2 () = Fn| = =@ (£) — Zn|? < hun().
e (®) =l = g ()~ Enl? < ()

Using the form of h,,(t), we find that for all ¢ > ¢,

(@ () = Zm| < €OV g (1) — Zin| 4 I, (1) + T (1) + L (8) (6.50)
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where
(6 = /tlt e~ (Ot ETe i (1) dr, (6.51)
I2(t) = /tlt e~ (@ H)E=T) [ e |wpn (7) — Wy |, (6.52)
I3t = /tlt e~ T K1(7) — B))dr. (6.53)

Let us estimate the integrals (6.51) — (6.53) from above. Consider the integral I}, (t) (6.51).
Let 7., be the minimum stabilization time for wy,. Then w,,(7) = 0 for almost all 7 > 7,
and W, (7)] < y(tm) for almost all 7 € [t,,, 7] (see Assumtion All, (iv)). Therefore, for

te [tma Tm] .
1

ay +517

I,(t) < (tm)

and for ¢t > 7,

IL () < C1 to —(a1+b1)(t—Tm) _ —(a1+b1)(t—tm)
m() = a1+b17( )(6 e )

! —(ay+b1) (t—7m)
< tm 1101 .
- a;+ 517( )6
By Lemma 6.5) .
Tm <t + . 6.54
VO(tm) ( )
Therefore,
IL (1) < — 2y (tn)Cty ) € —2—C(t = tn) (6.55)
Y T a4 Y T a+ by mn :

where ¢ and ¢ are defined in (6.39) and (6.40). Consider the integral IZ(t) (6.52). Since
| Wi (T) — Wi | < () (T, — 7)  for 7 € [ty T,
|w(T) — Wy| =0 for 7> 7,

for all t € [tym, Tim)]

t
() < 6_(a1+b1)th1’)’(tm)/ €(a1+b1)T(Tm_T)dT

tm
= Keiy(ty)e (@atb? /t e(a1+b1)rdeT_/t e(a1+b1)77_d7_]
tm .
< Kcl,y(tm)e—(al—l—bl)tﬁ (e(al—i—bl)tt _ e(a1+b1)tmt) .
Kclfy(tm)e—(al—kbﬁtﬁ (e(al—l—bl)tt a1 thy)tm tm) N
Kclfy(tm)e_(“ﬁbl)tm (e(a1+b1)t _ e(al+b1)tm)
- Kclfy(tm)e—(a1+b1)ta1 Jlrbl (_e(a1+b1)tmt+e(a1+b1)tmtm) N
KCl’y(tm)e_(al'Fbl)tm (e(a1+b1)t _ e(“1+b1)tm)
< Kclfy(tm)e_(a1+b1)tme(al—l—bl)t
K
= ﬁﬂtm)
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and for all t > 7,

I2(t) = e (atb)lt=mm) /Tm e~ (@A) [ ey [, () — |
tm

_ e—(a1+b1)(t—7m)jr2n (Tm)

< e e,
1+b
Using (6.54), we find that
K01 K01 =
I3 (t) < m’)’(tm)qta tm) < m((t —tm) (6.56)

where ¢ and ¢ are defined in (6.39) and (6.40). Finally, for the integral I2 (t) (6.53) we
have

t—tm —
I3(t) =K / e~ (@) (E=tn=0)|B (¢, + p) — B|)dp < KA(t — t) (6.57)
0

where A is defined in (6.45). Now the estimates (6.50) (6.55), (6.56) and (6.57) yield the
desired inequality (6.48). The lemma is proved.

Lemmas 6.2, 6.3, 6.4, 6.6, 6.9 and Theorem 5.1 lead to our final statement on the
stabilization of an uncertain system of the form (6.1), (6.2).

Theorem 6.1 Let assumptions A9 — A12 be fulfilled and (6.24) hold for every (f,z°) € S.
Then every target identification strategy is a stabilization strategy.

Proof. By Lemmas 6.2, 6.3, 6.4, 6.6 and 6.9 assumptions Al — A8 are fulfilled. Then by
Theorem 5.1 every target identification strategy is a stabilization strategy.

Remark 6.1 The definition of the class B of adimissible systems of the form (6.1), (6.2)
is general enough. It particular it is not implied that the set {Z,(:|f,z°) : (f,2°) € S} of
the nth coordinate rest point maps for systems (f, z°) € S (see (6.6) and assumption A10)
is uniformly continuous on [w™, w™]. However, if one restricts B so that the latter uniform
continuity property is satisfied, then statement 2 of Theorem 5.1 is applicable and explicit
estimates for the distance of the current value z(t),, to the target point &, are guaranteed
in advance.

7 Example: stabilization of atmospheric carbon

Let us come back to the problem of stabilization of carbon in the atmosphere (see section
1). In section 1 we suggested to view this problem as a problem of stabilization of an
uncertain system of the form (1.3), (1.4), or, equivalently, (6.1), (6.2). Here, we treat this
problem using the formal setting described in section 6. The single specification is that
the dimension n of the state variables z and y is 1.

Let us provide a reasonable interpretation for assumption All. Consider the ba-
sic emission scenario ¢. We assume that ¢ is decreasing, ¢(¢t) > 0 for all ¢ > 0 and
limy 0 ©(t) = 0. Recall that the derivatives u(t) = w(t) of admissible controls w rep-
resent “correction” emissions modifying the basic emission scenario ¢(t). The latter is
corrected sequentially by ug(t) = wo(t), u1(t) = wi(t), ... switched on at times 0, 1, . .. as
determined by a chosen operative control strategy. Clearly, it is advisable to use correc-
tion emissions w;(t) that are considerably smaller than the basic emissions ¢(¢). In this
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context, we assume that every new correction emission scenario u;11(t) to be held during
some period starting from t;41, should not exceed, in absolute values, a given fraction of
the basic-scenario emission planned for the switching time: |u;41(7)| < y(tiy1) (7 > tiy1)
where

V(t) = ap(t) (7.1)
and « lies between 0 and 1. This implies that assumption A1l is fulfilled with  given by
(7.1) (to meet assumption A1l entirely, we suppose in addition that |u;+1(7)| > vo(ti+1)
(T > ti+1) where 79 is a decreasing function on [0, co) such that vo(¢) < ~(¢) for all ¢ > 0).

Let us summarize. We suppose the following: the dimension n of the state variables in
systems (c, g, %, y) € B is 1; the class W of admissible controls satisfies assumption A9;
the class S of admissible (1-dimensional) systems (f,z°) of the form (2.1), (2.2) (related
to the class B) satisfies assumption A10; the classes W(t, w) of operative extensions of
admissible controls w satisfy assumption A1l; and the operative delay map Jy satisfies
assumption A12. Note that the original linear carbon cycle models given by the first two
equations in (1.1) fall in B with a certain range of parameters oy, ao.

In order to apply the stabilization Theorem 6.1 one should state the (implicitly de-
fined) inequalities (6.24) for every system (f, %) € S. Here, we provide simple conditions
sufficient for (6.24). The conditions require that the interval [w™, w"] is sufficiently large
and contains 0 in the interior.

Taking into account that n = 1, we identify & with Z,, and Z(-|f, 2°) with Z,(-|f, 2°)
((f,2°) € S). Then (6.24) reads

z(wo|f,2°) <z, z(wT|f,2°) > 2. (7.2)

Lemma 7.1 Let n = 1, assumption A10 be fulfilled, w~— < 0 < w' and the inequalities
= b
g(&, —i+2°+4°+ ®) + —w~ <0, (7.3)
c

PN = b
g(@, 2+ 2%+ + ) + zlw+ >0 (7.4)

hold for all (c, g, x°,y°) € B. Then (7.2) (or, equivalently, (6.24)) holds for all (f,z°) € S.

Proof. Take an (f,xz°) € S with f given by (6.6) for some (c,9,2% ") € B. Using the
form of the limit dynamics f (see Lemma 6.3), we find that

A~

f@,w)=g@ —-2+z4+cw”)=9g(& -2+ 2) — Ag (7.5)

where z = 2% + 9% + ® and
Ag=g(&,-2T+2)—g@,—-2+z+cw)
Due to (6.16)
bi(w™)? < —cw Ag = clw™|Ag.

Hence,

b b
“Ag< ——wT| = —w.
c c

Now in view of (7.5) and (7.3) we get

f@,w)=g&, ~2+z+cw”) <g(#,—2+2)+—w <O0.
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Denote = Z(w~|f,z°). Recall that by the definition of the rest point map z(-|f, z°) we
have

f(@,w™) =0. (7.6)

Suppose the first inequality in (7.2) is violated, i.e., £ > &. By (6.15) and (6.16) the
function = — g(z, —z + z + cw™) is strictly decreasing. Therefore,

f@,w)=9@ -T+z4+cw)<g(@ —-T+z+cw) = f(Z,w ) <0

which contradicts (7.6). The contradiction proves the first inequality in (7.2). In a similar
manner we use the inequalities wt > 0 and (7.4) to prove the second inequality in (7.2).
The lemma is proved.

Theorem 6.1 and Lemma 7.1 yield the following statement.

Theorem 7.1 Let n = 1, assumptions A9 — A12 be fulfilled, w~ < 0 < wt and (7.8)
and (7.4) hold for all (c,g,2%y°) € B. Then every target identification strategqy is a
stabilization strategy.
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