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Foreword

The investigation of a problem connected to probabilistic risk assessments for industrial plants
led us to the need to optimize integrals calculated over sets that depend upon parameters. The
problem was developed for two applications of tested and inspected components as an optimal
control problem involving nonsmooth state transitions. In solving the optimization problem
it is necessary to calculate the derivatives of an integral over a domain depending upon the
parameters to be optimized. Up to date the theory of the differentiation these integrals is not
fully developed. In the working paper a new general formula for differentiation of such integrals
is proposed. These results were used for calculation of sensitivities for risk functions. This
approach can have a wide application for the stochastic programming problems.
Comments about these mathematical results are invited.

Bjorn Wahlstrém

Leader
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of Technology Project
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DIFFERENTIATION FORMULA
FOR INTEGRALS OVER SETS
GIVEN BY INEQUALITIES

S. Uryas’ev

1 Introduction

The optimization of operational strategies for inspected components[5],[6] can be reduced to
optimization of the sum of integrals taken over sets that depend upon the parameters. To date,
the theory for differentiation of such integrals is not fully developed. Here, we prove a general
formula for the differentiation of an integral over the volume given by many inequalities. A
gradient of the integral is representevd as a sum of integrals taken over volume and over surface.

Let the function

F(z) = / p(z,y) dy (1)
f(zy) <0

be defined on the Euclidean space R™, where f : R* x R™ — RF and p : R* x R™ — R are some

functions. The inequality f(z,y) < 0 should be treated as a system of inequalities

filz,y) <0, i=1,...,k.

To solve optimization problems containing functions of the form (1), a differentiation formula for
function (1) is needed. Stochastic programming problems lead to such functions. For example,

let

F(z) = P{f(z,{(w)) < 0} (2)

be a probability function, where {(w) is a random vector in R™. The random vector {(w) has a
probability density p(z,y) that depends on a parameter z € R .

Differentiation formulae for function (1) in the case of only one inequality (k = 1) are
described in the papers of E. Raik [7] and N. Roenko [8]. More general results (k > 1) were
obtained in the papers of J. Simon (see, for example [9]). Special cases of probability function (2)
with normal and gamma distributions have been investigated in the papers of A. Prékopa (3],
and A. Prékopa and T. Szantdi [4]. In the forthcoming book of G.Ch. Pflug [2] the gradient of

the function (1) is represented in a form of a conditional expectation (k = 1).



The gradient expressions given in [7], [8] and [9] have the form of surface integrals, and are
inconvenient from the computational point of view, since the measure of a surface in R™ is equal
to zero.

In the papers [10], [11] of S. Uryas’ev, another type of formula was considered, where the
gradient is an integral over a volume. For some applications this type of formula is more con-
venient. For example, stochastic quasi-gradient algorithms [1] can be used for the minimization
of function (1). Here, we propose the formula for the general case of £ > 1, and the formulae
in the papers [7] and [10] are special cases of this general result. Since the gradient of the func-
tion (1) is represented in [10] and [11] as an integral over volume, in the case of k = 1, it is clear
that this integral can be reduced to an integral over a surface (see [7]). Furthermore, it appears
that the gradient of the function (1) can also be represented as a sum of integrals taken over
volume and over surface (in the case of £ > 1). This kind of formula is especially convenient for
the case when the inequalities f(z,y) < 0 include simple constraints y; > 0, i =1,...,m (see

an example at the end of the paper).

2 The General Formula

Let us introduce the following shorthand notations

fi(z,y) fi(z,y)
f(:c,y): ’ fl,l(x’y): )
fk(z1y) fl(zay)
3f1(z.) 3 fx(z,y)
dyp ' " Y 9y
Vyf(xa y) = ’
fi(z.y) 3f5!r.y2
iR SRR .

and

VY fi(2,9) = Vfi(z )/ iz )] -

A transposed matrix H is denoted by HT , and the Jacobian of the function f(z,y) is denoted
by

8fi(z,y) df1(z,y)
oy Tt ym

VIf(z,y)= :
afkgzvyz 3fk!-‘l?,y]
9y ' " Y Oym



Further, we need a definition of divergence

M Bhy
L
= m h, . m h .
div, H = : , and difo: Oha s 1",_“,}:6”1' :
i = Oui o v
Bhp = =
z: By
1=1
for the matrix
hl,l g o eee hl,m
H =
P
We define

p(z) = {yeR™ : f(z,y)<0} = {ye R™ : fi(z,y) <0, 1< 1<k},
pe(z) = {y€R™ : f(z,9)< e} E {ye R™ : filz,9) < e, 1<I<kY,
€=(€1,...,€k),

and du(z) to be the surface of the set u(z). We denote by d;u(z) a part of the surface which

corresponds to the function fi(z,y)

dip(z) = p(z) [1{y€R™ : fi(z,y) =0},

and

Aipp(z) = |J Oim(z).

I<i<k

For y € du(z), we define
I(z,y)={1: fi(z,y)=0},

i(z = min j.
(2,9) jel(ew)”

Let us denote by z x u.(z), the Cartesian product of the point z and the set u.(z) . Let

V(z¢) be some open neighborhood of the point zo and

Gvez) = |J (zxpel2)).

z€V(z)

If we split the set K def {1,...,k} into two subsets K, and K5, without loss of generality

we can consider
Ky ={1,...,1} and K, = {I+1,...,k}.

Now we formulate a theorem about differentiation of integral (1).



Theorem 2.1 Let us assume that the following conditions are satisfied:
1. the set Gy,(zo) is bounded for some V(zo) and € = (€1,...,€5); € >0,1=1,...,k;

2. the function f : R* x R™ — RF has continuous partial derivatives V. f(z,y), V, f(z,y),
szf(xa y), Vyyf(.’t, y) on the set GV,E(‘TO) y

3. the function p : R™ x R™ — R has continuous partial derivatives Vyp(z,y), Vyp(z,y) on
the set Gv,(zo) ;

. there erists a matriz function Hy;: R®* x R™ — R™ x R™ satisfying the equation:
) ying q

Hl,l(zay) Vyfl,l(zay) + Vz‘fl,l(x7y) =0 (3)

on the set Gv,(zo) ;

5. the matriz function H,i(z,y) has a continuous partial derivative VyHy (z,y) on the set

Gv,(zo) ;
6. there exist continuous matriz functions H; : R* x R™ - R*"x R™, i=1+1,...,k
satisfying the equations:
Hi(xyy)vyfi(xsy) + sz,-(z,y) =0 ) i=l+11"'1k1 (4)
on the set Gv (o) ;

7. if the set O;u(z0) is not empty then the gradient V, fi(zo,y) is not equal to zero on 9;u(zq)

1.e.

min min ||V, fi(zo, >y >0; :
y€du(zo) i€l(z0.y) IVy fi(zo, W)l 2 ¥ 5)

8. for all y € Ou(zo) the vectors Vy fi(zo,y) , i € I(z0,y) are linearly independent.

Then the function F(z), given by formula (1) is differentiable at the point zo and the gradient

is equal to

V. F(zo) = / [Vep(zo,y) + divy(p(z0, y)H1u(20,))] dy +

u(zo)

+ / p(z0,7) [Hi(zo,y)(-’fo,y) - Hl,l(any)]Vyfi(:o.y)(xo,y) ds . (6)

B141,k1(z0)

Proof. Prior to proving the theorem, we prove the following lemma.



Lemma 2.1 If a function r : R — RF satisfies the condition
r(J|Az||)/||Az)| - 0, [lAz|[—0,

then for sufficiently small ||Az|| the inequality

k
[ eotsaway - [ plao+As)dy| < TY In(liaall],
Br(jlas)) (z0+AT) u(zo+Ax) =1
holds, where T is a constant.
Proof. The sets
(zo + Az) x p(z0 + Az) and (zo+ Az) X /,I..,.(”Az”)(:l:o + Az)

belong to the set Gv,(zo) , if ||Az]| is small enough. Since the set Gy,(zo) is bounded, then
without loss of generality we can consider that the continuous function p(z,y) is bounded on

Gv,(zo) . Consequently, the value

p(zo+ Az,y), for y € p(zo+ Az), y € pir(jjaz|)(%0 + Az)

is bounded for sufficiently small ||Az]| .
Let Ay, A2 C R™ and denote by A; A A, a symmetric difference of the sets A; and A,

AA A ¥ (a0 4) U (A2\ 4).
For a set A € R™ denote by g(A) the Lebesgue measure in R™ . Since the value
p(zo + Az,y), for y € (u(zo+ Az) A p,(jaz(z0 + Az))
is bounded for sufficiently small ||Az||, the statement of the lemma follows from the inequality
k
g (u(zo + AZ) A pr(azy(zo+ Az)) < TV Y |n(l|Az]])], (M
i=1
T, = const .

Let us prove inequality (7). Denote

Ir(llazl))] = (Ir(lAzI),. .., r(llAz]])]) -
Since

B-r(laz|h(To + Az) C p(zo + Az),  pojr(az))|(To + Az) C praz|p(o + Az),
and

u(zo + Az) C pir(az|)(zo + AZ),  pr(az))(To + AZ) C pir(jaz|)|(zo + AZ) ,

5



then

(k(zo+ Az) A prqazi(zo + A7) C (mprqrazipi(@o +A2) \ topplasi(zo + Az)) (8)
We define a layer Di(z) as follows

Di(z)={y€R™:-6< fi(z,y)<6}.
Further, we can write

(mrrasii(zo + A2) \ pop(azii(o + Az)) C (9)

k
U (kraiaemi(zo + 82) M Dirganppi(zo + 82) ) .

=1
Conditions 1, 2 and 7 of the theorem imply that the thickness of the layer Dfr.-(||A.-..-||)|("”0 + Az)
is less than 6v~!|r;(]|Az]||)| . Indeed, it follows from conditions 1, 2 and 7 of the theorem that

IV fi(zo + Az, y)l| 2 2777 for y € Opi(ao + Az),

and sufficiently small ||Az|| . Consequently, with Taylor’s theorem
fi(zo+ Az, y+ 377 ri(|Az|)) VN fizo + Az, y)) =
fizo + Az, y) + 3y r([|A2|)I (V) fi(zo + Az,y), Yy filzo + Az, 9)) +
o(ri(llazl))) > fi(zo+ Az,y) + 3y M ri(llAzIDI2 Yy + o(ri(l|Az])) >
filzo + Az,y) + [ri([|Az]])],

for y € Aui(zo + Az) and sufficiently small ||Az||. It means that point y + 3y~ Yr;(||Az|])| is

out of the layer
Dfr;(||AI||)|($0 + Az) for y € Oui(zo + Az) .
Analogously, the point y — 3771|r;(||Az||)| is out of the layer
Dfr.'(”A:c”N(xo + A.’C) fOI' Yy € (9;1.-(:1:0 + AI:) .

Thus, thickness of the layer Dfr;(||A:||)|(zO + Axz) is less than 677 1|ri(||Az||)] . Consequently,

there exist a constant 77 such that

¢ (Kirctiazpi(zo + A2) () Dy, gazyy (@0 + Az) ) < Talri(||Aa]])]- (10)
Inclusions (8), (9) and inequality (10) imply

g(1(zo + Az) A pe(jaz)(zo + Az)) <



g (#prqrazini(zo + A2) \ pojrqiazy(zo + Az)) <

k
a| U (#raia=mi(zo+ 42) ) Digazpi(zo + Az))) <

1=

—

k k
>4 (u|r(||A=||)| 20+ Az) [ Djy,(jia)i(zo + A-T)) <T ) Inllazl)] -

=1

The lemma is proved. a

Let us make an increment Az in the argument of the function F(zo)

Fleo+A2) = [ plsa+Ba,0)dy,
f(zo+Az,y) <0

and make a change of variables

y =z + H (z0,2)Az . (11)
Taylor’s theorem implies that

f(zo + Az,y) = f(zo+ Az,z+ H{ (z0,2)Az) =

f(20,2) + Vi f (20, 2)8z + V3 flzo, 2)Hiy(z0, 2) Az + o (|| A2] ) , (12)

where o(||Az|)/||Az|| — 0 as ||Az| — 0. Since the set Gv(zo) is bounded, we can assume

without loss of generality that functions
f(z,2), Vo f(z,2), V.f(z,2), H1(z,z2)

are uniformly continuous on Gv,(zo) (see conditions 1,2 and 5 of Theorem 2.1). Consequently,
o(llaz]])/llaz]|—o0

uniformly with respect to (zo + Az) X 2 € Gv,(z0) .
Denote by J(zo, z) the determinant of the Jacobian for the mapping y(z). With Lemma 2.1
and equations (11), (12) we have

F(zo 4+ Az) = / p(zo+ Az,y)dy =
f(zo+Azr,y) <0

p(zo+ Az,y)dy + o(|lAz||) =
f(zo+Az,) ~ o(]lAz]]) <O

/ p(z0+Az,z+ HIT,,(zo,z)Az) J(z0,2)dz + o(|Az|]). (13)

H(20,2)+ VT f(z0,2) AT+
+VT f(zo,2)HT (z0,2)Az < 0



Let us compute the determinant J(zo, z)

J(20,2) = |[VIy(2)| = |E + VI H\(20,2)A2] =

1 + div,(AzTHyy(z0,2)) + o(]|Az][).
Furthermore,
p(zo + Az, 2 + H}:,(zo, z)Az) J(z9,2) =
[p(20,2) + VIp(z0, 2)Az + VI p(z0, 2) H (20, 2) Bz + 0 ([|Az]|) ] x

x [1 + div,(AzT Hyy(20,2)) + o(||Az]])] =

p(z0, 2) + [ VI p(z0, 2) + VI p(z0, 2) HT (20, 2) + P(z0, 2)div] H} (20, 2) | Az +

+o(llaz]]) =

p(z0, 2) + [ VI p(z0, 2) + divT (p(zo, 2) H1 i(z0, 2)) | Az +0(||Az)}),

(14)

(15)

where o(||Az||)/||Az||— 0 as ||Az|| — 0. Since the set Gy,(zo) is bounded, we can assume

without loss of generality that functions

p(z,2), Vep(z,2), V.p(z,2), Hi)(z,2), V,Hy(z, 2)

are uniformly continuous and bounded on Gv (zo) (see conditions 1, 3 and 5 of Theorem 2.1).

Consequently, for the term o( ||Az||) in formula (15) the convergence
o(|laz]l)/||Az]| -0

is uniform with respect to (zo + Az) X z € Gy,(z0) -

With (13) and (15) we have

F(zo+Az) = o([lAz]) + [ etlsal)az+

f(z0,2)+ VT f(z0,2) A+
+Vsz(lo,2)H,7:, (z0,2)Az <0

/ {p(:z:o, z2)+ [Vgp(:ro, z)+ divf(p(:z:o, z)Hl'I(zo,z))] A:L‘} dz.

J(20,2)+VIf(z0,2) A2+
+vaf(""'0vz)H17:((-770vz)A$ <0

Condition 1 of Theorem 2.1 and uniform convergence (16) imply

[ ellsslye: = o(liaz]).

f(z0,2)+ VT f(z0,2)Az+
+fo(Io.Z)HI,(zo.z)A: <0

(16)

(17)

(18)



Combining (17) and (18) we have

F(zo+ Az) = o(||Az]]) +

/ {p(:z:o, 2)+ [Ver(:z:o,z) + divz(p(zo, 2)Hy i(zo, z))] Az} dz, (19)

J(z0,2)+ VT f(z0,2) A+
+VzﬂzovZ)H}:,(zo,z)Az <o

where o(||Az||)/}|Az||— 0 as [[Az| — 0. Equations (3) and (4) imply
{z € R™: f(zo,2) + VZf(zo,2)Az + VI fizo,2)HI|(20,2)Az < 0} =
{z€ R™: fiy(z0,2) < 0;
fi(z0,2) + VS fi(z0,2)Az + V] fi@o, 2)H{ (20, 2)Az < 0,i=1+1,...,k} =
{z€ R™: fii(z0,2) £ 0;
fi(zo,2) + VIfi(zo, 2)(~HI (20, 2) + HI|(20,2))Az < 0,i=1+41,...,k}. (20)
Combining (19) and (20), we obtain
F(zo+ Az) - o(]|Az]) =

{p(:z:o, 2) + [V,:Tp(:z:o, z)+ diva(p(:z:o, 2)Hy (zo, z))] Aa:} dz =

J1,4(z0,2) L0,
Ji(zo.2)+
V,Tf.'(Io,z)(H]T:,(z‘o,2)—H.»T(1‘0.2))A1' <o,
1=i41,..,k
p(zo, 2) dz + (21)
fl,l(-""Ovz) <o,
fi(zo,2)+
fog(zo,z)(HE‘ (IO,Z)—H‘T(IO,Z))AI <o,
1=l41,..,k
[pr(zg, z2)+ divf(p(zo, 2)Hq (2o, z)) ] Az dz. (22)
S(ze,2) L0,
fi('tOvz)"'
VS fi(zo.2)(HT (z0,2)—H] (z0,2))Az L0,
f=l+1,..,k

Now we need the following lemma.
Lemma 2.2 If a function r : R — RF satisfies the condition
r(llAz]) >0, [|Az]| -0,
then for sufficiently small ||Az|| the inequality

[VIp(2o,2) + div] (p(20,2)H1(z0,2)) | Az dz -

be(flaz)) (z0)



k
[ [97p(z0,2) + divT (20, 2) Bri(z0,2)) | Az 42| < TllAzN Y In(liAal)],
#(zo) =1

holds, where T is a constant.

Proof. This lemma can be proved analogously to Lemma 2.1. Since the set Gy, (zo) is

bounded, conditions 2, 3, 5 of Theorem 2.1 imply
[Vgp(xo,z) + dij(p(xo,z)Hl'z(xo,z))] Az < C||Az||, C = const, (23)

Analogously to inequality (7) we can prove

k
a (u(20) & prazip(z0)) < Ci 3 [ri(llAzl)], €1 = const. (24)
i=1
The statement of the lemma follows from inequalities (23) and (24). a

Since the set Gv,(zo) is bounded, the conditions 2, 5, 6 of Theorem 2.1 imply
VIfi(zo,2)(HT (20, 2) ~ H (z0,2)) Az < Co|Az||, i=141,...,k, (25)
C, = const ,

for (zo + Az) X z € Gv,e(z0) .
Thus, with (25) and Lemma 2.2 for integral (22) we have

[V;;rp(:ro, 2)+ divf(p(xo, 2)Hq (2o, z)) ] Az dz =
S1,1(z0,2) €0,
fi(IO|z)+
VI fi(zo,2)(HT (z0,2)~HT (z0,2))Az <O,
i=l41,...,k

/ [ VT (20, 2) + divT (p(z0, 2) H1 (20, 2)) | Az dz + o(||Az]]), (26)

u(zo)

where o(||Az|)/||Az|| — 0 as ||Az| — 0. Let us rewrite integral (21) in the following way

p(z0,2) dz =
f1(z0,2) <0,
Ji(zo,2)+
75 (zos2)(H{ (z0,2)~HT (z0,2)) Az <O,
i=l+1,....k
F(zo) + / p(zo,2) dz — / p(zo,2) dz &f
fia(z0,2) <0, f1,(x0,2) €0,
ji(30)2)+ ji(IOIZ)Sov
V,Tj;(:to,z)(H;l:‘(zo,z)—H_T(zo ,2))Ar <0, i=l4+1,....k
i=l41,....k
F(zo) + D. (27)

10



The difference D can be represented as a surface integral. Indeed, if
z€dan(zo) = |J (#(z0) N{v€B™ : fizo,y)=0}),
I<i<k
and the surface 0 xu(zo) is smooth around a point z , then condition 8 of Theorem 2.1 imply
that the index set I(zq, z) consists only from one index i(zo, z) . The distance between point z

and a nearest point on the surface of the set
{z€e R™: fii(z0,2) £ 0;
fi(:BOaZ) + VZf,‘(Io,Z)(HIT:I(IQ,Z) - HiT(anz))AI S Oa i1=1 + 1’- . ak}

is equal to

VI fi(zo,2) (%0, 2)
”Vszi(::o,z)(xO, Z)“

(Hi(z0,2) = HI (z0,2))Az| + o(]|Ac|]) =

(20, 2) = Hi(z0,2)) V¥ fizo)(20,2), A2)| + o([1A2]])
Thus, the difference D of the volume integrals can be represented as an integral over a surface

D = / (p(-’Bo,Z) [Hi(:o,z)(anz) - H],I(IOa Z)]Vszi(a:o,z)(anz) ’ Ax) dz + (28)

Bi41,k k(o)

+o(]lAz]),

where o(||Az|)/||Az|]| —» 0 as [[Az| — 0. Combining (21), (22), (26), (27) and (28), we

have

F(zo + A:z:) -_ F(Io) = < / [pr(:ro, Z) + divz(p(zo,z)Hl,l(:ro,z))] dz +

H(zo)

+ / p(an 2) [Hi(a:o'z)(IOaz) - Hl.l(an Z)]Vszi(zo,z)(an Z) dZ, Az > +

B141,k (z0)

+o(llaz]),

where o(||Az||)/||Az|| — 0 as ||Az||— 0.

The last statement proves the theorem. O

11



3 An Example

The investigation of operational strategies for inspected components (see [6]) led us to the

calculation of the gradient for the following integral function

F(z) = / p(y) dy, (29)
b(y)<z ,
yi28,i=1,...m

wherez € R', y€ R™, p: R™ - R, b(y) = 3 y¥, 6 > 0. In this case
y LU

b(y)—=z

and

F(z) = / p(z,y)dy = /p(w,y)dy-
f(z,w) <0 u(z)

Here, we consider the case of [ = 1 (see, condition 4 of Theorem 2.1). Equation (3) is represented

as follows
Hyi(z, ) Vyfi(z,y) + Vo fi(z,y) = 0. (30)
Since
¥t
val(xay) = ) V-'L‘fl(z’y) = -1,
yo
then
_ def =L (e 1-a
Hia = h(y) E (), hmlym)) = — (117, 007) (31)

is a solution to equation (30). We can write equations (4) as follows
Hiz,y) Vi fily) + Vo fi(y) = 0, i=2,....m+1. (32)
The function f;(y) does not depend on z fori = 2,...,m + 1 and V, f;(y) = 0 . Consequently,
Hy(z,y) =0, i=2,....,m+1, (33)

is a solution of the system of equations (32).

The set 03 m+14(z) has a simple structure,

muu(z) = U Gnz) = |J (we)N{yeR™:5=0}). (34)

2<i<m+1 2<i<m+1

12



We can consider

V@) = e(i(y)), for y€ dmpn(z), (35)
where
€
e(i(y)) = : ,
€m

ej = 0 for j # i(y); e = —1for j = i(y),
i(y) = min{j:y;=06}.
In view of (6), (31), (33), (34) and (35), we have

V:F(z) = /divy(p(y)h(y)) dy + / p(y) (~h(®)) Vi) (v) dS =
u(z) 82,m41u(z)

[ din(pwrw) ay + z [ 0 (-hw)e(iw) a5 =

u(z) =1 814 10(z)

[ an(pwre) v + om0 [ s =

u(z) =1 Bi41u(z)

/ divy (p(y)h(y)) dy + E 1;: / p(6i | y) dy™",

by)<z , ST edge,
yi28d,i=1,...m y='>0

where

(0!' I y) = (ylv"'vyi—lvovyi+lv---,ym) )

-1

Y = (ylv'"’yi—layi-f-lv"'vym)7

b(8ily) = 6 + D> yF.

i=1
IF#

The inequality y~—* > 0 should be treated as the set of inequalities
y; 20, j=1,...,i-1,t4+1,...,m

Since

divy (p()h(y)) = h(¥)%p(y) + p(y)divh(y) =

1 & ap(y l—a l-ad -
am 2= y; + p(y)— ;y;
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then we finally have

V.F(z) = / ﬁZy{"[yi%% + (1-a)p(y)] dy +

b(y)s.t . =1
yi26,1=1,..m

ol—a m ,
—> /p(o.-ly)dy"-
=1 p(0:ly)<z
y '8

+

The formula for the V. F(z) is valid for an arbitrary sufficiently smooth function p(y).

4 Summary

We have proved a general formula for the differentiation of an integral over the volume given
by many inequalities. This formula can be used in different applied areas. One important area
is the optimal control of systems with very high failure costs. In this case optimization should
be made under the condition that the probability of failure is sufficiently small. A probability
function can be represented as an integral over a set depending upon parameters. A gradient of
the integral is expressed as a sum of integrals taken over volume and over surface. These results
are very useful for the calculation of parameter sensitivities and the optimization of probability

functions.
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