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existence of dual variables (stimulating prices).
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Probabilistic Models of Economic Dynamics
with Endogenous Changes of Technology

V.1. Arkin

We study economic dynamics models in which technological changes (the emergence of new tech-
nological modes) are related to the expenditures of resources taken from the sphere of material
production. The production sphere is described by the dynamic model “input—output,” which
in turn is defined in terms of technological sets or production functions. New technologies arise
from the sphere of “technological progress” (TP), described by a similar model. The instants at
which new technologies emerge are taken to be random variables, whose characteristics depend
upon the functioning of the TP sphere. So, we have the optimization problem of allocating
resources between the production and the TP spheres and choosing the corresponding techno-
logical modes in the respective spheres. This approach was proposed in [1], in which a general
scheme for describing economic dynamics models with endogenous TP was formulated in terms
of the controlled random processes theory.

Two models are considered in this paper. The first is a generalization of the classical Gale
model where the probability of technological change at instant ¢ is determined by “funds” ac-
cumulated up to that time in the TP sphere. The second model is the stochastic analog of the
multisectoral macroeconomic model that was discussed in [2] for the case of continuous time.
As in the first model, the production function change is random and is determined by TP funds.

The main results discussed in this paper are a description of dual variables (stimulating
prices) and the establishment of the related indicators of economic efficiency. In the system of
obtained stimulating prices, the estimates of new technologies related to the stochastic nature
of the models should be singled out. They have no deterministic analogs.

1 Presentation of the Approach

The general model of economic dynamics can be described in terms of a multivalued mapping
Q(-) translating the point z € R}, characterizing the stock of products at the beginning of the
planning period, to one of the points of the set Q(z) C R} at the end of the period. The set
Q(z) describes the “production possibilities” of the economy in the state z for one period, i.e.,
the set of all outputs that can be obtained from the resource vector z at the end of the period.
The graph of the mapping Q = {z,Z : Z € Q(z)} characterizes the body of our knowledge of
the system’s technology as a whole. So, with the given initial resource vector £, the dynamics
of the system can be described by:

Zer1 € Q(z4), To = o (1)

Suppose that there exists the possibility of transition to a new technology Q! with larger pro-
duction possibilities than the technology @,Q! O Q. For this possibility to be realized, some
funds should be made, i.e., some resources should be spent. Assume that these expenditures are
characterized by a vector y, some components of which may be zero. Thus the new technology
Q! may be used in states z, satisfying the relation z > y (for each coordinate). If we introduce



a new multivalued mapping

ro={ 3 12h. @

then, the dynamics of the system, taking into account the new technology, can be described
again by a relation of type (1). Note, however, that even if the sets Q and Q! are convex, the
graph of the multivalued mapping (2) (the set R) is not necessarily convex. Let z; satisfy the
inclusion z:4, € R(z;), o = £ and 7 be a finite planning horizon. The instant of transition to
the new technology is denoted by ©

O =min{t:z; > y} (3)

If the inequality associated with minimum is not satisfied for any ¢t > 7 — 1, we assume @ = 7.
In other words, O is the first instant when the technology Q! may be used. Then the system’s
trajectory satisfies the evident relations

Zi41 € Q(z0), t<0,

(4)
Tt41 € Ql(zt)a t 2 0.
In real situations, the expenditures necessary for transition to the new technology are not know
exactly and we may speak only about the influence of these expenditures on the probability of
transition to the new technology Q! during one planning period. Assume that the emergence
of a new technology is a random event, at the interval (¢,¢ + 1) the probability of this event is
characterized by a given non-increasing function m(z;). In the deterministic situation

”(z)={(1), z2y

, otherwise

In a stochastic model we shall call “plan” the sequence satisfying the relations (4), where ©
takes values 1,2,...,7—1,7.

Before instant ©, the plan {z:} is a function of time, after this instant, it is a function of
the values ©,z¢ and a current instant t > O, z; = z:(0,zg). The probability distribution of
the instant O is define by the formulae:

PO=1t+1)

r(z) [[(L-n(z), t=1,...,(—2) (5)
k=0
P((—): 1) = 7r(:z:0)

Let ¢(z), ¢(z) be utility functions. It is required to find a plan providing the maximum to the
relation:

©-1 7-1
E|Y o) + Y ¢H(z)| — max (6)
1 (°]

This formulation of the problem may be extended for the case when there are N technologies,
Q' Cc Q*C...C @V, widening sequentially the initial technological set Q° = Q.

Let O be the instant of emergence of the technology Q%, 0 =0< 0; <0< ...< Oy <
7,{z:} be the system’s trajectory (plan), and satisfy the inclusions:

Tt41 er(zt), OkStSOkH, k=0’-'-’N’ To=Z%o. (7)

In the interval ©4 < t < Oy, the plan {z,} is a function of the instant ¢ and values O, zg,. In
other words, if it is known that there is the technology Q* in the system at the instant ¢, then
to find the plan at this instant we only need to know when the technology Q* first appeared and



what the stock of the resources z(Oj) was at that time. The probabilities of transition from the
technology Q* to the technology Q**! at the interval (¢, + 1) are given. A joint distribution of
random variables (©,,...,0x) is calculated with the help of the conditional probabilities

PO =i +1] 04 = §) = tb(z) [ (1-7%(z0), < ®)
k=;

and the initial distribution of the instant ©; given by formula (5).
Let the target functions ¢*(z) characterizing the income of the system with the technology
QF in the state z be given. Let us introduce the random variables:

G),,+1 -1

Jk = Z ©*(z1), k=0,...,N, 0y =0, ONt1 =T 9)
t=9,,

expressing the income of the system from the technology Q* (see footnote 1). It is required
to maximize the summary income

N+1
E » Jyx — max (10)
k=0

for all plans satisfying the relations (7).

This scheme can be used when the parameters of future technologies are not completely
known. In this case, we consider that every technology Q* depends on a random parameter sj
with a known probability distribution. The random parameters s; are independent and their
values become known in the instant of transition to a corresponding technology. Thus, the plan
at the instant ¢,0; <t < Oy, is completely determined by the values of random variables
Ok, sk, ze,. The general theory (the theorem of sufficiency of the Markovian controls) implies
that consideration of the plans which, at instant ¢, depend on the whole trajectory up to instant
t (general nonanticipative plans) does not increase the value of the problem.

2 Account of Technological Progress in the Gale Model:
Stimulating Prices

2.1 Presentation of the model

The Gale model “input—output” is characterized by a technological set T, the elements of which
are the pairs of non-negative n-dimensional vectors (a,b) and by a target function ¢(a,b). The
set T is assumed to be convex and the function ¢ to be concave. The pairs (a,b) are treated as
technological processes (modes of production), a being input and b being output in a sufficiently
wide sense. A sequence of the technological processes 2; = (a¢,bi41) € T is called a plan if the
following condition holds:

by >a;, t=0,1,....,7—1. (11)

Vector bg is called the vector of the initial stocks and is assumed to be fixed. It is required to
find a plan providing the maximum to the expression

T—1
> ¢(z:) — max (12)
0
A sequence of non-negative n-dimensional vectors {¢,},t = 0, ..., 7 will be called a price system.

The price system is said to stimulate the plan {Z,} if the following conditions hold:

'Without restricting generality, we may assume that all the random variables ©, are concentrated in the
interval [0, 7]. Otherwise, we can always take the new variables ©x = min(@x, 7).



1. For every t > 1 the pair (&,,BH.I) brings the maximum to the function

Fi(a,b) = ¢(a,b) + Yr11b — ta (13)
for all (a,b) € T.

2. Forallt > 0, )
d)‘(b‘ - &l) = 0 (14)

The economic interpretation of these conditions is well-known. If some regularity condition
holds, then the optimal plan {4} is stimulated by some price system. We give a variant of a
regularity condition: for every t > 0, there exists a technological mode (a¢, b¢41) € T such that

i)g)&g, t=0,...,T—1. (15)

It is clear that if T contains the point (0,0), condition (15) means producing all products on the
optimal plan.

Let us assume that, together with the technology T = Ty, there are possibilities of transition
to other, more progressive technologies T} C T2 C ... C Ty, T1 D Tp. These transitions may be
only sequential, i.e., from T it is impossible to move to T3 without T2. As mentioned above,
‘to realize this possibility, expenditures of resources are necessary. These resources are taken
from the sphere of material production which is described by the Gale model formulated above.
These expenditures are realized in the TP sphere which is also described by the model “input-
output”, i.e., the set of pairs (¢,d) € Q C R2™ is given, ¢ being input and d being output for one
planning period. A vector d is interpreted as funds made in the TP sphere. The main products
of the TP sphere are the new technologies developed on the funds d. It is assumed that if the
technology T} was in the production sphere at instant ¢, then the probability of emergence of
the technology Tk41 at instant t + 1 is mx(d;), where a given function m(d) is non-decreasing
and differentiable with respect to all its arguments. Let ©; < ©; < --- < Oy be instants of
emergence of the technologies T, T3,...,Tn. We consider the time interval O <t < Ogy;. At
this interval the technology T} is used. We denote by V; the part of the output of the material
production sphere given to the TP sphere at instant ¢. Then, in the interval O <t < O, the
plan 2; = {(a¢, be41), Vi, (€, diy1)} satisfies the relations:

bt - ‘/t 2 a ,

d+Vi2¢ ,
(asybey1) € Tk (ctydig1) €Q (16)

Vi20
k=0,1,...,N 9N+1=T

Thus, in the interval O <t < ©Ok4, the plan is found based on information about the instant
©) when the new technology T emerged, about the stocks of resources bg,, and the TP funds
do, at this instant. Vectors of the initial resources bo and the initial funds do are given. When
z; = d;, the conditional distribution of instant O is determined by formula (8). We assume
that the corresponding target function ¢i(a,b) is defined for each technological set Ti. The

sets Ti are assumed to be convex and the functions @i to be concave. Moreover, we assume
©*(a,b) > *~(a,b), (a,b) € Tk_. It is required to maximize the function

N
EY  Jy — max , (17)
k=0
where
6,,.“—1
Z ¢k(a¢,b¢+1) k=071a"'7N eN+l =T (18)
t=0,



2.2 Stimulating prices

We say that the system of prices

=¢tk(0l,"-,ek) ’ /'4::/"{:(01,---,01:),
h¥ = hE(6k,be, de,) , Ok <t < Opq

stimulates the plan {(&¢,5¢+1), 17 (é,,(f¢+1)}, if the following conditions hold:

1. For every t, O <t < Oy the technological mode (&¢,8t+1) provides the maximum to
the value

Ftk(a’b) = ‘Pk(a’b) + J)tk+lb - d)tka (19)
for all the pairs (a,b) € Tj. Here

Ph = (1-7*(d)) by + ¥ d0wl  wk=0  k=0,..,N (20)
b - Vi—a) =0 (21)

2. For every O <t < O4; the process (é,,(iH.l) maximizes the value

_ or
B(c,d) = - d - (uf — b e(d) ) (22)
for all the technological modes (¢,d) € Q. Here
Al = (1= d0) by + 7O b= 0 (23)

The scalar value hf_; > 0 is defined by the formula:

ht+l =F [Wtk{-1|0k+l = t,(‘)k,i’ek,(i@k] - F [W¢i1|0k+l > 1, Ok,iJ@k,(zek] ’ (24)

where

6,.“ -1

Wtﬁ.l = Z ‘P (@, u+l) + Z J
v=t+1 k+1
A ev+1 -1 a
J, = Z @ (@4, be41) -

=0,

The following inequality takes place:

onk .
£ 2 hfp—pr(d) - (25)

If the following strict inequality holds for some coordinates:
(Zt + Vt > &, (26)
then for these coordinates the following relation holds:

87r



3. For the resources which are taken from the production sphere to the TP sphere V, > 0
(for all the coordinates)

ark .
Pf = uf — hf+1ja—d‘(dt) . (28)

a

For other resources, V =0

k k k ar* .
'/Jt 2 My — ht+1ﬁ(dt) . (29)

Theorem 1 Let the plan {#,} be optimal and the following regularity condition hold: There
ezist non-negative vectors V¥ > 0 and technological modes (af,b%.,) € Tk, (&§,d%,,) € Q,
k=0,1,...,N, O <t < Oy (not necessarily forming the plan) such that

i)t"}"./tk > af ’ (30)
(it+‘-/tk > Ef .

Then, there ezxist prices stimulating the plan 2.

Proof. We use the maximum principle for a stochastic control problem (Theorem 2 in [4]).
For this we reformulate the initial model of economic dynamics as the optimal control problem.
We consider the random process S; taking values Ty, T1,...,TN-

We introduce subsidiary variables (phase coordinates) z, = z,(S?), y: = y:(S!), where S* =
(So,...,St) is the history of the process S; up to instant 2.

Ti41 = bz+1 ’ Io = 50 )

yr1=dy1 , ko=do,
z-Vi2a , (31)
nw-Vi2e ,

Vi20, (a,bey1) €St (e1,de41) €Q

The control Uy = {V;, (a¢,bi+1),(ct,de41)} is looked up in the class of Markovian controls U; =
Ui(St, 24, y¢). Transition probabilities of the process S, are given by the formulae:

P(St41=Tet1/S:=Ti) = =*(w) ,
P(Siy1=Te/S:=Tk) = 1-7%) .

The other transition probabilities are zero. The initial distribution P(Sg = Tg) = 1 is also given.
It is required to maximize the function:

T—1

Z‘PS' (as(zt, Yty St)y » bepa (24, Y2y St)) — max (32)
t=0

The mathematical expectation in formula (32) is taken in the measure (in the space of sequences
{S7}) generated by the transition probabilities and the initial distribution mentioned above.
This optimal control problem is equivalent to the initial model of economic dynamics. Let
every trajectory in the space of technologies correspond to the sequence 04, 0,,...,0,, where O,
is the instant of emergence of technology T;. This is a one-to-one correspondence. In the interval
Q) <t < Oi4y the Markovian control is u,(z¢, yy, S;) = u(z4(be,,do,,Ok), y:(bo,,do,, Ok), Tk) =
w;(Ok, be,,de, ), i.e., it is a plan in the problem of economic dynamics. The probability of the
sequence S generated by the Markovian plan is equal to the probability of the corresponding
sequence 0,,...,0y. Thus, by the optimal plan of the control problem, we can construct an
optimal plan for modeling of economic dynamics. It is obvious that the reverse statement is true.



Problem (31-32) with the assumptions made and the regularity condition taken into account is
completely described by Theorem 2 in [2].

Compose the Hamiltonian:

Hip1 = 0% (e, beg1) + Yrpaberr + eprdipr — Ae(ag + Ve — 1) — (33)
= e = Ve — ) + @™ (0) + @i42(1 = 75 (w)) -

in accordance with the maximum principle there are adjoint variables 1; = ¥;(S*), py = p(S?),
At = Ai(SY), o = ae(SY), aip1 = @i41(24, Gty St)s @21 = 241(Z4, 1, St), such that the value

@5 (a,b)+ E [¢‘t+1/5t] b-Aa+E [ﬂt+1/5t] d - pc+ (o — AV (34)

reaches its maximum for variables (a,b) € Sy, (¢,d) € Q, V > 0 on the optimal plan. For dual
variables from the adjoint system of the maximum principle we obtain the following relations:

onSt
Ye=Aty de=pe— b on (%) »

¥r(87)=0, p(57)=0,

hiy1 = Qtl+1 - sz+1 ’ (35)
-‘r—-l 7]
qtl+1 =F Z ¢Sy(&u,bu+l)/st+l Cc Sta£t+]1 f/H-l )
| 41 -
—1'-1 )
aZ1 = E | D 0% (a0, b41)/Ste1 = Sty o4, e
| t41 ]

Taking into account (35), (33) implies that on the optimal plan the following expressions reach
their maxima:

Fit1(a,5,5) = ¢%(a,b)+ E[th41]S:] - b~ thra —(a,b)€S, Max (36)
: ars .
®41(c,d,81) = Elus1/S]d - (ﬂt ~ b By (yt))c —(c,d)eQ Max .

Further, (33) implies that if V; > 0 for some coordinates, then for these coordinates:

arsSt
Yy =t — hen 3y () (37)

If V; = 0 for some coordinates, then, for these coordinates:
arSt |
Y 2 e — b “aT(yt) (38)

Let every trajectory S! in the space of technologies correspond to the sequence ©,...,0;
where ©; is the instant of emergence of the technology T; (i = 1,...,k). This is a one-to-one



correspondence. Let

d’tk(elv . -,ek) = ¢t(st) ’
Or <1< Opyy

ﬂ’f(el, .. 'vek) = /‘t(st) ’

[ N
q:1+1 (£t+1(ek, iekvgek)’ gt+l(ekv gek)) =F Z Julek+1 =t+ 19Gk9iek’g9k] )
| k+1

[O441—1
@21 (8141(Ok, 2oy, 90, ), T141(Ok, 0, )) = E Z ©*(a,,b,41)+
t+1

N
+ E ‘]Vlek+1 >t+ lvekaiek’gek‘ ’
k41

The expressions under the sign of mathematical expectation depend on the values Zg, , Jo, , and
O as parameters since
£t+1 = ﬁt+1 y 37:+1 = dt+1

depend on
Ok, Zo, = be, , Yo, = do,

by virtue of the definition of the plan for t € [Ok,Ok41) The transversality condition of the
maximum principle implies immediately the relations (21), (26), (27). Thus, we have proved the
existence of stimulating prices with the properties mentioned above.

2.3 Economic interpretation

First of all we remark that as well as in the deterministic Gale model the stimulating prices take
off time balance constraints and allow to screen unefficient technological modes on the basis of
the local information without recalculating the entire problem. In this sense expression (19) may
be treated as a local efficiency criterion in the sphere of material production. The main difference
from the deterministic situation is that the output in the production sphere at the instant ¢t + 1
is evaluated in the prices ¢, rather than in the prices ¥f,1. As formula (20) shows, the prices
are expected (forecasting) prices, because at instant t + 1, the emergence of a new technology
Tk41 is possible with the probability 7*(d;) and transition to the plan corresponding to the
technology Tk4; with the vector of initial resources by, and their prices 1/):‘111. The condition
(21) has a traditional interpretation meaning that the prices of unused resources are zero.

Now we proceed to the analysis of relation (22). The function ®(c, d) plays the part of a local
optimality criterion in the TP sphere. The values u¥ are treated as estimates of resources spent
at instant ¢ and the values ﬁf +1 as well as the prices JJ,"H already considered, are forecasting
estimates of the funds which are turned out in the TP sphere at the planning period (¢,t + 1).

Next we turn to the analysis of the value h¥. This estimate has no deterministic analogs
and it is wholly stipulated by the probabilistic structure of the problem. Formula (35) implies
that this estimate is calculated explicitly by the optimal plan and shows increment of the global
criterion if the technology Tk41 emerges at instant ¢ + 1 in comparison with its emergence at
the instants following t + 1. The funds d; which are in the TP sphere at instant ¢ carry out
two functions at the interval (2,¢ + 1). Firstly, they are used for creating a new technology
Ti41; secondly, they are used as inputs for the creation of new funds d;4; (the work done in
anticipation of the future). The value h:‘+17r((f,) may be treated as the gain expected from the

transition to the technology Tk, at the instant t + 1. The derivative of this value hf_,_l%((ft)
characterizes the increment of this gain for the unit of the resources spent. The value y, is the
complete estimate of resources in the TP sphere at instant ¢. Since the resources spent at instant



t are used in the production of new funds and do not influence the emergence of the technology
Ti41 at the instant ¢ + 1, their estimate is expressed by the value

k 37fk
t+1 dd
As to the resources which are not spent for the creation of new funds in the interval (¢,¢ + 1)

but influence the emergence of the technology Ti41, their complete estimate is as follows (see
relation (27)):

pt—h (d)>0

ork .
#f = hf+1 W(dt) .

3 A Resource Allocation Model:
The Dynamics of Stimulating Prices

3.1 A resource allocation model

Let the state of the economy be characterized by a set of production funds (factors of production)
z = (z!,...,z"). For simplicity we assume that only one product is produced and consumed
in this system. A production function f(z) is given that shows what quantity of a product can
be produced with the help of this set of production funds z. The dynamics of the system is
described in the following way. If at instant ¢ the set of production funds is characterized by
the vector z, then, by instant ¢ + 1 the product f(z;) is produced. This product is distributed
among the production funds. We denote by u' the part of the output which is used for the
increase of the funds of the i-th type. Then the dynamics of the system can be described by the
following equations:

z:+1=zi+u§f(z¢); t=0,1,...,7-1; t=1,...,n; Tg = %g . (39)
The set of control parameters ug = (u},...,u}),
. n 3
uy >0, > uj=1 (40)
1=1

we call “the plan of allocation of resources” or simply “the plan”.
If the initial vector of production funds Z¢ and some plan {u.} are given, then equation (39)
determines the trajectory {z.}. It is required to find the plan maximizing the function:

71
> () — max (41)
1

Further we shall assume that f(z), ¢(z) are continuously differentiable, non-decreasing func-
tions.

Let {i,} be a plan of allocation of resources and {Z;} be the trajectory corresponding to it.
We shall say that the system of estimates {1} meets the plan {i} if

i i ] of . Oy ..
¢t=¢t+l+m?x(¢{+l)ﬁ(zt)+%(z,), t=0,1,...,7—1, P, =0. (42)

We denote o = max;{t{}. We shall say that the system of estimates meeting the plan {i,}
stimulates the plan {i,} if

n n
max iyt = 0=« 43
£ S it = Yo = o (43)

Under these assumptions if the plan i, is optimal, then the system of estimates meeting it
stimulates this plan. This assertion follows from the maximum principle (see [3]).



3.2 Account of technological changes

We assume that from the technology given by the production function f(z) = f°(z), the sequen-
tial transition to the technologies given by the production functions f!(z) < f%(z) < --- < fN(z)
is possible. These transitions, as well as those in the model of the previous section, are given
by the function 7¥(y,) characterizing the probability of transition from the production function
f¥(z) to f5+1(z) in the time interval (t,t + 1). Here y; represents the funds created in the TP
sphere at the instant ¢.

Let @9 = 0,0,,...,0xN be the instants of emergence of the technologies. Let On41 = 7.

The dynamics of the system is described in the following way:

z§+1 =z} + uj f¥(z) ,

Vi = W v f), 0; <t < Opyy
Zu: + Zv{ =1

i=1 1=1

u>0, o]0

(44)

The plan of allocation of the resources w; = {ui,v{, i=1,...,n, j=1,...,m} at the interval
Ok <t < Of+1islooked up as a function of the instant O, and the parameters zo, = (ze,,¥0,),
wy = wy(O, 2z, ). The distribution of the random variables 0,,...,0@xn exactly as in the Gale
model is given by the conditional probabilities (5) substituting z for y.

Let ¢°(z) < ¢'(z) < --- < o™ (z) be the utility functions corresponding to the technologies

fO(z), fi(z),..., fN(z). We denote

Ory1-1

Jp = Z ‘Pk(zz)-

=0,
It is required to maximize the function

N
E Z Jiy — max (45)
k=0

3.3 Stimulating estimates

We assume that f*(z), »*(z), 7¥(y) are continuously differentiable and non-decreasing functions.
Let {w;} be a resource allocation plan and {Z;} be the trajectory corresponding to it. We shall
say that the system of estimates A¥(t) = {¢!‘(t),u§(t),h"(t)}, vF = v¥(t, 0k, 2e,), p;?(t) =
pk(t, 04, 20, ), h¥(t) = h¥(t, 04, 26, ) meets the plan {W,} if

k k
vhO) = B+ D+ DI 0+ 220,
k
pht) = ﬁf(t+l)+h"(t+l)%(3};), (46)

YE(r) = pi(r)=0, Or<t< Oy,

where
PE(t + 1) = $F(t + 1)1 = 75 (@)) + ¢F(E + Dr*(Ge)
AR+ 1) = pb(t+ 1)(1 = 75 (@) + pf (¢ + Dk () (47)
a*(t + 1) = max; {&f(t+ 1,55t +1),i=1,...,n, j= 1,...,m} .
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The scalar variable h*(t 4 1) is defined by the formula

h*t+1)=E [Wt’f{-l/ok+l =t+ 1,9k,29k] - E [Wtﬁ-l/ekﬂ >t+ 1,91:,29,,] : (48)
where 2
N ek+1—l
Wina = Z o*(3,) + Z g,
v=t+1 v=k+41

We shall say that the system of estimates {)\¥(#)} meeting the plan {W,} has the property of
stimulation of this plan if

i Z i [E PE(t+1)u +Z (t+1)v‘]= 3 PEe+1)a+Y ] Bbt+1)9] = of(t+1)
u v = T y
u'>0,v>0 ’

(49)

Theorem 2 If the plan {1;} is optimal, then the system of estimates meeting it has the property
of stimulation.

The proof of Theorem 2 follows from the maximum principle for a stochastic control problem
(Theorem 1 in [4]) and is carried out by the same scheme as the proof of stimulating prices
existence in the Gale model.

3.4 Economic interpretation

First of all we remark that the estimates ¢¥(¢ + 1), ﬁ"(t + 1) are the forecasts of estimates of
the corresponding funds at the instant ¢ + 1 provided that there was the technology f*(z) at
the instant ¢ and at the next instant transition to the technology f¥*!(z) is possible with the
probability 7%(§,). It would be reasonable to interpret the maxima of these estimates a*(¢ + 1)
as the expected (forecasting) price of the product which will be turned out by the instant (¢+1).
Really, the product turned out “is sold” only to the funds for which the forecasting estimate
coincides with the expected price of the product (relation (49)). From this point of view, the
value Rf,,(z) = o*(¢ + 1)f¥(z) may be treated as the production function which is calculated
in forecasting prices. Thus, the relation

k
w) - Bhe+ 1) = P e 4 2
means that the expected least estimation of funds is equal to the sum of the gradient of utility
and the factor of efficiency of capital.

As we remarked in Section 2, the quantity R¥(z + 1) may be interpreted as the estimate of
the technology f¥*! at the instant t+1 or, to be more exact, as the estimate of the probability of
emergence of this technology. Thus, the expression Q¥(y) = h*(¢+1)7*(y) may be comprehended
as a production function for the TP sphere. Then, (46) implies

k
WO - B+ 1) = G,

In other words, the forecasting lease estimation of the funds in the TP sphere should coincide
with the factor of efficiency of capital for these funds.

¥We agree to assume that Y " e, =0if n < m.
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