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Foreword

The paper considers the problem of exact observability for nonstationary linear hyperbolic sys-
tems with nonstationary interior observations in the case when outputs lie in L33 ,(0,6), where
n stands for the spatial dimensionality of the system in question. Three types of scanning
observations are considered and the existence of measurement curves and set-valued maps for
sensors that ensure exact observability is established. The proposed method is based on a priori -
energy estimates of instantaneous type for solutions. It allows to obtain required measurement
curves that are continuous in [0,6] or measurement maps that are lower semi-continuous in

[0,8] with respect to Lebesgue measure.
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1. Introduction, statement of problem.

Let 2 be a bounded domain of an n-dimensional Euclidean space R™ with a boundary 0J1.

We consider the following homogeneous problem for the nonstationary hyperbolic equation:

(11) ytt(zvt)z A(t)y(.’t,t),

teT=(0,0),;2€ QC R, z=(21,...,2,), Q@=0xT, E=00xT,

Yy IE:' 0,

) |t=0= Yo, Yt |t=0 = U

with unknown initial conditions yo and 3. We assume that A(t) is time-varying and

uniformly coercive,



. 9 7] - i
(1.2) A(t) = i},:la—ziau(z,t)éz—j—Z;ai(zat)a—z‘—a(z,t),

Y & < Y aii(z )& < vy & for VG ER, zeq,
=1

1,7=1 i=1

aij(z,t) = aji(z,t), i,j=1,...,n, 3 =const >0, w,=const >0.

We further assume that all the coefficients in (1.2) are sufficiently smooth and

(1.3) | aije, ai, a, e, @ijz | < p1, p1 = const > 0.

The main aim of the paper is to study the problem of exact observability for the system (1.1)-
(1.3) with respect to the “energy” space H = H}(Q2) x L?(Q2) in the case when observations
are finite dimensional at every instant of time. The latter is typical in physical situations.

We shall consider three types of interior scanning observations that may be represented in

the following general form:

(1.4) z(t) = G(t) v:(1) , teT.

ye(+5t)

Here z(-) is an (m + 1)-dimensional output, yr = (¥z;,.-.,Yz,) and G(t) stands for an
observation operator. Each type of observations requires a corresponding regularity of solutions.
In order to provide it, in every particular case we introduce the set of admissible initial conditions
that enables to ensure a needed smoothness. We denote this set by Hp, (Ho C H) and endow

Hy with the “energy” metric, namely,

EVA(y(,0) = ([ (2e0) 4+ (2,00 o), 32 =1 e
Q

For the sake of simplicity we shall use below the notation |(:)| for || (:)||r~ .
The system described by (1.1)-(1.4) is said to be ezactly observable (see [2,4]) on {Ho, B},

where B stands for the space for outputs, if



(1'5) 37 > 0 such that ” G(')(yz('v')v yt('v')), ”B 27 E1/2(y('a0))

for any y that satisfies (1.1)-(1.3) and such that {y(-,0),%:(-,0)} € Ho.

The problem of exact observability for stationary hyperbolic systems mostly with different
types of infinite-dimensional (if the dimensionality of z is higher than 1) observations at every
instant of time has been studied by a number of authors by means of the Hilbert Uniqueness
Method introduced by Lions [9, 10]. This method supposes that all the spaces in question are
Hilbert. The case of finite-dimensional at every instant of time interior observations has been
studied in the stationary setting by Lop Fat Ho [11] for the one-dimensional wave equation with
outputs in L%(T) (although [11] mainly deals with outputs from L?((z1,2z2) X T)). El Jai and
others [3] have discussed how HUM can be linked with the pointwise sensor structure. Due to
finite speed of propagation, observations received from the stationary sensors are able to provide
the system with exact observability only if the‘ duration of observations is big enough.

In the present paper we establish the existence of scanning observations (they are natu-
ral when studying nonstationary processes) of three types with (n + 1)-dimensional images
at every instant of time that make the nonstationary system (1.1)-(1.3) (in general, of arbi-
trary spatial dimensionality) be exactly observable when the space for outputs is L33, (T) =
L®(T) x ... x L*(T) (e.g., not Hilbert and not separable). This space is rather natural in

'n.Il
applications when working with measurement data. The applied techniques is based on the

“energy” estimates for solutions (we remind that the nonstationary system (1.1) is not conser-
vative) that are of instantaneous type. This approach has been used for the wave equation in
[6] and for parabolic systems in [7]. Another approach to observability problem with scanning
observations has been suggested for parabolic systems by Martin [12], who essentially used the
stationary property of the system in question.

The paper is organized as follows. Section 2 deals with a number of preliminary results
concerning the correctness of observations. We begin then (Section 3) by studying the one

dimensional nonstationary hyperbolic equation with scanning pointwise observations:

(1.6) 2(t) = v=(2"(1), ) , te[o,6].

v(Z'(1),1)

In this case measurements are taken in the domain ! along prescribed measurable curves

#'(+), i = 0,1. In order to provide a necessary smoothness of solutions, we assume that



(1.7) Ho = (H*(Q)n Hy(R)) x HY(D).

We prove the existence of measurement curves in (1.6) that make the system (1.1)-(1.3), (1.7)
be exactly observable. These curves may be selected to be continuous in [0, 8).

In Section 4 we consider observations of the following type:

-us 2N - (z,t)d
18) s = | ™ UR0EOIND s p@umt(=dr ) 0,

meas™ {8, (1)((1)) N 2} fShl(,)(a':l(t))nQ yi(z,t) dz

where Sh'.(,)(.’?:"(t)), t = 0,1 is the Euclidean neighborhood in R"™ of radius k;(t) of point

zi(1),

Sh@E W) ={z |z~ 2() |r < k(1))

the measurable functions z*(t), h;(t) > 0 are given. We extend the results of Section 3 for the
case of the observations (1.8) when z € R! under the same regularity conditions for solutions.
However, we do not manage here to establish the required existence results for the general case
when the spatial dimensionality of the system in question is higher than 1 (at least under the
assumed regularity). In order to do the latter, in Section 5 we introduce generalized scanning

observations, as follows:

\

meas{lﬂrl(t)} fn;’(z) v9(2,)¥s, (2, t)dz

(1.9) 2(t) = : , tefo,d],

meslar @y J a0 (1) n(@ )¥za (2, V)d
\ =ty Jar 0 (@ Dn(z, t)de

where {Q0(2)}p_;, Q'() are given set-valued maps from [0,6] into the set of all measurable

subsets of 1,

t— Q) CQ, telo,d,

t-aQ(t)c Q, telo,d,



and {vg(z,t)};;l, v!(z,t) are given measurable functions of sign type, so as
| vg(:c,t) l, | v'(z,t)|=+1 ae in Q, t€[0,6, p=1,... .

It is assumed here and everywhere below that, if one or more sets in (1.9) are of zero-measure
at some instants of time, the corresponding coordinates in (1.9) are omitted (we do not make
observations at these instants) and substituted for zero. The last type of observations may be
considered as a next step in the generalization of scanning observations that corresponds the
regularity of the system (1.1)-(1.3) in the general case, when measurement curves can not be
well-defined. The maps {Qg(')};;:n Q!(-) play here the role of measurement curves. However,
in order to ensure the enclosure of the range of observation operator in (1.9) into L3 (T), we

set

(1.10) Ho = H(){{y(-,0),%:(-,0)} | ¥z, % € L®(Q), p=1,...,n}.

We study properties of the observations (1.9) and establish the existence of set-valued maps
{Q°(-)}3=1, Q!(:) that make the system (1.1)-(1.3), (1.10), (1.9) be exactly observable. These

maps may be selected to be lower semi-continuous with respect to Lebesgue measure in [0, 6].

2. Preliminary results.

It is known that under the conditions (1.2)-(1.3) the system (1.1) admits solutions from the

“energy” class [8]:

€ C([0,6]; H)
Yt

and the “energy” estimate holds,

[ @0+ sk, + i@ D)z < o) [ (@) + sdule) + vi(2))iz.
Q Q

Here c(t) is a monotone positive non-decreasing function that is defined only by the constants

from (1.2)-(1.3) [8]. In turn, this implies the existence of such a constant ¢é> 0 that



(2.1) E'*(y(-,0)) < ¢ EV?(y(-,1)), Vt €]0,6]

for any solution of the system (1.1), since, due to Poincaré’s inequality,

9+ 8) gy < const ([ 42(z, t)dz)12,
Q

the standard norm in HY(Q) x Ly(Q) is equivalent to the “energy” one.

Thus, we may conclude that if all the sets {Q9(¢)}7_,, Q'(t), t € [0,8] are measurable,
the observations of type (1.9) are well-defined at every instant of time (for (1.8) it is always so)
under the general assumptions of Section 1. In order to ensure the enclosure of the corresponding
ranges of the observation operators in (1.8), (1.9) into L$%;(T), we have to add additional
requirements on the dynamics of measurement maps that will be specified in Sections 4, 5.

Assume now that z € @ C R' and Ho = (H%Q) N HY(Q)) x HY(N). In addition to

(1.2)-(1.3), we assume that

(2.2) Q= (U, 1), | a1ty Q¢ | < M2, M2 = const > 0.

In this case [8],

y € HYQ),

and, consequently, by virtue of the embedding theorems [13], H(9) C C(€). The latter
implies that both y(z,t), y:(z,t) are of the Carathéodory type and for any pair of measurable
functions {z°(t),z!(t)}, t € T the observations (1.6) are well-defined [5, 1]. We recall further
that for any solution y of (1.1)-(1.3), (1.7), (2.2) we have the following estimate [8]:

I ¥z2(8) 2y + 11 9(50) NEagy + Il 9o t) 220 <

(2.3) < a® (1w kg + v k) 2e in T,




where ¢;(0) also depends upon vy, v3, py, pa. The last estimate yields

“ | e Lemem)
Yt
and
24) 9%, ) By + 11 3E () ooy < const (1l %0 Iy + Nl 91 I2gay)

for any pair of measurable curves {z°(.), z!(-)}.
Thus, we conclude that the observations of type (1.6) are well-defined under the assumptions

(1.2), (1.3), (2.2), (1.7), so as the range of the observation operator (1.6) belongs to L$°(T).

Remark 2.1. Set
K =G()S(-), K: Ho— L33,(T),
where

S(t) Yo — yx(',t)

% vi(+51)

Then we may say that in the present paper we study the property of bounded invertibility of the
operator K with respect to the “energy” norm and the constant v in (1.5) may be selected as
follows

_ 1
TR

3. The one dimensional hyperbolic equation: pointwise obser-

vations.

In this section we consider the system (1.1)-(1.3), (1.6) assuming that the conditions (1.7), (2.2)
are fulfilled. The main result here is the following
Theorem 3.1. There exist measurement curves {z°(-), z!(-)} that provide the system

(1.1)-(1.3), (1.7), (2.2), (1.6) with exact observability.




We begin the proof of Theorem 3.1 with an auxiliary result. Namely, we show how for any
given solution y one can construct measurement curves that ensure the inequality (1.5) for
this particular solution. In addition we show that, in order to do this, it is sufficient to make
observations in any a priori given subset (of positive measure) of T'.

Let y be an arbitrary solution of system (1.1)-(1.3), (1.7), (2.2) and B > 0 be given. Let

r be an arbitrary measurable subset of the time interval (0,8) such that meas{r} > 0. We set

next

(3.1) eo={(z,0) € xr | yi(z,t) > vrai maxyi(s,t) - 1},
(z,t)efdxr

(3.2) er ={(z,t) € xr | y¥(z,t)> vrai maxyi(z,t) — 8 }.
(z.t)exr

It is not hard to see that both sets ep and e; are non-empty and have positive measures for

any 3> 0.

We introduce now two set-valued maps as follows
t— Fo(t)={z | (s,t) €eo}, t €7,

t— Ft)={z | (z,t) €er}, t €7,

where 7' = dom Fi(t) = {t | {z|(z,t) €&} #@}, i=0,1.
By virtue of the embedding theorems [13], the sets Fp(t) and Fj(t) are closed almost
everywhere accordingly in 7° and r!. Applying the theorem on measurable selection [5, 1], we

conclude that there exists such a pair of measurable functions {zZ'(t),t € r%; z!(t),t € r'} that

(3.3) z%(t) € Fo(t) a.e. in 7°,

(3.4) zl(t) e Fi(t) a.e. in 7.

We may easily extend the above functions for the whole interval T (assumingonly z°(t), z!(t) €

), s0 as




(3.5) y2(z°(t),t) > vraimax y*(z,t) — B, a.e. in 1°,

(z.t)ERxXT
(3.6) v2(z'(t),t) > vraimax y*(z,t) — B, a.e. in rl.
(z,t)eQxr
Note next that
(3.7) vraj max E(y(1)) = vrajmax [ (4(z,0)+ 4 (z,))dz <
r r Q

< meas {2} vrai max (y%(z,t) + y2(z,1)).
(zt)eRxr

Finally, combining (2.1), (3.5)-(3.7) yields the needed estimate:

(38)  E'Y*(y(-,0)) < émeas/H{Q} (|| 9:(2°(), ) IFeogro) + | 96(Z' (), ) IFo ey +28)V/2.

Thus, we arrive at
Lemma 3.1. Given solution y of the system (1.1)-(1.3), (1.7), (2.2) and given 8 > 0 and
r C T, meas {r} > 0, an arbitrary pair of measurable curves {z%(t),z!(t)}, t € T constructed

along the lines (3.1)-(3.4) ensures the estimate (3.8).

Remark 3.1. We stress that the estimate (3.8) is uniform over the set of all solutions of the

system in question.

Proof of Theorem 3.1. For any solution of the system (1.1)-(1.3), (1.7), (2.2) Lemma 3.1
allows us to construct (on an arbitrary subset of T') measurement curves that ensure (3.8).
This, taking into account Remark 3.1, gives us a hint to seek required curves for the set of all
solutions among the ones that consist of non-overlapping pieces each of which, in turn, ensures
(3.8) for some particular solution.

Let Y stand for the set of all the solutions of the system (1.1)-(1.3), (1.7), (2.2). We recall
that

Y Cc HY(Q).



Take any positive value 6. Since Hp in our case is separable, we can select in Y, by virtue of

(2.1) and (2.3), a countable é-net,

Ys = {yk}l(:‘):h yk € Y)

in such a way that for any y € Y there exists an element y**, so as

(3.9) Iy —* )< 6
and
(3.10) EV(y(- ) = y** (1)) < 6, Vteo,6].

It is clear that Y® may be selected in infinitely many ways (see Remark 5.6 below). Moreover,

due to (2.3), we may suppose that (3.10) is completed by the estimates

(3.11) | ¥z = 45 llpeersc@)y < 6 N ve— 45" llpeo(r; oy < 6

We proceed now to the construction of a pair of measurement trajectories that ensure the

estimate (1.5).

Let {tx}{2, be an arbitrary monotone sequence in T, so as

0<ti <ty <...<tp <...<8.

It is clear that there exists t* € [0,6],
t* = lim .

k—00

;From Lemma 3.1 it follows that for each k there exists a pair of curves {Z°%(-), 2'%(-)} that

ensure the estimates

(312) VA5 (,0)) = ([ (087(z,0) + (2, 0)) de)'/? <

10



< & meas'2{Q} (| vz(Z%(), ) (oo (1 gy + UG ) W geputignyy + 26072

Let {z°(-), z!(-)} be an arbitrary pair of measurable trajectories defined on [0,6] such

that

(3.13) 0(t) = °%(@t), te (tetep), k=1,...,

5’1() = 5lk(')a t € (thythyr), k=1,....

Let us show that {z°(-), z!(-)} satisfy the necessary requirements. Take any solution y
of the system (1.1)-(1.3), (1.7), (2.2) and let y* be an element in Y?® for which the estimates
(3.10)-(3.11) are fulfilled (for the sake of simplicity we omit the symbol “ * ” here). Hence, in

particular,
(3.14) I 9z — U5 lzeo(mtnen)ic@) < 6 19— 8* llieo((tntasn); c@)) < 6.
;From (3.10) (adjusted for our pair of functions), it follows
E'3(y(-,0)) < EVAHyH(-,0)+ 6.
The last estimate and (3.12)-(3.13) imply

El/z(y(" 0)) <

<é measl/Q{Q} (” yﬁ(io(')a ) ”%w(tk,tk-}l) + ” ytk(il(')a ) ”%w(tk,tk'#l) +2 ﬂ)llz + é.

Now, by virtue of (3.14), we arrive at

E'2(y(-,0)) < & meas'/? {Q} (2 || 42(2%(), ) [Foo tyutign) +

(3.15) + 201 92" (), ) W oqeputyyn) + 487 + 282 + 6.

In other words, we obtain the estimate (1.5) with

11



1
"~ ¢ meas!/2{Q}(2+462 + 2B8)1/2 + 6

(3.16)

This completes the proof of Theorem 3.1.

Corollary 3.1. Measurement curves in Theorem 3.1 may be selected to be continuous in

[0, ).

Indeed, set ¢* = @. Then, taking into account that for any solution y both y.(z,t) and
vi(z,t) are continuous in z for almost all ¢ € [0,6] (we recall that y € H%(Q)), we can

modify the above proof in order to obtain the needed assertion.

Remark 3.2. From (3.16) and Remark 2.1 we deduce that

| K1) || € & meas'/2{Q} (2+46% + 28)/? + 6.

Remark 3.3. In the proof of Theorem 3.1 the set of all the solutions of the system (1.1) plays
an important role. However, by virtue of the linearity of the equations (1.1) and (1.6) in order
to prove Theorem 3.1 (in general, for another constant <), this set may be replaced by the set

of all those solutions that have unit “energy” norm at the initial instant.

4. Spatially-averaged observation operators of type (1.8).

We begin by studying the properties of the observations of type (1.8).
Let us recall first that y € C([0,0]; H) and, hence, for any t € [0,6] the sets of Lebesgue

points of the functions (in z) y;(z,t) and y:(z,t) have a full measure in {2, namely,

(4.1) meas{Q \Q(yz(-,))} = 0, meas{Q \(w(-,t))} =0, Vtel0,8],

where (we recall that  is open)

y=(+, 1)) = {z | ’111_1;% | mea.S‘l{Sh(:z:)} / yz(sat)ds—y:c(zat) | = 0},
Sa(=)

12



(- 0) = {z | lim | meas™{Su(@)} [ wls,)ds—w(z,1) | = 0},
Sh(z)

Let F(t) be a set-valued map from T into the set of all the measurable subsets of . We

shall say that F(t) is continuous (see [1]) with respect to Lebesgue measure at ¢ = t* if

meas{F(t*) A F(t* + At)} — 0, At — 0,

where AAB stands for the symmetric difference:

AAB = (A\B)| J(B\A).

Remark 4.1. The continuity of F(t) at t = t* implies the continuity of the function
f(t) = meas{F(t)} at t=1t".

Lemma {.1. Let Q*(t), t € [0,0] be a continuous with respect to Lebesgue measure set-
valued map with images that are of positive measure for all ¢ € [0,68]. Then, for any solution

y of the system (1.1)-(1.3) the following functions

1 1

\ L) ’ —_— , , t .8
meas{Q*} / ¥ (3, )dz meas{(2*} / v(z,t)dz € [0, 6]
2 Qe (1)

(4.2)

are continuous in time.

Proof. Indeed, since the solutions of the system (1.1) are functions that are continuous in

time in the “energy” norm, the functions in (4.2) are continuous as superpositions of continuous
b

functions. We obtain, for example,

! 1
_ Yz, (z,t)dz — / Yo (z,t + At)dz | <
Q=(t / P (11 Al .
meas{(2*(t)} o meas{Q*(t + At)} weihag
1
= meas(Q(1)) - At) | d
- meas{Q‘(t)} _/ I yzp(z’t) yz,(x,t + ) I T +
2+(¢)
+ : - 1 | / | Yz, (2, + At) | dz +
"1 *(t + At zp(25
measl@(} - meas{itt+ 40) Q*(t+At1)
O] | Yzp(z,t + At) | dz
meas{Q*(t)} Yzp (T .

Q*(t)AQ*(t+At)

13




From here it follows

1 1

T ’ - T ’ <
| meas{Q*(¢)} / Yzp(2,1)dz meas{Q*(t + At)} / Yoy (2,0 + At)dz |
Q*(t) Qs (t+At)

< meas  H{Q )} || ¥z, (1) — Yo, (ot + AL) |12y +

+ (] meas™'{Q*(t)} — meas™ {Q*(t + At)} | meas'/? {Q*(¢t + A1)} +

+ meas™' {Q2°(t)} meas'/2{Q"(1) A Q*(t + A)} ) || 4z, (-, t + AL) || z2¢q) -

All the other terms in (4.2) may be evaluated in the same manner. This implies the conclusion

of Lemma 4.1, since we recall that y € C([0,6]; H).

Lemma 4.2. Given solution y of the system (1.1)-(1.3) and given § > 0 and an interval
r C T, there exist such a set of simple measurable functions A;(-), '(-), ¢ = 0,1 and an

interval r* C r that the following estimates are fulfilled in *:

(4.3) (meas'l{Sho(t)(fo(t)) nQ} / yz(z,t)dz)? > x('rz:.%ergax y2(z,t) — B, t €™,
z, xXr
{Sho(n(°(1))n02}
(4.4) (meas'l{Shl(t)(:El(t))ﬂQ} / vi(z,t)dz)? > \('rz;.i)ergaxytz(z,t) - B, ters.
z, xXr
{Shy(0)(E(2))N02}

Proof. Indeed, due to (4.1), we can specify an instant ¢ = t* and associated pairs {h; >

0, 7 € N}, i=0,1 that ensure the estimates

(meas~1{Sh, (2°) N Q) / e, €)de )? 2 vral maxyl(z,1) ~ 6/2
{Sho (z°)n02} '

(meas™'{S4,(z') N 0} / v(z,t")dz )2 > x(farcz:.;erggi( yi(z,t) — B/2.
{Sn, (21)NQ) '

Hence, applying Lemma 4.1 yields the required assertion.

We extend now the results of Section 3 for the case of observation operators of type (1.6).

14



Theorem 4.1. There exists a class of functions {z°(-), z(-), ho(-), h1(-)} that make the
system (1.1)-(1.3), (1.7), (2.2), (1.8) be exactly observable.

Proof. Since the estimates (4.3), (4.4) play the role of the relations (3.5), (3.6) of the
previous section, we enable to prove first the assertion of Lemma 3.1 (adjusted for our case) for

the observations of type (1.8). Then, noting that

meas™{ S, (Z'(1)) 0 Q) / lde = 1, WLeT, i=0,1,
{Sh;(0) (2 (1))N0}

we obtain that the inequalities (3.14) imply

Yr — yk
£

“ G(') E ”L;""(tk,tk.n) < \/56,
Yt — Ut

where G(-) stands for the observation operator in (1.8). Since the latter plays a crucial role in

deriving (3.15), we may establish the required assertion of Theorem 4.1.

Remark 4.2. Measurement maps in Theorem 4.1 may be selected piecewise constant with a

countable number of pieces or continuous with respect to Lebesgue measure in [0, 8).

The existence of a é-net (with respect to the “energy” norm) in the set of all the solutions
of the system (1.1)-(1.3), (1.7), (2.2) plays an important role in the proofs of Theorems 3.1,
4.1. An addition, and that is critical, such a net simultaneously must generate, due to (1.4), the
associated net in the set of outputs (see (3.11)). We remind that the space for outputs L(T)
is not separable and, therefore, the construction of an appropriate net in the above is essentially
based on a priori estimates of instantaneous type for solutions of the system in question. In
the case of one dimensional spatial variable the construction of a suitable net has been achieved
by applying the embedding theorems and a priori estimates (2.3)-(2.4). However, when the
dimensionality of the spatial variable exceeds 1, we do not manage to obtain the required result
at least under the regularity conditions (1.2), (1.3), (1.7), (2.2). A possible way to overcome
this difficulty is to increase the regularity of the system (1.1). For example, we may restrict
ourselves by classical solutions. In this case we can construct a proper net using the separability
of the space of continuous functions. Another way is to introduce more general type of scanning
observations in order to make them be adequate to the regularity of system in question. In the

next section we shall pursue this way.
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Remark 4.3. In the sequel of this section we point out a possible (direct) extension of
Theorems 3.1, 4.1 for the case of n-dimensional spatial variable:

Let Yy be an arbitrary countable set of solutions to the system (1.1)-(1.3),

Yr = {v:}2,.

Given 6 > 0, we consider an arbitrary set Y(5) for which Y is a é-net in the sense of (3.10),

(3.11). Then, the assertion of Theorem 4.1 may be extended for the set Y5 with
(6)

Hy = {{y(°70)’ yt('vﬂ)} | ye Y(S)}

5. Generalized spatially-averaged observations.
The main result of this section is

Theorem 5.1. There exist set-valued maps {Q(2)}5_;, Q!(t), t € [0,6] that make the
system (1.1)-(1.3), (1.10), (1.9) be exactly observable.

The assertion of Theorem 5.1 includes the statement that required maps ensure the enclosure
of the range of the corresponding observation operator into L%, (T).

We begin again by studying the properties of observations (1.9). Set

Q% (1) ={z | v¥z,t) =1, z€ QY1) }, Q(t) = {z| v3(=z,t)= -1, z€ QY1) }, te[0,0],

QL) ={z]| vz,t)=1, z€ (1)}, QL) ={z]| v!(z,t)=-1, z€Q'(1)}, te€ [0,0]‘.

Then we may rewrite the formula (1.9) in the form

(meas=H {00} fag, (o ¥ (2,

(5.1) (1) = : -
meas_l{Qg(t)} fng+ (t) yl‘n(z" t)d:l:
\ meas™'{Q'(t)} fﬂi(t) w(z, t)dz
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( meas™{Q9()} fao (o e (2, t)dz )

- : , tejo,q.
meas™ {3 (1)} [ao_(s) Yea(z, t)dz
\ meas™ {QY(t)} [ o) (2, t)dz )

Lemma 5.1. Let {Qgﬂ:(')};zl» QL(-) in (5.1) be continuous with respect to Lebesgue
measure in [0,6] and all the sets {Q3(¢)}2_;, Q'(¢) be of positive measure for all ¢ € [0,6].
Then outputs of the system (1.1)-(1.3), (1.9) are continuous in [0, 8].

The assertion of Lemma 5.1 immediately follows from Lemma 4.1.
The following class of measurement maps plays a crucial role below.

Assumption 5.1. Let F(t) be a set-valued map from T into the set of all the measurable
subsets of (). We shall say that F(t) satisfies Assumption 5.1 at ¢ = t* if
1. it is lower semi-continuous [1] at t = t* with respect to Lebesgue measure:

V 11y >0 3ry> 0 such that

(5.2) meas{F(t*)\ F(t* + At)} < 11, VAt |At|< vy
2.

(5.3) meas{F(t*)} > 0.
Remark 5.1.

i) f F(t) satisfies Assumption 5.1 everywhere in [0,6], then the function f(t) =
meas{F(t)} is lower semi-continuous in [0,6)].
ii) Let T* be a closed subinterval of T. Then measurement maps satisfying Assumption

5.1in T* ensure the enclosure of outputs of the system (1.1)-(1.3), (1.9) into Lg%,(T™).

We introduce now measurement maps that satisfy Assumption 5.1 in [0,6] and allow us

then to extend the result of Lemma 3.1 for the case of generalized observations (1.9).
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Let y be an arbitrary solution of the system (1.1)-(1.3) and S > 0 be given. We set for
te[0,6], p=1,...,n:

(5.4) r2+(y,t) =

= {z €0 |95,(2,0)> 0, yz,(2,) > meas™ /() min || 4z, (1) 2@y — B},

(54)' Tg_(y, t) =

={z€Q |ys,(2,1) <0, |yz,(z,2) | > meas™'/?{Q} 2in 119, (5 8) Nz = A}

(5.5) ri(y,t) =

= {"17 €N I yt(z,t) >0, yt(z,t) > mea's—llz{n} tlerfll)lb] ” yt(',t) ||L2(Q) - ﬁ}v

(5.5) rl(y,t) =

={z€Q | u(z,1) <0, | y(z,t) | > meas™/3{Q} tfeffgl};] | %e(-5t) lL2@) — B}-

It is not hard to see that for every t € [0,6] all the sets

7'2(3/, t) = 7‘2+(y, t)U"g-(Z‘/a t) =
= {z || yz,(z,1) | > meas™/2{Q} oin 119, (2D @) = 8L, p=1,..0m,
ri(y,t) = ri(y, ) Url(y,t) =
= {z | we(z,t)| > meas™/2{Q} min || (1) lL2a) — B)
tefo,0]
are of positive measure and the condition (5.3) is fulfilled for them in [0, 6]. Furthermore, from

continuity of the functions yz,(-,t), y:(-,¢) in t in the norm of L?(f) it follows that for any

>0
(5.6) meas{z ||y-(z,t+ At) — y(z,t)| > €} - 0, when A0,
(5.7) meas{z || yi(z,t+ At) — yi(z,1)| > €} -0, when At— 0.
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In turn, the relations (5.6), (5.7) and the fact that all the inequalities in (5.4)-(5.5) are strict
imply for Vt € [0,0]: Vvy >0 3Jwvy; >0 such that

(68)  meas{rdn,)\ 12wt + A0} < n, VAL [At|< 1, p=1,..

(5.9) meas{r!(y,t) \ r'(y,t + At)} < 1, VAt |At]|< v,

Hence, the maps {rd(y,?)}p-;, r'(¥,t) satisfy the condition (5.2) in [0,6] and we obtain
Lemma 5.2. Let y be an arbitrary solution of the system (1.1)-(1.3) and 8 > 0, a closed
interval r C [0,6] be given. Let {Q9,(y,t)}2_;, Q(y,t), t € T satisfy the following relations:

(5.10) Qgi(y,t) = rgi(y,t), ter, p=1,...,n,

(5.11) Qi(y,t)=ri(y,t), ter,

where 70,(y,t), ri(y,t) are constructed along (5.4)-(5.5). Then {Q)(y,t)}p=1, 2'(y,t)

satisfy Assumption 5.1 in 7.

Remark 5.2. Let y be an arbitrary solution of the system (1.1)-(1.3). Then we may deduce
from (5.6), (5.7) that for any sequence {y;}?2; of solutions of the system (1.1)-(1.3) that
converges to y in the norm of C([0,8]; H) the following estimates are fulfilled

lim meas{ry(v:,)} > tgi(i)g]meas{rﬁ(y,t)}, p=1,...,

. 1(,, > . 1
,l_lf{,lo meas{r (y;,t)} > tlel}(l)fz]meas{r (v, 1)},

uniformly over t € [0,4].

Lemma 5.3. Let y be an arbitrary solution of the system (1.1)-(1.3) and 8 > 0, a closed
interval r C [0,0] be given. Then the maps {Q9.(t)}5-;, Q4(?)}, t € , defined by the

relations (5.10) and (5.11), ensure the estimate
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E(y(-,0)) £ é meas{Q} (2 i(meas'l{ﬂg(y, 1)} / | ¥z, (2,t) | dz)? +

p=1 Q3 (wt)
(5.12) + 2 (meas™'{Q'(y,1)} / | ye(z,t) | dz)? + 2(n+1)f%), Vier.
01 (y,t)

Proof. Taking into account (2.1), we obtain

E(y(-,O)) < é E(y(-,t)), Vter,

and then, by (5.4)-(5.5),

. < & mi / 2 2 <
E(y(-,0)) < ¢ trer;g;]n (yz(z,t) + i (z,1))dz <

n
(5.13) < é meas{Q} (2 Z vrajo(mi? ygp(m,t) + 2 vrai (m1;1 vi(z,t)+2(n+1) 8%, Vier.
z€ t zEN(yt

p=l P Y,

;From (5.13) we immediately obtain the needed result.

Remark 5.3. The constants in (5.12) do not depend upon y and r, .

Proof of Theorem 5.1. Below we follow, in fact, the scheme of the proof of Theorem 3.1,
although the argument essentially differs in the technical aspect.
Let Y stand again for the set of all solutions to the system (1.1)-(1.3). Select an arbitrary

monotone sequence {§;}52,

6p>...>6;>...>0.

Specify next for each j, a 4;-net

Yo = {4121, wmi €Y,

so as for any solution y of the system (1.1)-(1.3) and j = 1,... there exists such an element

Yksj that

(5.14) EV2(y(-,1) — yrai (1)) < 85, VE€[0,0).
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In turn, the estimate (5.14) implies

(5.15) meas{z | | 4a(2,1) - Yhase(2,8) | 2 \/65} < &, ¥t € [0,6],
(5.16) meas{z || %e(2,1) — ykuje(z,1) | 2 \/85} < &, Vieo,6]

We stress that such a net may be selected in infinitely many ways (see Remark 5.6 below).
Select 8 > 0. Then, due to Lemma 5.2, for any y we can construct the sets {rp.(¥y,t)}p=;,
ri(y,t), t € [0,6] that are defined by (5.4)-(5.5)’ and satisfy Assumption 5.1 everywhere in

[0, 6]. This means, in particular, that

. 0
t =1,...
trex}g),x})]meas{rp(y, )} >0, p R (B

min meas{r'(y,t)} > 0.

te[o,9]

Let {e;}{°, be a monotone decreasing sequence of positive numbers such that
=1 g

lim ¢; = 0.
{—o0

Split the set of all the solutions of the system (1.1)-(1.3) as follows :

v=Uwn,
=1

_ s 0 : 1
Y, = {y | €l-1 2 te[O,Gfl;l;EI,...,n meas{rp(y,t)}, tg}l!)%] meas{r (yvt)} > El}'

Take an arbitrary monotone sequence of instants {t’ 3521,

O<tlctlc...<t? <...<8.

We select next in each interval (¢/,#7t!) an arbitrary monotone sequence of instants {#}}32,,

SO as
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=t <th<...<t<.. <t Jlim t] = ¢+,
—+ 00

Let {Q0(t)}r_;, Q!(t), ¢ € [0,6] be arbitrary maps that in [0,t!) U[lim,_, ¢/, 6] satisfy

Assumption 5.1 and

(5.17) Q1) = (i), te€tl,thy), ki=1l,..., p=1,...,n,

(5.18) Q') = rl(yjpt), telt ), ki=1,....

Let us show that the observations (1.9) (or (5.1)), (5.17), (5.18) with

+1, z¢€ Tg.;,.(ykj,t)’ te [ti’ti+l)’

0 i k,j=1,..., p=1,...,n,
-1, z¢€ Tp—(ykjvt)v te [tka k+1),

(5.19) wv(z,t) =

M= | Th FEmmY, el i), . |
I - . . ] . o
-1, z¢ T}-(ykjat)a te [ti’ti.{.])a
provide the system (1.1)-(1.3), (1.10), (1.9) with exact observability.
We note first that the range of the corresponding observation operator belongs to L3 (T).

Take any solution y of the system (1.1)-(1.3), (1.10) and assume that y € Y;, so as

. i 9 =1,...,n,
(5.20) i, meas{r,(y,t)} > &1, p=1,...,n
. 1
. t .
(5.21) tghx)%] meas{r (y,1)} > &

Remark next that for any kj, j = 1,... such that (5.14)-(5.16) are fulfilled with k; substituted

for k%, the following chain of estimates holds:

1
meas{rp(yx,5,t)} / o (@, )(¥e,(25 ) = Y zp(2,1))dz | <

rp(ykjj vt)
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V8

~ meas{rd(yx,j,t

g meastz | 2 € rflunt), | wa(e,t) = Uhysele0) | S V/85) +

n mea.sl/Z{a: I T € Tg(ykjj’t), | y:l:(;t’t) = yk,‘jr(z’t) I > \/5;}

mea.s{rg(yk 5 1)} El/Z(iU('a t) =y, (1) <

5. S
< j 2 1.5t =1,....
< V504 meas(m(n D)) € et =1

Combining the last estimate and (5.20) yields (via Remark 5.2) that, beginning from some

J = j*, the following estimates are fulfilled:

1

meas (B, )
rp(ykjj it)

l v9(Z, 1) (Yep (25 1) = Ybjiz, (2,1))dz | <

Iy .
S\/E(HWJQ)’ Vte[tij,tijﬂ), p=1,....

In a similar way we may obtain the chain of inequalities for y,. Thus, for any given a > 0
there exists such an element yx,,;., j« = j(a) that (in addition to the estimates (5.14)-(5.16))

for the pair y, yx,,j», We can write:

| Ge®W (1) = hyasin(s 1)) lRor < @, VEE [, 80 41),

where G,(:) stands for observations (1.9), (5.17)-(5.19). In other words

(5.22) | Gu(®)yisui D) lrmer < 1 Ga(@)y(t) llmmr + @, VEE [H1,87 40).

In turn, from (5.14) and Lemma 5.3 we obtain

EY?(y(-,0)) < EY(yy,,;u(-,0)) + 65 < & meas'/?{Q} (2(n+1) 5% +

2 ” G*(')ykj'j‘("‘) ”ioo.{.l(tj.‘ .ti. +1))1/2 + 6.7'*’ 6.1'" = 6.1"“ — 0 when a — 0.
n e %je

Finally, (5.22) and the latter yields
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EV3(y(,0)) < ¢ meas'/H{0} (2(n+ 1B + 41| Gu(WC+) g, ooy + 20607 + i,
which is valid for Va > 0. The last estimate completes the proof of Theorem 5.1.

Corollary 5.1. Measurement maps that satisfy Theorem 5.1 may be selected lower semi-

continuous in [0, d].

Proof. Since the number of all the functions {ykj}z?j=1 forming a sequence of §;-nets in
the proof of Theorem 5.1 is countable, instead of the above type of choice of instants {ti}i‘,,-=1
we can make a selection that has the only limit point ¢ = #. Then we can construct required
maps in (t‘,’;,t‘,’;_*_l), k,j = 1,... in the same manner as in the above. Setting all the sets
{Qg;t(ti)};;:nﬂli(ti)’ {Q94(8)}2_,,921(0) to be non-empty, but of zero-measure, yields the

needed assertion of Corollary 5.1.

Remark 5.4. Given (> 0, arbitrary maps {Q0,(-)}7_;, 24 (-) constructed along the lines
(5.17)-(5.19) ensure the estimate

| K=1() || € é meas/?{Q} (2(n + 1) 8% + 4)'/2

Remark 5.5. From the proof of Theorem 5.1 it follows that, in order to ensure exact observ-
ability in a prescribed finite-dimensional subspace spanned by a finite number of solutions of

the system (1.1)-(1.3), it is sufficient to specify a finite number of pieces of type (5.17)-(5.19).

Remark 5.6. For constructing suitable é-net we may use Galerkin’s method.

Concluding remarks.

The problem of exact observability with scanning sensors has been discussed for the nonsta-
tionary hyperbolic systems. Three types of scanning observations have been considered and
the existence of required measurement curves and maps that ensure exact observability with
L1 (T) to be taken for the space for outputs has been established. At every instant of time all
of the above types of observations provide finite-dimensional outputs that is critical in physical
situations. The method of proofs, to some extent, is an analogue of Galerkin’s method which
is widely used when working with the existence results in the theory of generalized solutions of
PDE’s. Here we have the case when the space for outputs L% (T') is not Hilbert. There-

fore, we construct a countable &-net (it plays a role of “basis”) in the set of solutions that,
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in turn, must generate a similar net in the set of outputs. In order to do this a priori energy
estimates of instantaneous type for solutions have been used. The proposed method allows to
obtain measurement curves that are continuous in [0,0) and measurement maps that are lower

semi-continuous in [0,6] with respect to Lebesgue measure.
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