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Foreword

In this paper the authors study properties of the value function and of
optimal solutions of a semilinear Mayer problem in infinite dimensions. Ap-
plications concern systems governed by a state equation of parabolic type.
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of the value function are treated in order to investigate the differentiability
of the value function along optimal trajectories.
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1 Introduction
In a previous paper [CF1], we studied the Mayer problem

minimize g(z(T)) (1)
over all solutions of the semilinear control system

{ '(t) = Az(t) + f(t,2(t), ul(t)), u(t)eU (2)

x(t()) = T0

where 2 belongs to a Banach space X,t € [0,T] and A is the infinitesimal
generator of a strongly continuous semigroup on X. We have shown that
useful information on optimal trajectories may be derived from properties
of the value function defined as

V(to, o) = inf{g(«(T))|z(:) is a solution of (2)}

for all (to,.’to) c [O,T] x X.

Under suitable assumptions, V was proved to be Lipschitz with respect to
z ([BDP]) and semiconcave with respect to z ([CF1]). These properties can
be used to deduce the differentiability of V' with respect to z along optimal
trajectories ([CF1]).

The present paper is mainly devoted to the description of the richer set
of properties that V' possesses when —A is a sectorial operator. Analogous
properties were obtained in [CF2], [CF3] for a finite dimensional context.

For example, we show that, if A is the generator of an analytic semigroup,
then V is jointly Lipschitz (Theorem 3.1) and semiconcave (Theorem 4.1)
in (t,z) on [0,T[xX (elementary examples show that this fails to be true
on the whole domain [0,7] X X). This increase in smoothness of V in the
analytic case, is due to the fact that the solution z(t) of (2) belongs to the
domain of the fractional power (—A)* for all a € [0,1] and all ¢ €]to, T).

1t is known that V satisfies the Hamilton-Jacobi equation (in the viscos-
ity sense)

—Vi(t,z) + H(t,z,-Vz(t,z)) — (Vz(t,z), Az) = 0,

where H(t,z,p) = sup,cu(p, f(t,z,u)) ([CL1]; [CL2]). In particular, this
fact implies that for all (¢,z) €]0,T[xD(A) and all (ps, pr) € DTV (¢,z) we
have

—pi+ H(t,z,—pz) — (P, Az) < 0. (3)




In this paper we show that equality holds in (3) along any optimal trajec-
tory Z(-) in the following form: for all (ps,p;) € DTV (¢,z(t)) and « €]0,1]

—pe+ H(t,2(t), ~pz) + {(A4")ps, (~4) 7°Z(1)) = 0 (4)

for any t €]to, T[ , see Theorem 5.2. To justify equation (4) we note that,
as a consequence of the Lipschitz properties of V, D}V(t,z) is contained
in D((—A*)*) for all @ € [0,1] and all (¢,2) € [0,T[xX (Corollary 3.4).
If the hamiltonian H is strictly convex with respect to p, then (4) yields
the differentiability of V along optimal trajectories except for end points
(Corollary 5.4).

For a finite dimensional space X, equality (4) was derived in [Zh] for
almost every t € [tp,T]. Therefore, the result of Theorem 5.2 improves the
analogous result for finite dimensions.

Let us consider the subset D*V(t,z) of Dt V(¢,z), which consists of all
weak—x limits of VV'(1;, z;) where (¢;,z;) — (¢,2). We recall that D*V (¢, z)
is a set of generators for the convex set DtV (¢, z), due to the semiconcavity
of V (see Section 2). In Section 5 we shall prove that equality holds in (3)
at all points of D*V (¢,z) i.e.

pe+{(=A4") P, (—A) ") = H(t,2,-p2) (5)

for all (t,z) € [0,T[xD(—A)*, (pt,pz) € D*V(t,z), €]0,1[. In particular,
(5) implies that V is (¢, z)-differentiable at all points (¢,z) € [0,T[xD(—A)*
at which DFV (¢, z) is a singleton.

This property has in turn several applications. Suppose that V is dif-
ferentiable with respect to z at a point (%o, zo) and let Z(:) be any optimal
trajectory for problems (1), (2). Then V' is differentiable with respect to
(t,z) at (2,Z(t)) for all t €]ty,T] and D*V (¢,z(t)) = {VV(t,z(¢))} (Theo-
rem 5.6).

Moreover, if (1) has a unique optimal solution Z(-), then, for all ¢t €]to, T,
V is differentiable at (¢,Z(¢)) (Corollary 5.11).

Furthermore, given any optimal trajectory Z(-) of problem (1), (2), the
corresponding co-state p(-), obtained in [CF1], satisfies the inclusion

((=A")B(0), (—A)'~“2()) + H(t,2(2), 5(1)), ~5(t)) € DTV (L, 2(1))

for all t €]ty, T] (Theorem 5.2).
We conclude this introduction with the outline of the paper. In Section -
2 we collect preliminary material on evolution equations and generalized




differentials. The Lipschitz regularity of V is derived in Section 3 and the
semiconcavity in Section 4. Section 5 contains the applications mentioned
above. Finally, in Section 6, we investigate the closedness properties of the
feedback map.

2 Preliminaries

Let X be a Banach space with norm |- |. In this paper we assume that | - |
is differentiable away from 0. For any » > 0 and z¢ € X set

Bi(zg)={z € X ||z —zo| < T}

We denote by X* the dual of X and by (-,-) the duality pairing between X*
and X.

Let A : D(A) C X — X be the infinitesimal generator of an analytic
semigroup, etA(t > 0),in X. Then it is well known that there exist constants
My, M; > 0 and w € R such that

(1) le*4e| < Moe!|z| (6)
(4) |Aettz| < (wMo + Mr)evt|z|

for all z € X and t > 0 (see e.g. [Pa, p. 60]).

Suppose now that w < 0, so that 0 belongs to the resolvent set of A4, p(A4).
We denote by (—A)*,a € R, the fractional powers of —A with domain
D(—A)* (see [Pa, p. 69]) and set

|zl = [(=4)*z|
for all z € D(—A)“. Estimate (6)(ii) has the following version for fractional
powers

M,
[(—A)*etz| < ~alal forallt>0 (7)

for all z € X,t > 0 and some constant M, > 0 (see [Pa, p. 74)).
Let T > 0,29 € X, f € LP(0,T;X),p > 1. Then the Cauchy problem

{ 2'(t) = Az(t) + f(t), 0<t<T
z(0) = zo

has a unique mild solution

z € C(0,T]; X) N C*(10,T]; X), 8 = “’—;—1 (8)




given by the formula
t
o(t) = ezo + [ DA f(r)dr, 1€ [0,T]
0

(see e.g [Pa]). Assume further that f € L*°(0,7;X). Then it is well known
that z(t) € D(—A)* for any o €]0,1] and ¢ > 0. In fact, estimates (6) and

(7) yield
tl—a

|z(t)|e < Mo (t_°’|$0| + ||f||L°°(0,T;X)) (9)

l1—-a

for all ¢ > 0 and a €]0,1[. A slightly longer — yet standard — computation
shows that

z(-) € C*7%(0,T); D(-4)%),V 6 €]0, 1. (10)

Let Q be an open subset of X and ¢ : @ — R. For any fixed z¢ € Q, the
semi-differentials of ¢ at zg are defined as

D+(P(-T0) — {p € X*l]jmsup (P(il?) - (P(mO) - <p>-’l? — 170) S O}
r—xg Ia —Qfol

D~ ¢(zo) = {P € X*|liminf #(2) = ¢(20) = (p,2 = 20) 2 0}
z—20 |z — zo|
and called super and subdifferential of ¢ at zo, respectively (see [CEL]). The
semi-differentials D¥¢(z¢) and D~ ¢(zg) are both non-empty if and only if
@ is Fréchet differentiable at zp. In this case we have

D*p(z0) = D~ p(z0) = {Vep(o)}

where V¢ denotes the gradient of ¢.
We denote by D*p(z0) the set of all points p € X * for which there exists
a sequence {z, }nen in X with the following properties

(¢) z, converges to g as n — 00
(i1) ¢ is Fréchet differentiable at z,,Yn € N (11)
(ii1) V(z,) weakly — * converges to p as n — 00

If ¢ is Lipschitz in a'neighborhood of zg, then ¢ is Fréchet diffentiable
on a dense subset of § (see [Pr]). Consequently, D*p(z0) # ¢.
Let now £ be convex. We say that ¢ is semi- concave if there exists a
function
w : [0, 400[x [0, +00[— [0, 400[
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satisfying

(i) w(r,s) <w(R,S5), V0O<r<R, VWO<s<S
(i7) lilrg w(r,s)=0, Vr>0

and such that

Ap(z) + (1= Ne(y) = e(Az + (1= Ay) < A(L = N)|z = ylw(r, |z - y]) (12)

for every r > 0,A € [0,1] and z,y € 2N B,(0).
The superdifferential of a semiconcave function has several useful prop-
erties, some of which are recalled in the following

Proposition 2.1 If ¢ is Lipschitz and semiconcave in B,(zg) for some
r > 0, then

D (o) = coD* p(z0) (13)

where €6 denotes the closed conver hull. In particular DY p(zo) # ¢. More-.
over,

¢(z) - @(z0) = (p,z = 70) < |& — zolw(r,[e —za]) - (14)

for all p € DY ¢(z0) and all £ € B,(z0). Furthermore, if DY p(zo) is a
singleton, then ¢ is Gdteauz differentiable at zo. If, in addition, DY (z)
is contained in some compact subset of X* for all x € B,(zo), then ¢ is
Fréchet differentiable at xo.

The proof of the first two statements (13) and (14) is given in [C1]
(Corollary 4.7). The third statement follows from the fact that D¥¢(z)
coincides with the generalized gradient if ¢ is semiconcave (see Proposition
4.8 in [C1] and [C]). Finally, the last statement can be obtained adapting
the proof of Corollary 4.12 in [CS1].

We next give a result which relates functions satisfying estimate (12) for
any A € [0,1] with functions satisfying estimate (12) for A = 1.
Proposition 2.2 Let ¢ : @ — R be locally Lipschitz and a €]0,1]. Suppose
that for all R > 0 there exists Cr > 0 such that

o(2) + ¢() — 20(T1Y) < Calo -yt (15)




Jor all z,y € Q with |z|,|y| < R. Then for all R > 0 there ezists Cj > 0
such that

Mp(z) + (1= Ao(y) — e(Az + (1= Ny) < CRA(1 = A)|z — y|'*  (16)

for all X € [0,1] and z,y € Q satisying |z|,|y| < R. - In particular, ¢ is
semiconcave.

Proof. Let B,(z) C Q and h € X,0 # |h| < 7. Define

£(t) = %, te[-1,1].

From (15) it follows that
t+ o
f(0) + 1(s) = 27(—5=) < Crlt - o|**

for all ¢,s € [-1,1]. Moreover, f is Lipschitz continuous. Therefore, from
Lemma 4.2 in [CS1] we conclude that

F@) = f(s) = f(s)(t ~ s) < Cilt — s|**+=

for a.e. t,s € [-1,1]. Also,

- J(8) = f() = f()(s — 1) < CRlt — s|'+e

so that
[£'(®) = f/(8)](t — 5) < 2CRlt — 5] (17)
for a.e. t,s € [—-1,1]. Now, for all A € [0,1], we have

Af(1=A) (1= A)f(=2) - f(0)
A3 LF((1— Nt)dt + (1 - X) Jg & f(—At)dt
ML= 2) [l (L= X)) — f/(—At)] 4t

2CRA (1 - /\)1_+a

+

IA 1N

recalling (17). The above inequality reads as follows

Ap(e + (1= )+ (1= Nplz = M) = p(z) S TolA(1 = M)A,

which is equivalent to (16).




QED

Remark. When a = 1, (16) can also be recovered from (15) by an induction
procedure and a density argument.

Proposition 2.3 Let ¢ : X — R be locally Lipschitz and semiconcave.
Then forallz € X and 8 e X

O, . v plzthd)—p(x) . . oz’ +hO) () o

a0 =g T =i B R ()0)
h—0+4+

and the set-valued map Q : X — X defined by Q(z) = {0 € X : g—‘g(x) <0}

has closed graph and nonempty images.

Proof. It is enough to adapt proofs of Theorem 2.9 and Proposition 2.5
from [CF2] to the infinite dimensional case.

We conclude this section with the following lemma, which is a simple
consequence of Gronwall’s inequality.

QED
Lemma 2.4 Let ¢ : [a,b] — R be an integrable function such that
B t
PO <At T+ L [ ple)ds (18)

for a.e. t € [a,b] and some constants L,A,B > 0,a €]0,1[. Then, for a.e.
t € [a,b]

LeLl(b—a)

@(t) < [1+ L(b— a)elt-914 + [ e _la)aJ B.  (19)

l-a
Proof. Let ¢(r) = [, o(t)dt. Then, integrating (19) with respect to ¢ yields
B(r) < A(b— a) + %(b —a)e 4L / w(t)dt.

Thus, the Gronwall lemma implies that
$(r) < A~ a) + 2—(b—a)' =]

Inserting this estimate in (18), we get (19).
QED




3 The optimal control problem: Lipschitz regu-
larity of the value function

Let X be a Banach space and U a complete separable metric space. Fix
T > 0 and let (¢9,%0) € [0,T] X X. Consider a system z(-) governed by the
semilinear state equation

{ 2(t) = As(t) + f(t,2(t), u(t)), 1€ [t0,T] o)

I(to) = Zop.

Let g : X — R be a given continuous function. We are interested in the
Mayer optimal control problem below:

minimize g(z(7T)) over all solutions to (20) with measurable u.  (21)

In this section we impose the following assumptions on the data of our
problem:

(( (i) A:D(A)C X — X is the infinitesimal generator of
an analytic semigroup, e'4,t > 0, satisfying (6) for some w < 0;
(1) f:[0,T]x X xU — X is continuous and such that
|f(t,:z,u)| < CO(l + |.’E|), |f(t,:1:,u) - f(t,y,U.)l < Cle - yl
for some Co > 0 and all ¢ € [0,T],z,y € X,u € U;
| (#%1) g is Lipschitz on all bounded subsets of X.

A\

(22)
It is well known that, under assumptions (22), for every measurable
u : [tg,T] — U problem (20) has a unique mild solution z(-) € C([to,T]; X)
satisfying
t
z(t) = elt=to) g, 4 / e(t_s)Af(s, z(s), u(s))ds (23)
0
for all t € [to,T]. We denote this solution by
z(+;t0, To, u)-
Moreover, (22), (23) and the Gronwall Lemma yield
|2()] < Mo T (|zo| + CoT), Vi € [to, TT. (24)

Remark. As is well known, the assumption that e*4 is of negative type
(w < 0 in (22)) implies no loss of generality. Indeed, let (6) be fulfilled for
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some wp € R and z(-) be a solution of (20). Then y(2) = e~ (“o+D(t-to)z(¢)
satisfies

{z'((t?) = Ao+ Sty ul) toSt<T (25)

where
A():A—(LU()-}-I)I
folt, 2, u) = emeoli=t0) f(1, eunt=t0), ).

Notice that €40 is of negative type, while fy satisfies (22) (ii) with the
same constants as f. Therefore, problem (20) is equivalent to minimizing
g(e(wot DTt} y(TY)) over all trajectories of (25).

The value function of problem (20), (21), defined as
V (to,z0) = inf{g(z(T;to,z0,u)| v : [to,T] — U is measurable },

has many properties which are relevant for the original optimal control prob-
lem. Among these, let us recall the Optimality Principle: for all ¢ € [to,T]

V(to,zo) = inf{V (t; z(t;t0, z0,u)) |u : [to,T] — U is measurable }. (26)

Theorem 3.1 Assume (22) and let. R > 4. Then there ezists a constant
Cgr > 0 such that

[V (t1,21) = V(t0, Zo)| < Cr([t1 — to| + |21 — o) (27)
for all ty,to € [0,T — ] and all 1,20 € X satisfying |z1],|zo] < R.

Proof.

Step 1: reduction to D(—A)*.

Fix t1,t0 € [O,T — %],xl,zo € X,|:1:,-| < R. Define s; = t; + %,i =0,1,
and let up(-) be such that

V(to, o) + |t1 — to| + |21 — zo| > V(s0, z(S0; to, Zo, Uo))

(if |ty — to] + |21 — zo| = 0, then (27) is trivial). Fix @ € U and define

_ u(t—t +t0)’ tE[t,s]
u1(t)—{ i, ! tE[Si,;]

Set also
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zi(t) = z(t;ti, zi, wi), ¥ = Zi(si), i=0,1.
Then, recalling (24), we have that
|f(t,2:(1), w:i(1))] < C(R), tel[t;,T]

where C(R) = Cop[1 + eMo%T My(R + CoT)]. Therefore, by (9) we conclude
that y; € D(—A)* for ¢ = 0,1 and all « €]0,1[ and
R 4 C(R)
(2R)> (1- a)(2R)1-=
Moreover, setting Z(t) = Z1(t + t1 — to) — Zo(t),%0 < t < 8o, we have

|yi|a < Moz ] =: MO!(R) (28)

i
I2(1)] < Molz1 — zo| + CoMo/t |2(s)|ds
0

so that |Z(t)| < Mo|z1 — zole®®Me/E, In particular
|v1 — Yol < MoeCM/B|zy — zo| (29)
Now, we have by (26)
V(t1,21) = V(to,20) < V(s1,51) — V(s0,%0) + |t1 — to| + |21 — zo|-
Therefore, interchanging (t1,z1) and (%o, zo),
[V(t1,21) = V(t0,20)| < [V(s1,51) = V(s0,%0)| + [t1 — to| + |21 — zo|- (30)

Step 2. Estimate on V(s1,11) — V(so0, %0)-
In this step we denote by C, g any positive constant depending on «
and R. Let @g : [s0,T] — U be measurable and such that
V(so,%0) + [t1 — to| + |21 — zo| > 9(2(T; s0, Y0, 0))-

Suppose s1 < sp (or, equivalently, ¢4 < to ) and define

_ N ) a, 51 £t < 8o
()= { fo(t), so<t<T (31)

#i(t) = =(t; 8i, 95, %), ¢=0,1.

11




Then,

V(s1,41) — V(s0,%0) < [t1 — to| + |21 — zo| + 9((21(T)) ~— 9(20(T)) (32)
< Jt1 —to| + |21 — zo| + CRrIZ1(T) — Zo(T)|

for some constant Cr > 0. Now, for all ¢ > sg
Iil(t) - io(t)l S |e(t—b‘1)Ay1 _ e(t_so)Ay(),
b [ M (s, 21 (5), me)ds
S1
t
+ |/ e(t—s)A[f(S’ 51(3), 1—10(3)) - f(s,fio(s), ’l—j,l(s))]dsl
S0

From (6), (7), (28) and (29) it follows that, for all ¢ > so,

iy, — gty (el pyeltsiy, |y fel=s0)A (g, — g
< s - 31||Ae(t_s°)Ay1| + Moy — yol
M,
s (t — sg)1—© |1lalto — t1] + MG Mo/ Rlzy — 2|
[to — t4]
< . 14 —
> Ca,R[lt — Soll_a + |.’L‘1 :Itol

for all & €]0, 1[. Hence,

1
lt - Soll—a

t
+ MoCo / |31(s) — Fo(s)|ds
S0

|£1(2) = Zo(t)] £ Cor [(1 + ) |t1 — to| + |21 — l‘ol]

for all t > sg. Thus Lemma 2.4 yields

- - 1
|21(t) = Zo(t)| < Car [|3?1 — zo| + [t1 — to|(1 + W)}
for all t > so. Therefore
1Z1(T) — £0(T)| £ Ca,r(Iz1 — Zo| + |t1 — to])
for some Cy g > 0. The above estimate and (32) yield

V(s1,%) — V(s0,50) < Co,r(|t1 — to] + |21 — Zol) (33)

12




under the extra assumption s; < sg.

On the other hand, if s; > so, then instead of (31) we define #;(s) =
Uo(s),t € [s,T] and repeating the above argument we obtain (33) once again.
Therefore, interchanging (s1,%:1) and (so, y0), we have

[V (s1,31) — V(s0,90)| < Cr(|t1 — to| + |21 — 2ol) (34)

for some Cr > 0 (fixing, for instance, o = %) This estimate and (30) imply
the conclusion (27).

QED

We note that the interest of the above result is due to the fact that
it provides the joint Lipschitz continuity of V' with respect to (¢,z). The
Lipschitz continuity of V'(¢,-) with respect to z for all t € [0,7] is a known
result (see [BDP]), even when the semigroup e*4 is just strongly continuous.
- Indeed, when e'# is analytic, a stronger Lipschitz property holds true for V/,
as we show below.

Theorem 3.2 Assume (22) and let R > %,0 € [0,1]. Then there ezists a
constant C = C(a, R,T) such that

[V(t,21) = V(t,20)| < Cl(—A)"%(z1 ~ zo)| (35)
for allt € [0,T — %] and all 1,30 € X satisfying |z1], |zo| < R.

" Proof. Assuming |[(—A4)"%(z1 — zo)| > 0 (otherwise there is nothing to
prove), let ug : [t,T] — U be such that

V(¢,20) +|(=A)™%(21 — z0)| > g(z(T;t, 20, u0))
and set Zy(-) = z(:;t, 2121, %0), Zo(-) = z(+;1, 20, up). Then, recalling (26),
V(t,21) = V(1,20) < CrIZ1(T) — Zo(T)| + [(-4)™*(z1 — 20)]  (36)
for some constant Cr > 0. On the other hand, in view of (7),
|Z1(s) = Zo(s)| (= 4)%el=D4(=4)"(z1 - 20)|

+ /t T =4[ 1 (0,21 (0), u(0)) — f(, Zo(0), u(o))]do]

< (sﬂ—/‘fa;)a ‘(—A)—a(wl - 1130), + COMO /: |51(0) - 50(0)|d0'

IA
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for all s €]¢t,T]. Hence, applying Lemma 2.4 we obtain

121(5) — Zo($)] < Cour——=|(—4)~*(21 — z0)|

(s =)

The conclusion (35) follows from the above estimate and (36), since the-
argument is symmetric with respect to z;,zg.

QED

From estimates (27) and (35) we immediately obtain the following

Corollary 3.3 Assume (22) and let R > %,a € [0,1]. Then there ezists a
constant C = C(a, R,T) such that '

[V (t1,21) = V(to,20)| £ Clta — to| + |[(-A4)"%(z1 — 20)[]  (37)
for all ty;tg €[0,T — %] and all x4,z € X satisfying |71, |20| < R.

The result below is useful for the applications in Section 5. For linear
state equations, it was proved in [CDP1]. We denote by D}IV(t,z) the
superdifferential of V (t,-) at z.

Corollary 3.4 Assume (22) and let (to,20) € [0,T[xX. Then, for all & €
[0, 1],

DIV (to,20) C D((—=A")%) & D7 V(to,z0) C D((—A4")")

Moreover, for each R > 0 there ezists a constant Cr = Cgr(e,T) > 0 such
that, if |zo] < R, then
|(=A4*)*p| < Cr (38)

for all p € DFV (tg,z0) U DL V(tg,z0).
Proof. We provide the proof for the superdifferential only, because the

argument below applies to the subdifferential as well.
For all z € X,p € DI V(tg,z0) and A > 0

~(p,z) < V(to, %0 + Az) — }\/(to,.’co) - Mp,z) N [V (to,z0 + A:;) — V(to, zo)|

Hence, taking lim supy_,o of both sides, estimate (35) yields

—(p,z) < Ca|(-A4)™2|
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Hence

[(p, 2)| < Col(—A4)" 2|
for all @ € [0,1[. Thus, for all z € D(-A)°,

[(p, (- A4)%z)]| < Cale|
which in turn implies that p € D(((—A4)*)*) = D((—A*)*) and (38).
QED

4 Semiconcavity of the value function

In this section we show that the value function of our optimal control prob-
lem (20), (21) is semiconcave in (¢,z) on [0,7[x X. For this purpose we have
to strengthen assumptions (22) as follows:

( (i)  f(-,-,u) is differentiable and Ja €]0,1] such that

|sfyt,2,) = (o) < Gl = ol + e = )

for all s,t €[0,7),z,y € Br(0),u € U; (39)
(5) 3Jo €]0,1]such that g() + g(y) — 29(%F) < Crlz — y['+*

for all z,y € Bgr(0).

A\

\

In (i) we have denoted by ||-|| the standard norm of a bounded linear operator
on X. Also, by Proposition 2.2, (ii) implies that g is semiconcave in X.

Remark. It can be easily seen that assumption (i) above implies that

[Af(t1,z1,u) + (1 = A) f(to,z0,u) — f(A(t1,21) + (1 — A)(to, o), u)|
< CrRA(1 = A)([ta — tol + |&1 — o] )1

for all A € [0,1] and all zo,z;, € Br(0).

Theorem 4.1 Assume (22), (839) and let R > 0. Then there ezists Cp > 0

such that

ti+t0 21+ 2o
2 72

V(t1,21) + V(to,30) — 2V ( ) < Crllts — to| + |21 — wo])1**

(40)
for all ty,t0 € [0,T — %] and all z,z9 € Br(0).
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Proof. Without loss of generality, we may assume that f is independent of
t.

Step 1: reduction to D((—4)"),0 < 8 < 1.

Fix t1,t0 € [0,T — %],zl,zo € Br(0) and define

i+t - _T1+ %o
2= ) ’ 2— 9

Let uq(-) be such that
V(t2,22) + ([t1 — to| + |21 — 20])™t* > V(s2,2(s235t2, 2, u2)).

(obviously, we may assume that [t; — to| + |21 — 20| > 0). Fix alsouz € U
and set

u(t) = { Zz(t —t;+1t2), t€ [ti,si[ =01

te[s;,T]
Ei(t) = x(t;tiaxhui)v 1= 0,1,2
Zi(t) = Zi(t—t2+ ti), ta<t<sy, 1=0,1.

Recalling (26) and (27), we have

V(thxl) + V(t07x0) - 2V(t27 132) < (41)
< V(s1,Z1(s1)) + V(s0,Z0(s0)) — 2V (82, Z2(52)) +
+ 2(|t1 — to| + |21 — zo|) '+
S Vlonzi(an) + Viso Folso)) 2V (s, L R0))

Crl|Z1(s1) + Zo(s0) — 2Z2(s2)| + 2([t1 — to| + |z1 — o )' 7.

+

Now,
51(31) + 50(30) — 252(82) = 511(32) + 50(32) — 252(32). (42)

Moreover, for all t € [t3, 32]
f](t) + fl?()(t) — 252(0 =
= / WA f(F1(5),ua(s)) + f(Zo(s), ua(s)) — 2f(Z2(s), ua(s))]ds.

t2
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Therefore, by assumption (39) (i) and the remark below it,
[21(6)+ 30(t) — 222(0] < Cabo [ [ia(s) = Go(o) s +
+ CoMy /tt 151(s) + Fo(s) — 252(s)|ds (43)
On the other hand, for all ¢ € [¢, s2],
1E1(2) = Fo(t)] < Molay — 2ol + MoCo / 151(5) — Fo(s)|ds
and so, by Gronwall’s lemma,

|21(2) — Zo(t)| < M{|zy — zo|, Vt € [ta, s2] (44)

for some constant M{ > 0. Thus, (43), (44) and again Gronwall’s lemma
yield
|21(t) + Fo(t) — 28(8)] < Mo |e1 — zo|'*®, Vi € [t3, 0]
for some M, > 0 depending only on R.
The above inequality, (42) and (41) imply in turn that, for some C > 0,

V(tl,zl) + V(to,.’l)o) 2V(t2,$2) < (45)
< C(Jty = to| + |21 — zo| )1+ + V(s1,31) + V(Soyyo) 2V (s2,92)

where

Y2 = 1+

{ yi = Ti(s;), i=0,1

Step 2: estimates on the fractional norms of g1, yo-

We will now proceed to estimate the rightmost term in (45). We will
take advantage of the fact that y; € D((—A)"),i = 0,1,2, for all B € [0,1]
and

(1) |wlg < Mp(R),i=0,1
(i6)  |y1 — ol < MoeCMoT |z, — 2| (46)
(#i4) |y — volp £ Mpl|zy — o

for some Mg, Mg(R) > 0. Estimates (i), (ii) above have essentially been
proved in Step 1 of the proof of Theorem 3.1 (see (28), (29)). To prove
(46)(iii) we note that

ly1 — yolp = |(—A)P(Z1(s2) — Zo(s2))]- (47)
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On the other hand, for all ¢ €]t3, s3], recalling (7) and (44) we obtain
(=AY [E1(1) = 2o(D)]] < [(-A)Pet=2) (21 — z0)| +
t
+ [ =P (@r(5) () — F(Eos), ua(o)ds

Mg i ds
< —F—lzy —zo| + Mp|z, — 2 /—
gy ot~ ol Moler ool | G
From the above inequality and (47), estimate (46) (iii) easily follows.

Step 3: estimate on V(s1,11) + V (S0, %) — 2V (82, ¥2).
Let %3 : [s2,T] — U be such that

V(sz,y2) + (|t1 — to| + |z1 = zo|)'™* > 9(2(T s2, y2, U2))-

Suppose s1 < s ( or, equivalently, t; < #9) and define

T(S)= 'S+_250's s1<s< s
s, s <s<T

() = 2(5s1,41,8207)
Yo(-) = (%30, Y0, U2l[sg,77)
92() = z(v582,v2,%2).

Then, by assumptions (39) (ii), (22) (iii)

V(s1,91) + V(s0,%) — 2V (s2,92) <

< (9(@(T)) + 9(H0(T)) — 29(52(T)) + 2(Jt1 — to| + |z1 — 2o|)**+*
< Cr|51(T) = Go(T)I'** + CrIfn(T) + 5o(T) ~ 252(T) |+

+2(|t1 — to| + |21 — zo[)'*

(48)

for some constant Cgr > 0. We will now estimate the first two terms in the
right-hand side of (48) separately.

Step 4: estimate on |§1(T) — 3o(T)|.
First, we note that, for all ¢ €]sq, T},
|71(2) = o(t)| < |4 (y1 — yo)| + [(elro=1)4 — 1)elt=s0) Ay, 4
+Mo [ 1£(51(5), u2 0 7(s))|ds + Mo [, | £(5(s), ua(s)) = f(Fo(s), u2(s))|ds
< Molyr — yo| + U_sz);ll’—ﬂso — 51||yolg + Crlso — s1|+
+CoMo [ 151(s) — Yo(s)lds.
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Therefore, Lemma 2.4 and (46) (i), (ii) imply that
_ _ 1
550 = 5000 < Mo [les =m0l + 10~ t0l (14 75 )| (49)

for all 4 € [0,1] and t €]sp, T.

Step 5: estimate on |§1(T) + §o(T') — 2¢2(T)|-
For all t €]sp, T] we have

l71(t) + Fo(t) — 272(2)| <
< |e(t—31)Ay1 + e(t—so)AyO _ 2e(t—82)Ay2l +

+ |/s0 et~ f(F1(s), @y 0 7(5))ds — 2 /so =) £(ga(s), ia(5))ds| +

+ I/t eI £(1(5), Ba(s)) + f(Fo(s), Ba(s)) — 2(Fa(s), Ta(s))] ds]
=: 1 ;oﬂ + III
Now, using (46) (iii) we obtain
I< I[e(t—-.n)A _ e(t—s;)A](yl _ yO)l + I[e(t—sl)A + e(t—so)A _ 2e(t—52)A]y0| <
< Js1 — s2]| A€l (3 — yo)| + |([el0m)4 — 1] — 2[elro52)4 — 1])eltme0) Ay

M,_p |51 — so] T et 07l ey (t—s50)A
< gt e ([ et [T k)
M z _sol S
= - )ﬁ—ﬁ |21 ~ ol[t1 — to +/ TA(e34 — Dyelt0+DAyoldo(s0)

Moreover, changing the variable n = sp — 0 /2, we get

S0—S1 o o
/o |A(e4 = 1)elt=*0tAygldo <

IN

1 s o
5/’ 0.|(_A)2—ﬁe(t—-so+5)A(_A)ﬁyolda_
0

Sp—S9S1 o
M! / d
6 )y Gt pAle®

%0 2(s0 — 1)
52 (t - 77)2—ﬁ
% (so—m)*
s2 (t - n)l—-ﬁ+a dn
)1+a

IA

IA

Mg R 2dn

IN

4Mp R

4Mp R (s — s2
(t - So)l_'g'i'a 14+«

IN
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Let us now fix B €]0,1[ so that 8 > «, for example 8 = "’%1 Then the

above estimate and (50) yield

M,
|21 = zo| [ts — to] + ——2F_|t; — o't (51)

I< (t _ 80)(1+a)/2

MI
- (t - So)l_a

Next, by a change of variable in the first integral of II,
o= 2 [ s (2s - s0), ma(s) ~ e f(7als), ma(s)lds
s2
< 9 / Pleltrn=2904 _ =94 (5, (25 ~ s0), iz(s))ds] (52)
82

+ 2' 5:0 e(t-s)A[f(ga (28 - 50)7 1_!2(8)) - f(gjg(s), ﬂs(s))]d‘gl

=: II; + Il,.
Also,

II,

IA

/ " ds / " | 4= A £ (5, (25 — so), tia(s))|do
S2

—° )ds

INA

CR/ 10g(1+
S2
- 50 (89— 8)*
C / S0 ‘S C / ( 0
e (i=s0) "

_ CR |t1 . tol 1+
T (14 e)(t - s0)® 2 ’

To estimate II, we note that, for all s € [so, so],

IN

191(25 — s0) — fa(s)] < |e(PomromodAyy — eloms2dAg, |y
25—350 s

H [ om0 (o), Ta(r(o))dol + | [ el f(3a(s), Ba(s))de]
51 82

< Mplzy — zo| + |(e(s's2)A -~ 1)6(3—52)A$1| + CR|2s — s — s1| + Cg|s — s2|

11—t
|1 Ol |.’L‘1la+CR|t1—t0|.

< Molzy — zo| + Cam

Therefore,

11,

IA

S0
QCOMO/ |71(2s — $0), —Fa(s)|ds

52

Crlt: = tol[|z1 = zo| + |t1 — to| + [t1 — t0|®].

A
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Thus, (52) and the estimates on II;, II, yield

1
1< Cr {Im — ol + |t1 — to|"TO[1 + m]} (53)

for all t €]so, T.
Finally, to bound III we use assumption (39) (ii) and estimate (49) as
follows

IT1

IA

t
CaMo | |g1(s) — Fo(s)|Fds +
s0

t
+ CiMo [ [51(s) + Go(s) - 20(s)lds <
50

1
Gy

IN

My p{|z1 — zo['T™ + |t; — to|'T[1 +

t
+ CiMo [ [71(s) + 9o(s) - 20a(s)lds.
S0

From the above inequality, (51) and (53) we conclude that

1

(t _ SO)(1+a)/2 +

,gl(t) + go(t) - 2:’?2(t)| S MQ,R {lxl p— x0|1+a + |t1 _ t0|l+a [1 +

1 1 ¢ _ _
+ (t— 50)% + (t - 30)(1—a2)/2] } + C1Mo _/so |71(s) + Fo(s) — 272(s)|ds

for all t €]sg, T]. Therefore, Lemma 2.4 implies
51(T) + 50(T) = 252(T)| < M, g(lz1 — o't + [t1 — 20['**).
The conclusion follows from (45), (48), (49) and the estimate above.

QED

Corollary 4.2 Under all assumptions of Theorema 4.1, suppose further
that e!4 is compact for t > 0. Then V is Fréchet differentiable at all points
(t,z) such that D"V (t,z) is a singleton.

The proof follows from Theorems 4.1, 3.1, Corollary 3.4 and Proposition

2.1, recalling that, since the semigroup is compact and analytic, its fractional
powers are compactly embedded in X.
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5 Applications

We provide here some applications of the above results to Mayer optimal
control problems. First we associate with the control system (2) its Hamil-
tonian H :[0,T] Xx X X X* — R defined by

H(t,z,p) = sup(p, f(t,z,u)).
uelU

Theorem 5.1 Assume that (22) (ii), (i) hold true and that A generates
a strongly continuous semigroup on X. Let Z(-) be an optimal solution to
problem (21). Then for almost every t € [to,T] such that Z(t) € D(A) we
have

¥(pt,pz) € DYV (8,2(t)), ~ps — (pe, AZ(t)) + H(,2(t), —pz) = 0.

Proof. Let %(:) be an optimal control corresponding to Z(:). Consider the
set of Lebesgue points of the function f(-,Z(-),u(-))

1 rtth
T:= {t € 1o, 7)) Jlim & [ " 17(s,5(),5(s)) = £(2,3(2), 5(®)]ds = o} .

We recall that 7 has a full measure in [to,T]. Let t € ‘7 be such that
Z(t) € D(A), then it is not difficult to check that

Z(t) = AB(t) + f(t,5(2), a(t)). (54)
Fix (ps,pz) € DYV(t,%(t)). Then

L V(5,8(5) = V(5 20)) — pils = 1) = (pe, B(s) — (1)
02 lim cup s — ¢ + 2(s) — (2)]

Since Z(+) is optimal, V(-,Z(:)) = const. Thus the above inequality and (54)
yield
—pe — (p=, AZ(1) + f(¢,2(1), u(1))) < 0.
By the same argument, taking s — t we obtain
pe + (pz, AZ(1) + f(2,2(1),4(2))) < 0.
Consequently,

V(pe,p2) € DTV (1,2(t)), —pt — Pz, AZ(2) + (¢, (1), () = 0. (55)
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We next claim that for every (p¢,p;) € DYV (t,Z(t)) and every u € U
— Pt — (pz, AZ(t) + f(2,2(1),u)) < 0. (56)

Indeed fix (ps,pz) € DYV(1,Z(t)),u € U. Consider the Cauchy problem

z'(s) = Az(s) + f(s,z(s),u), s€][t,T)]
:I:(t) = E(t)

Since z(t) € D(A), its (unique) solution z(-) satisfies z'(t) = AZ(t) +
f(t,2(t),u). Using the fact that ¢ — V(¢,z(t)) is nondecreasing, we ob-
tain

V(t + h,a(t + ) - V(¢, (1))

0 < limsup
h—04 h
3 - - - x z ’ z(t ]
< lim sup V(t+h,z(t+ h)) - V(L,z(2)) hhpt h(pz, AZ(t) + f(t,Z(t),u))
h— 04

+ pet (pI,A:i(t) + f(t,:i(t),’u,)) <pt+ <p,,A:7:(t) + f(t,.’f(t),u))

and (56) follows. To end the proof it is enough to apply (55), (56) and the
definition of H.

QED

Remark. We recall that, when X is a Hilbert space and A generates an
analytic semigroup, then Z(t) € D(A) a.e..

Theorem 5.2 Assume (22) and (39). Let T(-) be an optimal trajectory of
problem (21). Then, for any 8 €]0,1]

= pe+ (=4 po, (= A °(t)) + H(L,Z(t),~ps) =0 (57)
for all t €]to, T and all (pi,p;) € DYV (8,%(1)).

Notice that p, € D(—A*) in light of Corollary 3.4. We first prove a
lemma

Lemma 5.3 Assume (22) and let 8 €]0,1[. Then

= p+ (= A pe, (~4)' ) + H(t,3,-p2) < 0 (58)
for all (t,z) € [0, T[xD(—A)*~% and all (p;, pz) € DYV (1, 2).
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Proof. We use the same argument as in the second part of the proof of
Theorem 5.1. Fix u € U and let Z(-) = 2(+,t,z,u). Then, for all A > 0

1 1 1 fh *
= (po, Tt + h) = 2 = 5 (P, (" — D)2+ /0 (B4 gy, f(t+ 5, 7(t + 5),u)) ds

Clearly,

1 har _
hliI{]l'f‘ E/O <e(h )4 p:caf(t + sz(t+ S)vu)> ds = <p:cvf(t7$,u))

Moreover, in view of Corollary 3.4,

limpor & (Per ("4 = Do) = limp_or =} J3 ((—4%)°ps, A (—4)' %2 ) ds
= — ((~A")°p, (- 4)'*z)

Therefore,

0 < lim sup,_,g+ V(t+h,5(t-{;1h))—VQ,:c) < pt + limsup,_, g+ Mtz-_hﬂl
<pet (pe, f(t,2,0)) = ((— APy, (~A) )
and (58) follows recalling the definition of H.
QED

Remark. Estimate (58) is equivalent to saying that V is a viscosity subso-
lution of the Hamilton-Jacobi-Bellman equation

_Vi(t’m) + H(tvx’ —Vz(tvx)) - (Vr(t,x),A:z:) =0.
In fact, modifying the argument above as one does in the finite dimensional

case (see e.g. [PL]), one can show that V is also a viscosity supersolution of
the above equation, i.e.

—pt + <(—A*)9px,(—A)1'6x> + H(t,z,—pz) >0

for all (t,z) € [0,T[xD(—A)*~? and all (p;,p;) € D~V(t, ).

Proof of Theorem 5.2. From Lemma 5.3 and (9) we know that
—pe+ ((—A")pz, (—A4)'~03(2)) + H(1,7(t), —ps) < O
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for all t €]to, T[ and all (p;,pz) € DYV (¢, Z(t)). Hence, it suffices to derive
the opposite inequality. Recalling Theorem 4.1, Proposition 2.2 and (14) we
obtain, for all s €]to, T[ and (pi,pz) € DTV (2,Z(1)),

~(s =) [pe+ 5 (por E(s) — FQ))| =

=V (s,2(s)) = V(t,%()) — pi(s — 1) ~ (p=, T(s) — T()) <
< Ca(|t = 5| + [2(s) - Z(R)))"*=

Now, by (8) it follows that Z(-) € CO([%,1]; X) for any 0 < 8 < 1. Let us
fix 8 = 2+°‘ . So, the above inequality ylelds

1 _ _ @
P o (0 B(5) ~ F1)) 2 ~Clnglt — 5| (59)
for any 23Xt < 5 < t. Next,
— 2 (P B(s) — T(1)) = 55 (P (U4 — 1)3(s)) +
+ﬁ <pz, (t- ")Af(a,z:(a),u(a)> do.

Recalling (10), we have

lim, - & (e, (94 — )3(s)) =
= lim,_,,- t_l_—s g_s <(—A*)‘9pa,,e”A(—-A 1- 9_(t)> do =
= (= 4*)p, (- 45 (1))

Therefore, taking liminf,_,,- in (59), we obtain
—pe+ {(—4%)pe, (~A)' 07 (1)) +
+liminf, - 225 §7° (=ps, et~ £(0,7(0), U(0))) do 2 0
On the other hand,

liminf, ;- ;25 Ot_s <—p =4 f(5,%(0), H(a)> do =
= hmmfs_,t— *{~pz, f(t,Z(t),u(0))) do € ToF

where F = {{-pz, f(¢,Z(¢),v)) |u € U}. Since H(¢,T(t),—pz) = sup F, the
conclusion follows.

QED
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An interesting consequence of Theorem 5.2 is the smoothness of the value
function along any optimal trajectory in case H is strictly convex in p, a
classical result for finite dimensional problems in calculus of vaiations (see

[F1)).

Corollary 5.4 Assume (22), (39) and let T(-) be an optimal trajectory of
problem (21). If H(t,%(t),-) is strictly conver for some t €]to,T[, the V is
Fréchet differentiable at (t,Z(t)).

Proof. The strict convexity of H(t,%(t),-) and (57) yield that DtV (¢t,z(t))
is a singleton. Then Corollary 4.2 concludes the proof.

QED

To provide further applications we need to recall necessary conditions
satisfied by optimal solutions to problem (21). Let (Z,a) be a trajectory-
- control pair for.system (20). Denote by G(s,t) the solution operator of the
linear problem

5o(s,) = (A+ §L(s,5(5), 8()))G(s,1)
G(t,t) = Id.
Let G*(s,t) denote the adjoint of G(s,t).

Theorem 5.5 Assume that X is a Hilbert space, that f is Fréchet dif-
ferentiable with respect to x and that (22), (39) hold true. Consider an
optimal trajectory-control pair (Z,u) of problem (21). Then for every p €
D*g(z(T)),- the function p(t) = —G*(T,t)p satisfies the mazimum principle

(B(1), £(4,2(2),4(1))) = H(2,5(2), 7(2)) ace. in [to, T]
and the co-state inclusion
—p(t) € DFV(t,Z(t)) forallt € [tg, T).
Furthermore, for every 0 < oo < 1 and all t €]ty, T
(= A7) B(t), (~A) =2 (1)) + H (1, 5(2), B(1)), (1)) € D*V(1,2(1)).

Proof. The first two statements result from [CF1, Theorem 3.1] as well as
the inclusion

(B(), AZ(t)) + H(t,Z(t), B(t)), ~B(t)) € DTV (t,(t))
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for almost all t € [to,T] such that Z(t) € D(A). By the maximal regularity
result [LM], we get Z(t) € D(A) almost everywhere in [to,T]. Fix 0 < a <
1. 'From (9) we already know that z(t) € D((—A)'~) for all ¢t €]to, 7).
Consequently, using Corollary 3.4, we deduce that for almost all ¢t € [to,T]

(=A%) p(), (- A) & () + H(t,Z(t), 5(t)), —B(t)) € DYV (¢,Z(1)).

Fix t €]to,T] and let t,, — t be such that the above inclusion holds true at
every t,. Taking the limit we obtain

(=A%) 3(0), (- )"~ 2(D)+ H (5, 2D, 5(0), ~2(D) € Lim sup D*V (1, 7(tn)

whenever p(t) € D((—A*)*). Thanks to Corollary 3.4 it remains to show
that
Lim sup DV V (t,,%(t,)) C DYV (¢,7(1)).

By Theorem 4.1 we know that V is locally Lipschitz and semiconcave at
(t,z(t)). Proposition 2.1 ends the proof.

QED

Theorem 5.6 Let X be a separable Hilbert space and assume that g is con-
tinuously differentiable. Suppose further that (22), (39) hold true and

i)  f(t,z,U) is closed and convez for all (t,z) € [0,T] x X

ii) €4 is compact for allt > 0

iii) H is differentiable with respect to = and VR > 0,3¢g € L'(0,T)
such that for all z,y € Br,p,q € X* with |p|,|q) < R

182 (t, 2,p) — G (t,y,0)| < Lr(t)(1z = y| + |p— dl)-
Then for every (to,z0) € [0,T] x X

D*V(to,zo) = {k]i.IEo VV(tk,.’L'k) : (tk,mk) — (to,zo),3 VV(tk,.’L‘k)}.
Remark. From the proof given below, it is easy to realize that the same re-

sult holds true if A generates a strongly continuous (not necessarily analytic)
sermigroup on X.

Proof. Fix (to,%o) € [0,T] x X and let (tk,zx) — (fo,z0) be such that
VV(tk,zk) is weakly-* converging. It is enough to show that {VV(tx,zx)}
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has a strongly converging subsequence. From Theorem 5.2 and [CF1, Corol-
lary 5.6 and Remark 3.3] there exist optimal trajectories Zx(-) for problem
(21) with (to,z0) replaced by (tx,zx) and solutions pg(-) to the backward
Cauchy problem

=P = A+ (), p)
{ -p(T) = Vg(ik(‘})) (60)

satisfying
— pi(tr) = Vy(tx, zk). (61)

Using [CF1, Lemma 5.4] we deduce that there exist a mild solution Z(:) to
control system (20) and a subsequence Zj (-) such that

lim sup |Z(2) — Zx,;(t)] = 0.
I te[tov:r]n[tkj yﬂ

Thus lim;_ Vg(Zr;(T)) = Vg(Z(T)). By the continuous depedence of
solutions to (60) on data we deduce that

lim sup lp(t) — pkj(t)| =0
J—oo te[to,T]n[th. T

where p is the mild solution to

{ —P/ = A*p + %(t,i‘(t),p)
-p(T) = Vyg(z(T))

In particular this yields that
lim py (t;) = p(to).
j—oo
This and (61) imply that V;(2x;,zx;) converge strongly. Since V}/(tx,zr) € R

it is strongly convergent. Thus we deduce that VV(tx;,zx;) is strongly
convergent.

QED

Theorem 5.7 Assume (22), (39) and let e!* be compact for t > 0. Then,
for every (to,z0) € [0,T[xX,

D*V (tg,z0) = {k]irgo VV (tk,zk) : (tk,zk) — (to,z0), IVV(tr,zk)}-
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Proof. First notice that, since — A is sectorial and €4 is compact for t > 0,
then (—A)~% and (— A*)~? are compact opetators on X and X* respectively
(see e.g. [He]). Hence, D((—A*)?) is compactly embedded in X* and the
conclusion follows from Corollary 3.4.

QED

Corollary 5.8 Under all assumptions of Theorem 5.6 for every (to,zo) €
[0,T] x D((—A)'"*) and 0 < a < 1 we have

V(Pt, Pm) € D*V(to,ivo),l)t + <(_A*)apz,(_A)1~a$0) = H(t07 Zo, —pz‘)~

Proof. Fix 0 < a < 1,(to,z0) € [0,T] x D((—A)'=*) and (p:,p:) €
D*V(tg,z9). By Theorem 5.6 there exist (tx,zx) — (Z0,20) such that
VV(tg,zr) converge strongly to (p:,pz). Furthermore, Theorems 4.1, 5.6
and Proposition 2.1 imply that for all £ > 1

lim sup  ||[VV(tk,z) —p|| = 0.
Tk peDHV (ty,z)

Thus there exist yr — zo,¥r € D((—A)l—") such that

lm  sup  (peps) - pll = 0. (62)
— p€D+V(tkvyk)

It is known (see e. g. [CF1, Lemma 5.4]) that there exist optimal trajectories
Zk(-) of problem (21) with (2o, zo) replaced by (¢k,yx). Let Px(-) denote the .
corresponding co-states given by Theorem 5.5.

Since yr € D((—A)!~%) we know that V¢t € [tg,T],zx(t) € D((—4)'"%)).
This and the last statement of Theorem 5.5 yield that

(A" Pr(tr), (—A) ™ %yr) + H(tk, ye, Dr(tk))s —Dr(tk)) € DYV (i, yk)

Set

pi = ((—A")pr(ti), (A k) + H(tr, vk, D (tr))
pE = —pi(te).
Then
pF + (A8, (—A) ~%yi) = H(tk,y, —pF). (63)

Since yj converge to zo € D((—A)!"%) and, by (62) lims_(pF,pk) =
(pt, Pz ), taking the limit in (63) we end the proof.
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QED

Corollary 5.9 Under all assumptions of Theorem 5.6 suppose that for some
(to,20) € [0, T[XD((—A)}~*), DFV(to,z0) is a singleton. Then V is Fré-
chet differentiable at (to,z0) and D*V (to,70) = {VV (t0,%0)}.

Proof. Let I, denote the projection of R x X onto X. Since
HID‘*‘V(tO,zO) C DI V(to,z0) =: {po}
we deduce from Corollary 5.8 and the equality
DYV (to,70) = c0D*V (o, o)
that for all (pt,pr) € D*V (t0,%0), Pz = po and
Pt = H(to, o, —po) — {(—A*)*po, (—A)' " %zo).

Thus D*V (%9, o) is a singleton. Since V islocally Lipschitz and semiconcave
at (to, o), Proposition 2.1 ends the proof.

QED

Theorem 5.10 Under all assumptions of Theorem 5.6 suppose that A is
self-adjoint and that the Gdteauz derivative V,(to,zo) does exist. Let Z(-)
be an optimal solution to problem (21). Then for allt €]to, T[,V is Fréchet
differentiable at (t,Z(t)) and

DV (t,5(1) = {VV(L,2(1)}.

Proof. Let p(-) denote the co-state corresponding to Z(-) and given by
- Theorem 5.5. . From [CF1, Theorem 5.1] and [CG] we deduce that for all
te [to,T]

DIV (t,z(1)) = {-p(t)}-
The proof follows by the application of Corollary 5.9 and using the fact that
z(t) € D((—A)~*) for all t €]to, T

QED
Corollary 5.11 Under all assumptions of Theorem 5.6 suppose that prob-

lem (21) has a unique optimal solution Z(-). Then for every t €]to,T[, V is
Fréchet differentiable at (t,Z(1)).

30




Proof. From [CF1, Theorem 5.3] we know that V(¢,-) is Fréchet differenti-
able at Z(t) for all t €]to,T]. Applying Theorem 5.10 we end the proof.

QED

Theorem 5.12 Under all assumptions of Theorem 5.6 suppose that g is
convez and for allt € [0, 7]

Graph (f(t,-,U)) is convez.

Then for everyt € [0,T],V(t,-) is convez and continuously differentiable on
X.

Proof. Fix to € [0,T[. From [CF1, Corollary 5.6] we know that for all
zh € X,i = 1,2 there exist optimal trajectories Z'(-) to problem (21) with
(to,Zo) replaced by (to,z). Fix A € [0,1]. Since 2(-) = Az + (1 - A\)z? is
a trajectory of the control system (20) with zo replaced by Azd + (1 - A)z3

we deduce that

V(to,dzd + (1 = N)zd) < g(=(T))
< MEND) + (1 - Ng(FX(T))

= AV(to,z3) + (1 = M)V (to,z3).

Consequently, V (%o, ) is continuous and convex. So, its subgradient at z¢ is
nonempty. Since, by Theorem 4.1, V(%o,+) is also semiconcave, we deduce
from Proposition 2.1 that its superdifferential at zy is nonempty. Thus
V(to,-) is differentiable at zp. This and Proposition 2.1 end the proof.

QED

6 Optimal feedback

We provide lhere a result concerning the optimal synthesis for problem (21).
With any (¢,z) € [0,T] X D(A) we associate the feedback set

V(t+ h,z 4 hlAz +0]) - V(t,z)
: i

F(t,z) = {v € f(t,z,U): hlir&_

Clearly F(t,z) = 0 if the above limits do not exist for any v € f(t,z,U).
We proved in [CF1] the following result.
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Theorem 6.1 Assume (22) and let u : [to,T] — U be measurable and T be
a solution to (20) such that z(t) € D(A) almost everywhere in [to,T]|. Then
Z'(t) exists for almost all t and the following two statements are equivalent

i) I is optimnal for problem (21)
i) I'(t) — Az(t) € F(t,z(t)) a.e. in [to,T]

Theorem 6.2 Assume that (22) and (39) hold true and that the sets f(t,z,U)
are closed. Then the graph of the set-valued F is closed in [0,T]x D(A)x X.

Proof. Consider the set-valued map F :[0,T] x D(A) — X defined by
Ft,z)={v e X:V°(tz)(1, Az + v) < 0}.

From Proposition 2.3 we know that graph(F) is closed in [0,T] x D(A4) x X.
On the other hand, by (55), for all £ € D(A) and v € f(t,z,U)

(VV(t,z),(1,Az + v)) > 0
This and Proposition 2.1 yield that for all (¢,z) € [0,T] x D(A)
F(t,z) = F(t,2)n f(t,z,U)
and the result follows.
QED

Corollary 6.3 Assume that (22), (39) hold true, that the sets f(t,z,U) are
closed and that the set-valued map F defined above is single-valued. Then it
s conlinuous.
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