View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by International Institute for Applied Systems Analysis (IIASA)

’ s International Institute for
- Applied Systems Analysis

[1TASA wwwiiasa.ac.at

Central Path Dynamics and a Model
of Competition, Il

Kryazhimskiy, A.V. and Stoer, J.

IIASA Interim Report
March 2000



https://core.ac.uk/display/33897697?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Kryazhimskiy, A.V. and Stoer, J. (2000) Central Path Dynamics and a Model of Competition, II. IIASA Interim Report.
Copyright © 2000 by the author(s). http://pure.iiasa.ac.at/6227/

Interim Report on work of the International Institute for Applied Systems Analysis receive only limited review. Views or
opinions expressed herein do not necessarily represent those of the Institute, its National Member Organizations, or other
organizations supporting the work. All rights reserved. Permission to make digital or hard copies of all or part of this work
for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial
advantage. All copies must bear this notice and the full citation on the first page. For other purposes, to republish, to post on
servers or to redistribute to lists, permission must be sought by contacting repository @iiasa.ac.at


mailto:repository@iiasa.ac.at

International Institute for Applied Systems Analysis
”ASA Schlossplatz 1 ¢ A-2361 Laxenburg e Austria

Science for ‘= Telephone: (+43 2236) 807 342  Fax: (+43 2236) 71313
Global Insight E-mail: publications@iiasa.ac.at e Internet: www.iiasa.ac.at
Interim Report IR-00-018

Central Path Dynamics and a Model of Competition. Il

Arkadii Kryazhimskii (kryazhim@mi.ras.ru)
Josef Stoer (jstoer@wmad62.mathematik.uni-wuerzburg.de)

Approved by

Gordon MacDonald (macdon@iiasa.ac.at)
Director, [IASA

March 24, 2000

Interim Reports on work of the International Institute for Applied Systems Analysis receive only limited
review. Views or opinions expressed herein do not necessarily represent those of the Institute, its National
Member Organizations, or other organizations supporting the work.



—ii—

Contents

Model of firm 1
Model of competition 4
Model of competition. Specification 5
Central path dynamics 6
Limit distributions within firms 8
Limit distributions of market shares 10
Feasibility of limit distributions 11

Firms with equal maximal productivities: existence of balanced
solutions 16



—1iii—

Abstract

Growth — the change in number or size — and adaptation — the change in quality or
structure — are key attributes of global processes in natural communities, society and
economics (see, e.g., Hofbauer and Sigmund, 1988; Freedman, 1991; Young, 1993).
In this paper we describe a model with explicit growth-adaptation feedbacks. We
treat it in the form of an economic model of competition of two firms (with several
departments) on the market. Their size is measured by their capital, and their
quality by their productive power (production complexity). It is assumed that the
production complexity of a department or firm is a simple function (that is more
general than the one considered in Kryazhimskii and Stoer, 1999) of its capital. The
model works on both the firm level (competition among the departments) and the
market level (competition among the firms).

The model shows some empirically observable phenomena. Typically, one of the
firms will finally cover the market. The winner is not necessarily the firm with
the potentially higher maximum productivity. A long-term coexistence of firms
may arise in exceptional situations occurring only when the maximum potential
productivities (not the actual productivities) are equal. The analysis is also based
on the concept of central paths from the interior point optimization theory (see
Sonnevend, 1985; and, e.g., Ye, 1997).



—jv—

About the Authors

Arkadii Kryazhimskii
Mathematical Steklov Institute
Russian Academy of Sciences
Moscow, Russia
and
Dynamic Systems
International Institute for Applied Systems Analysis
A-2361 Laxenburg, Austria

Josef Stoer
Institute for Applied Mathematics and Statistics
University of Wiirzburg
Wiirzburg, Germany



Central Path Dynamics and a Model of
Competition. II

Arkadii Kryazhimski
Josef Stoer

Introduction

This paper continues Kryazhimskii and Stoer, 1999, where a two-level growth-
adaptation ODE model has been analyzed. Here we study a more general model.
The main qualitative results remain the same. For convenience, we reproduce the
introduction to the above paper in the next two paragraphs.

Growth — the change in number — and adaptation — the change in structure — are
key attributes of global processes in natural communities, society and economics.
The idea of the interplay between growth and adaptation has given rise to game-
evolutionary models of bioevolution (Hofbauer and Sigmund, 1988). Restructuring
of a biological population (its adaptation) is driven by the abilities of the pheno-
types to produce offsprings (thus, ensuring the population’s growth). Similar views
have led to several models of evolutionary processes in economics (see, e.g., Freed-
man, 1991; Young, 1993). Game-evolutionary modeling implies a focus on inner
interactions, restructuring and adaptation. In contrast, the theory of endogenous
economic growth concentrates on the dynamics of growth for constantly-structurized
countries, firms, etc. (see, e.g., Grossman and Helpman, 1991).

In this paper we suggest an ODE model with explicit growth-adaptation feed-
backs. We treat it as a model of competition of two firms on the market. The model
works on both the firm and market levels. To win on the market through a better
productivity each firm is dynamically restructuring. In turn, the shares of firms’
products on the market determine proportions in firms’ capitals, and — via them
— the relative speeds of firms’ restructuring. The model shows some empirically
observable phenomena. Typically, one of the firms covers the whole market and the
other dies out. A winner is not necessarily the firm with a potentially higher maxi-
mum productivity. The long-term coexistence of the firms on the market may arise
in exceptional situations implying, in particular, the equality of the firms’ maximum
productivities. The analysis is essentially based on the method of central paths from
the interior point optimization theory (see Sonnevend, 1985; and, e.g., Ye, 1997).

1 Model of firm

Let us imagine a firm working on new products. Let p(t) be the firm’s capital at
time ¢, and 7(¢) the total output produced by the firm up to time ¢ (we set ¢ > 0).
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Assuming that the price for a unit of the output is 1, we set r(t) = p(¢). Let the firm
consist of n structural units, departments. We number them 1,...,n. Let p;(t) be
the capital of department i at time ¢ and ;(¢) the total output of department i up
to time t. We define the production complezity of department ¢ as a monotonically
increasing function of its capital, o(p;(t)), positive for p;(t) > 0. For example,
o(p;i(t)) can be the number of all interconnections between the researchers. If the
number of researchers is proportional to p;(t), then o(p;(t)) is proportional to

pi(t)(ps(t) — 1)
2

= (i) — )+ (pi(t) =2) +---+1

or, approximately (for p;(t) large), p?(t)/2.
We assume that the production rate of department 4, 7;(t), is proportional to its
current complexity,

7i(t) = a;o(pi(t)); (1.1)

here a; is a positive productivity coefficient of department ¢. The sum
() = 1k(t) = D axo(pi(t))
k=1 k=1

gives the total production rate of the firm.
The ratio
a(pi(t))

- Xhoo(pk(t)
represents the relative complexity of department ¢ in the firm, and p;(t)7(¢) the
expected production rate of department . The difference

hi(t) = 7i(t) — pi(t)7(2),

showing for how much the actual production rate of department ¢ is higher than the
expected one, estimates the relative efficiency of department ¢ in the firm. We call
hi(t) the relative efficiency of department i. Let

pi(t)

be the current share of the capital of department ¢ in the firm. A fair distribution
of the incoming capital among the departments implies that the share of the capital
of department i grows proportionally to its relative efficiency,

i(t) = phi(t);
here p is a positive coefficient. We call this regulation rule the fairness principle.
Note that the fairness principle is feasible. Indeed, due to the fairness principle

PRI = 0RO = 0 S E) — 1 ) Y () =0,

i=1 i=1 i=1 i=1 i=1

g
8
=
!
=
g
e
=
!

hence, the sum of the capital shares, >I' | z;(t), is always 1. In what follows we
assume that the fairness principle is adopted.
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We specify the fairness principle as follows:
zi(t) = plra(t) — ,Oz‘(t)f’(t))
= a;o(p;(t ——————— ) ayo
(o i) - L S awote)

- i) o~ T
_ p(z(t),p(t))
= wotaoniey (w- EEGEG).
where . .
lalt)p(t) = Hr e ELIL) (12)
ola(t). o)) = Z T O, (13)
Here and in what follows, z(¢) stands for an n-dimensional vector with the coordi-
nates x1(t), ..., x,(t); x(t) characterizes the distribution of the firm’s capital among

the departments. For the rate of the firm’s capital, we have

B0 = #0) = S 0lt) = 3 lu(t) = 3 an D o(p(1) = ol (), () 1)

We arrive at a system of differential equations,

(1) = po (e (Op() ( - %) =1..nm), (14

p(t) = o(z(t), p(t))o(p(t)). (1.5)
Equation (1.4) describes the dynamics of the capital shares within the firm and
equation (1.5) the growth of the firm’s total capital, or the firm’s total output on
the market. Note that o(p(t)) is the complezity of the firm, and recall that the
productivity rate of the firm, 7(¢), equals p(t). Thus, equation (1.5) shows that the
productivity rate of the firm, 7(t), is proportional to its complexity, o(p(t)) with the
productivity coefficient p(z(t), p(t)),

Comparing with (1.1), we find that the total firm’s output and output of each firm’s
department grow similarly. A single difference is that the productivity coefficients
of the departments, a;, are constant (we assume this for the sake of simplicity), and
the productivity coefficient of the firm, ¢(x(t), p(t)), depends on the distribution of
the firm’s capital among the departments.
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2 Model of competition

Now assume that two firms, firm 1 and firm 2, compete on the market. The dynamics
of firm 1 is described by the equations (1.4), (1.5), and the dynamics of firm 2 by
similar equations,

1) = vo(()(1)) (bi - %) (=1..m), (1)

q(t) = (y(t), q(t))o(q(t)). (2.2)
Here v is a positive coefficient, y(t) is the m-dimensional vector with the coordinates
y1(t),...,ym(t), which describes the distribution of the capital of firm 2 among its

departments 1,...,m; b; is the productivity coefficient of department ¢ in firm 2;
> beo (yk(t)g(t))
Y(y(t),q(t)) = : (2.3)
o(q(t))
is the productivity coefficient of firm 2;
S o(yk(t)p(t
doly(t). q(1)) = =L IR, (2.4)

o(q(t)) ’

and ¢(t) is the total capital/output of firm 2.
Let u(t) and v(t) be the market shares of firms 1 and 2, respectively,

p(t) q(t)
p(t) +q(t)’ p(t) +q(t)

The equations (1.5) and (2.2) describe the rates of the capitals/outputs of firms 1
and 2, respectively. In section 1 we noticed that these rates are subject to the same
law as the output rates of firm’s departments. Assume that the fairness principle
holds on the market with, generally, another measure of complexity. Let 7(p(t)) and
7(q(t)) be the market complexities of firms 1 and 2, respectively.

Then we arrive at differential equations for the market shares w(t) and v(t),
which have the same structure as the equations (1.4) and (2.1) for the departments’
shares within the firms,

w(t) = pr(u(t)(p(t) + q(t)[e(z(t), p(t) — (2(t), y(2), p(t), ¢(t), u(t), v(t))]  (2.5)

u(t) = v(t) =

(£),q(t), u(t), v(t))] (2.6)

[~
Y
o~
N—
I
e}
\]
—~
I
YamnS
o~
N—r
ramS
=
S
o~
N—
-
K
—
o~
N—
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N—r
<
—
<
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o~
N—r
Q
Y
o~
N—
N—r
|
=2
—~
&
—
o~
N—
<
—~
o~
N—
=

(@ (8),y(), p(t), q(t), u(t), v(t)) =
p(x(t), p(t))7(u(t) (p(t) + q(t)) + (YD), ¢(¢)7 (0 () (p(t) + q(t)))
T(u(t)(p(t) + q()) + 7(v()(p(t) + ¢(t))) ’
and p is a positive coefficient. The entire process involving internal restructuring

(adaptation), growth in products, and external (market) competition is described
by the system of equations (1.4), (1.5), (2.1), (2.2), (2.5), (2.6).

t )+q(t
t ) +q(t
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3 Model of competition. Specification

Let us introduce a simplifying assumption: o(xp) = o1(x)oa(p) for all positive z
and p. Then necessarily o1(x) = az® and o9(p) = bp® for some constants a, b, and ¢
(see Aczél, 1966).

From now on we fix ¢ > 1 and set o(p) = p°. In section 1 we noticed that
¢ = 2 occurs when the production complexity is estimatecd as the number of all
interconnections between the researchers. This definition implies entire coperation
in production; assuming some reasonable degree of cooperation, we get ¢ < 2. Note
that ¢ = 1 implies no cooperation in production, and this motivates the restriction
c> 1.

We assume that the market complexity has the same form, 7(p) = p°. Thus,
there is a ”cooperation” between the units of firm’s products. This ”cooperation”
can be understood as the interdepenence of the product units whose combinations,
high-tech meta-products, go to the market. It is assumed that the degree of in-
terdependence of the product units on the market, is the same as the degree of
cooperation in production. Now (1.2), (1.3), (2.3) and (2.4) are specified as

la(t), 1)) = £(a(1) = X astit), - oa(t)p(1) = olx(t) = 3 i),
(0, 0) = V(1) = S bailt), Uolu(0),a() = vole() = 30,
and the model equations (1.4), (1.5), (2.1), (2.2), (2.5), (2.6) take the form

i0) = (000 (0= ZED) (o) o) (= 1om), (5D

p(t) = pep((t))p"(2), (3.2)

Ui(t) = vy (t)ve(t) (bi — 50((:2((?))0 (p(t) +q(t)) (i=1,...m), (3.3)

ilt) = (D) (), (3.4

ilt) = o) (etoto) - “OEERLTIOD) 1 gy, 59

i(t) = (0 (sta(t) - “OLEETIOON) 0y gy, (30

Notice that

with a positive constant 9. By (3.2)
B(t) = peop®(t)-
Hence, p(t) > po(t) where po(t) solves the equation

Po(t) = peops(t)
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with the initial condidion py(0) = p(0). Assuming p(0) > 0 we find

po ' (8) = ((c = D)(co — peot)) ™

where ¢y = ((c— 1)p“~1(0))~!. We see that py(t) — oo as t — cp/ueo. Consequently
p(t) = oo as t — ty < co/ueo. Thus, the total output p(t) + ¢(t) approaches infinity
as t approaches a finite time. In other words, the market is saturated within a finite
period of time. Our goal is to classify admissible limit distributions of the firms’
market shares and capital shares within the firms by the time when the market is
saturated.

Note that the right hand sides in (3.1), (3.3), (3.5), and (3.6) have a common
multiplier (p(t) +¢(¢))°. We omit this multiplier, which is equivalent to time rescal-
ing, and reduce the system (3.1), (3.3), (3.5), (3.6) to

d4(t) = pat(t)uc(t) (ai - ;(é %) (i=1,...n), (3.7)
i(t) = vyt (Eue(t) (bi - X&%) (i=1,...m), (3.8)
40—ty [ty - EOSE )
i(0) = po(0) ((ate) - OO EOON g

4  Central path dynamics

The integration of the equations (3.7), (3.8), (3.9) and (3.10) yields

1 1 to 1 B 1 = n
xi(t)c—l_:cj(t)c—l = (c—l),u(aj—ai)/o U (7')al7'—i-367;(0)0_1 {0y (ti,7=1...,n),
1 1 : 1 1 .
O~ ) [ e (=1
1 1 : : 1 42
U(t)c_l - U(t)c_l = (C_ 1):0 [/0 ¢(y(7))d7'—/0 gO(LIZ'(T))dT] + U(O)C_l - U(O)C_l‘
(4.3)
Let us rearrange (4.1) as (i,5 =1, ..., n)
¢ e 1 1 t 1 1
(c—l),uai/o u (7')al7'—i-xi(t)c_l—wi(o)c_1 — (C—l),uaj/o u (T)dT—i—xj(t)c_l—xj((zzfz).

Let

1 Tk
1 (e = 1) ap(0)t

O(t,z) = (,u /Ot UC(T)dT) kilakxk - i mx?_c -y

k=1 k



—7—

O(t,z) = (M /Ot u2(7—)d7'> kilakxk + killogxk — kil # (4.5)
(c=2).

Notice that the left- and right-hand sides in (4.4) represent, respectively, the ith
and jth coordinates of grad,® (¢, xz(t)), the gradient of ®, with respect to = at point
x(t). The relation (4.4) shows that grad,®(¢,z(t)) is orthogonal to the affine hull of
the n-dimensional simplex

Sn:{xER”:x120,...,xn20, x1++xn:1}

This orthogonality condition, together with the fact that ®(t,-) is strictly con-
cave, imply that if Z(¢), a (unique) maximizer of ®(¢,-) in S, is not on the boundary
of S, then Z(t) = x(t), or

z(t) = argmax{®(t,z) : z € S, }. (4.6)

If ¢ > 2, then ®(t,x) — —oo as = approaches the boundary of S,,. If ¢ < 2, then
for any point £ on the boundary of S,, we have §; = 0 for some i, and 0®(¢, z)/0x; —
oo as ¢ — £. Hence, the maximizer Z(¢) cannot lie on the boundary of S, and (4.6)
holds true.

Referring to (4.2), we similarly find that

y(t) = argmax{¥(t,y) : y € S}, (4.7)
where
B t m n 1 e w 1 Yk
\If(t,y) - (1//0 v (T)d7'> ]; bkyk - ]; myz - ]; (C _ 1) yk(o)c_l
U(t,y) = (1/ /()tv2(7-)d7'> ki bryk + ki log yi. — ki y;y—(k())’ (4.8)
(c=2),
and

Sp={yeR": 91 >0,...,9m >0, y1+ ...+ Y = 1}.
Finally, (4.3) yields

(u(t),v(t)) = argmax{W(t,u,v) : (u,v) € Sz}, (4.9)

where
W(tuv) — pu/otgo(x(T))dT—i—pv/otw(x(T))dT

1 2—c | ,2-¢) _ 1 u v
IO L A Py <u<o>c—1+v<o>c—1>
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t

Wit o) = pu go(x(T))deu/Otw(x(T))dT

—logu +logv — (ﬁ * ﬁ)

and
Sy ={(u,v) ER*:u>0, v>0, utv=1}.

Relations of the type (4.6), (4.7) and (4.9) lie in the base of the central path ho-
motopy methods for problems of convex optimization (see, e.g., Ye, 1997). The
differential equations (3.7), (3.8), (3.9), (3.10) are counterparts of the central path
equations describing optimum-approaching trajectories.

5 Limit distributions within firms

In what follows, I is the set of all maximally productive departments in firm 1,
i.e., the set of all 7 € {1,...,n} such that a; = a™ where

at =max{a; :i=1,...n}.

Similarly, J* is the set of all maximally productive departments in firm 2, i.e., the
set of all j € {1,...,m} such that b; = b™ where

bt =max{b; :j=1,...n}

We assume that not all departments are equally productive in firms 1 and 2,

It #{1,...n}, JT#{1,...m}. (5.1)
We set

Xt={zeS,:x=0forallig I}, Y ={yeS,:yj=0foraljgJ}
Obviously, firms 1 and 2 reach their maximal productivities at the distributions from
X* and Y, respectively:
pla) =itz e XT, P(y)=yTiffye YT,
where
et =max{p(z):z€ S, } =a", ¢ =max{y(z):y € Sn} =0b".

Let (z(-),y(:),u(:),v(-)) be a solution to (3.7) — (3.10), which starts from a point
(20, Yo, wo, Vo) With nonzero coordinates:

To; = LIZ‘Z(O) >0 (Z = 1, R n),
w2 Y029 Gk -
vo = v(0)>0.



We will use the notations

n(t) = /OtUC(T)dT, . /:JUC(T)dT,

t 00
(W= [, ¢ = [ v(r)r
0 0
dist(z(¢), X*) = min{|z(t)—2"| : 2" € X*}, dist(y(¢),Y") = min{|y(t)—yT|: yT € Y}
here | - | stands for the Euclidean norm.

Lemma 5.1 1. Ifn, < oo, then there is a limit

.= J (1),
and z, € X™.
2. If n, = o0, then
Jim dist(z(t), X*) = 0. (5.3)

Lemma 5.2 1. If (. < oo, then there is a limit

1o = i o),
and y. € Y.
2. If (. = oo, then
lim dist(y(¢),Y") = 0.

t—o00

We prove Lemma 5.1 only.

Proof of Lemma 5.1. 1. Let £(¢) be a solution to the equation (3.7) from
which the multiplier u¢(t) is removed,

60 = necto) (- ZE0) =1

and £(0) = z(0). Obviously,

o(t) = € ( / t uC(T)dT> | (5.4)

Let 1. < co. By (5.4)
Jim 2(0) = €(1.) = .

Due to the central path equality (4.6) and the definition of the function ®(t,z) (see
(4.5)) z. maximizes for ¢ # 2

n 1o 1 o 131 2
D DY re v ) L S DY ey e

* k=1

)
lim (t,2) =
t—00 n(t)
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over S,, and for ¢ = 2

. D(t,x) 1 & o
lim =uy arri+ — log z, — .
i S = S los -5

Arguing as in section 4, we find that all coordinates of x, are positive. Since z,; > 0
for ¢ ¢ I'™ (which exists by (5.1)), we have =, ¢ X+.
2. Let . = co. By (4.6) z(t) maximizes for ¢ # 2

o(t,z) na:c B & 1 . & T
=P e e e DR

k*l k*l

over S,, and for ¢ = 2

O(t,x)
n(t)

Since lim; o 7(t) = oo, we have (5.3). O

n 1 " 1 n Tk
=Wy apTr+ ——= log z, — — )
25 ) 25T ) 2 melo)

Lemmas 5.1 and 5.2 imply the next statements.

Lemma 5.3 1. There are limits

o= lim o(z(t)) <¢", P = lim (y(t) <9

t—o00

2. One has o, = ©* if and only if n, = oo

3. One has ¥, = Yt if and only if , = oo
Proof. Statement 1 follows from Lemmas 5.1 and 5.2 straightforwardly. If n, < co
then by 5.1, 1, z, ¢ X™; hence, p. = p(z.) < ¢". If n. = oo, then by 5.1, 2,
we have (5.3); hence, p. = ¢T. This proves statement 2. Statement 3 is proved
similarly. O

The values ¢, and v, characterize the limit productivities of the firms.

6 Limit distributions of market shares

Let us characterize the admissible limit distributions of the market shares, u(t) and
v(t). We consider three basic relations between the limit productivities of the firms,

Theorem 6.1 Let ¢, > .. Then

limu(t) =1, limv(t) =0,

t—o00 t—o00

and @, = ot.

Theorem 6.2 Let ¢, < .. Then

lim u(t) =0, limwv(t) =1,

t—o00 t—o00

and P, = YT
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We prove Theorem 6.1 only.

Proof of Theorem 6.1. The inequality ¢, > 1. implies that the right-hand
side in (4.3) approaches —oo as t — oo. Then (4.3) implies lim; ,, v(t) = 0. Hence,
lim; o u(t) = 1. Therefore, 7, = co. By Lemma 5.3, 2, . = pt. O

We study the case ¢, = 1), under the assumption that the maximal productivities
of firms 1 and 2, ¢* = a™ and " = b*, are different. To be particular, assume
at > bt
Theorem 6.3 Let at > bt and p. = .. Then

lim u(t) =0, limo(t) =1,

t—o00 t—o00

and 1, =P,

Proof. Since ot =at > bt = 4T and p, = 1, < YT, we have ¢, < p'. Then by
Lemma 5.3, 2, 1. < co. It is sufficient to show that u(t) — 0 as ¢t — 0. Assume this
is not so. Then u(&;) > 0 for some § > 0 and some & — oo. Note that 7. < oo
implies u(tx) — 0 for some t; — oo. With no loss of generality, assume t; < &.
Next, we consider only large ¢, for which u(t;) < §/2 and u(&;) > 6. Let

T = max{t € [tk,gk] : u(t) < 5/2}

We have u(7;) = 0/2 and u(t) > 6/2 for all ¢t € [y, &]. The right-hand side of the
equation (3.9) is bounded. Hence, there is ¢y > 0 such that |4(t)| < ¢o for all £ > 0.
Therefore & — 7, > §/2¢y. Consequently,

00 I 00 R ¢ 00 R c R

Thus, 1. = oo. We arrived at a contradiction. The theorem is proved. O

Theorems 6.1 — 6.3 show that only three types of solutions, (z(-), y(-), u(-),v(-)),
of the equations (3.7) — (3.10) may exist. We call the solutions described in Theorem
6.1 favourable for firm 1, solutions described in Theorem 6.2 favourable for firm
2, and solutions which are favourable neither for firm 1, nor for firm 2, critical.
The critical solutions are characterized in Theorem 6.3 under the assumption that
a®™ > b (a symmetric characterization holds if a™ < b"). For the case a™ = b* the
critical solutions will be studied in section 7.

7 Feasibility of limit distributions

In this section we prove the existence of the solutions of all three types under the
assumption that a™ > b~ and7.te a= < b", where

a” =min{a;:i=1,...n}, b =min{b;:j=1,...n}.

Let 2c—1 2c—1
n CcC— m CcC—
ot Zkzl ApLy . Zk:1 bkyk
01 = Imin TT—n ¢ 09 =— INIn T—m .
€€Sn Yy XY, YESm Y i
Obviously, o1 and oy are positive.
We base our analysis on the next technical lemmas.
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Lemma 7.1 Letty >0, a>0,0 >0, >0,

> af(to) > 1—a,

P(y(to) +26 < a*(1 - a),
g?ae%mﬂ+wﬂ < P(y(to)) + 9,
(c— 1)U(t0) ﬁ

51— o(to))e 2
Then the solution (z(-),y(:),u(:),v(+)) is favourable for firm 1.

(wy(to)) -

Lemma 7.2 Letty >0, a>0,0 >0, >0,

> yite) > 1— o

jeJ+

o(z(tg)) +20 < b (1 — ),

(@(x(to)) - Q) et OV i) +4,

o1 01

(c=Dulte) _ 0

5(1 —U(t()))c 2
Then the solution (z(-),y(:),u(:),v(+)) is favourable for firm 2.

We prove Lemma 7.2 only.

Proof of Lemma 7.2. Let us estimate the derivative of

o(t) = pla(t)) = z ax5 (1)

o(t) = cZakxc Y(t)ig(t —cZakxc L) pul(t) x5 (t) (ak—

= S a0 (o 20

_ c 9 e 1 Yo axry (1) )
-0 (Zx ot )

< cput(t)((a")” — oup(t)).

Let ¢(t) solve the Cauchy problem

Evidently,

o(t)
wo(x(t))

)

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)
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We have

t
Bt) = (i) 4 [ e ep(at s

to

t
_ e_c“al(t_to)go(to)+6_cualt/ ecumscu(a—i—)?ds

to

(a*)?
— e CHo1 (t_tO)QO(t()) + e—CNCTlt (ecualt . ecualto)
01

)2
_ e_c“al(t_to)@(t()) + (CL ) (1 _e—cual(t—to))

01
+12 +12
_ (SO(tO) . (CL ) )e—cual(t—to) + (CL ) ]
o1 01
Hence, by (7.5)
+)2 +)2
o(t) < (sD(to) _ ) )e—cual(n(t)—n(to)) + (™) . (7.6)
o1 01
Note that by the definition of o
oL < D=1 akxic_l(to)
T Y zi(t)
Hence,
CL+ 2 n CL+ 2
SO(tO) _ ( ) — Z akxic—l(to) _ ( )
71 k=1 71
& 21 i (to)
< arzi(to) — (at)? = o
k; o) = (o) Shor arz ™ (to)
< Y (1o ga) )
k=1 Sho1akry (o)
< 0 (7.8)

because of Y7_, axr¢ ' (t) < at. Due to (3.8)
> y5(t) > 0.
jeJ+
Hence, for t > t
Y(t) =(y(t) = D0 bTy5(t) > b" D wi(te) > b7 (1 —a) > p(te) +26. (7.9)
jeJ*+ jeJt

The last two inequalities hold due to (7.1) and (7.2). Sequentially using (7.6), (7.8),
(7.3) and (7.9), we obtain the next estimates for all ¢ > ¢, such that n(t) —n(ty) < -

p(t) < (go(to) - (‘L_+)2> ¢~ 2h01(n(t)=n(t0)) | (a*)?

< (SO(to) - (a;)2> e 2ol 4 (a0_+1)2
< p(to) +0
< P(t) — 6.
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Let
§ = sup{t > to : 7(t) — n(to) < 5}. (7.10)
We will show that £ = co. For all t € [to,£) due to (3.9) we have
us(t)o(t) ut(t)o(t)

u(t) m(@(ﬂ —(t)) < =0 < —oul(t)ve(t)
= —o0u(t)(1 —u(t))"

Hence, for t € [t, &), u(t) < 0, which implies

a(t) < —dpus(t)

uc(t) + ve(t)

where

5() = 5(1 — U(t()))c.

Then for t € [to, )
u(t) < al(t)

where 4(t) solves the Cauchy problem

u(t) = —douc(t), u(to) = u(ty).

We have )
;((?) =%,
_(c—1)1ac iy~ oolt—t) — <o CO_(C—l)zlLC_l(tO)’
a(t) = (= 1)(50@1 o)+ co))l/(c_l)‘
Thus,

1 1/(c-1) B :
ult) La|l ————— . where o := (¢ — 1) /{1,
( ) B ((S()(If —t()) +CQ> ( )

for t € [to,£). Then for t € [to,£)

o) - = [ wnr<af oS

t=to dr
N C\{/0 (50T+CQ)C/(C_1)
1 1
— _ 1 t—to
male= 15, ((5OT+CO)C/(C -1 )

alc—1)  (c—Dulty)
PREVCE IR O—ummc<_

IN

because of ¢y = (u¢(tg)(c —1))7*
The last inequality follows from (7.4). If we assume & < oo, we get

NIQ

n(§) —n(to) <
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whereas (7.10) implies

(&) —n(to) = 5.
Hence, £ = oo, i.e., n(t) — n(to) < B for all t > ty,. Then, as stated above, p(t) <
¥(t) — 0 for all £ > ty. Consequently,

p. = Jim (p(1) < Jim (1(1)) = .

By definition (see also Theorem 6.2) the solution z(t), y(t), u(t), v(t) is favourable
for firm 2. O

In what follows, we denote Z° the set of all initial points (zo, yo, uo, Vo) € Sp X
Sm X Sy satisfying (5.2). We denote Z? the set of all initial states from Z° such
that the solution originating from this state is favourable for firm 1. Symmetrically,
we denote Z9 the set of all initial states from Z° such that the solution originating
from this state is favourable for firm 2.

Lemmas 7.1 and 7.2 yield the following.

Lemma 7.3 The sets Z? and Z2 are open.

Proof. We prove the openness of Z9 only. Let (xo, Yo, uo, vo) € Z3 and (x(-), y(-), u(-),v(+))
be the solution with the initial condition (5.2). Since it is favourable for firm 2, by
Theorem 6.2 we have ¢, < 1, =¢* = b and

Jim u(t) =0 (7.11)

By Lemma 5.3, 3, (, = co and hence, by Lemma 5.2, 2, for all large ¢y the relation
(7.1) holds. Take positive o and ¢ so that for all large ¢, the relation (7.2) holds.
Such a choice is possible due to the inequality o, < b*. Let 3 > 0 be such that for all
large to (7.3) is satisfied. By (7.11) for all large ¢, the inequality (7.4) holds. Thus,
there is a (large) ¢y for which the estimates (7.1) — (7.4) of Lemma 7.2 are satisfied.
Then (7.1) — (7.4) hold if point z(to), y(to), u(to), v(to) is replaced by an arbitrary
point from certain neighborhood, V', of z(to), y(to), u(to), v(to). Let Z be the set of
all solutions (Z(-), 9(-), u(-), v(+)) such that (z(ty), y(to), u(to),v(to)) € V. By Lemma
7.2 all solutions from Z are favourable for firm 2. Let Z = {(2(0), (0), @(0), 5(0)) :
(2(-),9(-),a(-),0(-)) € £}. The set Z obviously contains a neighborhood of the
point (g, Yo, Uy, vo). Thus, Z2 is open. O

Theorem 7.1 If b= < a™, then there exist a solution favourable for firm 1. If
a~ < b", then there exist a solution favourable for firm 2.

Proof. We prove the second statement only. Let ¢y = 0. In view of a= < b*, there
exists an initial point (5.2) in Z° such that the relations (7.1) — (7.4) hold with some
positive a, 6 and B. Then by Lemma 7.2 the solution originating from this initial
state is favourable for firm 2. O

Theorem 7.2 There exists a critical solution.

Proof. Let I be a segment with the endpoints in Z9 and ZJ. We have I C Z°
due to the convexity of Z°. By definition the sets Z? and ZY do not intersect. By
Lemma 7.3 they are open. Then I cannot be covered by the union of Z¥ and ZJ.
Therefore the set Z = Z°\ (Z9 U Z9) is nonempty. A solution originating from a
point in Z is favourable neither for firm 1, nor for firm 2. By definition this solution
is critical. O
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8 Firms with equal maximal productivities: ex-
istence of balanced solutions

In section 6 we showed that if the firms have different maximal productivities, say,
a®™ > b", then every critical solution is such that the limit market share of the
firm, which has the higher maximal productivity (firm 1), is 0, and that of the firm,
which has the lower maximal productivity (firm 2), is 1 (Theorem 6.3). Thus, a
single chance for the firms to coexist in the long run, i.e., to have nonzero limits of
their market shares as time apprioaches infinity, arises when the firms have equal
maximal productivities, a™ = b™.
In this section we assume that at = b*. We shall call a solution (z(-), y(-), u(-),v(+))

to (3.7) — (3.10), (5.2) balanced if there are nonzero limits lim; . u(t) and lim; o v(2).
Note that a balanced solution is necessarily critical. In this section we focus on a
simplest situation where each firm has only two departments, which are not equal
in productivity.

Theorem 8.1 Let0 < c <2, m=n=2,a" =b",a <a’, and b~ <b". Then
there exists a balanced solution.

In this section, when writing out differential equations, we, for brievity, omit the
time argument in the notation of the sought functions. A proof of Theorem 8.1 is
given in the end of this section. It is based on the next theorem.

Theorem 8.2 [Hartman, 1964, p. 294]. Let
(i) a system of finite-dimensional differential equations have the form

P =Pp+ Fi(1,p,q), ¢ =Qq+ Fx(T,p,q), (8.1)

(i) the real parts of all eigenvalues of the matriz P be not greater than w, and
the real parts of all eigenvalues of the matrix Q) be strictly greater than w,
(#ii) the function F' = (Fy, F») be continuous and

[F (7, < U7l (€= (p.g)) (8.2)

hold for all T > 0 and all & from a neighborhood of the origin,
(iv) | be continuous and

1 s
lim il;};) o 7_/T [(¢)d¢ = 0. (8.3)

Then there exist 7. > 0 and d; > 0 such that for every 19 > 7. and every po
satisfying |po| < 01 there is a qo with the property that the Cauchy problem for
the system (8.1) with the initial condition p(10) = po, q(70) = qo has a solution
() = ((p(-),q()) on [ro,00), which satisfies either (p(-),q(-)) = 0 or p(1) # 0 for
all T > 19, and

()l = ollp(7)]) as 7 — o0,

1
b sup 12ELECT)
T—00 T

< w.



—17-

We shall use the next corollary of Theorem 8.2.

Corollary 8.1 Let
(i) a finite-dimensional differential equation have the form
h
r = M(sr) + ho(s, ), (8.4)
s
(ii) hi and he be differentiable at a point (0,7.) satisfying hi(0,r.) = 0, and
there be K > 0 and d > 1 such that

oh oh
(s = (G0 )s + RO =) )| < Kol 1 = )

oh
sha(s,r) — 88—:(0’ ) (1 —74)
for all (s,r) from a neighborhood of (0,r.),

(#ii) the matrix

< K(|s| + |r = r.))*

-1 0
i = ( - [%(0, 7+) + ha(0, 7’*)] —2m.(0,r,) ) (8:5)

have an eigenvector (5,7) with the eigenvalue —1, for which s # 0.
Then for some 6 > 0 the equation (8.4) has a solution r(-) defined on (0,0)
satisfying limg 1o 7(s) = 7.

Proof. Without loss of generality assume r, = 0. Introduce a new independent
variable, 7 = —log s. Then s = e~ 7, s’ = —s, and the equation (8.4) takes the form

s'=—s, 1'=—hi(s,r)— sha(s,r). (8.6)

It is sufficient to prove that (8.6) has a solution (s(:),r(:)) on [71,00), 71 > 0, such
that s(7) > 0 for all 7 > 7, and

lim r(7) = 0. (8.7)

T—00

Setting y = (s, ), we represent (8.6) as
y' = Hy+G(y), (88)
where H is given in (8.5) and G is continuous and
Gy)] < Kly|

for all y from a neigborhood of 0.

We shall make two linear transformations of the state variables, which will bring
H to a (P, Q)-block form indicated in Theorem 8.2. The first linear transformation,
z = Tyy, corresponds to passing from the original basis, e, es, ..., €11, in the
((k+1)-dimensional) state space of the system (8.8) (here ¢; is the ith unit coordinate
vector) to the basis g, ea, ..., ex+1, where § = (5,7) (see (iii) in the formulation of
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the Corollary). Since 5 # 0, the system g, es, ..., €41 is a basis indeed. The matrix
H is transformed into the two-block matrix

_ -1 0
Hl_TlHT11_< 0 Fh)'

Let z = (21,7M), M = (2,..., zr41). The second linear transformation, & = Thz,
does not involve z;, so, € = (z1,7®) and

10
(1),

The transformation n® = Tyn™) transforms the matrix H; to

_ _ D 0
H2_T2H1T21_< 01 D2>’

where the real parts of all eigenvalues of D; are not greater than —1, and the real
parts of all eigenvalues of Dy are strictly greater than —1 (see Hirsch and Smale,
1974, p. 129); with no loss of generality we assume that H; has an eigenvalue whose
real part is strictly greater than —1 (one can always extend H; for an extra zero
row and an extra zero column). The resulting transformation, £ = Ty = TyT1y,
transforms the original matrix H to

-1 0 0
E=THT'=| 0 D; 0 —(55),
0 0 D

P= ( _01 191 ) (8.9)

and Q = Ds. The real parts of all eigenvalues of P are not greater than —1 and the
real parts of all eigenvalues of ) are strictly greater than —1.

Note that for any vector & with & # 0 its preimage y = (s,r) = T1¢ = T, 'T; ¢
satisfies s # 0. Indeed, due to the block structure of 15 for z = Ty = T, *¢ we have
z1 = & # 0. Recall that the first transformation of the variables, which is given
by the matrix 77, corresponds to passing from the original basis ey, es, ..., ex11, to
the basis g, es,...,ex+1, where § = (§,7). Therefore, z; is the first coefficient, Ag,
in the (unique) representation y = Ay + Ages + ... + Agr1€kt1. The projection of
this equality to the first coordinate gives s = ;5. Since \; # 0 and 5 # 0 (see the
assumptions of the Corollary), we get s # 0.

Let £ = (p,q), where p = (&1, ..., &k, ), ¢ = (Eky41s - -+, &kr1), and ky and k+1—Fk;
are the dimensions of the matrices P and (@), respectively. With respect to the
variables p and ¢, the equation (8.8) has the form

P =Pp+Gi(p,q), ¢ =Qq+G5(pq), (8.10)

where G* = (G%, G3%)T is continuous and satisfies

IG*(&) < KI¢g)* (6= (pq))

where
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for all ¢ from a neighborhood of the origin (without loss of generality we assume that
G* is defined and continuous on the whole (k + 1)-dimensional Euclidean space).
Let G} = (G7y,...,GYy,)- The evolution of the first coordinate, £ = py, of £ (or p)
will play an exceptional role. In this context we introduce a modified system,

P =Pp+Gi*(p,q), ¢ =Qq+G5(p,q). (8.11)
Here
Gy =G, Gy =(Gi1,Ghy, .. G (8.12)
and
Gii(p,q) = min{|G3,(p, 9)|, lep1|} sign G7,(p, q). (8.13)

A positive € is chosen so that there is § > 0 such that
dd>1+¢, o<1 (8.14)

Obviously, G** = (G7*, G%*) is continuous and satisfies

G (O] < Klgl* (6= (p,0) (8.15)

for all £ from a neighborhood of the origin.

Set

1 —er G
F(r,€) = min{j¢[* &7} |§|d(_§).

Obviously, F is continuous, and (8.2) holds with I(7) = Ke™" for all 7 > 0 and all
¢ from a neighborhood of the origin. Clearly, [(-) satisfies (8.3). Thus, the system
(8.1) with (F1, Fy) = F meets all the assumptions of Theorem 8.2 for w = —1. By
Theorem 8.2 there exist 79 > 0 and §; > 0 such that for py = (7,0,...,0) with
0 < |7| < 07 there is go with the property that the Cauchy problem for the system
(8.1) with the initial condition p(79) = po, ¢(70) = o has a solution £(-) = ((p(-), ¢(-))
on 19, 00), for which

(8.16)

lim supM < -1 (8.17)
T—00 T
Since 7 # 0, the preimage of & = (po, @), Yo = (s0,70) = T &, satisfies sy # 0.
We choose the sign of 7 so that sg > 0. Assume that 7 > 0 (the opposite case is
treated similarly).
The relation (8.17) and the second inequality in (8.14) imply

E(m)| < e (8.18)

for all sufficiently large 7. Therefore, for all sufficiently large 7 we have F(7,£(7)) =
G**(&(1)) (see (8.16)). Hence, there is 7 > 0 such that &(-) solves (8.11) on [T, 00).
On [T, 00), due to (8.12), ¢(-) satisfies the second equation in (8.10), and in the first
(vector) equation in (8.10), the scalar equations for the coordinates 2,..., k; are
satisfied by pa(-), ..., Pk, (). We shall prove that in a neighborhood of infinity p; ()
satisfies the first coordinate equation in (8.10), which, as (8.9) shows, has the form

Py =—m+Gi(p,q). (8.19)
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First, however, we shall state that p;(7) > 0 for all 7 > 7. For all 7 > 7 we

have (see (8.16))
pi(r) = —pi(7) + A G (p(7), 4(7)),

A7) —min{l,ﬁ}.

where

Due to (8.13)
pi(r) = =AT)(1+e)pi(7)

for all 7 > 7. Since p1(79) =7 > 0,

—(1+¢) f;(') A(r)dr

p(7) > e >0

for all 7 > 7g.
Recall that for all 7 > 7

pi(r) = =pi(7) + Gii(p(7), (7)) = = (1 + €)pa (7)

(the inequality follows from (8.13)), and hence
pi(r) > pr(7)e” T,

By (8.18) and (8.15)
Gri(p(7), q(7))| < Ke ™

for all large 7. Due to the first inequality in (8.14) there is 73 > 7y such that

|GT1(p(7),q(7))] < lepa(7)|

for all 7 > 74 > 0. Then by (8.13) forall 7 > 7, >0

Gi(p(7),q(7)) = G1,(p(7), 4(T)).

We stated that p;(-) satisfies (8.19) on [71,00). Thus, £(-) = (p(+),q(+)) is a solution
o (8.11) on [7,00). The preimage of £(-), 7 — y( ) = (s(1),r(r)) = T7Y(7),
solves the original equation (8.6) on [7y,00). As soon as pi(7) = & (1) # 0 for all
T > 79, we have s(7) # 0 for all 7 > 79; since s(79) > 0, we find that s(7) > 0 for all
T > 7p. Finally, (8.18) implies (8.7). O Proof of Theorem 8.1. 1. With no loss

of generality assume a; = a™ and by = b" = a™. Set x(t) = x1(¢t) and y(t) = y1(t).
The system of equations (3.7) — (3.10) is reduced to

. . r(l—x)°

& =o' T e A=) (8.20)
31— e YLy
= 50— L (821

w=ANu)la"(z° —y°)+a (1 —2)°=b (1 —y) (8.22)
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(8.23)

(8.24)

(8.25)

(8.26)

(8.27)

y),

with
c 1 _ u)c
— + _ - L A - u(—
a=pa" —a”), B=v(a ), Auw) Pt A=)
Our goal is to show that there is a solution (z(-),y(-),u(-)) to (8.20) — (8.22) such
that
z(t) € (0,1), y(t) € (0,1), wu(t)e(0,1) (¢=0)
and
uy = lim u(t) € (0,1).
Introduce new time and state variables,
80_1 B 1 - Sc—l L Sc—l
A O e ¢
We have
;o (e=1Ds2 (e—1)s!
R T
_ _ c/(c—1) c i c _
_ (c—Nw N (c—Dw o & (1—2) c—1
s s ¢+ (1—x)) s¢
c/(c—1) 1— 1/(c=1)\e 1/(c=1)\c
— (C—l)g—(c—l)Qw au® ( S/w )(S/w )
s gctl (1 _ S/wl/(c—l))c + (S/wl/(c—l))c
c/(c—1) 1/(c—1) _ g\ceoC /ap2c/(c—1)
= (c—l)g—(c—l)Qw au’ (w 8)'s*/w
s gctl [(wl/(c—l) _ S)c + Sc]/wc/(c—l)
w au’ (wl/(c—l) - S)c
= (c—=1)— —(c—1)? .
(c )s (c—1) s (w0 —g)e 4 g
Thus,
,  c—1 o ef1 s¢
YT lw (e~ Dau (1 (w0 —s)e 1 sﬂ ‘
Similarly, we get a differential equation for z:
z’—c_l z—(c=1)pL—-u)|1 all
s (V=) —g)e ¢ ||
Using (8.22), we find:
A
v = - DMt ) o (=) - b (1]
s
Auw _ — c — c
= e ey gay) + a0 - — (1 )]
Au _ _ c _
= e M (1)~ (1 - )y y) a1y b1
where
¢ — yc

9(@,y) = go(s,w,2) = W

(8.28)
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Continue as follows:

o _(C_l))\(u)a+< s s ))c—lgo(s’w’z)

s ~1/(c—1) w1/ (e—1
Auw)at 7 s c s ¢
_(c— 1)? a (wl/(c—1)> —-b (m) ]

1( 0 AMu)atgo(s,w, Z)(wl/(c—l) o 21/(0_1))0_1
— ——(c —
5 2w

a~ b~
(e~ )3 (e~ 7 )

Hence the differential equation for u takes the form

S Y 3 [t i
S Zw
n a” b~
—(c— DA(w)a (wc/(c_l) - ZC/(C_1)> . (8.29)

Rewrite (8.26) — (8.29) as

w— (¢ — Dauf(s,w)

W = (e 1) ) ’ (8.30)
—(c—1 1—u)e
Z/ = (C — 1)2 (C )ﬁ(s U) f(S’ 2)7 (831)
- M + galw, 2,u), (8.32)
where c
S
f(87p) =1- (pl/(c—l) _ S)C + SC’
n 1/(e—1) _ 1/(c—1)\c—1
gi(s,w,z,u) = —(c — 1))\(u)a (e, w, 2){w - ) ) (8.33)
A
(2 b
g2(w, z,u) = —(e = DMw)a™ | ~Te—y — 5y ) -
Note that 0f(s,p) df(s,p)
S, P 5P
9£(5:P) 15y — 0 0,p) = 0. 8.34
95 0P =0, =5 =(0.p) (8.34)

If the system of equations (8.30) — (8.32) has a solution (w(-), z(+), u(+)) defined on
(0,9), where 6 > 0, and satisfying

81_1)111()10(3) = Wy, 81_1}111()2(3) = Zu, 81_1}1110 u(s) = u (8.35)
with w, > 0, z, > 0, and u, € (0,1), then the system of equations (8.20) — (8.22)
has a solution (z(-),y(+), u(-)) defined on [0, c0) and satisfying (8.24) and (8.25), and
Theorem 8.1 is proved.
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Fix positive w, and z, and u, € (0,1) such that the numerators of the singular
ratios in the right hand sides of (8.30) — (8.32) vanish at (0, w., zx, u.):
we = (c— Dauf = (c—1)6(1 — us)® = 2. (8.36)
We consider the cases ¢ = 2 and ¢ < 2 separately.

2. Let ¢ = 2. Then )

s
— 1 e —
f(87p) (p_8)2+827
go(s,w, 2) :x—i-y:Q—i—f
w oz
(see (8.28)), ¢1 is given by (8.33), and
a- b
g(w, z,u) = —XNu)a™ (@ — ?> )

The functions (s, w, z,u) — f(s,w), (s,w, z,u) = f(s,2), (s,w, z,u) = g1 (s,w, z,u),
and (s,w, z,u) — ga(w, z,u) are twice continuously differentiable in a neighborhood
of (0, wx, z«, ux). The system of equations (8.30) — (8.32) satisfies conditions (i) and
(ii) of Corollary 8.1 with d = 2. Taking into account (8.34), we find that the matrix
(8.5) has the form

—1 0 0 0
0 -1 0 20, )
H=1"09 0o -1 —280-wu) |’
_92* —91* 91* 0
here )
g — 202
Wy 2

and ga. = go(Ws, 24, uy). For the matrix H the eigenvectors (s,w,z,u) with the
eigenvalue —1 are the solutions to

—s = —s,

—w + 20u,u = —w,
—z —=20(1 —uy)u = —2z,
—g2xS — g1s(w — 2) = u.
The first coordinate, 3, of the eigenvector (5, w, z,4) = (1, —g2+/g1«, 0, 0) is nonzero.
Condition (iii) of Corollary 8.1 is satisfied. By Corollary 8.1 the system of equations

(8.30) — (8.32) has a solution (w(-), z(+),u(+)) defined on (0,¢), where 6 > 0, and
satisfying (8.35).

3. Let ¢ < 2. In the original variables (z,y,u) the point (wy, 2z, u.) has the
coordinates (1,1,u,). Since the function p — p° is Lipschitzian in a neighborhood
of 1, (8.28) implies

|gO(S7w7Z)| = |g(x,y)| < K1|LIZ' - y|2—c
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for all z,y from a neighborhood of 1 with certain constant K;j. Since

S

s
z=1- wi/(e1)’ y=1- /(1)

we have
2_c|u)1/(c—1) _ Zl/(c—1)|2—c

w@—a/(c—1) ,2-0)/(c-1)

|90(s,w, 2)| < Kys
Then by (8.33)

|gl(3’ w, 2, U)| < K282—c|w1/(c—1) . Zl/(c—1)|2—c|w1/(c—1) . Zl/(c—1)|c—1
— K282—c|w1/(c—1) o Zl/(c—1)|
for all (s,w,z,u) from a neighborhood of (0, ws, 2., u.) with certain constant Ks.
Since the function p — p'/(¢~1) is Lipschitzian in a neighborhood of w, = z,, we find
that
|91(5, w, 2,u)] < Ks*(|w — wa| + [z — 2.]) (8.37)

for all (s,w,z,u) from a neighborhood of (0, w, 2., u.) with certain constant K.
Hence,

) 0 0 :
%(0’ w*"z*)u*) - 8—2(0’ w*"z*)u*) - 5(0’ w*"z*)u*) - %(0, w*’ZMu*) = 0.
(8.38)

Let us show that g; is differentiable at (0, wx, 24, u.), moreover, there is a d > 1 such
that
|91(5,w, 2,u)] < (54 [w — wa| + |2 — 2.])? (8.39)

for all (s,w, z,u) from a neighborhood of (0, wy, z., u.). Let

y=2—¢ d=1+~/2. (8.40)

Suppose there is no neighborhood of (0,wx, 2., u.) such that for all its elements
(s,w, z,u) (8.39) holds. Then one can find a sequence (s;, w;, z;, w;) — (0, Wi, 24, Ux)
such that

|91 (56, w3, 25, ws)| > (85 + |wi —wi| + |z — 2 (i=1,2,...).
In view of (8.37)
$i>0, pi=|w—wl+|zi—2z]>0 (1=12,...)

and
Ks?p; > (si +p)? (1=1,2,...),

or, in notations (8.40),
Kslp > (si +p)™7% (i=1,2,...).

Then
S: pi 1

iminf ——A— > —.
imin (si—i-pz‘)lﬂﬂ - K

(8.41)
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With no loss of generality, we assume that there is the limit

s; !
Let a < co. Then
5. i - s i
(si +pi)t+/2 (si —l—pz‘)lﬂ/?si_(l”m SZHW/Z
_ s Di
(L4 pi/si) 2 s/
Di
— SZ 1_’_7/2 _> 07
which contradicts (8.41). Let a = co. Then
S(I+/2)0/2
b;

Since /2 < 1 (see (8.40)), we have

C=v—(1+v/2)v/2>0,

v s1t/2)/2
p; b;
Hence,
s!p; s!p; s]
’Lp ’Lp — 3 _> 0’

(8i 4+ pi)ttr/2 — p3+7/2 p7/2

(2

which again contradicts (8.41). The contradictions prove that the estimate (8.39)
holds for all (s,w, z,u) from a neighborhood of (0, w., z«, u.). The estimate (8.39)
and equalities (8.38) imply the differentiability of g; at (0, wy, 2., u.). Taking into ac-
count that the functions (s, w, z,u) — f(s,w), (s,w, z,u) — f(s, z), and (s, w, z,u) —
g2(w, z,u) are twice continuously differentiable in a neighborhood of (0, w, 2., u.),
we find that the system of equations (8.30) — (8.32) satisfies conditions (i) and (ii)
of Corollary 8.1 with d given in (8.40). Using (8.34), we arrive at the next form of
the matrix (8.5):

—1 0 0 0
o 0 —(c—1) 0 c(c —1)aus™?
N 0 0 —(c—=1) —cle—=1B(1 —u)t |’
—Y2x 0 0 0

where g.o = go(Wx, 24, uy). For the matrix H the eigenvectors (s, w, z,u) with the
eigenvalue —1 are the solutions to

—5 = —s,

(1—c)w+ c(c — Dous u = —w,
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(1—c)z—cle—1)B(1 —u)" tu=—2,

—g2xS = —U,
or
(2 - c)w = —c(c — 1)austu,
(2—c)z =c(c—1)B(1 — u) u,
g2+S = U,
The first coordinate, 3, of the eigenvector (s, w, z, @),
-1 c—1 . -1 1— *c—l .
s 1, 5= Cle=Doui g - clc— 1P —u) 9o  G= g
2—c¢ 2—c

is nonzero. Condition (iii) of Corollary 8.1 is satisfied. By Corollary 8.1 the system
of equations (8.30) — (8.32) has a solution (w(-), 2(),u(+)) defined on (0, ), where
d > 0, and satisfying (8.35). O
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