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Foreword 

An economic application of viability theory is presented.The continuous-time Leontieff 
model is considered with a reference trajectory. The paper examines assumptions under 
which the economy can be kept around this trajectory. In the model the scarcity of goods 
is also taken into consideration. 
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Viability Theorems Applied to the 
Leontieff model 

Tibor Taka'cs* 

1 Introduction 
Viability theory is a mathematical theory for examining of evolution of different systems. 
It can therefore be applied also to economic systems. The first economic application is 
owed to J. P. Aubin [3], who examined the decentralized evolution of allocations. In the 
present paper the well-known dynamic Leontieff model is investigated from the viewpoint 
of viability theory. It is examined whether the economy can be kept around a reference 
trajectory. Under adequate assumptions some viability theorems can be applied. 
In this paper the same symbols and definitions are used as in (21 and [4]. Matrices, sets 
and set valued maps are denoted by capital letters. - stands for the set valued mapping, 
I for the (time) derivative and I denotes the identity matrix. If a vector space X is given 
the unit ball around the origin is denoted by Bx. The unit ball around some [ is [ + Bx. 

2 Problem statement and assumptions 

The continuous-time dynamical Leontieff model is considered: 

where 
2;(t): production of the ith branchlgood in t 
t;(t): consumption of the ith branchlgood in t ( i =  1, . . . ,  n) 
A: the input-output Leontieff matrix 
B: the capital coefficient matrix (A, B E RnXn) 
Assumption 1. A reference trajectory (x,,c,) can be determined for which 

Set x(t):= ?(t) - x,(t), c(t):= Z(t) - c,(t). 
Assumption 2. Either B-' exists or the system will be transformed applying Luenberger's 
and Arbel's approach. The non-singularity of B is realistic only in the case, when model 
is aggregated enough, otherwise some rows of B may be zero (there are products which 
are not used for production). This is the well-known singularity problem of the Leontieff 
model. In the first case we have the system: 
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where 
C ( x ( t ) )  is the set of the admissible consumption functions, i.e. c( t )  E C ( x ( t ) ) .  
In the second case the continuous time model can be transformed in the same way as the 
discrete time one in [5] .  Let assume that we have the model 

and the zero rows of B can be found in the lower block. Then the partitioned form of the 
svstem is: 

Let y:= Ux ,  so that y' = Ux'. Dc = H z .  

Ux' = G(Ey  + FDc) - Jc,  y' = GEy  + (GFD - J)c. If B had 1 zero rows, we have now 
an I-dimensional system i.e. y E R'. The viability theorems can be applied for y in this 
case. 
In this model consumption is used as a control although it is normally the purpose of the 
economic activity. We can however formulate such questions as: 'How can the economy 
develop in a certain direction while an acceptable consumption is guaranteed?'. In this 
model consumption is used as a control. The viability theorems will provide a law of its 
evolution in order to keep the economy around the reference trajectory. 
Now we formulate the problem. 
The purpose is to keep the system around the reference trajectory i .e. to keep x in a neigh- 
bourhood of the origin. t 

Here I( is considered as the viability set. 
Assumption 3. xo = x( to)  E I(. It will be later examined when this assumption is not 
satisfied. 
Assumption 4. xo # 0. Otherwise system is obviously in the equilibrium point, i.e econ- 
omy is at (x,, c,). 
Assumption 5. C ( x ( t ) )  = C and given by -a 5 c( t )  < a for some a E Rn and a; 2 0 for 
all i. The following viability theorems are however valid even if C depends on x. In this 
case it has to be assumed that the graph of C is closed, it is lower semicontinuous with 



convex values and has linear growth. The dependence on x can be easily interpreted, as 
the dynamic Leontieff model does not take into consideration the amortization explicitly, 
i.e. it is included in c. 
Assumption 6. K:= rBRn for some positive r E 8, where BRn is unit ball of fin, and 
dom(F):= r'BRn for some reasonable r << r'. 

3 Viability properties of the model 

In this section we use propositions and theorems whose proofs can be found either in [2] 
or [4]. 
The viability set K is closed and convex, therefore sleek as well. We recall, that if an 
X I  E in t (K)  then TK(xl) = Rn, where TK(xl) denotes the contingent cone to I( at xl. 
As C does not depend on x, the regulation map is 

when XI  E int(I<), because for all c E C, 

If an x2 E dK (i.e. it lies on the boundary of K) then TK(x2) is the tangent cone to I( 
at x2. 

where 
11  x, - x2 I I =  dK(xc), and dK denotes the distance from I( of some x,. (See e.g. [2].) 
Let us assume that RK(x2) # 0. Under the above assumption I( is obviously a viability 
domain. 
Proposition 1. I( enjoys the viability property. 
In the following, let f (x, c) denote the right hand side of the original differential inclusion 
and set F(x):= f (x, C). According to Assumption 5. C is a constant closed set. The map 
f is continuous, the velocity subsets F(x)  are convex, and f and C have linear growth. 
Therefore I( enjoys the viability property (see Theorem 6.1.3 of [2]). 
Proposition 2. The control system has slow viable solutions. 
If the regulation map is lower semicontinuous with nonempty convex values this proposi- 
tion holds for our system (Theorem 6.5.3 of [2]). The lower semicontinuity of RK follows 
from the following facts (Proposition 6.2.1 of [2]): 
i) TK and C is lower semicontinuous with convex values, 
ii) f is continuous 
iii) for all x, c + f (x, c) is affine 
iv) for all x E Rn, 37, 6, c and p positive numbers such that for all ( E x + 6BRn 

It is reasonable to prescribe that 1 )  c'(t) I [ <  + for some + E R+, in order to avoid greater 
changes in the consumption. 
Proposition 3. The system has a +-smooth solution. 
C is a closed constant set. The function f is continuous and has linear growth. Let + be 














