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Preface

Thepresentpaperis anoutcomeof a researchcarriedout at theDynamicSystemsproject
and the project on AdvancedComputerApplications in 1994/95. The researchis moti-
vatedby a problemof reconstructionof time-varyingintensitiesof pollution sourcesin a
water reservoirvia measuringpollutant concentrationsin accessibledomains. We start
with convergentinput estimationalgorithmsfor a systemdescribedby a generalparabolic
equation. One of the algorithmsis specifiedfor a particulardiffusion-type groundwater
contaminationmodel, and testednumerically.
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On Estimation of Forcing Functions
in Parabolic Systems

A. V. Kryazhimskii; V. 1. Maksimov,**
and E. A. Samarskaia*

Introduction

Themanagementof environmentalsystemsrestson availabledataon systemsstates.Data
on pollution regimesare typically of specialimportance.If thereis no direct accessto the
pollution sources,thedataaregainedthroughobservationsof pollutantconcentrationsin
accessibledomains. Normally such indirect observationscarry not enoughinformation,
and the pollution regimes (forcing functions) cannot be entirely reconstructed. Some
signalson theseregimescan howeverbe reconstructedprecisely,andfor othersignalsthe
admissiblediapasonescan be estimated.

In section 1 we give a classificationof fully reconstructiblelinear signals, provide
algorithmsto find admissiblediapasonesfor given linear signals,and point out situations
where input regimesare reconstructibleprecisely. Our analysis is restrictedto models
representedby abstractparabolicsystems(seeLions, 1971).

Methodologically,the problemsunderconsiderationbelongto the categoryof inverse
problemsfor parabolicsystems(see,e.g., Lavrentyev,et. al., 1980; Banks and Kunisch,
1982; Kurzhanskiand Khapalov, 1989; Kunisch and White, 1989; Barbu, 1991; Osipov,
et. al., 1991; Ainsemba,et. al., 1994). The innovationof the proposedapproachconsists
in employingthe techniqueof adjointequationsof Lions, 1971,andMarchuk,1982,for the
estimationof timevarying inputs. In this part, thepaperdevelopsthetechniquesuggested
in Kryazhimskii and Osipov, 1993. The method is basedon a reduction of an input
reconstructionproblem to a linear finite-dimensionalintegral equationwhose solutions
form a subspacein a functional spaceof all admissibleinputs. The subspaceis "flat"
in somefunctional "directions". These"directions" characterizeall fully reconstructible
linear signals. The reconstructibilityanalysisis carriedout in subsections1.3 - 1.5.

In subsections1.6, 1.7 an important special casewhere the integral equationhas a
singlesolution, and thereforethe input regimesareentirely reconstructible,is described.
A finite-dimensionalstep-by-stepinput reconstructionalgorithm basedon the methodof
dynamicalregularization(seeOsipov and Kryazhimskii, 1995) is described.

For a generalcasewhere the integral equationhas many sulutions, we fix a linear
signal on forcing regimesand estimatethe interval of signal valuescompatiblewith an
observationresult (subsections1.8, 1.9). This settingis well coordinatedwith the notion
of normalsolutionswidely usedin theoryof ill-posedproblems(seeTikhonovandArsenin,

'IIASA, A-2361, Laxenburg,Austria
**Institute of Mathematics and Mechanics, Russian Acad. Sci., Ekaterinburg, Russia

For this author, the research was supported partly by International Science Foundation Grant No
NMDOOO and Grant No 93-011-16129of the Fund for FundamentalResearchof the RussianAcademyof
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1979). It is alsocloseto a problemof estimationof supportfunctionalsof informational
sets(theoryof observation;seeKurzhanskii,1977). We providetwo estimationalgorithms
employinga specialconvexoptimizationtechniquesuggestedin KryazhimskiiandOsipov,
1987 (and later developedin Kryazhimskii, 1994,andErmoliev,et. al., 1995).

In section2 the aboveestimationalgorithmsare specifiedfor a modelof a contami-
nation processdescribedby a partial differentialequationof the parabolictype (see,e.g.,
Marchuk, 1982). The fact that insteadof the initial partial differentialequationonedeals
with a finite-dimensionalintegralequationresultsin a considerablereductionof complex-
ity. Namely,in contrastwith traditionalregularizationtechniques,themethodrequiresa
single integrationof the (adjoint) parabolicsystem(on the stageof defining the integral
equation).

In section3 we apply the estimationmethodologyof section2 to a groundwatercon-
tamination transport model integratedin XGW: A PrototypeExpert SystemUser In-
terfacefor Interactive Modeling of GroundwaterContamination,an information system
developedat IIASA's project on AdvancedComputerApplications.

1 The Abstract Parabolic System

1.1 Systemequation

Let (V, II· III be a separableand reflexiveBanachspace,(H, I. IH) be a real Hilbert space,
H = H*, (-,.) standfor the scalarproduct in H, and V be imbeddedin H denslyand
continuously. Considerthe parabolicsystem

x(t) + Ax(t) = Bu(t) + f(t), (1.1)

t E T = [0,11], x(O) = Xo E H.

Here A : V --; V* is a linear continuousoperatorsatisfying,with somec > 0 and A E R,
the condition

Vy E V;

(.,.) is the duality betweenV and V*; x(t) is a system'sstateat time t; u(t) is the
n-dimensionalvalue of a time-varying input to the system; f(·) E L2(T; H) is a given
disturbance;B : U = Rn --; V,

n

Bu = LWjUj, Wj E V, Uj E R.
j=l

We fix an initial stateXo.

Definition 1.1. A function x(·) = x(·;xo,u(·))is called a solutionof (1.1) on T if
a) x(-) E W(T;V) = {y(-) E L2 (T; V) : y(-) E L2(T; V*)};
b) for a. a. t E T the equality (1.1) is true, i.e.

< x(t), v > + < Ax(t),v >= (Bu(t) + f(t), v) "Iv E V

holds.
By Theorem1.2 of Lions, 1971 (p. 110) for everyu(-) E L2(T; U) thereexistsa unique

solution of (1.1). In what follows, for simplicity it is assumedthat f(t) = o.
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1.2 Observationand reconstruction

Let the abovesystembe observed.The Observerknows the systemequation(1.1) and,
at every time t the vector

z(t) = Px(t), (1.2)

carrying information on system'sstatex(t). Input valuesu(t) are unknown to the Ob-
server.The Observer'staskis to reconstructu(t) on thebasisof all availabledata,i. e. the
systemequation(1.1), the initial state,the observationoperatorP and the observation
results(1.2).

1.3 Reconstructiblefunctionals

DenoteL;,{ = L 2([s, el, Rn). An input on [0, s] (s <:: 0) is identified with a function u(-)
from LL. The set of all u(·) compatiblewith z(·), i. e. satisfying (1.2) where x(·) is a
solution to (1.1) will be denotedby U,(z(·)). For thesetof all observationresultson [O,s]
we shall use the notationZ,. The symbolx(·) is usedfor a function with the value x(t)
at a point t; the restrictionof x(-) to an interval [s, eJ (belongingto the set of definition
of x(·)) is denotedx(')',{.

A continuouslinearfunctional I on the spaceL5" of all inputson [0, sJ will be as usual
identified with an element

determinedby

1(·) E LL (1.3)

,
l(u(·)) = j(l(t),u(t))Rndt.

o

For everyabove1(·) andeveryobservationresult z(·) on [0, s], introducethe imageof the
set U,(z(.)) under1(-):

R,(l(·),z(·))= {!(l(t),U(t))Rndt : u(·) E U'(Z(.))}. (1.4)

Introducethe following definitions.
Definition 1.2. A functional (1.3) will be called reconstructibleat z(·) E Z, if theset

(1.4) is one-element,and non-reconstructableat z(·) if this set coincideswith the whole
real line.

Definition 1.3. A functional (1.3) reconstructible(respectively,non-reconstructable)
at everyz(·) E Z, will becalledreconstructible(respectively,non-reconstructable)on [0, s].

Definition 1.4. We shall say that an input is reconstructibleat z(·) E Z, if every
functional (1.4) is reconstructibleat z(.).

Definition 1.5. If the latter holds for everyz(-) E Z., we shall say that the input is
reconstructibleon [0, sJ.

Let us study the following problem: given an observationresult z(-) on [0, s], find all
functionals (1.3) reconstructibleat z(-) and all functionals (1.3) non-reconstructibleat
z(-).
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1.4 Compatibility criterion

We assumePx = {(PI, x), ..., (Pm,x)} where {PI, ... ,Pm} E ITr;1 H. For any k E [1 : m]
and 17 2': 0, defineWk(', (7) to be the solutionof the Cauchyproblem

w(t)
w( (7)

on ] - 00,17] and zeroon ]17,00[. Set

A*w(t)

Pk

(1.5)

(1.6)

where(".) standsfor the scalarproduct in H; let also

(1.7)

9k(a,17)=ak - (Wk(O,17),Xo), (a= {aI,a2, ... ,am} E R m
). (1.8)

Here A* is the operatoradjoint to A. By Theorem1.2 of Lions, 1971 (p. 110, 121) there
existsa uniquesolution of system(1.5), (1.6) suchthat w(', (7) E W([-r, 17]; V) for any
r E (17,+00).

Theorem1.1 An input u(.) is compatible with an observationresult zC) on [D,s] (or,
equivalently,u(·) E Us(z(·)) if and only if

<T! ('!Jk(t, 17)0,,,u(t) )Rndt= 9k(z((7),17)
o

for all 17 E [D,s] and k E [1: m].

(1.9)

Proof. Let uC) be compatiblewith z(.), and xC) be the trajectorycorrespondingto
u(.). Thenfor all t E [D,s] we have(1.2) or, equivalently,

(1.10)

for everyk E [1 : m]. Take arbitrary 17 E [0, s] and k E [1 : m]. Let

(1.11)

Multiply scalarly (1.1) by w(t) and (1.5) by x(t), distractand integratefrom °to 17. We
get

<T! [(w(t), x(t)) + (w(t), x(t))] dt =
o

<T <T

- ![(w(t), A(t)x(t)) - (A*(t)w(t), x(t))] dt +! (w(t), Bu(t)) dt .
o 0

The left handside is integratedexplicitly, and the first integrandin the right handside
is zero. Thereforethe aboveequalitycanbe rewrittenas

<T

!(<Pk(t, (7), U(t))Rndt = (W(17),X(17))- (w(O),x(O)) .
o
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This equality is equivalentto (1.9) (see (1.11) and (1.7) to comparethe left hand sides,
and (1.6), (1.10), (1.11), and (1.8), to comparethe right hand sides).

Conversely,let u(·) satisfy (1.9) for all a E [0, s] and k E [1 : m]. Supposethat u(.) is
not compatiblewith zO. Then thereexist a E [0, s] and i E [1 : m] suchthat

(1.12)

where x(·) is the trajectory correspondingto u(·). As above, we come to the equality
analogousto (1.9) with z(a) replacedby Px(a). Distract this equality from (1.9). The
result contradictsto (1.12). The theoremis proved.

1.5 Reconstructibility alternative

From Theorem1.1 follows that for 1(.) = <!>k(',a)o" wherea E [D,s] and k E [1 : m], the
value f;(l(t),U(t))Rndt does not dependon u(·) E U,(z(.)); thereforethe above1(·) is
reconstructibleat z(·). Note that this is so for an arbitrary zO E Z, meaningthat 10
is reconstructibleon [0, s]. The next theoremstatesthat this holds for everyfunctional
from the linear hull of all above1(.), andall other functionalsare non-reconstructibleon
[0, s].

Let
1(, = {<!>k(',a)o" : aE [D,s], kE [1 :m]},

L, = LinK•.

By LinE we denotethe linear hull of a set E in the spaceU([s,e]; Rn).

Theorem1.2 Every 1(.) E L, is reconstructibleon [D,s], and every 1(.) E q" \ L, IS
non-reconstructableon [0, s].

From Theorem1.2 and the definition of input reconstructibility the next Corollary
follows.

Corollary 1.1 The following assertionsare equivalent:
(i) an input is reconstructibleon [0, s],
(ii) an input is reconstructibleat a certain z('),

(iii) L, = L6,,'

1.6 Input reconstructibility conditions

Let us providea sufficientinput reconstruetibilitycondition. Weassumen = m. Introduce
the n x n-dimensionalmatrices

D(p) = {(Wj,Pk)}j,k=l,

1((s,t) = {ak,j(s, t)}j,k=l'

where k is a row numberand j is a column number,

.( t) _ { (AWj,Zk(S- t,O)),
ak" s, - 0,

and Zk(t,O) is the uniquesolutionof the equation

t ? s
t < s

i(t) + A*z(t) = 0, t E [0,19]
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z(O) = Pk

in the senseof Definition 1.1.
Let the following conditionbe fulfilled.

Condition 1.1 Wj E {x E V : Ax E H} Vj E [1 : n].

Then the next theoremis true.

Theorem1.3 Let {((w"Pj), ... , (wn,Pj))
input is reconstructibleon [0, s].

j E [1 : n]}, be a basis in Rn. Then an

Proof. Differentiate (1.9) for a = s at an s. We get

S d d
(B*Pk,U(S))Rn+Jds(¢k(t,S),U(t))Rndt= ds9k(Z(S),s). (1.13)

o

It is easily seenthat equation(1.5) implies the equality

d d d
ds(¢k(t,s))j = ds(Wj,Wk(t,S))= ds(Wj,Wk(t-s,O))=

d d
= - ､ｾＨｗｪＬｗｫＨｾＧｏＩＩ = ＭＭＭ＼､ｾｗｫＨｾＬｏＩＬｷｩｬ = (1.14)

= ＨａＪｗｫＨｾＬｏＩＬｗｪＩ = (AWj,Wk(t- s,O)) = (AWj,Zk(S- t,O)) Vj E [1: n].

Here ｾ = t - s. From (1.13), (1.14) we have

S

D(p)u(s)+JI«s,t)u(t)dt= g(s,z), (1.15)
o

g(s,z)= {g}(z(s),s),... ,gn(z(s),s)}.

Note that the integralequation(1.15) has the uniquesolution

The theoremis proved.

In the casewherean input is reconstructibleon [0,11] we shall assumeu(.) to be the
uniqueelementof the set ｕ ｾ Ｈ ｺ Ｈ Ｎ Ｉ Ｉ Ｎ

1.7 Dynamical input reconstruction

Let us describea dynamicalalgorithmto approachu(·) assumingCondition1.1 and con-
ditionsof Theorem1.3 to befulfilled. Herewe supposethat z(t) is measuredinaccurately;
namely,measurementsresults

zi,(t) = ＨｚｾＮｨＨｴＩＬ Z;.h(t), ... ,<.h(t)) E R n

satisfy
Izi,(t) - z(t)1 ::; h (1.16)

whereh is a (small) upperboundfor measurementerrors,and 1·1 standsfor theeucledean
norm in Rn.
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Fix a family !:l.h of partitionsof the interval T with diameterso(h),

Introducethe discretetime control system

i+l k

w(2)(7i+l) = 02L L I«7k,7j-l)VJ_l, 7i = 7h,i,
k=lj=l

i+l

w(3)(7;+d = 0LI«7i+2,7j-dvJ_l' w(j) ERn, j E [1: 3].
j=l

Algorithm 1.1
Parameters:
hE(O,I),
partition !:l. = !:l.h = {7h,d;:'0, m = mho
Output:
vh

(-) E ｌｾＮｾＮ
Variables:
Vi ERn,
W(7h,i) = {W(l)(7h,i),W(2)(7h,i),w(3)(7h,i)}E R3n.

Initial Step:
Put W(7h,O) = O.
i-th Step(1 :::; i :::; mh - 1) :
The stepis performedduring the time interval Oh,; = [7h,i, 7h,i+d.
Compute

Vi = (g*(7i+1) - g*(7i))/0 - w(3)(7i)'

g*(7i) = {g;(7;),g;(7i), ... Ｌ ｧ ｾ Ｈ Ｗ ［ Ｉ ｽ Ｌ

gZ(7i) = ZZ,h(7i) - (Wk(0,7i),XO)= ZZ,h(7;) - (Zk(7i,0),XO)' k E [1: n].

vh = { IvdD-1(p) Si / lsd, Isd f- 0
• 0, ISil = 0;

s; = g*(7i) - g*(O) - W(l)(7i) - w(2l(7;).

Set
vh(t) = vL

Performtransformation(1.17).

Theorem1.4 Let h/8(h) --t 0, 8(h) --t 0 as h --> O. Then

vh
(.) --t u(·)

weakly in VeT;Rn).

(1.17)

Theproofof theTheoremis similar to thoseof thecorrespondingassertionsof Maksimov,
1992a,1992b. The following technicallemmais used.
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Lemma 1.1 The bounds

mh-l

L 8Ivj_112
::; C., g(t) = g(Z(t),t)

j=1

hold uniformly with respectto all hE (0,1), {L':.h} with diameter8 = 8(h), h/8(h) ::; 1
and z*(-) satisfying(1.16).

Proof. Let us estimatethe evolutionof

i i k

= Ig(T;) - g(O) - L D(p)vL - L 8(L8Kh,Tj-tlVj_1W (1.18)
k=1 k=1 j=1

(i E [1 : mh]).

Note that for t E h, Tk+I] due to the equality

vh(t) = vJ, t E (rj, Tj+I)

we have
S kI!K(s,T)vh(T)dT- L 8Kh,Tj-l)vJ_ll ::;

o J=1

k

::; 2Wk(8)8LIvJ-ll + ｫｯＸｉｶｾｬＬ
j=1

IK(t, T)ln ::; ko (t, TE T),

where I. In is the n x n-matricenorm. Consequently

ｾ s

t:l(T;) == I!{!J(s) - D(p)vh(s)- ! K(s,T)vh(T)dT}dsl::;
o 0

Ti S i k

< t:1/2(T;) +I!! K(S,T)Vh(T)dTds- L L8'K(Tk,Tj-l)Vj_ll::;
o 0 k=l J=1

;

< t:1/2(T;) + 8{219 +wk(8)+ ko8} L Ivj_ll,
j=1

(1.19)

whereWk(') is a moduloof continuity of the function K(t,T) = K(t-T), 0::; T::; t::; 19.
Furtheron, we have

i+l k i+l i+l

LL8'K(Tk,Tj-tlVJ_l = L {L 82Kh,Tj-l)vj_l},
k=I j=1 j=1 k=j

i+l i+l i i

L L 82K(Tk' Tj-tlVj_l = L L 82Kh,Tj_tlVj_l+
j=lk=j j=lk=j

8
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i i+l

+2::02J{(T;+l,Tj-l)V7_1 + 'L 02J{(rk,T;)vf·
j:::;;1 k=j

Thereforeit follows from (1.18) - (1.21) that

e(Ti+l) = e(Ti) +2r:JLi + IJLd 2
,

where

;

-02L:J{(Ti+l,Tj_I)v7_l - oD(p)vf·
j=1

Onecan easilyget the inequalities

i

hi :S Gl + G20 'L Iv7-11, i?: 1
j=1

7"i+l i+l

IJL;1 2 :S G30{ J Ig(sWds+ 'L 021v7_112+olvfn
7"j ):::;;1

(1.21)

(1.22)

(1.23)

(1.24)

wherethe constantsGj , j E [1 : 3] do not dependon i, D. Hence,taking into accountthe
definition of vf we deducefrom (1.22) that

Note that
i-I

d; == 0;ivf-t12 :s ai +G60'Ldj,
j=l

mh-1

'L aj < +00.
j=1

Consequently,
mh-1

'L 01v7_112== !vh(-)Ii,(T;U) :S G7 < +00.
j=l

Thus,by (1.23) - (1.26) we have

C:(T;+tl :S C:(Ti) + Gs(h/o+ D), i E [0: mh -1].

Lemmais proved.

(1.26)

Remark1.1. The auxilliary discretetime control system(1.17) can be replacedby
the following continuoustime one:

ti,(lJ(t) = D(p)vh(t),

tiPl(t) = W(3J(t), t E T,

w(1l(O) = w(21(0) = 0,

9



where
t

W(3J(t) = JK(t, r)v\t)dr.

°In this casean analogueof Theorem104. holds true.

Remark1.2. If the solution z(.) of the adjoint equationis sufficiently smooth,for
instance,z(·) E L2(Tj H), then Condition 1.1 can be replacedby the weakercondition
Wj E H. In this caseTheorems1.3 and 1.4 remaintrue if one puts

.( t) = { -(wh Zk(S - t, 0)), t ｾ S }
ak" S, 0 t < S .

1.8 Approximations to extremal inputs

Let us now considerthe generalcasewherethe input reconstructibilityconditionof The-
orem1.3 doesnot hold.

Fix an observationresult z(·) E ｚｾＮ Here we supposethat upon all inputs u(.) the
constraint

u(·) E G (1.27)

is imposedj G is a given convexboundedset in ｌ Ｖ ｾ Ｎ Therefore,we will be interestedin
finding inputs from the set ｕ ｾ Ｈ ｺ Ｈ Ｇ Ｉ ｪ G) = ｕｾＨｺＨﾷＩ n'G.

We shall point out a methodto approacheitherthe minimumvalueof a certainconvex
functionalon ｕ ｾ Ｈ ｺ Ｈ Ｍ ［ G), or its minimizer. Thenormand thescalarproductin ｱ Ｌ ｾ will in
what follows be denotedII . II ｾ and (., . ＩｾＬ respectively.The proposedmethodis intended
to solve the systemof integral equations(1.9) under the constraint (1.27). We rewrite
(1.9) as

iI>u(-) = g(.). (1.28)

Here g(0") is the vector with coordinatesgk(z(0"),0") (k = 1, ...,m), and iI> is the linear
operatorfrom V(T,Rn) to L2(T,Rm)ofthe form

iI>u(.) = [ C(t, O")u(t)dtj (1.29)

C(t,O") is the m x n-matrix whosek-th row (k::; m) is the vector <Pk(t,O").
We shall use a modification of the Tikhonov's regularizationmethodto approacha

solution of the equation (1.28) (equivalent to (1.9)) under the constraint (1.27). Let
J(-) be a convex functional on ｌ ｾ ｾ Ｌ boundedon G, and JO be its minimum value on
ｕ ｾ Ｈ ｺ Ｈ Ｍ Ｉ ｪ ｇ Ｉ Ｎ It is known that if J(.) is strictly convex(in particular,J(.) =11 . ｉｉｾＩＬ then
thereexists a unique (in the senseof ｌ ｾ Ｌ ｾ Ｉ elementproviding the minimum of J (.) over
ｕ ｾ Ｈ ｺ Ｈ Ｍ ｪ G)j we shall denotethis elementby UO(.).

Theorem1.5 Let VN E G,

II iI>vN(') - g(.) ｉｉｾ +O'NJ(VN(-)) - aNJO::; EN (N = 1,2,...),

EN -> 0+, aN -> 0+, EN/aN -> 0 + (N -> (0).

Then

and, if J(-) is strictly convex,

10

(1.30)

(1.31)

(1.32)



A standardproof patternsee,e.g., in Vasilyev, 1981 (p. 182).
Thefollowingfinite-stepalgorithmto calculatevN (.) satisfying(1.30) with appropriate

EN and aN was given in Kryazhimskii and Osipov, 1987.

Algorithm 1.2.
Parameters:
N, IN - natural,
aN> O.
Output:
VN(-) E G.
Variable:
y;(.) E U(T,Rn ).

Initial Step:
Put Yo(') = O.
i-th Step(0 :'0: i :'0: IN - 1) :
Find a solution r;(·) of the problem

2(<lly;(·) - ig(-)/IN, ＼ ｬ ｬ ｲ Ｈ Ｇ Ｉ Ｉ ｾ +aJ(r(-)) ---; min, r(-) E G. (1.33)

Put
(1.34)

Final Step:
Put VN(') = YIN(')'

Lemma1.2 (Kryazhimskii and Osipov, 1987, Lemma1.1). Let VN(') be the output of
Algorithm 1.2. Then (1.30) holds with EN = c2/m wherec is suchthat II <llu(·)-g(·) ｉ ｉ ｾ Ｚ Ｇ ｏ Ｚ c
for all u(-) E G.

Lemma1.2 and Theorem1.5 yield the following.

Theorem1.6 Let
aN -+ 0+, l/aNIN ---; 0+ (N ---; 00)

andVN(') be the output of Algorithm 1.2 for N = 1,2,.... Then (1.31) holds, and if J(-)
is strictly convex, (1.32) is true.

1.9 Uncertain initial state

In this subsectionwe modify Algorithm 1.2 for the casewhere the initial state Xo is
unknown. Namely,supposethat we aregiven the constraint

Xo E Xo (1.35)

whereXo is a convexand boundedset in H. The constraint(1.27) is kept. Now ｕｾＨｺＨﾷＩＩ

will standfor the set of all inputs compatiblewith z(-) for someXo satisfying(1.35). Let,
as above ｕ ｾ Ｈ ｺ Ｈ Ｍ Ｉ ［ G) = ｕｾＨｺＨＮＩＩ n G.

For a certain Xo, write out the right handsideof (1.28) as (see(1.7))

here

g(.) = z(-) - =:xo(');

11
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Define the operator1Ji from V(T,Rm)x H into L2(T,Rm)by

1Ji(u(-),xo)= <I>u(·) +3xo(')'

Then (1.28) can be rewrirren as

1Ji(u(.),xo)= z(.).

(1.38)

(1.39)

(1.40)

For solving this equationunder the constraints(1.27), (1.35),the following modification
of Algorithm 1.2 is suggested:

Algorithm 1.3.
Parameters:
N, IN - natural,
aN> O.
Output:
VN(-) E G.
Variables:
Yi(') E L2(T,Rn

),

I/i E H.
Initial Step:
Put Yo(-) = 0,
I/o = O.
i-th Step(0 ::; i ::; IN - 1) :
Find a solution (ri(')' Pi) of the problem

2(1Ji(Yi(-), I/i) - iz(-)jm,1Ji(r(-), p) + aJ(r(-)) -> min, 1'(') E G, p E Xo.

Put
(1.41)

Final Step:
Put VN(') = YIN (-).

Keepingthe notationsJO and U O(.) of the previoussubsection,we obtain, in a similar
manner,the following theorem.

Theorem1.7 Let
aN -> 0+, 1jaN IN -> 0 + (N -> 00)

and VN(-) be the output of Algorithm 1.3 for N = 1,2,.... Then (1.31) holds, and if J(-)
is strictly convex, (1.32) is true.

2 Application: Reconstructionof Pollution Inten-
sities

2.1 Informal problemsetting

In this sectionwe apply somepreviousresultsto a standardmodelof pollution diffusion.
Informal problemsetting is as follows. Given a water reservoir covering a domain fi.
Severalpollution sourcesareconcentratedin subdomainsfib ..., fin of fi. In othersubdo-
mainsEl" ...,Elm concentrationof the pollutant is measured.It is requiredto reconstruct
unknowntime-varyingintensitiesu,(t), ... ,un(t) of the pollution sourcesvia measurement
resultsz,(t), ...,zm(t).

12



2.2 Models for sourcesand observation results

In our model, we assumen to be a two-dimensionalboundedregion; , will standfor a
varying point of n. We supposethat the pollutant's input concentrationrate at every
point' E nj is given by Uj(t)WjW where

Wj(') > 0 (, E nj), Wj(') = 0 (, 1. nj). (2.1)

Thus, uAt) servesfor a measureof the intensityof the sourcedistributedover nj . It is
reasonableto assumethe calibrationcondition

(2.2)

ThenUj(t) representsthe rateof the total pollutant'sinflow from the domainnj . In what
follows, x(t,O standsfor a currentconcentrationof the pollutant at point ,. A result of
current measurementsof x(t, ,) in the observationdomain Elk is modeledas

Here
Pk(O > 0 (, E Elk), Pk(O = 0 (, 1. Elk),

r Pk(Od,= 1.l e•

(2.3)

(2.4)

(2.5)

Thus, Zk(t) is the averagepollutant'sconcentrationin Elk with the weight function Pk(·).

2.3 Parabolic model

Following the traditional approach(see,e.g., Marchuk, 1982), we model the pollutant's
diffusion processin the domainn by the parabolicequation

8x(t,O 8x(t,O 8x(t,O _ A ( C) _ B ()(C)
8t +ai 86 +a2 86 Ll.X t, <" - U t <"

with the boundarycondition
x(t, ,) = 0 (, E f) .

(2.6)

(2.7)

Here ｾ is the Laplaceoperator,ai, a2 areconstanttransitioncoefficients,f is the bound-
ary of n, u(t) = (Ul(t), ...,un(t)) is the vectorof sourceintensities,and

n

Bu(t)(') = L Uj(t)WjW .
j=l

Time t variesoverT = [0,11] j the initial concentrationis fixed,

x(O,O = xo(,).

(2.8)

(2.9)

We supposethat the functionsWj(-) (j = 1, ...,n) andPk(')(-) (k = 1, ...,m) are twice
continuouslydifferentiableand satisfy (2.1) - (2.5), and the boundaryf of the arean is
sufficiently smooth.

According to Lions, 1971, (2.6) is a particular caseof (1.1), and all conditions of
subsection1.1 are fulfilled with V = H6(n) and H = L 2(n, R). Thus all the resultsof
section1 are valid.
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Remark 2.1 One can easily verify that wk(t,a) = wk(t,a,·) (seesubsection1.4, (1.5),
(1.6)) has the form

where(k(-, .) is the solution of the Cauchyproblem

｡ Ｈ Ｈ ｴ Ｌ ｾ Ｉ _ ｡ＨＨｴＬｾＩ _ a((t,e) _ !:::/(t 1:) = 0 1'(0 1:) = (1:)
at a, 86 a2 ｡ｾＲ ." ., ,." <, Pk .,

on [0,00) with the boundarycondition

(( ｴ Ｌ ｾ Ｉ = 0 Ｈｾ E f) .

(2.10)

(2.11)

(2.12)

2.4 Problem specification: approximations to extremal inputs

Specify the problem sketchedout in subsection2.1. Note that the inputs (pollution
intensities)Uj(t) are nonnegativeand bounded;we shall also assumethat finite upper
boundsuj for them are given. Thereforewe cometo the constraint (1.27) having the
specialform

Os Uj(t) S uj (j = 1,2,...) . (2.13)

Fix an observationresult z(·) (of the form (2.3)). The set ｕ ｾ Ｈ ｺ Ｈ ﾷ Ｉ ［ G) is now undersyood
as the collection of all inputs u(.) satisfying (2.13) and compatiblewith the observation
result z(·), i.e. such that (2.3) holds for the solution x(·,·) of the problem (2.6), (2.7),
(2.9).

Considera linear functional J*(-) on ｱＬｾ determinedby a function q(.) E ｱＬｾＬ

J*(u(-)) = f q(t)'u(t)dt . (2.14)

The first problemwe will be interestedin is finding the minimum and maximumvalues
for J*(.) over ｕ ｾ Ｈ ｺ Ｈ Ｎ Ｉ ［ G); we shall denotethesevalues respectivelyJ;';,;n and J:"ax' A
reasonableform for q(.) is

In this caseJ*(u(.)) is the avaregeintensity of the j*-th source(concentratedon Ojo)
over the time interval [7'1, 7'2J C [0,19], and J;';,;n' J:"ax are, respectively,its minimum and
maximum values that do not contradict to the observationresult z(·). Having these
values,one can claim that the actualaverageintensityof the j* -th sourceover the time
interval [71,7'2] is lockedbetweenthem. If oneputs

(2.16)

then J*(uO) turns into the total avaregeintensity of all sourcesover the time interval
[71,72], and J:"in, J:"ax stand, respectively,for its admissibleminimum and maximum
values.

Our secondproblemwill be to find theminimumvalueJ:Jn of thequadraticfunctional

ｾ n

J**(u(-)) = fa ｾｵ［ＨｴＩ､ｴ =11 u(·) ｉ ｉ ｾ

and the input u**(-) minimizing J**O over ｕｾＨｺｏ［ G).

14
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2.5 Pre-solver

For solving the aboveproblems,we useAlgorithm 1.2. Consideringthe first problem,we
take

and

J(u(.)) = J*(u(·)) = l q(t)'u(t)dt (2.18)

J(uC)) = -J*(u(.)) = l (-q(t))'u(t)dt . (2.19)

Clearly, ｊ ｾ ｮ = JO for J(-) definedby (2.18), and J:". x = _Jo for J(.) definedby (2.19).
Dealing with the secondproblem,we useAlgorithm 1.2 with

J(u(.)) = J**(u(-)) . (2.20)

We needto specify oncemorethe structureof the function g(-) (see(1.28)) and the
operator iQ (1.29).

By definition, for every (J :::: 0, a k-th coordinateof the m-vectorg(J) is given by

(2.21)

here (1.8) and Remark2.1 havebeentakeninto account. Also by definition, a k-th row
of the matrix C(t,(J) is the n-vector <pk(t,(J) with coordinates(1.7). Hence(1.7) is the
elementCkj(t,(J) of the matrix C(t,(J). Using Remark2.1, we can write

Thus

C(t,(J)=C(J-t) = (Ckj(J-t)), (k=I, ...,m,j=I, ...,n) (J::::t). (2.23)

Let us now specify the form of a solution r;(-) to the extremalproblem(1.33) (which
is the single nontrivial part of Algorithm 1.2). Considerthe first term in the minimized
functional,

Q;(r(.)) = 2(iQy;(·) - i9(-)flN, ｩ ｑ ｲ Ｈ Ｍ Ｉ Ｉ ｾ .

According to (1.29) we have

Qi(r(')) = 2l,p;(o-)'f C(t,(J)r(t)dtd(J

where
,p;(J) = f C(r,(J)y;(r)dr - ig(J)jIN.

Using the Fubini's theorem,continueas follows:

Q;(r(.)) = 2l f ,p;(J)'C(t,(J)r(t)dtd(J=

2lt ,p;(J)'C(t,(J)r(t)d(Jdt=

ｲｾ n
2Jo {;(,B;(t))jrj(t)dt
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where (j3;(t))j is the j-th coordinateof the vector

f3;(t) = l ,p;(a)'C(t,a)da .

Now, for the functional (2.18), the problem(1.33) takesthe form

(2.26)

ｻｾ n

2J
o

j;,((f3;(t))j +aNqj(tJ/2)(r(t))jdt --> min, 0::; (r(t))j ::; uj U= 1, ...,n). (2.27)

It is solvedby

(r,(min)(t)),. = ｻｯｵＬＬｾＬ (f3i(t))j + aNqj/2::; 0 (. 1 )
(f3;(t))j +aNqj/2 > 0 J = ,...,n .

Similarly, for the functional (2.19), the problem(1.33) is solvedby

(2.28)

(rimax)(t))j = {u
o
j , ((f3f3;((tt))))j - aNqj //

2
2::; 00 U= 1, ...,n) . (2.29)

, ; j - aNqj >

For the functional (2.20), the problem (1.33) takesthe form

ｻｾ n

2J
o

j;,(f3;(t))j(r(t))j + aN(r(t))j/2dt --> min, 0::; (r(t))j::; uj U= 1, ... ,n)

and is solvedby

-(f3;(t))j/aN E [0, uj]
-(f3i(t))j/aN < 0
-(f3i(t))j/aN > uj

U=l, ...,n). (2.30)

2.6 Approximation algorithms

Considerthefirst problemindicatedin subsection2.4. Combiningthepre-solvingcostruc-
tion of the previoussubsectionand Algorithm 1.2, we specify the latter as follows.

Algorithm 2.1.
Parameters:
N, IN - natural,
aN> O.
Output:
J (min) J(max) I

N 'N -rea.
Variables:
vimin)u, vimax)u E L 2(T, Rn).
Pre-Solver:
For k = 1, ,m compute(k(t,0 (t E [0, 19J, ｾ EO), a solution to (2.11), (2.12).
For k = 1, ,m compute(2.21) (a E [0,19]).
Computematrixes(2.22), (2.23) (a E [0,19], t E [0, a]).
Initial Step:
Put
ｖ ｾ ｭ ｩ ｮ ｜ ｴ Ｉ = 0, ｖｾｭ｡ｸＩＨｴＩ = 0 (t E [0,19]).
i-th Step(0 ::; i ::; IN - 1) :
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Put
Yi(t) = y!max\t),Yi(t) = Yi(t)(minJ.
Compute
1/;i(t) = 1/;!maxJ(t),1/;i(t) = 1/;i(t)(min) (2.25),
(Ji(t) = (J!maxJ(t), (Ji(t) = f3i(t)(min) (2.26),
r!m;nJ(t) (2.28), r!max)(t) (2.29) (t E [0,11]).
Put

Final Step:
Put

J1minJ = l ｱＨｴＩＧｹｾｭｩｮＩＨｴＩ､ｴＬ J1max) = l q(t)'y);ax)(t)dt.

Theorem1.6 yields the following.

Theorem2.1 Let functional J*(.) be definedby (2.14), and J:cinl J;;'ax be, respectively,
its minimumand maximumvalueson ｕｾＨｺＨＭ［ G)). Let

aN --t 0+, l/aNIN --t 0 + (N --t 00)

and (J1min), J1max
)) be the outputof Algorithm 2.1 for N = 1,2,.... Then

J (m;n) J*
N ｾ min, J (max) J* (N )N ｾ max --+00.

Considerthe secondproblemof subsection2.4. Algorithm 1.2 solving this problem,
takesthe following form.

Algorithm 2.2.
Parameters:
N, IN - natural,
aN> O.
Output:
VN(-) E G.
Variable:
Yi(')' L2(T, Rn

).

Pre-Solver:
Sameas in Algorithm 2.1
Initial Step:
Put
yo(t) = 0, (t E [0, '19]).
i-th Step (0 ::; i ::; IN - 1) :
Compute
1/;i(t) (2.25), (Ji(t) (2.26), ri(t) (2.30) (t E [0,11]).
Put

Yi+l(t) = Yi(t) + ri(t)/IN (t E [0,11]).

Final Step:
Put

VN(t) = YIN(t) (t E [0,11]).

Theorem1.6 yields the following.
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Theorem2.2 Let functional J**(.) be definedby (2.17), and J:::in and u**(.) be, respec-
tively, its minimumvalue and its minimizeron ｕｾＨｺＨＧ［ G). Let

and VN(') be the output of Algorithm 2.2 for N = 1,2,.... Then

!**(VN(')) --4 J::n (N --4 00)

and

2.7 Uncertain initial state: pre-solver

In the next subsectionwe shall modify Algorithms 2.1 and 2.2 for the casewhere the
initial stateXo is not given precisely. Thus we shall supposethat the inclusion (1.35) is
satisfied,whereXo is a convexboundedset in H = L 2(!1, R).

We follow themethodof subsection1.9. Theset ｕ ｾ Ｈ ｺ Ｈ Ｍ Ｉ ［ G) is now thecollectionof all
inputsu(-) satisfying(2.13) andsuchthat (2.3) holdsfor thesolutionx(·,·)of theproblem
(2.6), (2.7), (2.9) for a certain Xo satisfying (1.35). We keep the functionals (2.14) and
(2.17) introducedin subsection2.4, as well as the notationsJ::Un' J;;'ax' J::n, and u**(.).

For simplicity we specify the form of the set Xo; namelywe assumeit to be a convex
hull of a finite numberof admissibleinitial distributions ｸ ｾ Ｈ Ｍ Ｉ E H of concentrations
(p = 1, ...,1). Thus we put

where

I

Xo= {xo(-) = L ａｰｘｾＨＭＩ AE S}
p=l

(2.31)

(2.32)
[

S={AER[: ａ ｰ ｾ ｏ Ｈ ｰ ］ ｬ Ｌ ...,I),LAp=l}.
p=l

Specify the form of a solution (r;(-),I';('») to the extremalproblem(1.40) (Algorithm
1.2) for the functional (2.14). Since I'i(-) E Xo and (2.31) holds, we shall considerin
(1.40), insteadof 1'(.), coefficient vectorsA; E S:

I

I'i(-) = ｌＨａｩＩｰｘｾＨＭＩ .
p=1

Then
[

Vi(') = ｌＨａｩＩｰｘｾＨＭＩ
p=l

and the first termin the minimizedfunctional in (1.40) hasthe form (see(1.38)

I

Q;(r(·),A) = 2(<I>Yi(-) +3v;(·) - iz(-)/IN,<I>r(·) +3L Ｇ ｜ ｰ ｸ ｾ Ｈ Ｍ Ｉ .
p=l

Introducethe m-vectorfunction
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In view of (1.37), (2.33) we have

where
'Yp(<7) = in ((<7, ｏｸｾＨｏ､･ .

Hence(seealso (1.29)) (2.34)takesthe form

Qi(r(-), A) = 2f ,pi((7)' [ C(t, <7)r(t)dtd<7)+ 2f ,pi ((7)' ｾ 'Yp(<7 )Ap

where (see(2.36))

Ｈ ｾ I
,pi(<7) = Jo C(r,<7)Yi(r)dr +L 'Yp(<7)(Ai )p - iZ(<7)J1N .

o p+1

(2.36)

(2.37)

(2.38)

Using, like in subsection2.5, the Fubini's theoremand introducing the function (3i(')
(2.26), we easilyseethat the problem(1.40) is reducedto the problems(2.27) and

where

r;A --> min, A E5, (2.39)

(ri)p = f in ＬｰｩＨ＼ＷＩＧＨＨ＼ＷＬｏｸｾＨ･Ｉ､･､＼Ｗ (p = 1, ...,1) . (2.40)

The problem (2.27) is solved,like in subsection2.5, by (2.28), and the problem(2.39) is
solvedby

(Ai)p = 0 (1 ｾ P ｾ I, p oj pn (Ai)p' = 1•
wherep* minimizes (ri)p:

(2.41)

(2.42)

For thefunctional (2.19), the solutionof the problem(2.27) is given by (2.29).
Finally, consideringthe secondproblemof subsection2.4 wherethe functional (2.17)

is minimized, we conclude(like in subsection2.5) that the problem (2.27) is solved by
(2.30).

2.8 Uncertain initial state: approximation algorithms

Considerthe first problemindicatedin subsection2.4. Due to the costructionsof subsec-
tion 2.7, Algorithm 1.3 (subsection1.9) solving this problem,takesthe following form.

Algorithm 2.3.
Parameters:
N, IN - natural,
aN> O.
Output:
J (min) J(max) I

N 'N -rea.
Variables:
y!min)(.), y!max\.) E L2(T,Rn),
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Ai E R I
.

Pre-Solver:
For k = 1, ...,m compute
(k(t,O (t E [0, 19], ｾ E !1), a solution to (2.11), (2.12).
Computevectors(2.35).
For p = 1, ...,1 compute(2.37) (<7 E [0,19]).
Computematrixes(2.23) (<7 E [O,19J, t E [0,<7]).
Initial Step:
Put
ｹ ｾ ｭ ｩ ｮ Ｉ Ｈ ｴ Ｉ = 0, ｹｾｭ｡ｸ｜ｴＩ = a(t E [0,19]),
Ao = 0.
i-th Step (0::::; i ::::; IN - 1) :
Put
Yi(t) = y!m,x)(t), Yi(t) = Yi(t)(min).
Compute
.,pi(t) = .,pfmax)(t),.,pi(t) = .,pi(t)(min) (2.25),

f3i(t) = f3fmax)(t), f3i(t) = f3i(t)(min) (2.26),
rimin)(t) (2.28), r!m,x)(t) (2.29) (t E [0,19]),
f i (2.40),
pi (2.42),
.\i (2.41).
Put

ｾ ｭ ｩ ｮ Ｉ Ｈ ｴ Ｉ = (min)(t) + (min)(t)/lYt+l Yt r t N,

Final Step:
Put

J1min) =t q(t)'y):tn)(t)dt, J1max
) = t q(t)'y?;ax)(t)dt.

Theorem1.6 yields the following.

Theorem 2.3 Let functional J*(.) be definedby (2.14), and Jrin, J:....x be, respectively,
its minimumand maximumvalueson ｕｾＨｺＨﾷ［ｇＩＩＮ Let

aN ..... 0+, l/aNlN ..... 0+ (N ..... 00)

and (J1min
),J1max

)) be the outputof Algorithm 2.3 for N = 1,2,.... Then

J(min) J*
N ----? min'

Considerthe secondproblemof subsection2.4. Algorithm 1.2 solving this problem,
takesthe following form.

Algorithm 2.4.
Parameters:
N, IN - natural,
aN >0.
Output:
VN(-) E G.
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Variable:
Yi(-), U(T, R D

).

Pre-Solver:
Sameas in Algorithm 2.1.
Initial Step:
Put
yo(t) = 0 (t E [0,19]), Ao = O.
i-th Step (0 :::: i :::: IN - 1) :
Compute
1/;;(t) (2.38),
(3i(t) (2.26),
ri(t) (2.30) (t E [0,19]),
f i (2.40),
pi (2.42),
Ai (2.41).
Put

(minJ( ) (minJ( ) ( )/1Yi+l t = Yi t + ri tN,

Final Step:
Put

(t E [0,19]),

VN(t) = YIN(t) (t E [0,19]).

Theorem1.6 yields the following.

Theorem2.4 Let functional J**(-) be definedby (2.17), and J:::: n and u**(·) be, respec-
tively, its minimumvalue and its minimizeron ｕ ｾ Ｈ ｺ Ｈ ﾷ ［ G)). Let

and VN(·) be the output of Algorithm 2.4 for N = 1,2,.... Then

J**(VN(·)) ---> J::::n (N ---> 00)

and
II VN(-) -u**(.) ｉ ｉ ｾ Ｍ Ｍ Ｍ ＾ 0 (N ---> 00).

3 Groundwater Contamination Modeling
and Source Estimation

3.1 Model

In this sectionwe apply theestimationmethodologyof section2 to a groundwatercontam-
ination transportmodelintegratedin XGW: A PrototypeExpertSystemUser Interfacefor
Interactive Modeling of GroundwaterContamination,an informationsystemdevelopedat
IIASA's project on AdvancedComputerApplications. A generalcontaminationmodel
expolited in XGW takesinto accountthe fluid motion and the contaminanttransport
in an unconfinedaquifer; it is representedby the next systemof two-dimensional(2D)
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partial differential equations(seeBear and Verruijt, 1987; Kaden, Diersch, and Fedra,
1990; Kriksin, Samarskaia,and Tishkin 1993; Samarskaia,1994),

a(to·H)
at

{j

+ div(t· (H - hb) . U) = QH,

-f{ . grad(H),

(3.43)

(3.44)

here

a(0 . (H - hb) • C)
at

+ div(t· (H - hb)· U· C) +0· (H - hb) • a· C

div(t· (H - hb)· D· gradC) +Qc, (3.45)

t
x,y
{j = (ii, v) = (ii(x, y, t), v(x,y, t))

H = H(x,y,t)
hb=hb(x,y)
C=C(x,y,t)
f{=f{(x,y)
D = D(x,y,t)
to = to(x,y, t)
t = t(x,y,t)
0 0 = 0 0 (x, y, t)
a
o = 0(x,y, t) = t + (1 - t) . 0 0

time,
horisontalCartesianspacecoordinates,
componentsof
fluid velocitiesin the horisontalx- and y-directions,

= headelevationof the free surfaceof an aquifer,
a profile of an impermeablebedrock,
pollutant concentration,
a tensorof conductivity,
a tensorof hydrodynamicdispersion,
a drainable porosity,
a kinematicporosity,
a sorptioncoefficient,
a concentrationdecayrate,
a specific retardationfactor.

The right-handsidesQc = Qc(x, y, t) and QH = QH(X, y, t) represent,respectively,
sourcesand sinks,

Q'H + Q';; - Q'; +Q'H, Qc Q'H C' + Q'H C' - Q'; C, (3.46)

where

Q'H a volumetricrechargerate,
Q';; = a volumetricinjection rateof non-contaminatedwater at point (x,y),
Q'; = a volumetricdischargerateat point (x,y),
Q'H a volumetricflow rateof a contaminationsourceat point (x, y),
CS concentrationof pumpedfluid at a contaminationsource

locatedas above,
C' concentrationof recharged/infiltratedfluid.

This 2D model is obtainedthrough averaging3D spaceequationsover the vertical
spacecoordinate, which is justified by the assumptionthat a pressuredistribution is
hydrostatic. The model ignores Coriolis accelerations(the Dupuit's assumption).Thus
the velocities in a water table aquifer are assumedto be horizontal and invariant to
vertical shifts. A physicalbasisfor the model is the massconservationlaw for the fluid
and contaminant.
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The 2D nonlinearequations( 3.43)-( 3.45) govern time-varyingdistributionsof hor-
izontal fluid velocities u(x, y, t), v(x,y, t), the water table H(x, y, t) and the pollutant
concentrationC(x,y, t) over a planargroundwaterdomainn.

We shall assumethat the water table H(x, Y, t) is given. Then the fluid velocities
u(x,y, t) and v(x,y, t) are expressedthroughequation( 3.44), and the model is reduced
to the convection-dispersionmasstransportequation(3.45). Note that the equationis
generalenough;it capturesconvectionand dispersioneffects,sourcesand sinks, and can
servefor modellingvarioustransportanddistribution processes.A specificationof initial
and boundaryconditionsdependson a natureof a processunderinvestigation.

3.2 Modeling algorithm

Let the domainn be a quadrangle,

n = [O,axJ x [O,ay].

For a numericalsolution of equation( 3.45), a time grid W r and a spacegrid Wh are
introduced,

W r {tn=nr, n=0,1,2,...,Nr ,r=T/Nr },

Wh - {(Xi,Yj) E n, Xi = itlx, Yj = jtly,
tlx = ax/Nx, tly = ay/Ny, i = 0,1,2,...,Nx, j = 0,1,2,..., Ny}.

In theXGW modelthefollowing finite-differencealgorithmicschemesareincorporated
(seePeacemanand Rachford,1955):

• a finite-differenceschemebasedon animplicit alternating-directionprocedure(ADIP-
type scheme);

• a fully implicit finite-differenceschemewith an ADI iteration technique,basedon
Douglas-Rachfordstabilisingcorrectionmethod.

In a finite-difference scheme,values of spatial variables at time step n + 1 (tn+d
are computedthrough a spatial distribution at time step n. The zero time step (to)
correspondsto the initial condition.

The ADIP-baseddifferenceapproximationfor the transportequation( 3.45) has the
form

+
0i.j(HC)7,j' /2 - 0 i ,j(HC)i,j

0,5 tlt

WCn+l/ 2 WCn+l/2
i+l/2,j - i-I/2,j

tlx
W D n+l/ 2 _ W D n+1/ 2

'+1/2,j i-1/2,j + .0. ·(HC)'.'+1/2 (3.47)
ｾｸ a t,J l,J

WDi,j+l/2 - WDi,j_1/2 ｗ ｃ ｾ ｪ Ｋ Ｑ Ｏ Ｒ - ｗｃｾｪ｟ＱＯＲ
= tly tly
+ (QC)i,j,

o (Hc)n+1 - 0· ·(HC)'.'+l/2
t,J t,l t,l t,] +

0,5 tlt

WCn+1 wcn+1
i,i+l!2 - 1,j-1/2

tly
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W Dn+l - W Dn+l
i,j+l/2 i,j-l/2 +(I. e· ·(HC)'.'+l (3.48)

fJ.y '.J I,)

W Dn+l/ 2 _ W Dn+1/ 2 WCn+1/ 2 _ WCn+1/ 2
i+l/2,j i-l/2,j i+l/2,j i-l/2,j

flx flx

+ (Qn+l/2) ..
C I,)l

where

WC
n+1/ 2
i+l/2,j

WCn+l
i,j+l/2

(3.49)

WDn+1/
2

i+l/2,j

WDn+1
i,j+l/2

Cn +l/2 Cn+l/ 2

['D (Hn+l/2) _ h )]. . i+l,j - i,j
- L. xx b 1+1/2,) ｾ ｘ '

Cn+l Cn+l
[ D (Hn+l h)] i,j+l - i,j

- t yy - b i,j+l/2 fly , (3.50)

The differenceequations( 3.47), ( 3.48) are unconditionallystableand convergent(see
Samarskii,1971). Eachof themhasthe three-pointstructure

Ai zi- 1 - CiZi + BiZi+l = -Fi' i = 1, ..., N - 1

and satisfiesboundaryconditionsof the type

Zo = O<I ZI + (31,

ZN = 0<2 ZN-l + (32,

(3.51)

(3.52)

wherecoefficientsO<t, 0<2,(31, (32 aredeterminedby the initial boundarycondition.
In the consideredmodel,equations( 3.51) are solvedvia a simplified Gaussianelim-

ination method(the so-calledbackwardsubstitutionalgorithm,seeForsytheand Moler,
1967; Samarskiiand Nikolaev 1989).

For brievity we do not presentherethe formulasfor the fully implicit finite-difference
scheme.

3.3 Estimation of forcing functions

Let in ( 3.45) the sourceintensityQc(x,y, t) havethe form

Qc(x,y,t) = u(t)w(x,y)
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wherew(x,y) is a known smoothfunction and u(t) is an unknownforcing function. We
focus on the estimationof u(t) for the following specialcaseof the equation( 3.45):

C(t,x,y) Ir = 0,

C(O,x,y)=O.

Here

it cansto, v= constI, 'I = const2 , D = const3 ,

fl = {(x, y): 0::::: x ::::: ax, 0::::: y ::::: ay }.

We seethat the aboveboundaryproblemhasthe form (2.6)-(2.9) (with n = 1) in slightly
different notations( x is replacedby C and'by (x, y)). As in section2, we assumethat
observationresultsare given by

z(t) = Jin C(t,x,y)p(x,y) dxdy (3.55)

(so, m = 1). A nonnegativesmoothfunction p(x,y) definedon 11 determinesa contami-
nant concentrationobservationdomain,

0= {(x,y): (x,y) E fl, p(x,y):::: 0 }. (3.56)

Below, basingon observationresultsz(t), we estimatenumericallythe meanvalueof the
forcing function u(t) over an interval [7,,72],

i
T,

J(u(.)) = u(t)dt.
Tl

For modelingobservationresultsz(t) we computeC(t,x,y)as an approximatesolutionof
equation( 3.54) using the numericalmethoddescribedin subsection3.2 (with Qc given
in (3.53)); values z(t) are calculatedthrough (3.55). Next, a finite-differenceequation
correspondingto the conjugateproblem,

((t,x,y) Ir = 0,

((O,x,y) p(x,y),

(3.57)

(3.58)

is solvednumerically;eachof the finite-differenceschemesdescribedin subsection3.2 has
beenemployed.

Using the modeledobservationresultsz(t) and the obtainedapproximatesolution of
( 3.57), (3.59), we implementAlgorithm 2.1 (seesubsection2.6) for the estimationof the
value J(u(·)).
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3.4 Test results

Algorithm 2.1 has beentestedfor various regularizationparametersa, and numbersof
iterationsIN. Otherparametershavebeenchosenasfollows:

• time interval: [0, 1];

• sizesof domain!!: ax = ay = 53;

• sizesof spacegrid Wh: Nx = Ny = 53 (.c,.x = .c,.y = 1);

• sizeof time grid w,: NT = 40, (7 = 1/40);

• dispersioncoefficient: D = 18.33;

• sourceweight: a smoothfunction w(x,y) closeto 1/9 for 31 ::; x::; 34,26::;y::; 29
and zerootherwise;

• observationweight: a smoothfunction p(x,y) closeto 1/9 for 24 ::; x ::; 27,26 ::;
y ::; 29 and zerootherwise;

• objectivefunction's time parameters(see(2.15)): 71 = 0.1, 72 = 0.5;

• forcing function: u(t) = sin(t).

Figures1-12 show the resultsof numericalapproximationsto the minimumand max-
imum values J'Nin and J'N'x , which, in the consideredexample,coincide with the exact
value J(u(.)). The bold line representsthe exact value J(u(-)) = 0.275437. Figures1-6
correspondto the ADIP finite-differencescheme. Figures 7-12 correspondto the fully
implicit scheme.

26



J
OAr----------------------,

0.3

o.2 L----'--------',_---'--------'_--'--------'_--'-------'-_-"---,--'--"----'--'--------' IN
100 2000 4000 6000 8000 10000 30000 50000

0: = e·18

Figure 2

J
OAr----------------------.

0.3

0.2
100

,
2000 4000

, , , IN

6000 8000 10000 30000 50000

0: = e-"

Figure 3

27



J
0.4,----------------------,

0.3

0.2 '----'--'-_-'---L_'----'--'-_-'-----'-------'_--'-----'-_.L--lIN
100 2000 4000 6000 8000 10000 30000 50000

a = e-12

Figure 4

J
0.4,----------------------,

0.3

ｾ Ｚ Ｚ Ｚ Ｚ Ｚ ［ Ｚ Ｍ Ｍ Ｍ Ｍ ｾ

0.2 '-----'--------''-----'--------'---'------'---'--'---'----'--'--'--'---'--_L--l IN
100 2000 4000 6000 8000 10000 30000 50000

a = e-10

Figure 5

28



J

N

6000 8000 10000 30000 50000

ex = e-8

Figure 6

2000 4000

v
-

\
, , , , , Io

100

0.4

0.2

0.1

0.3

J
0.4.-----------------------,

0.3 I-

0.2L----L-----'_---'--------'_--'--------'_--'-------'-_-'------'-_-'----L_-'---' IN
100 2000 4000 6000 8000 10000 30000 50000

ex = 0

Figure 7

29



J
0.4,-----------------------,

0.3 f-

0.2L---'-------'-_-'------"--_L---'-------'-_-'------'-------'_-"-------'-_1.----.J IN
100 2000 4000 6000 8000 10000 30000 50000

a =e-18

Figure 8

J
0.4,-----------------------,

0.3

0.2
100 2000 4000

, , ｾ

6000 8000 10000 30000 50000

a = e-1•

Figure 9

30



J
0.4,----------------------,

0.3

0.2 L--.J'_-.J'_--L--'_--'---_...L'_...L'_...L,--'-_-'----'-_L----'-------' IN
100 2000 4000 6000 8000 10000 30000 50000

ex = e-12

Figure 10

, , , , , , , I

J
0.4

0.3

0.2
100 2000 4000

N
6000 8000 10000 30000 50000

ex = e'lO

Figure 11

31



J

/
0.4

0.3

0.2

0.1

\oL.J:::===:::l:::==t:==:::l:::========:::::J IN
100 2000 4000 6000 8000 10000 30000 50000

f1.=e·8

Figure 12

32



References

Ainseba, B.E., Kernevez J.-P., and Luce, E. (1994), Application des sentinelles it
i'identification des pullution une rivere, RAIRO MathematicalModelling and Nu-
mericalAnalysis,vol. 28, No 3, p. 297-312.

Banks,H.T. and Kunisch, K. (1982), An approximationtheory for nonlinearpartial dif-
ferentialequationswith applicationsto identificationand control, SIAM J. Control
Optimiz., vol. 20, p. 815-849.

Barbu,V. (1991),The approximativesolvability of the inverseonephaseStefanproblem,
in: Numerical Treatmentof the Free Boundary Problems,P. Neittaanmaki,ed.,
Birkhauser,Basel.

Forsythe, G. and Moler, C.B. (1967), Computersolution of linear algebraicsystems,
Prentice-Hall, EnglewoodCliffs, New Jersey.

Ermoliev, Yu.M., Kryazhimskii, A.V., and Ruszczynski,A. (1995), Constraintaggrega-
tion principle in convexoptimization, IIASA Working PaperWP-95-015, IIASA,
Laxenburg,1995.

Bear, J., Verruijt, A. (1987), Modeling groundwaterflow and pollution. D. Reidel Pub-
lishing Company,Holland.

Kaden, S., Diersch, H-J., and Fedra, K. (1990), Interactivemodeling of groundwater
contamination.In: GroundwaterMonitoring andManagement.IAHS Publ. No. 173,
245-254.

Kriksin, Y., SamarskaiaE., and Tishkin, V. (1993),Balancemodelof pollution propaga-
tion in a regularfiltration flow, J. Math. Modeling, vol. 5, 6, 69-84.

Kryazhimskii,A.V. (1994),Convexoptimizationvia feedbacks,InternationalInstitutefor
Applied SystemsAnalysis,Working PaperWP-94-109,Laxenburg.

Kryazhimskii, A.V. and Osipov, Yu. S. (1987), To a regularizationof a convexextremal
problemwith inaccuratelygiven constraints.An applicationto an optimal control
problemwith stateconstraints,SomeMethodsof Positionaland ProgramControl,
Urals Sci. Center,USSRAcad. Sci., Sverdlovsk,34-54 (Russian).

Kryazhimskii,A.V. andOsipov,Yu.S. (1993),Input reconstructibilityforlineardynamics.
Ordinary differential equations,InternationalInstitutefor Applied SystemsAnaly-
sis, Working PaperWP-93-65,Laxenburg.

Kunisch, K. and White, L.W. (1989), Regularity propertiesand strict complementar-
ity of the output - least - squaresapproachto parameterestimationin parabolic
equations,InverseProblems,vol. 5, No 1, 13-33.

Kurzhanskii,A.B. (1977),Control andobservationunderuncertaintyconditions,Moscow,
Nauka(Russian).

Kurzhanski, A.B. and Khapalov, A. Yu. (1990), An observationtheort for distributed
parametersystems,InternationalInstitute for Applied SystemsAnalysis, Working
PaperWP-90-79,Laxenburg.

Lavrentyev,M.M., Romanov,V.G., and Shishatskii,S.P. (1980), Ill-posed problemsin
analysisandmathematicalphysics,Moscow, Nauka(Russian).

Lions, J.L. (1971), Optimal control of systemsgovernedby partial differentialequations,
Springer,NY.

33



Maksimov, V.1. (1992a), Modelling of point sourcesvia the result of unaccuratemea-
surements,Fifth InternationalSymposiumon Dynamic Gamesand Applications,
Conches,July 13 - Grimentz,July 15-17, PrepeintVolume, June16, Universitede
Geneve.

Maksimov,V.1. (1992b), Inverseproblemsfor variational inequalities,Internat.Seriesof
NumericalMathern.,vol. 107, 275-286,Birkhauser,Basel.

Maksimov,V.1. (1993), A numericalsolution of an inverseproblemfor a heat equation,
Avtomatikai Telemekhanika,No 2, 83-92 (Russian).

Marchuk, G.1. (1982), Mathematicalmodelling in environmentalproblems, Moscow,
Nauka(Russian).

Osipov, Yu.S. and Kryazhimskii, A.V. (1995), Inverseproblemsof ordinary differential
equations:dynamicalsolutions,Gordonand Breach,London.

Osipov,Yu.S., Kryazhimskii, A.V., andMaksimov,V.1. (1991), Dynamicalregularization
problemsfor distributedparametersystems,Preprintof the Instituteof Mathemat-
ics and Mechanics,Urals Branch,RussianAcad. Sci., Sverdlovsk(Russian).

Peaceman,D.W., Rachford,H.H. (1955),The numericalsolutionof parabolicandelliptic
differential differential equations.J.Industr.Math.Soc.,vol. 3, 28-4l.

Samarskii,A.A. (1971), The theoryof differenceschemes,Moscow, Nauka(Russian).

Samarskii A.A., Nikolaev E.S. (1971), NuemericalMethods for grid equations,voLl,
Birkhauser,Basel.Boston.Berlin.

Samarskaia,E. (1994),Simulationmodelsof groundwatercontaminationin environmental
informationsystems,14th IMACS World Congresson Computationaland Applied
Mathematics,July 11-15, 1994, GeorgiaInstituteof Technology,Atlanta, Georgia,
USA.

Tikhonov, A.N. and Arsenin, V.Ya. (1979), Solution methodsfor ill-posed problems,
Moscow, Nauka(Russian).

Vasilyev,F.P. (1981),Solutionmethodsfor extremalproblems,Moscow,Nauka(Russian).

34


