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Change in Economic Mechanism: Model of
Evolutionary Transition from Budgets Regulation
to Competitive Market *

Vadim I.Arkin and Alexander D.Slastnikov

Central Economic and Mathematical Institute,
Russian Academy of Sciences, Krasikova 32, 117418 Moscow, Russia
Faz: 810-7015, E-mail: arkin@cemi.msk.su, and C10500@SUCEMI.BITNET

Summary. In the framework of dynamic equilibrium theory we propose a model of evolutionary
transition from Economy with centralized budgets regulation to Market Economy (with self-financing). It
is assumed that information about possible change of economic mechanism affects essentially on behavior
of agents. Duration of transition period is regarded as a random variable. We study conditions when such
transition allows firms to adapt their plans to future market and guarantees an existence of equilibrium
paths. Tt is also discussed the case of Shock (instantaneous transition) which may bring to bankruptcy,

Jjump of prices and deficit.

1 Introduction

The paper deals with modelling changes of economic mechanism. We consider an economic
system with finite number of goods and agents. Unlike the most of dynamic equilibrium
models (see e.g. [1-3]), both producers and consumers in our model act under budget
restrictions. It seems that financial constraints may have an essential role for firms in
economics with poor financial system. This approach allows to associate different prin-
ciples of budgets forming with different economic mechanisms and to state a problem of
transition from one economic mechanism to another.

We focus on the following two economy functioning mechanisms.

The first one assumes the presence of a certain Central Planning Board (“the State”)
and may be identify with centralized (state-controlled) economy. At every time t the
State sets up prices and derives a total budget (income) as a total cost of goods produced
at this moment. The total budget is distributed over the agents according some priorities
prescribed by the State (Budgets Regulation). Consumers solve maximization utility
problem (under the corresponding budgets). Producers choose their plans (i.e. pairs
“input—output”, where we associate “input” with beginning-of-period £, and “output” -
with end-of period t + 1) such that buying resources by current prices at time ¢ subjected
to budget constraints to maximize their incomes by prices of next time ¢ + 1.

Under the second economic mechanism role of the State is eliminated and his distribu-
tive functions are moved to the Market. An income of producer at time ¢ is resulted as
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receipts from the sale of his own production by current prices. This income is divided into
two parts. The first one is distributed among consumers accordingly their limited liability
shares in firms. The second is directed for reproduction at next period and producer tries
to maximize his income to the moment ¢ + 1 under this budget constraint. Consumer
wishes to maximize his current utility subjected to his budget resulted as total dividends
on liability shares in firms’ incomes.

Suppose that economic system at momentst < 0 is developed under Budget Regulation
and at ¢ = 0 a policymaker make a decision to change economic mechanism and go to
Market. We do not discuss here any motivations of this decision and, in particular, a
problem “which mechanism is better”. Our aim is to construct a Transition process with
some “desirable” properties.

Let present three possible variants of such transition. The first is a Shock (i.e. instan-
taneous unexpected transition), when all agents being at time ¢ under Budget Regulation
find yourself under Market at next moment ¢ + 1. Since at time ¢ agents count on getting
budgets from the State, then “own” incomes of some firms can become zero (or, near
zero) that leads to bankruptcy and decline of production. The second variant is declared
instantaneous transition, when it becomes known precisely that at time, say, ¢ + 1 system
turns out under Market economy. But this case can not guarantee the balance of supply
and demand at time t because of an emergence of rush demands and needs in goods
which probably did not produce before. So, both variants of instantaneous transition can
be accompanied by “undesirable” phenomena. We discuss these problems in example at
section 7.

Proceed to gradual transition as a main object of our paper. We can describe this
variant in a following way. The State at some moment, say ¢ = 0, declares on future
change in economic mechanism, but does not fix precisely the moment of this change.
All agents consider this moment as a random variable and at time ¢ they have their own
beliefs (subjective probabilities) about change in mechanism at time ¢t+1. Therefore, firms
choosing their plans at time ¢ have to take into account “state” prices as well as “market”
prices at next time ¢ 4+ 1. Our hypothesis on producer’s behavior is a maximization of
future income in “weighted” prices with conditional subjective probabilities of change as
weights (some arguments in the favour of this hypothesis discussed in section 6). The
proposed transition process is free from drawbacks of instantaneous transition mentioned
above and guarantees (under appropriate conditions) an existence of equilibrium parts
with positive budgets for all agents.

The structure of the paper is as follows. In section 3 and 4 we present two equilibrium
dynamic models. Unlike traditional general equilibrium theory possibilities of firms in this
paper are restricted not only by technologies but budget constraints as well as consumers.
Mechanism of firms’ budgets forming is different in these two models. Then in section 5
we present a model of gradual transition from one economic mechanism to another and
prove an existence of equilibrium transition process. Optimal properties of equilibria in
proposed models are discussed in section 6. At last, in section 7 we demonstrate some
phenomena which can emerge under various types of transition (including Shock).

2 Description of the System

We consider an economic system with ! goods and finite set of agents. Each agent lives for
an finite or infinite number of periods t = 0,1,...,T (T < oo is a planning horizon). We




share all agents into NV producers and M consumers (note that an agent may be viewed
as producer and consumer simultaneously).

Productive possibilities of producer i at period (¢,t+ 1) (in sequel we shall say, briefly,
period t) is represented as a set of all feasible “input-output” pairs (z,y) € Q% C R\ x R
(technology). Assume as usual that Q} are convex closed sets with (0,0) € Q. We, also,
suppose that these sets are unbounded in general (at all coordinates), but local bounded,
ie. sets {y:(z,y) € Qi, =z € A} are bounded for any bounded A. .

Preferences of consumer j at period t is induced by utility function u{(c) which is
defined on commodity set C; C R!. Assume that u] are nonnegative quasi-concave
continuous functions, and C} are convex closed sets with 0 € CJ.

Denote by I and J set of producers and consumers, (resp. #I = N,#J = M).
Moreover, for vectors z* = (z%,...,zf) (k= 1,2) inequality z! > z? means z} > z? for
all i, z! > z? means z! > z? and z! # z?, and z! > z? means z! > z? for all 1.

3 Budget Regulation Economy Model

Now we describe behavior of agents in economic system with centralized distribution of
budgets. It means that at the beginning of each period the State sets up agents’ budgets
according to the activity of all agents at previous period. Then producers and consumers
operates for unit period in framework of their budget constraints. We shall refer to this
model as Budget Regulation, or Centralized, Economy Model (BRE model).

Let p; be a nonnegative price vector in the system at the beginning of period t. In
this moment producers and consumers are provided with budgets pi and x respectively
(i € 1,j € J). The agent’s problem is to maximize the end-of-period income (for producer)
or current utility of consumption (for consumer) subject to their budget constraints, i.e.



Pi#1y — max (1)
(x’y) € Q;’ DT S P: (1' € 1)7

u}(c) — max (2)
c€Ci, pc<mi (jeJ).

(We assume that for finite T pry, are given final prices). . ‘

Distribution Budget Rulein this model at time't is the following: p} = o} K, =] = B K,
where coefficients ai, 8] are associated with agents’ priorities (in view of the State) and
K, is total income in the system at time .

An Equilibrium in Centralized Economy Model with given initial states (yi;¢ €
I) is a bundle ((&3i4,),8,p 0<t<T;i€l,jeJ) where (2,3i,) € Qi
dedi p e R\ {0}, satisfying for any 0 < ¢t < T,7 € I,j € J the following
conditions:

P¢+1y,+1 > pry1y for any (z,y) € Qz piz < Pn (3)
(pr41 = pr+1 for finite T')

ul(&) > ui(c) forany c € Cf : e < #i; (4)
pi=ailty, #=BK, Ko=3pgl 3= (5)

Y+ =34 (6)

Relation (3) ((4)) means that (£},3;,,) (resp. &) is solution of producer (consumer)
problem under price system (f;) and budgets j and #;. (5) shows that agents’ budgets
are formed as a distribution from total cost of goods produced at the end of previous
period. Finally, (6) is usual resource balance condition.

To prove an existence of such equilibrium we need some additional (but nonrestrictive
enough) assumptions holding for any 0 <t < T

(P1) there exist technological processes (¥},;,,) € Q; such that ¥_;¢i,; > 0 (at any
time any good can be produced);

(P2) for any i € I and (z,y) € Q there is process (z',y') € Qi such that y' >y (non-
satiation of producers); .

(C1) for any 1 < s < lthereis j € J such that function u}(cy,...,¢) is strictly monotone
at ¢, (non-satiation of consumption for any good); _

(C2) for any j € J and ¢ € C} there is ¢ € C} such that ui(c/) > ui(c) (non-satiation
of consumers in general);

(D) o, Bi are positive and ¥; o + Y gi=1.

Theorem 1. Let above assumptions (P1),(P2),(C1),(C2), and (D) hold. Then for every
initial states (y&;i € I) such that Y; y} > 0 there ezist an equilibrium in BRE model with
strictly positive prices (p; > 0).

In order to prove this and similar results in further sections we shall use the following
generalization of known Gale’s Lemma.



Let 0 = {z = (z1,...,71) € R, : &1 +... + 7y = 1} be a standard simplex in
R, A=rinto={z€o: >0}, Pn=A™ - Cartesian product of m open
simplexes o.

Theorem A. Let F : P — 2B™ be upper semi-continuous, convez-valued mapping,
which maps compacts in compacts and satisfy the following conditions:

i) for any p? € A, pf = pr (n — o) (1 <t < m), where p, € 0 \ A for some r,
and " = (z},...,z%) € F(p},...,ph) there exists 1 <t <m and 1 < s < such that
Pt =0 and limsup,_,, Ty, > 0;

i) pxy =0 for any p = (p1,...,Pm) € P, (z1,...,2m) € F(p), 1<t <m.

Then 0 € F(Py), i.e. 0 € F(p) for some p € Pp.

(We took this formulation from [4], close result can be found in [5].)

Proof of Theorem 1. At first note that without loss of generality we may consider
bounded sets Qi and C;. Indeed, let (ﬁt,(izf,gjf+l),é{; 1€l,j€ J,0<t<T)bean
equilibrium with initial states yi. Then using (6) we have

By HSLw GelLjed)

§i<b, & <Nb, &<Nb,

Q;Sbh j;Sth, @Sth,

for some strictly positive vectors b;, which exist by local boundness of technologies Q:.
Hence, we may consider an equilibrium only at bounded sets Qi = {(z,y) € Qi: z<
zZ, y <y}, and ¢l = {c € C]: ¢ < ¢}, where z,7 are sufficiently large (note, that its do
not depend on planning horizon T'), and we can choose ¢ > Ny (N stands for the total
number of producers).

Next proceed to specify excess demand correspondence (e.d.c.). Problems 1 and 2
imply that we may consider only prices p; € o.

Case 1 (T < oo0). Put P, = AT*! be Cartesian product of T + 1 simplexes A,
p=(po,...,pr) € P, p' = (po,...,p:) and define e.d.c. step by step.

Let Ko = $;pové, ph(P°) = ahKo, m3(p°) = B3Ko and define ¢i(p') as a set of
solutions (&}, i) for producer problem (1) at time ¢ = 0 under prices p'. Similarly, ¢},

will be a set of optimal consumptions for consumer problem (2) at time ¢ = 0 under prices

pO

Next put Ky = T pifh, where (&,7) € ('), A(") = aiki, mi(o!) = Bik:.
Define 1}(p?) and ](p') like the first step. Further we can specify sequentially total

income K; = ¥; pi§ii, where (Z_,, %) € ¥i_,(p), budgets pi(p') and =(p') and so on
(t<T).

Now we can define e.d.c. as mapping x(p) = (xo(p),- - ., x7(p)) where
xe=2 8+ 8- 4, &ecal) (& i) € i)
j i i
Show that x(p) satisfies all conditions of Theorem A. Convexity of values of x follows
immediately from convexity of sets Q! and C;. In order to prove that x is upper semi-

continuous (u.s.c.) mapping we shall use the following:
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Lemma. Let X and Y be finite-dimensional sets, Y be closed and convex, F and g
be continuous functions, defined on X x Y, and g(z,y) is conver on y. Then, if for any
z€ X set D(z) ={y €Y : g(z,y) <0} is bounded and g(z,y’) < 0 for some y' € Y, then

®(z) = max F( ,y) is continuous function and G(z) = {y* € D(z) : F(z,y*) = &(z)}

1S u.S.C. mappmg

To prove this lemma with known “Theorem of the Maximum” (see [6]) we need only
in continuity of mapping D(z). Continuity of g immediately implies that D(z) is u.s.c.
mapping. Let z, — z, y € D(z), i.e. g(z,y) < 0. Put y, = 0,y + (1 — 6,)y’, where
g(z,y') = —e < 0, 0< 8, < 1. Then yp € Y and g(zn,¥n) < Ong(z,,y) + (1 —
()n)g(:c,,,y’) S 0n51n+(1_0n)(—5+52n), 5171, 62,1 — 0. If we take 071 = (5—51n)/(€+5ln_52n)
then y, — y and g(zn,y,) < 0,1i.e. y, € D(z,). Therefore, D(z) is lower semi-continuous,
and lemma is proved.

Return to proof of Theorem 1. Using positivity of budgets g (1), 7r0( %) and the fact
that sets Qi, C} contains 0, Lemma implies that mappings i(p°), @i(p°) are u.s.c., and
functions Fi(p') = pi#ii, where (&§,#}) € ¥}(p') are continuous. Proceeding this process,
one can prove that mappings ¢} (p'), ¥i(p**!), 0 <t < T are u.s.c. Hence x(p) is u.s.c
also. Then, image of compact is closed (by upper semi-continuity) and bounded (by above
note to consider bounded sets Q‘ and C't)

To examine condition i) let (po(n),...,pr(n)) — (po,...,pr), Where p; € o\ A for
some ¢. Put r = min{t: p; € ¢\ A} and distinguish two cases. .

1) r = 0, i.e. pos = 0 for some s and no(n) = T, & + X; & — Z; ye, where & €
oA (0°(n)), (&, 5) € ¥i(p'(n)). By (C1) there exists j € J such that u)(cy,...,q) is
strictly monotone at ¢,. Then

wi(2) = max {uz;<c> € Gl min)e =3 oa(n)on + pua(n)cs < } |
k#s

Since ;44 > 0 and po(n) — po > 0 then lim, 7i(r) > 0 and by strict monotonicity
of uj it is easy to see that E{;', — &,. Therefore, limsup, 70,,(n) > & — T, v§ > 0.

2) Le¢ + 2 1 and p,y = 0, m(n) = ZJ-Z'," + ¥, % — 7,98, where g e
@it (n)), (&,9i,1) € ¥i(p*'(n)). Put j € J such that wi(c) is strictly mono-
tone at ¢, and processes (#},¥i,,) (¢t = 0,...,r — 1) from assumption (P1). Since
pe > 0fort < r — 1, then for some 0 < 6; < 1 and sufficiently large n we have
Op(n)¥: < Y pe(n)yi (1 € 1,0 <t < r =13 = yi). Hence bopo(n)ii < pi(n)
and py(n)fi > Gopr(n)3i, i.e. Bob1p1 (n)# < pi(n). Continuing this process one can ob-
tain g - 0r-1p,—1(n)¥i_, < pi_,(n). This inequality implies lim inf, 73(n) > 0 and as in
case 1) limsup,, ,s(n) = & — §5 > 0. So, condition i) is valid.

Further, note that if & € ©i(p), (zt,yt +1) € ¥i(p**!), then non-satiation conditions
(P2) and (C2) implies p;7i = pi(p* ), P&t = mi(p'). Indeed, let piZi < pi(p'). By (P2) there
exists (z,y) € Q; such that y > §i,,. Then, the process (z4,y5) = (0 + (1 — 0)zi,0y +
(1—0)§;,,) (where 0 < 8 < 1) belongs to Qi and p,Zs < pi(p') for sufficiently small 6. On
the other hand, piy1ys > pi1§i4; that contradicts to optimality of +1- Similarly, using
condition (C2) one can obtain an equality for consumers’ budgets.

At last, if 7 = (n0,...,n7) € x(p) then we have pim, = ¥; p:&i + ¥; el — i =
Sim)+ T pi(p") — ¥ pedii = 0 by assumption (D).

Hence, statement of Theorem 1 follows immediately from Theorem A.



Case 2 (T = oo). By previous case, for any T = 1,2,... there exists an _equi-
librium e(T) = (e,(T) 0 < t < T) with planning horlzon T, where et(T) =
(BT ),yt+1(T)),cZ(T) p(T); i € 1,5 € J). As we see above sequence {e:(T), T =
1,2,...} is bounded for any ¢. Therefore, e1(T') — e, for some sequence {T }, e2(T") — e,
for some subsequence {T"} C {T'} and so on, where e; = ((2},9i,1),&,p1; i € I, € J).
It is easy to see that e; (t > 0) satisfies relations (3)-(6). To complete proof we have to
show that p; > 0 for any t. If it is not so, i.e. p, € o\ A for some ¢t > 0, then using
arguments similar to those in case 1 one can obtain that n, = ¥, & + ¥, & — ¥,: > 0
for some r. The last inequality contradicts to relation (6).

Now, Theorem 1 proved completely. ¢

4 Competitive Market Economy Model

In this section we shall consider another model of economy with many agents. This model
is very like to Centralized Economy model but differs essentially in mechanism of budgets’
forming, namely, producer forms his budget on the base of his own income. We shall refer
to this model as Competitive Market Economy Model (CME model).

More precisely, behavior of producer and consumer is described by problems (1) and
(2) (respectively) with budgets p}, 7} determined by the following formulas

pi=01—-7)pyi, (0Lt<T)

73 = powt + Z ag 1epoys;

Zai’*ﬁpzy, (1<t<T),

where wé is an initial endowment of consumer j, 0 < 4} < 1 represents share of producer i’s
income at time ¢ directed for consumption, and non-negative a?, 3 ;@ = 1, are consumer
7’s share in producer i’s income (for consumption).

We can define an equilibrium in CME model like previous model as a bundle
(25, 3141), &, pr) satisfying relations (3), (4) with budgets derived by above formulas, and,
also, resource balance (6) for ¢ > 1 and, resource balance i+ =3y + ;W
at time ¢t = 0. N

Denote I;(7) = {i € I : ) > 0} - set of producers with positive share of income for
consumer j (“own” producers for consumer j). Suppose that for any j € J, 0 <t < T
sets I;(j) are non-empty, and the following assumptions hold:

(P3) there exist (£i_,,9!) € @Qi_, such that Yien() ¥t >0 (any good can be produced
by "own” producers of any consumer);
(E) w > 0 for all j € J.

The last assumption (E) seems to be very strong and really can be weaken for positive
(in some sense) initial states y. We even can put w} = 0 for all j € J whenever 3; ¥ > 0.
But we specially don’t require any additional conditions on initial states that allows us
in further use this model as a stage in transition from centralization to market.

Theorem 2. Let assumptions (P2),(P3),(C1),(C2), and (E) hold. Then for every non-
zero initial states (y5;i € I) there exist an equilibrium in CME model with strictly positive

prices (p; > 0).



Proof of Theorem 2 follows the line of the Proof of Theorem 1. After remarks on
possible replacement of sets Q*t and C} to bounded Q; and ¢}, choose & such that ¢ >
Ny+%; wi, and begin from the case of finite T'.

The construction of e.d.c. is almost the same as above. The only distinction appears
in checking condition i) of Theorem A. Let (po(n),...,pr(n)) = (po,...,pr), Where p; €
o\ A for some t, and r = min{t : p; € 0 \ A} > 1 (the case r = 0 examines with the
same arguments as in Theorem 1).

So there exist 1 < s <l and j € J such that p,, = 0 and ui(c) is strictly monotone
with respect to ¢,. By assumption (P3) p.§: > 0 for some i € I,(5). Put

mo(n) =&+ 8- v-wh mn)=2 &+ FH-D 't (t21)

where & € i(p(n), (2 dis,) € Y (). _ .

Since p,—1 > 0 there exist 0 < 8 < 1 such that 0p,_;(n)Z;_;, < p.-1(n)§;_, and,
therefore, 8p,(n)§ < p.(n)ji. Hence, liminf, 7i(n) > liminf, a¥vip,(n)Fi > Oaiiyip, i,
and as above, limsup 7, 4(n) > & — Ny, > 0.

So, an application of Theorem A completes the proof.

The case of infinite horizon is similar to those in proof of Theorem 1. ¢

5 Model of Transition from Budget Regulation
Economy to Competitive Market Economy

In previous sections we presented two models associated, roughly speaking, with central-
ized and market economies. As it was mentioned in Introduction at time ¢t = 0 we make a
decision about transition from Centralized Economy to Market Economy. And the main
problem is raised: How can we adapt to future market economy staying in framework of
Centralized Economy.

We propose to introduce a Transition Period in a course of which agents subjecting to
BRE will change their behavior using information on prices in future ME and uncertainty
of its emergence moment.

Duration of Transition Period ¥ can be regarded as a random variable with given
distribution Pr{d =t} (t=1,2,...,T).

Description of agents’ behavior in Transition Model will be more complicated than in
previous models. Denote 79 = max{t: Pr{d >t} =1}, i = min{¢t: Pr{d < ¢t} =1}.
In other words, segment [79, 71] be a support of random variable ¥, i.e. minimal segment
containing ¥ with probability one.

We consider a situation when producers can have no complete information about the
distribution of “jump moment” ¥ and are forced to choose their behavior on the base
of subjective probabilities Pr;{d = t}, i € I. It means that the State only declares its
intention to change economic mechanism and specify the possible interval of this event,
and agents have to use their own notions about this fact. For the simplicity we assume
that supports of distributions Pr; are the same as for Pr.

Moreover, a set of consumers in market economy can, in general, differs from those
under centralized economy (for example, the State have to eliminate as consumer, whereas
some new consumers may appear). We shall denote the set of “market” consumers as J.




Let for some 7 we have a collection of prices {p;, (¢ < 7); pe(r) (<t<T)}. lfris
interpreted as a moment of change in economic mechanism, then p; be a price vector in the
system at time ¢ provided that system is developed in the framework of BRE model, and
pt(7) be prices at time ¢ provided that change in economic mechanism (i.e. emergence of
CME) was at moment 7. It is easy to see that prices p, are well defined for 0 <t <7 —1,
and prices p,(1) — for 7o < 7 < 7,7 < t < T. Budgets pi, 7}, pi(7), 7] (7) will have an
analogous sense. So we have to consider two different types of problems for producers
and consumers at time ¢ in dependence of current economic mechanism

;3:+1y — max (7)

(‘Tay) € Q:’ yo3 -<— Pg (7‘ € I)’
where fj,, = Pe1giq; + P (t+1)(1 - ‘I:+1)’ q:+1 =Pri{d>t+1]|d2t+1}

u{(c) — max (8)

Cectj, PtCSﬂ'tj (j€J)

Pe+1(7)y — max (9)
(z.9) €Q: m(r)e<pi(r) (i€l);

ul(c) — max (10)
ce€Ci, plr)c<xi(r) (el

(for finite horizon at time T+ 1 all prices are given) (7) is the basic problem for producers
at Transition Period. The main difference from similar problem (1) in BRE model is that
the firm 7 should evaluate his output cost at the end of period ¢ in expected (forecasting)
prices p +1 rather then in prices p.41. At the beginning of period ¢ when producer chooses
his plan it is not known whether economic mechanism will change at time ¢+ 1. Subjective
probability of change at time ¢ 4+ 1 for producer i provided it did not occur before ¢ is
equal to 1 — gj,; and corresponding prices will be py1(t + 1). Similarly, prices at time
t+41 provided BRE model remained at this time equals p,4; and probability of such event
equals ¢;,,. Thus for producer ¢ Piy1 Tepresents an average weighted price at time ¢ + 1
with conditional probabilities of preserving or change of economic mechanism at time t+1
as weights.

Other problems are standard agents’ problems in corresponding models (BRE for (8)
and ME for (9)-(10)).

Then we define an equilibrium in Transition Model with given initial states (yi;1 €
I) and endowments (wj; j € J) as a bundle {((:if,g}f+1),£{,?,; 0 <t <mn-—
1), ((&4(7),9i41(7)),&8(7),pe(7); 7o < 7 < 1,7 <t < T, j € J), i € I}, satisfying
the following relations:

(2, +1) solves problem (7) under prices py, P41, Pe+1(t + 1) and budget P
& solves (8) under prices p, and budget #7;
b= aik,, #i=piK, Ri=3Xpdi, 9=uyi

9



(2{(7), §i41(7)) solves problem (9) under prices f,(r) and budget 4i(7);
&(r) solves (10) under prices f,(7) and budget #](r);
i) = (1= )pur)i(r),  #(t) = pe(t)w + ;e vipe()di(2);
(1) = Ti o vipe(T)3i(7) (1 + 1< 8), §i8) = i
T8 HTE =gl T80 + TiEit) = gl + X wis
T E(r) + TiE(r) = Sidilr) (T+1<t<T).

Theorem 3. Let assumptions (P1)-(P3),(C1),(C2) and (D) hold. Then for every initial
states (yi;i € I) such that 3_; y§ > 0, and positive endowments (wt,J € J), there exist an
equilibrium in Transition Model (with positive prices p; and p,(7)).

Proof of this Theorem combines methods used in proving Theorems 1 and 2 above.

For finite T put P = A= AT-7+1),

Then for p = ((pt, 05t <71 —1), (pe(7), <7< 7,7 <t < T)) € P one can de-
fine step by step demand and supply correspondences ¢}, ¢} (7),¥i, ¥i(7) and e.d.c. as
x=((xt, 0t <1 —1), (xe(7), 0 <7 <7, 7 <t <T)), where

Xt=zéi+25:—zg;, (iiag:+l)€¢:’6{€¢{1
xe(®) = S AW + L H®D - Y5t - Y,
xi(1) = E(T) + L E(T) = 1 Gi(7),  (Bir), §in () € %iln), E(7) € pi(7).

j
Then using similar considerations as in proofs of Theorems 1 and 2 it can be obtained
that x satisfies all assumptions of Theorem A. Thus application of Theorem A completes
the proof for the case T' < oo.
Another case is considered as above. ¢

6 Optimal Properties of Equilibria

An equilibrium in Walrasian type models is connected usually with Pareto—optimality.
However, in models with budgets’ restrictions for all agents (in particular, in BRE and
CME models) an equilibrium is not Pareto-optimal in general. But for finite horizon T
it can be represented as a solution of optimization dynamic model of the following type:

T
Z (Ui(ct) + Fi(2;)) — max (11)
t=0
over all paths ¢; € C; = &; Ci, z = (4, Ye41) € Qr = Y; Q% ¢ ¢ + 2, < y; with given
initial state yo = 3=, yg-
Recall that prices (p;,0 <t < T < o) are said to be supporting prices for the path
(6, 2) if forany 0 <t < T:

10



i) Ui(&) — pe&e = Ic%%)‘((Ut(C) ~ piC);

it) Fi(2:) + praafeqr — pede = I}é%)f (Fi(2) + Prary — p:z) (pT+1 = 0);

le) pt(gg bt .'i't bt ét) = 0.

It is known that path (&, %) which is supported by some prices is optimal for the
problem (11). _ ' ‘

A bundle ((zf,4iy1),¢, 0<t<T;iel,jeJ) where (¢,y},) € Qi & € Ci, is
called an allocation if ;¢ + ;2 < Xyp (0t <T).
Theorem 4. Let assumptions (P2),(C2) hold and (B1,(&,5:,,),8;i € 1,j € J,0 <t <
T) be an equilibrium in BRE model with initial states (y};i € I) and positive budgets pi

and . Then there ezist positive pl and vi>—1 (i€l,jeJ0<t<T) such that
((3},9i,1), &) is optimal solution for the problem

T . . . . .
ST miui(d) + Y Yibieryiy, | — max (12)
t=0| ;5 i
over all allocations ((:z:;',yfﬂ),c{) with initial states (yi;¢ € I) and p, are support-
ing prices for the path (2 (&, 0141), 28, 0t < T) in problem (11) with Uy(c,) =
max {2 /‘t ) C’ € Ct,Z CJ = Ct} Pt+1yt+1 (xi,yf+1) € Q;,E,(-TL y:.;.l) = Zt}-
Proof. Since #7 > 0 then by Kuhn-Tucker Theorem there exist M > 0 such that for

any c € C} ' . .
ug(c) — /\ZPtC < Ut( ) — ’\t7rt < ui(é) - A Diés.

Non-satiation condition (C2) implies X} > 0. Thus for any ¢ € C}
U(csj € J) = Y bk < U5 € J) = X 5] (13)
j Jj

where Ut(cf,j €J)=YX; #t“t(a) /l't. = 1//\j .
Slmllarly one can obtaln that there exist such ¥} > 0 that for any z{ = (z},yi41) €
Qi Pt+1yt+1 Yipizt < pt+1yt+l Yipiai, and therefore

F(zie )+ Z(ﬁﬁly:-f-l —pzy) < F(2hi€ )+ Z(ﬁtngfu — ped}) (14)

where Fy(z};1 € I) = ;(1 — ¥})pes1yi,,. Moreover, (6) implies

2 (Zﬁi—zii—'ze{) =0, 0<t<T. (15)
i f 7

At last, from relations (13)-(15) it follows that (p;) are supporting prices for path
(2}, 9i41), c’) Hence, this path is optimal for problem (12) over all allocations with given
initial state. o

As for optimality properties of an equilibrium in CME model one can see that proving
Theorem 4 we did not use the concrete structure of budgets p} and . It means that a
complete analogue of this theorem is valid for CME model.

11



Using the representation of equilibrium models as optimization problems we can ex-
plain a structure of prices ! in Transition model. Let BRE model is associated with
problem (11) with some functions U{(c) and F}(z), and CME model — with correspond-
ing functions U?(c) and F?(z). If ¥ is a moment of a change in economic mechanism,
then Transition model is naturally associated with maximization of the functional

9-1 T
Es | Y Fle, )+ Fie, )| (16)
t=0 t=4

where F¥(c,z) = U¥(c)+ FF(z) (k=1,2), and expectation Ey is evaluated with respect
to distribution of 9. As it known, the supporting prices in (16) have the same “weighted”
structure as prices p} in problem (7) when all subjective distributions Pr; are the same as
“true” distribution of ¥ (for more general optimization problems with jumps this result
was obtained, e.g. in [7-8]). This fact allows us to say that prices in proposed Transition
model, at least for the case of “complete information” (when distribution of jump moment
is known exactly for all agents) have an “optimal” (in some sense) structure, and agents
behave in “optimal” way.

7 An Example of Transition Process

In this section we give an example of economy in which the transition from one economic
mechanism to another (in the sense of above considerations) implies essential change in
production plans. Though we can not formally apply theorems proved above to this exam-
ple (because, prices with zero components are admitted), we think it will be useful to show
phenomena arising under various strategies of transition from one economic mechanism
to another.

Let economy consists of four goods (z1,z2, z3,z4) and two producers with following
technologies:

Q1 = {((-"«‘1,1‘2,-’03, 5'34),(1/1,0,!/3,3/4)) where y; < fl(xlg),

Y3 < fa(23, Z4), ya < fa(zy), 25+ 25 + 2’ = x5}
Q2 = {((z1, z2, T3, Z4), (0,92,0,0)) where y; < fa(z2, 933)}

where z;,y; > 0 (j = 1,2,3,4). It is easy to see that if production functions f; are
concave then @; (i = 1,2) are convex sets. Moreover, there is one consumer of the good
z; with utility function u(¢).

In order to describe agents’ problems let p} be the price of good j, (j =1,2,3,4) and
pi, (i = 1,2), 7" be budgets of producer ¢ and consumer at the time £. At the beginning
of period t agents wish to maximize their incomes (utility) at the end of period ¢ subject
to budget constraints, i.e.

Pt fi(zh) + PS5 fa(h, a) + it fa(2y') — max,

pa(z5 + 25 + 25') + phza < pi; (17)
f2($2,$3) — max, (18)
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phT2 + phas < pi;

u(¢1) — max,
pie < 7l (19)

With this economy we can associate BRE model - and CME model in dependence of
the way of budgets forming.

Assume that all functions f;(z2), f2(2, z3), f3(z2,z4) and fy(z2) are concave, strictly
increasing (with respect to their arguments) and, besides, fi(0) = f3(0,z4) = f3(z2,0) =
f4(0) = 0 for any positive z3, z4. Utility function u(c;) strictly increases on ¢y, also. Let
consider an equilibrium in BRE model with zero prices at good 3 for any moments, i.e.
P4 = 0 Vt. For this case it can be shown that amount of goods 3 and 4 will be zero at
any moment except, may be, initial moment. Indeed, assume that yi,y%, 34, yi be some
amounts of goods in the system at time ¢, and :cz,a:;",:i;'",:iv be optimal solution in
problem (17) (w1th pit! = 0). Obviously, #4 = 0 and, therefore, yitl = fa(z, %) = 0.
Moreover, pizi = 0 and, hence, on equxhbrlum Piyt = pil = 0 for any moments t.
Furthermore, if 72" > 0 then yit' = f4(24") > 0 and therefore pi*' = 0. This implies
that #4"* = 0 (see (17)). This contradiction shows that yi*' = 0. So, in BRE model an
equlhbrlum with p} = 0 Vt, implies that y} = y¢ = 0 for any ¢ and it maximizes the
following problems:

fi(z2) — max,

piza < pi;

fa(z2,0) — max,
phza < pb;

and (19), where p! = o;K!, 7t = BK, oy +az + 8 =1, K* = plyi + piy be a total
budget at time t. It is easy to see that

YUyt 4+ By — b))’ 2Tyt 4+ By — )’

be an equilibrium prices on goods 1 and 2.

Now proceed to CME model. Suppose that consumer of good 1 vanishes in CME
and, therefore, demand of good 1 is zero at any moments. Show that this good will
not produced in the system. Let yi be an amount of good 1 at moment t, and %5 be
optimal in problem (17) with p{*! = 0. At the equilibrium we have piyt = 0 (because
of zero demand). If # > 0 then yit!' = £1(%}) > 0 and , therefore, pi*' = 0 (as above)

This implies #§ = 0, i.e. we get contradiction. Hence, yit! = 0. So, for the case
under discussion the system is reduced to the model with three goods (z2,z3,24) and two
producers with the following problems:

t+1f3(a:2,:l:4) +pt+1f ( m) — max,

Pz(xz + :c'2") + p4:c4 < Pl Psys + P4y4a

and (18) with p} = phys, where (yi,3%,y%) be amount of goods at time ¢. Although we
can’t use directly Theorem 2 (by formal reasons), best applying similar arguments one can
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prove that for any positive initial state (¥3, ¥3,y3) there exist an equilibrium with positive
prices p, p4 and 7. If we assume additionally that §f—“a(2;ﬂ)- = f4(0) = +o0 for any positive
x4, then amounts of goods 3 and 4 at the equilibrium will always be positive. So, we see
that behavior of the first producer will be essentially different in different models: in BRE
mode] it produces only good 1, whereas in CME model- only goods 3 and 4. Consider
variants of Shock transition in this system (i.e. without any transition period). The first
one is simply a case when at some moment consumer of good 1 eliminates and, therefore,
an income of the first producer becomes zero that leads to its bankruptcy. In second
variant we declare at moment ¢ that at ¢ + 1 will be the change. Then the first producer
has to solve the problem

A Ai(as) + 557 fs(ey, 24) + By fa(zy) — max,

2("32 + xlzl + xm) + 13;‘”4 < P;?

where pi*! be equilibrium prices in CME, and p be equilibrium prices in BRE (j=1,2,3,4).
Obviously, y5*! = 0, and budget at time ¢ + 1 w1ll be pi*! = pi*1yi*!. Then, at time ¢t + 1
the agent solves the problem

t+2f3($2,-"34) + Pt+2f4($m) — max,

ﬁtz'i-l (xz + 2)’2”) +pt+1 < ﬁf1+ly;+ly (20)
Since at equilibrium 4! = yi*', then constraint (20) implies pi'(z% 4+ z2') < 0,
ie. zfl = ¥ = 0, and, hence, y5** = yi*? = 0. So this agent ceases its activity due

to bankruptcy at moment ¢ + 2. So any version of instantaneous transition (shock) in
this example gives unsatisfactory results . However such undesirable effect vanishes in
framework of Transition Model from section 5. Indeed, the problem (7) for our example
is transformed to the following:

! H-lfl( ) + 3 H-lfa(m 3’4) + P4 H-lf (37”,) — Imax,

pa(zy + 25 + 25) + phzs < pf;

»,t4+1 1

Where p;"**' be "weighted” prices (note that pj**' and p}**
positivity of corresponding "market” prices). If we assume that

3f3(0 1‘4)
Oz,

are positive because of

f1(0) = f4(0) = = 4oo foranyzs >0

then amount of all goods in the system will be positive for two and more moments from the
beginning of transition. If we apply again arguments similar to those in proof of theorem
3 then we can obtain an existence of equilibrium transition process with positive amounts
of all goods. Thus for this example the gradual transition process essentially change the
technological mode of agent and force him to produce a good which is unprofitable at
present but will be profitable in future market economy.
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