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The presented study on discontinuous pulse extraction under specific assump- 
tions about the stochastic pr ice and growth processes is based on the  resul ts 
achieved during the Author's s tay with the System and Decision Sciences YSSP 
Program, 1985. I t  was motivated by the forestry application described in the pa- 
per.  The general method can be useful in the modeling of optimal use of o ther  na- 
tural  resources as well .  
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ABSTRACT 

The problem of optimal pulse harvesting of a resource under r isk is dis- 
cussed. The fundamental importanae of stationarity in the stochastic process is  in- 
vestigated and the limiting optimal stopping rule is derived. A numerical example 
from forest ry  is  used to discuss the expected present value and the  optimal stop- 
ping criterion as functions of time. 

Finally, the probability distribution of different optimal harvesting ages is 
aalculated. 

In 1987, a publication will appear  closely related to this one. I t  will contain a 
purely analytical derivation of the numerical results presented in this paper. 
Furthermore, i t  will contain a more general numerical optimization model, where 
any f i rs t  order  autoregressive pr iae process and any price-age relationship can 
be used. Hence, this paper is a "popular" version of the final paper. Preliminary 
results show that  the qualitative results discussed in this paper hold in very gen- 
e ra l  cases. 
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1 I n t r o d u c t i o n  

1.1 General i n t r o d u c t i  on 

Future p r i ces  and f u t u r e  growth are general l y  no t  known w i t h  c e r t a i n t y  . 
The quest ion under cons ide ra t i on  i s  whether o r  no t  t h i s  f a c t  has any 

imp1 i c a t i o n s  f o r  the  opt imal  resource management. 

It i s  assumed t h a t  pulse e x t r a c t i o n  (ha rves t )  o f  the  resource i s  opt imal .  

Th is  means t h a t  e x t r a c t i o n  does no t  take p lace cont inuous ly  (which i s  

o f t e n  the case i n  f o r  ins tance o i l  e x t r a c t i o n )  b u t  d iscont inuous ly  

(compare Lohmander (19)  ) . Maybe t h e  most t y p i c a l  case o f  pul  se e x t r a c t i o n  

can be found i n  f o r e s t r y .  I n  the  f i r s t  p roduct ion  stage, t he  f o r e s t  i s  

planted. Then, i n  some cases, t h i n n i n g  i s  undertaken. F i n a l l y ,  maybe one 

hundred years l a t e r ,  the  c l e a r  c u t t i n g  takes place. 

The opt imal r o t a t i o n  problem was o r i g i n a l l y  s tud ied  under the  assumptions 

o f  a constant  p r i c e  and a d e t e r m i n i s t i c  growth f u n c t i o n  by Faustmann 

(8). A modern t reatment  o f  t he  Faustmann problem can be found i n  

Johansson and Lofgren (13)  where many comparative s t a t i c  r e s u l t s  a re  

derived. 

The e f f e c t s  o f  the  i n t r o d u c t i o n  o f  r i s k  on the  opt imal management 

( investment and e x t r a c t i o n )  have the  unpl easant p roper ty  t h a t  they depend 

on d i f f e r e n t  th ings.  

F i r s t  o f  a1 1, the  quest ion i s  where the  r i s k  occurs. Risk i n  the growth 

process may have o the r  i m p l i c a t i o n s  f o r  t he  opt imal  behaviour than r i s k  

i n  the  p r i c e  process. 

The second quest ion i s  when the  r i s k  occurs. Since the  management o f  

resources i s  an in te r tempora l  problem, t h i s  i s  impor tan t  t o  know. 

Th i rd l y ,  i t  i s  important  t o  have some knowledge o f  the  s tochas t i c  

p r o p e r t i e s  o f  t he  process where the  r i s k  i s  present.  As w i l l  be proved, 

the  consequences o f  r i s k  a re  q u i t e  d i f f e r e n t  under s t a t i o n a r y  and non- 

s t a t i o n a r y  ( f o r  ins tance Mar t inga le)  processes. 



1.2 Too ls  

The o r i g i n a l  work on dynamic programming was made by Be1 lman (2 ) .  The 

main p a r t  o f  t h e  a n a l y t i c a l  t o o l s  can be found i n  t h e  p u b l i c a t i o n s  by 

F leming and Richel  (9) and Ma1 1  i a r i s  and Brock (21) .  

The concept " r i s k "  has been de f i ned  accord ing  t o  R o t s c h i l d  and S t i g l i t z  

(26)  and Sandmo (30) .  An i n t r o d u c t i o n  t o  t h e  d i f f e r e n t  r i s k  concepts and 

t h e i r  a n a l y t i c a l  t r ea tmen t  i s  g iven  by Hey (11) .  

Opt imal s t o p p i  ng i n  resource  economics 

Norstrdm (23) t r e a t s  growth as a  d e t e r m i n i s t i c  process b u t  a1 lows t h e  

t imbe r  p r i c e  t o  be s t o c h a s t i c .  He proposes t h a t ;  - The expected p resen t  

va lue  i n  t h e  s t o c h a s t i c  model i s  a t  l e a s t  as g r e a t  as t h e  p resen t  va lue  

i n  t h e  cor respond ing  d e t e r m i n i s t i c  model. 

Norst rdm t r e a t s  p r i c e  as a  s t a t i o n a r y  Markov process. The p r o p o s i t i o n  

i s  easy t o  b e l i e v e  s i n c e  you have t h e  o p t i o n  t o  w a i t  f o r  a  p r i c e  t h a t  i s  

b e t t e r  than  t h e  expected p r i c e  when t h e  p r i c e  i s  s t o c h a s t i c .  (Of  course 

t h e  expected p r i c e  i n  t h e  s t o c h a s t i c  model i s  equal t o  t h e  p r i c e  i n  t h e  

d e t e r m i n i s t i c  model .) The s t a t i o n a r i  t y  assumption i s ,  however, c r u c i a l  . 

R i  svand (25) has d e f i n e d  a  s t o c h a s t i c  dynamic programming model f o r  t h e  

c u t t i n g  d e c i s i o n  i n  f o r e s t r y .  The model i s  used n u m e r i c a l l y  t o  s tudy  how 

some v a r i a b l e s  a r e  a f f e c t e d  by changes i n  parameters such as t h e  r a t e  o f  

i n t e r e s t  and t h e  development o f  p r i c e s .  The v a r i a b l e s  under i n v e s t i g a t i o n  

a r e  t h e  ha rves t  d e c i s i o n  c r i t e r i o n  and t h e  p r o b a b i l i t y  o f  c u t t i n g .  

Risvand makes t h e  same general  assumptions as Norstrdm; Growth i s  

d e t e r m i n i s t i c  and p r i c e  s t o c h a s t i c .  He c a l c u l a t e s  t h e  expected p resen t  

va lue  and r e s e r v a t i o n  p r i c e s  i n  t h e  f o r e s t  under t h e  assumption t h a t  

p r i c e s  a r e  d i s t r i b u t e d  acco rd ing  t o  a  Markov cha in  es t ima ted  f rom 

Norwegian data. 



Kao (14) calculates the optimal stocking level under growth uncertainty 

numerically and claims t h a t ;  - 'The effects of various degrees of indeter- 
minateness, or risk in growth prediction, are t h a t  for larger variance of 

growth prediction, optimal regimes involve shorter rotation, lower 
stocking 1 eve1 s and 1 ower mean annual increment. Kao uses the maximum 
mean annual increment criterion (which i s  general ly n o t  consistent with 
the expected profit criterion) and dynamic programming. 

Brock, Rotschild and Stigl i t z  ( 4 )  (BRS) assume t h a t  the value of the 

stand follows a discrete time Markov process of the kind (1.3.1) 

where Zt are independent, identical ly distributed increments with expec- 

tation p. They claim t h a t  the optimal strategy i s  a barrier strategy 
under their assumptions. There i s  a cr i t ical  size such t h a t  the tree 
should be harvested the f i r s t  time i t  reaches i .  BRS show t h a t  the c r i t i -  
cal size i s  the same under risk and certainty if p('Zt > 0 )  = 1. Lofgren 
and Ranneby (20)  show t h a t  the cr i t ical  size i s  the same under risk and 

certainty for p(T t  > 0 )  ' 1. Miller and Yo1 ta i re ( 22 )  extend the analysis 

a bi t  further of the same basic model (1.3.1) through some comparative 
dynamics. 

However, l e t  us consider the process (1.3.2). 

The f i r s t  order autoregressive process given in (1.3.3) i s  a special case 
of (1.3.2). 

Obviously, i f  we rest r ic t  (1.3.3) further and assume t h a t  b = 1, we get 
(1.3.1). 

(1.3.1) i s  a nonstationary process. I f ,  on the other hand, a > 0, 

0 < b < 1, then we have a stationary process. A special case of a 

stationary process i s  (1.3.4) i f  a = a = constant over time. 
t 



I n  o rde r  t o  show t h a t  t h e  r e s u l t s  ob ta i ned  through t h e  a n a l y s i s  of t h e  

nons ta t i ona ry  process (1.3.1) do n o t  general  l y  hol  d  f o r  s t a t i o n a r y  

processes, t h e  simp1 i e s t  p o s s i b l e  s t a t i o n a r y  problem w i  11 be d iscussed 

be1 ow ; 

Assume t h a t  t h e  expected p resen t  va lue  o f  t h e  p r o f i t  shou ld  be maximized 

and t h a t  p r i c e  i s  a  c o n s t a n t  ( =  1 )  and t h e  r a t e  o f  i n t e r e s t  i s  zero.  The 

q u a n t i t y  o f  t h e  resou rce  i s  (1.3.4). The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  

Xt i s  F;(Xt) 

F;(Xt) > 0 f o r  X t  > 0 

When X t  i s  known, t h e  expected p resen t  va lue  i s  mt(Xt). 

t + l  i s  t h e  expected p resen t  va lue  i f  ha rves t  does n o t  t a k e  p l ace  a t  t. 

* 
Assume t h a t  Xt e x i s t s  such t h a t  

then (1.3.7) i m p l i e s  (1.3.9). 

* 
Xt  i s  c a l l e d  t h e  op t ima l  r e s e r v a t i o n  va lue  and maximizes Wt; 



The second o r d e r  maximum c o n d i t i o n  i s  obv ious l y  s a t i s f i e d ;  

L e t  us c a l c u l a t e  ano ther  d e r i v a t i v e !  

D i f f e r e n t i a t i o n  o f  (1.3.10) g i ves  (1.3.13) 

Obviously,  t h e  r e s e r v a t i o n  va lue  i n  p e r i o d  t i s  s t r i c t l y  i n c r e a s i n g  i n  

t + l  ! Denote t o t a l  d e r i v a t i v e s  by § s igns .  

Obvious ly  we get;  



And from induc t i on ;  

Hence i t  i s  c l e a r  t h a t  the expected opt imal present  value ( i n  t h i s  case 

i d e n t i c a l  t o  expected harves t  volume) i n  p e r i o d  t i s  dependent on a l l  

f u tu re  periods. 

Assume f o r  s i m p l i c i t y  a  two p e r i o d  world. I f  W p  would be 0, then W1 i s  

g iven i n  (1.3.18) 

From (1.3.17) and (1.3.18) i t  i s  c l e a r  t h a t ;  

Assume t h a t  E(X1) > E(X2), which means t h a t  X1 i s  the  opt imal  ha rves t  

volume under c e r t a i n t y .  Then, we have shown t h a t  the expected opt imal  

harves t  volume under r i s k  i s  s t r i c t l y  l a r g e r  than under c e r t a i n t y  under 

some assumptions i nc l  ud i  ng s t a t i  ona r i  t y  . 

1.4 Stochast ic  p r o p e r t i e s  o f  p r i c e s  

Obviously , d i f f e r e n t  authors make d i f f e r e n t  assumptions concerning t h e  

s t a t i o n a r y  p rope r i  es o f  t he  processes. 

However, s ince the e f f e c t s  o f  i nc reas ing  r i s k  may be d i f f e r e n t  under 

d i f f e r e n t  assumptions, we must consider  t h e  problem through t h e o r e t i c a l  

and empi r ica l  ana lys is .  Qua1 i t a t i v e  resu l  t s  based on the  use o f  reserva- 

t i o n  p r i c e  models may be i r r e l e v a n t  i f  t he  mar t inga le  assumption (o r  

(1.3.1)) i s  i n  r e a l i t y  a  good approximation o f  p r i c e  movements. 



On the other hand, some qualitative results for the optimal management of 

natural resources are extracted from models that are based on the assump- 

tion of Martingale prices (or (1.3.1 . ) ) .  If i t  can be demonstrated that 

prices are i n  reality unlikely t o  be Martingales, (or (1.3.1 . ) ) ,  then the 
re1 evance of these results should be questioned. 

A Martingale i s  a stochastic process Pt where E ( P t + l )  = Pt. This can be 

described through equation (1.4.1.  ).  

t i s  a stochastic variable with expectation zero. I t  i s  obvious from 

(1.4.1.) that Pt+2 = ( P t  + u t )  + u ~ + ~ .  

If we assume that the stochastic variable u t  i s  n o t  serial ly correlated 

( ~ t + l  i s  n o t  correlated with u t )  then the price differences ( P t + 2  - Pt+ l  1 
and (P t+ l  - P t )  are a1 so uncorrelated. 
A f i r s t  order autoregressive process i s  described in (1.4.3.). 

I t  i s  obvious that (1.4.1) i s  a special case of (1.4.3). If (1.4.3) i s  a 

stationary series, then a > 0 and b < 1. The expected price in steady 
state i s  p = a/(l-b). Let us investigate the differences of (1.4.3) 

Assume that Pt  = p. Since p = a / ( l - b )  i t  follows from (1.4.4.)  that 

E(Pt+ l  - P t )  = E(P t+2  - Ptcl = 0. Furthermore. (Pt+2 - P t + l )  i s  nega- 



t i v e l y  c o r r e l a t e d  w i t h  (Pttl - Pt) s ince  (Ptt2 - Pttl ) conta ins  t h e  term 

( b - l ) u t  and b  < 1  by assumption. 

The i n t u i t i v e  i n t e r p r e t a t i o n  o f  t h i s  i s  t h a t  the  expected p r i c e  change 

a f t e r  a  p o s i t i v e  change from e q u i l i b r i u m  i s  negat ive. Hence, t he  e q u i l i -  

br ium i s  "stab1 e" ( s t a t i o n a r y ) .  

Samuel son (28) shows t h a t  p r i c e  d i f f e rences  a re  uncorre l  a ted  over t ime 

( t h e  mar t i  ngal e  p roper ty )  . He w r i t e s  - "This means t h a t  t he re  i s  no way 

of making an expected p r o f  it by ex t rapo l  a t i  ng pas t  changes i n  the  f u t u r e s  

p r i ce ,  by c h a r t  o r  any o the r  e s o t e r i c  devices o f  magic o r  mathematics". 

I n  1971, Samuel son (29) i ntroduces a  model f o r  s tochas t i c  specul a t i  ve 

p r i ces .  He now assumes t h a t  harves t  i n  a  na tu ra l  resource i s  s tochas t i c  

i n  every t ime p e r i o d  ( f o r  instance weat) and t h a t  an opt imal i nven to ry  i s  

he1 d. Assume t h a t  growth i s  extremely h igh  a  c e r t a i n  year.  It i s  then 

opt imal t o  d i s t r i b u t e  t h i s  e x t r a  q u a n t i t y  between the  harves t  year  and 

f u t u r e  years ( i nven to ry )  . Thus, i f  the  demand equat ion i s  downward s lop-  

ing, t he  p r i c e  decreases dur ing  the  h igh  growth year  and the  f o l l o w i n g  

years ( d u r i n g  which the  i nven to ry  i s  consumed). Hence p r i c e  i s  s e r i a l l y  

cor re la ted .  The se r ies  i s  s t a t i o n a r y  thanks t o  the  assumption t h a t  

harvest  q u a n t i t y  i n  each t ime pe r iod  i s  s tochas t i c  and independent o f  

o the r  periods. (The expected harves t  i s  constant  over time.) 

Note t h a t  t he  s t a t i o n a r i t y  i n  t h i s  model depends on the  assumption o f  a  

s t a t i o n a r y  demand equation, a  s t a t i o n a r y  growth equat ion and s t a t i o n a r y  

harves t ing  costs. I f  one o f  these f a c t o r s  would n o t  be s ta t i ona ry ,  then 

t h e r e  would be no reason t o  b e l i e v e  t h a t  t he  weat p r i c e  i s  s ta t i ona ry .  

Alchian (1) discusses the  same problem as Samuelson (28). From t h e  

l i t t e r a t u r e  survey above i t i s  c l e a r  t h a t  no t h e o r e t i c a l  answer can be 

g iven i n  t he  general case t o  the  quest ion whether p r i ces  are  Mar t inga les  

o r  s t a t i o n a r y  processes. 

The roundwood market i n  'Sweden has been analysed by Brannlund, Johansson 

and Lofgren (6) and by Brannlund (5). They have described t h e  roundwood 

market as an equi 1  i b r i  um and a  d i  sequi 1  i b r i  um. However, they demonstrate 



t h a t  t he  d i s e q u i l i b r i u m  model does no t  g i v e  a  s i g n i f i c a n t l y  b e t t e r  expla-  

n a t i o n  o f  the market behaviour  than the  e q u i l  i b r i  I J ~  model. Kuul uva i  nen 

(15)  has made a  s i m i l a r  econometric model f o r  F i n n i s h  cond i t i ons .  

K I J U ~  uvai  nen a1 so i n c l  udes opt imal  raw ma te r i a l  s tock as an expl  andtory  

v a r i a b l e  i n  t he  demand equat ion.  Sol berg  (31 ) i n t roduces  ARIMA and t rans -  

f e r  f unc t i on  models i n  t h e  a n a l y s i s  o f  sawn wood p r i ces .  Th is  i s  n o t  a  

roundwood market model b u t  i n c l  uded here s ince  t h e  area i s  re1 ated. Note 

however, t h a t  t he  roundwood market models do no t  g i v e  any qua1 i t a t i v e  

i n fo rma t i on  about t h e  s t o c h a s t i c  p r o p e r t i e s  of t h e  roundwood p r i c e .  They 

a re  poss ib le  t o  use o n l y  if t h e  parameters o f  t he  demand and supply equa- 

t i o n s  a re  known i n  advance. 

How i s  t h e  f u t u r e  a f f e c t e d  by t h e  present  accord ing t o  t he  d i f f e r e n t  

assumptions concern ing t h e  parameters i n  (1.4.3.)? 

L e t  us i n v e s t i g a t e  t he  va lue o f  (1.4.7) f o r  d i f f e r e n t  assumptions about 

b  ! 

Hence we can make t h e  f o l l o w i n g  conc lus ions :  

- I f  t h e  p r i c e  i s  a  mar t inga le ,  then a  p r i c e  inc rease today means t h a t  we 

should expect t h e  f u t u r e  p r i c e s  t o  increase e q u a l l y  much. Thus i t  i s  

n o t  c l e a r  t h a t  we should inc rease ha rves t  today. Maybe i t  i s  e q u a l l y  

good t o  w a i t  longer?  



- I f  t he  p r i c e  i s  s t a t i o n a r y ,  then a  p r i c e  inc rease  today g e n e r a l l y  

i m p l i e s  changes i n  t he  expected p r i c e s  i n  f u t u r e  per iods .  However, as 

t he  l e n g t h  o f  t h e  t ime  i n t e r v a l  approaches i n f i n i t y ,  t h e  i n f l u e n c e  o f  

todays p r i c e  on t he  expected p r i c e  i n  t h e  f u t u r e  approaches zero. The 

p r i c e s  are p r a c t i c a l l y  independent over  t ime  when t h e  pe r i ods  a re  long.  

Th i s  i s  t h e  assumption made i n  s e c t i o n  2. 

2. A numerical  f o r e s t r y  a p p l i c a t i o n  

The general  s t o c h a s t i c  pu l  se h a r v e s t i n g  problem under r i s k  i n  t h e  growth 

and t he  p r i c e  processes has been analysed by Lohmander ( 18 ) .  

He found t h a t  t h e  q u a l i t a t i v e  e f f e c t s  of i n c r e a s i n g  r i s k  depended on t h e  

c h o i c e  o f  r i s k  d e f i n i t i o n  and t h e  number o f  s t o c h a s t i c  processes i n  t h e  

problem. An updated v e r s i o n  o f  t h e  a n a l y t i c a l  paper w i l l  appear i n  1987. 

I n  t h i s  s e c t i o n  we w i l l  i n v e s t i g a t e  t h e  phenomenon o f  s t o c h a s t i c  p r i c e s  

and t h e  e f f e c t s  on op t ima l  ha rves t i ng .  T h i s  i s  l i k e l y  t o  be t h e  most 

s i g n i f i c a n t  s t o c h a s t i c  problem i n  f o r e s t r y  w i t h  r e s p e c t  t o  p r o f i t a b i -  

l i t y .  

Of course  growth i s  a l s o  s t o c h a s t i c .  However, t h e  n e t  p r i c e s  may va ry  

100 % over  a  few yea rs  and t h e  p r i c e  observa t ions  a re  a lmost  c o s t l e s s .  

The s tand ing  volume i n  t he  f o r e s t  s tand  v a r i e s  o n l y  s l ow l y  and i s  

g e n e r a l l y  much e a s i e r  t o  p r e d i c t .  Furthermore, t h e  growth i s  n o t  d i r e c t l y  

observable and growth i n f o r m a t i o n  i s  n o t  c o s t l e s s .  To g e t  re1  i a b l e  

est imates,  a l a r g e  s e t  o f  measurements must be made i n  t h e  p a r t i c u l a r  

fo res t .  

The s t o c h a s t i c  p r o p e r t i e s  o f  wood p r i c e s  i n  t he  f u t u r e  a r e  of course n o t  

known. L e t  us t ake  a  l o o k  a t  t h e  p a s t  developments of wood p r i c e s  i n  

Norway and F in l and !  

I n  f i g u r e  1 and 2, t h e  round wood p r i c e s  a re  g iven  i n  t h e  two Nord ic  

coun t r i es .  Accord ing t o  a  t i m e  s e r i e s  a n a l y s i s  i n  Lohmander (181, t hey  

can be descr ibed  as s t a t i o n a r y  au to reg ress i ve  processes. Hence, as t h e  

reader  can f i n d  i n  t h e  f i g u r e s ,  t he  c o r r e l a t i o n  between t h e  p r i c e s  i n  

"neighbour t ime  pe r i ods "  decreases as t he  t ime  i n t e r v a l  between p e r i o d s  

increases.  
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Figure  1. FINLAND, Real stumpage p r i c e  ( d e f l a t e d  by whole sa le  p r i c e  

index, 1977/2 = 100) F i  nn i  sh  mark/^^. (Source; Kuul uvai  nen 

(151, Lohmander (18) 1. 
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Figure  2. NORWAY, (mean p r i c e  - v a r i a b l e  cos ts )  d e f l a t e d  by consumer 

p r i c e  index (1979=100) Norwegian c r o w n s / ~ ~  (Assumptions; 35 % 

h igh  q u a l i t y  t imber,  30 % low q u a l i t y  t imber  35 % pulpwood) 

(source; Lohmander ( 1 8 ) ) .  



2.1 General model assun~t ions  

The object of the forest  manager i s  to maximize the expected present 

value of the forest  stand and the forest land. 

In period t, the maximization problem can be stated as; 

* P*( t )  a, 

max ~ ( t )  = W (t) = j w * ( ~ + ~ ) F ' ( P ) ~ P  + j e - r t [ ~ ~ ( t )  + L ] F ' ( P ) ~ P  (2.1.1.) 
0 

P*( t) 

where the variables and parameters are; 

P stochastic price process 

W (  t) expected present value a t  time t just  before Pt  has been 

observed and the forest has not yet  been harvested 

~ * ( t )  optimal reservation price a t  time t 

L expected present value of the land which i s  "released" a t  the 

time of harvest 

F ' ( P )  Probability density function of P. The model can easi ly be 
general ized t o  the case of a deterministic trend in the price 

and F t t ( P ) .  

F(0) = 0, F(-)  = 1 . 
r rate of return in the capital market 

V (  t) Stand density as a function of time 

2.2 General model resul ts 

Let us maximize the expected present value a t  time t. The problem i s  
* 

hence to choose P ( t )  optimally. From (2.1.1) we derive (2.2.1), which i s  

the f i r s t  order optimum condition. 

If we assume that  F 1 ( P )  i s  s t r i c t l y  positive everywhere, then (2.2.1)  

implies (2 .2 .2 ) ;  



(2.2.2) i s  t h e  fo rmu la  used t o  determine t h e  op t ima l  r e s e r v a t i o n  p r i c e s  

through backward r e c u r s i o n .  The second o r d e r  maximum c o n d i t i o n  i s  e a s i l y  

i n v e s t i g a t e d ;  

Obvious ly  we have an un ique maximum! 

( C l e a r l y ,  i f  P, i s  n o t  s t a t i o n a r y ,  and d i s t a n t  pe r i ods  can n o t  be 
L * * 

regarded as independent,  W ( t + l )  = W ( t + l ,  Pt). Then, an op t ima l  

r e s e r v a t i o n  p r i c e  may n o t  e x i s t .  Furthermore, i t  may n o t  be unique.)  

2.3 Numerical  model a s s u m ~ t i o n s  

Since we need some numer ica l  assumptions i n  o rde r  t o  g e t  numer ica l  

r e s u l  t s ,  we assume t h e  f o l  1  owing; 

Volume f u n c t i o n  --------  

Species; P inus Con to r t a  

S i t e  index; H50 = 20 meters  

1 500 stems/ha, no t h i n n i n g s  

MAI; 6.4 m3/ha, y e a r  
.d 

Age a t  MAI; 60 yea rs  

V( t )  = 630.3744(1 - 6.3582 ( - t / 6 0 )  )2.8967 

(The emp i r i ca l  p roduc t i on  da ta  i s  p resen ted  i n  Haggl und (12)  and t h e  

p a r t i c u l a r  f u n c t i o n a l  form of  t h e  volume f u n c t i o n  i s  suggested by F r i d h  

and N i l s son  ( l o ) . )  



Age ( 
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Figure  3.  V ( t )  



Expected l a n d  va lue  - - - - - - - - - -  

L shou ld  i n  p r i n c i p l e  be determined endogenously as t h e  p resen t  va lue  of  

an i n f i n i t e  s e r i e s  o f  f u t u r e  f o r e s t  genera t ions .  T h i s  would however 

compl i ca te  t he  a n a l y s i s  very  much i n  t he  s t o c h a s t i c  case s i nce  t h e  

r o t a t i o n  age i n  every  gene ra t i on  i s  s t o c h a s t i c .  The e r r o r  made here 

t r e a t i n g  L as a  cons tan t  i s  1  i k e l y  t o  be smal l  i f  L i s  smal l  i n  r e l a t i o n  

t o  PV( t )  f o r  most P and t a t  t he  suggested r a t e  o f  i n t e r e s t .  Hence, L i s  

g iven  t h e  va lue  1 000 crowns/ha. 

Time pe r i ods  ------  

The l a s t  y e a r  under c o n s i d e r a t i o n  ( t h e  t ime  h o r i z o n )  i s  y e a r  200. The 

t i m e  sca le  c o n s i s t s  of  40 pe r i ods ,  every  p e r i o d  be ing  5  years .  ( I t  i s  

assumed t h a t  t h e r e  i s  one p o s s i b i l i t y  t o  ha rves t  every  5  y e a r  per iod. )  

Rate o f  i n t e r e s t  --------  

r i s  g i ven  t h e  va lue  3 %. 

Net e r i c e  d i s t r i b u t i o n  -- --------  

The p r i c e  i s  an independent i d e n t i c a l l y  d i s t r i b u t e d  random v a r i a b l e  ( n o t e  

t h a t  t h i s  i s  more o r  l e s s  c o n s i s t e n t  w i t h  s t a t i o n a r y  p r i c e  processes as 

t h e  l e n g t h  of t h e  t ime  p e r i o d s  inc reases  accord ing  t o  (1.4.8) 1. 

We assume t h a t  p r i c e  has a  u n i f o r m  d i s t r i b u t i o n  w i t h  t h e  p r o b a b i l i t y  

d e n s i t y  f u n c t i o n  F '  (P )  

1 - f o r a c P < a + b  
F ' ( P )  = { b  

0  elsewhere 

a  b  

low r i s k  7 5 50 

medium r i s k  50 100 

h i g h  r i s k  0  200 

(Note t h a t  E(P) = 100 crowns/m3 i n  a1 1  cases .) 



2.4 Numerical  anal  v s i s  

As a  s t a r t ,  t he  d e t e r m i n i s t i c  optimum i s  ca l cu la ted .  We assume t h a t  t h e  

n e t  p r i c e  i s  100 crowns/m3. The p resen t  va lue as a  f u n c t i o n  of  r o t a t i o n  

age i s  g iven  i n  f i g u r e  4. 

Obviously,  t h e  op t ima l  r o t a t i o n  age i s  45 years  and t h e  p resen t  va lue  i s  

7 368 crowns/ha. (Note t h a t  t h e  c o s t  o f  t h e  f i r s t  r egene ra t i on  i s  n o t  

i n c l  uded here !  ) 

Present value 

F i g u r e  4. The d e t e r m i n i s t i c  case 

~rowns/ha A 

7000 - 

6000 - 
L, 

0 I I I I > ~ ~ e ( t )  
30 40 50 60 70 Years 



Making use o f  t he  formulas (2.2.2) and (2.1.1), i t  i s  p o s s i b l e  t o  ca lcu-  

1  a t e  t he  o p t i  ma1 r e s e r v a t i o n  p r i c e s  and t he  expected p resen t  ' va l  ues 

r e c u r s i v e l y ,  s t a r t i n g  f rom y e a r  200 c a l c u l a t i n g  backwards. We s imp l y  * 
assume t h a t  t h e  expected p resen t  va lue  W (T+1) = 0, where T  denotes t h e  

1  a s t  per iod.  

I n  f i g u r e  5, we f i n d  t he  op t ima l  r e s e r v a t i o n  p r i c e s  as f u n c t i o n s  of t ime, 

one f u n c t i o n  f o r  each r i s k  assumption. 

One should observe t h a t  the  r e s e r v a t i o n  p r i c e s  inc rease  w i t h  r i s k  i n  t h e  

p r i c e  d i s t r i b u t i o n .  Obvious ly  one shoul d  r e q u i r e  a  h i gh  p r i c e  i n  o rde r  t o  

ha rves t  d u r i n g  h i  gh r i s k  c o n d i t i o n s .  

Another obse rva t i on  i s  t h a t  t he  r e s e r v a t i o n  p r i c e s  decrease as t i m e  

goes. O f  cource t h i s  depends on t he  p a r t i c u l a r  growth f u n c t i o n  and t h e  

r a t e  o f  d iscount .  However, t h e  F r i  dh and N i l  sson (10)  growth f u n c t i o n  has 

been f i t t e d  t o  a  l a r g e  s e t  o f  d i f f e r e n t  species and s i t e  indexes. The 

numerical  phenomena d iscussed here h o l d  f o r  a l l  cases. 

The extreme v a l u e  a t  y e a r  200 i s  o n l y  an endpo in t  problem. However, i t  i s  

v e r y  u n l i k e l y  t h a t  we should w a i t  so l o n g  anyway (compare f i g u r e  8.) .  

I n  t h e  n e x t  p u b l i c a t i o n ,  t h e  s e n s i t i v i t y  o f  t h e  expected p resen t  v a l u e  

t o  t h e  l a s t  p o s s i b l e  ha rves t  y e a r  w i l l  be analysed. 

A t h i r d  obse rva t i on  i s  t h a t  the  r e s e r v a t i o n  p r i c e s  a re  f a i r l y  c o n s t a n t  

w i t h i n  t h e  t ime  i n t e r v a l  80 - 195 years .  Obviously,  t he  o p t i m i z i n g  f o r e s t  

owner should every yea r  d u r i n g  t h a t  p e r i o d  have almost the  same c r i t i c a l  

r e s e r v a t i  on c r i t e r i o n .  

A f i n a l  obse rva t i on  i n  f i g u r e  5 i s  t h a t  a  person who owns a  f o r e s t  t h a t  

i s  180' o l d  ( t h e  opt imal  " d e t e r m i n i s t i c  r o t a t i o n  age" was 45 yea rs )  

shou ld  n o t  ha rves t  h i s  f o r e s t  under a l l  market  c o n d i t i o n s  ! It i s  q u i t e  - 
p o s s i b l e  t h a t  i t  i s  op t ima l  t o  w a i t  l o n g e r !  

Again, we should be aware t h a t  t h e  g rowth  f u n c t i o n  has been e x t r a p o l a t e d  

i n  t h i s  p a r t i c u l a r  case. However, t h e  p r i n c i p l e s  remain v a l  i d .  
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F i g u r e  5. The opt imal  r e s e r v a t i o n  p r i c e  

a  = l ow r i s k  

b = medium r i s k  

c  = h i g h  r i s k  



* 
The graph of  W ( t ) ,  t h e  op t ima l  expected p resen t  va lue,  i s  g i ven  i n  

f i g u r e  6. Again, t h e r e  i s  an obvious d i f f e r e n c e  between t h e  d i f f e r e n t  

r i s k  a1 t e r n a t i v e s ;  when t h e  r i s k  inc reases ,  then t h e  expected p resen t  

va lue  increases.  It shou ld  a l s o  be no ted  t h a t  t h e  expected p resen t  va lue  

decreases w i t h  t ime.  

* * 
Assume t h a t  we s e l e c t  t h e  r e s e r v a t i o n  p r i c e  - P ( t)  = a. (Note t h a t  - P ( t )  

i s  l i k e l y  n o t  t o  be t h e  op t ima l  r e s e r v a t i o n  p r i c e ! )  

Then, f rom (2.1.11, (2.4.1) f o l l ows .  

However, s i nce  i t  i s  p o s s i b l e  t o  s e l e c t  any r e s e r v a t i o n  p r i c e  and we 

should s e l e c t  t h e  op t ima l  one, i t i s  c l e a r  t h a t  (2.4.2) f o l l o w s ;  

(2.4.2) i s  q u i t e  c o n s i s t e n t  w i t h  f i g u r e  6. The i n t u i t i o n  beh ind  (2.4.2) 

i s  t h a t  when t h e  t i m e  i s  t, then we can always choose t o  w a i t  w i t h o u t  any 

ha rves t  a c t i v i t y  u n t i l  t i m e  t + 1. It can n o t  be worse t o  have t h e  o p t i o n  * 
t o  w a i t  one p e r i o d  than t o  be i n  t h e  n e x t  p e r i o d  d i r e c t l y .  Hence, W ( t )  * 
must be a t  1  e a s t  as h i g h  as W ( t  + 1 ) .  

Furthermore, when t h e  t i m e  i s  t, t h e r e  may be a  p o s i t i v e  p r o b a b i l i t y  t o  

o b t a i n  a  p r i c e  i n  t h a t  p e r i o d  which makes i t  b e t t e r  t o  h a r v e s t  than t o  

w a i t  u n t i l  t + 1. Thus we g e t  (2.4.2). 
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F i g u r e  6. The op t ima l  expected p resen t  va lue  

a  = l o w  r i s k  

b = medium r i s k  

c  = h i g h  r i s k  

n = maximum p r e s e n t  va lue  i n  t he  d e t e r m i n i s t i c  case. 



F i g u r e  7  shows t h e  p r o b a b i l i t i e s  ( a t  yea r  zero )  t h a t  d i f f e r e n t  t ime  

pe r i ods  a re  t h e  op t ima l  h a r v e s t  pe r i ods  under t h e  d i f f e r e n t  r i s k  regimes. 

It i t  c l e a r  f rom t h e  graphs t h a t  t he  op t ima l  ha rves t  age i s  n o t  

" d e t e r m i n i s t i c " .  It i s  r a t h e r  1  i k e l y  t h a t  we ha rves t  t e n  y e a r s  before o r  

15 yea rs  a f t e r  t h e  d e t e r m i n i s t i c  r o t a t i o n  age 45 years.  

O f  course, when t h e  r i s k  decreases, we approach t h e  case of a  c o n s t a n t  

p r i c e .  Then t h e  r o t a t i  on age i s  45 yea rs  w i t h  probabi  1  i ty  1  . The graph 

shows t h a t  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  becomes more f l a t  as t h e  

r i s k  i n  t h e  p r i c e  d i s t r i b u t i o n  increases.  I n  t h e  case of h i g h  p r i c e  r i s k ,  

t h e  p r o b a b i l i t y  t h a t  you shou ld  ha rves t  a t  t h e  age of 75 yea rs  i s  2.2 %. 

I n  t h e  l ow  r i s k  case, t h i s  p r o b a b i l i t y  i s  o n l y  0.4 %. Again, s i m i l a r  

q u a l i t a t i v e  numer ica l  r e s u l t s  have been ob ta ined  when o t h e r  s i t e  indexes 

and spec ies have been t es ted .  

F i g u r e  8 i s  c l o s e l y  r e l a t e d  t o  f i g u r e  7. It shows the  p r o b a b i l  i t e s  ( a t  

y e a r  zero )  t h a t  i t  has n o t  y e t  been op t ima l  t o  h a r v e s t  t h e  stand. I n  

o t h e r  words, f i g u r e  8 a l s o  shows t h e  p r o b a b i l i t y  ( a t  y e a r  zero )  t h a t  t h e  

s tand  i s  s t i l l  " a l i v e "  a t  a  g i ven  age. 

Again, we f i n d  t h a t  t h e  p r o b a b i l i t i e s  o f  e a r l y  and l a t e  ha rves t s  a r e  

l a r g e r  under t h e  h i g h  r i s k  regime than otherwise.  Maybe f i g u r e  8 i s  t h e  

exp lana t i on  why we today i n  some c o u n t r i e s  observe f o r e s t  stands t h a t  a r e  

much o l d e r  than  what i s  recommended i n  f o r e s t  ac t s?  Maybe i t  s imp ly  i s  

op t ima l  t o  w a i t  f o r  b e t t e r  p r i c e s ?  
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F igu re  7. The probabi 1 i t y  ( a t  yea r  0) t h a t  harves t  i s  op t ima l .  

a  = l ow r i s k  

b = medium r i s k  

c = h i g h  r i s k  



Probe (not yet harvested) 

Figure  8. The p r o b a b i l i t y  ( a t  year  0) t h a t  opt imal harves t  has no t  y e t  

taken place. 

a  = low r i s k  

b  = medium r i s k  

c = high r i s k  



3. Discussion 

It i s  always dangerous t o  draw conclus ions based on r e s u l t s  f rom p a r t i -  

c u l a r  numerical models. Furthermore, any model i s  j u s t  a  model o f  

r e a l  i t y .  Impor tant  re1 a t i onsh ips  i n  r e a l  i t y  may be fo rgo t ten .  The main 

1 i m i t a t i o n s  i n  t h i s  numerical ana l ys i s  have been; 

a. The growth f u n c t i o n  i s  very rough and based on a l i m i t e d  s e t  o f  

parameters. Furthermore, the  produc t ion  t a b l e s  a re  based on a 

1 i m i t e d  s e t  o f  f i e l d  experiments. Hence, t he  r e l i a b i l i t y  i s  probably  

1 ow, espec ia l  l y  a t  h i g h  ages. O f  course, i n  t h e  numerical  model , t h e  

growth f u n c t i o n  i s  ex t rapo la ted  f a r  ou ts ide  the  exper imenta l  

ma te r i a l  . Th is  should be considered, b u t  s ince  the  most probable 

harves t  ages a re  r a t h e r  low (compare f i g u r e  71, t h i s  i s  n o t  c r i t i c a l  

t o  t h e  der ived  resu l  t s .  

b. The p r i c e  probabi  1  i t y  dens i t y  f u n c t i o n  has no emp i r i ca l  support .  

However, compare f i g u r e  1 and f i g u r e  2, t h e  p r i c e  i s  ( o r  has been) 

f a r  from d e t e r m i n i s t i c  and constant,  which i s  u s u a l l y  assumed i n  

f o r e s t  economics. Furthermore, t h r e e  d i f f e r e n t  r i s k  cases a re  g iven  

which make i t  poss ib le  t o  look  a t  the  s e n s i t i v i t y  t o  p r i c e  r i s k  

assumptions. The au thor  i s  convinced t h a t  f u t u r e  p r i c e s  can n o t  be 

p e r f e c t l y  p red ic ted .  The ques t ion  i s  on l y  t h e  1 eve1 o f  unpredic-  

t a b i l  i t y .  

c. It i s  q u i t e  p o s s i b l e  t h a t  i t  would be opt imal  t o  do some t h i n n i n g  

be fo re  the  f i n a l  f e l l i n g .  However, i t  i s  a t  t h e  present  d i f f i c u l t  t o  

make q u a n t i t a t i v e  s tud ies  o f  t he  opt imal  t h i n n i n g  p a t t e r n  over  t ime.  

The reason i s  t h a t  e x i s t i n g  p roduc t ion  func t i ons  ( a t  l e a s t  i n  

Sweden) are based on produc t ion  experiments w i t h  " t r a d i t i o n a l  " and 

f a i r l y  i n t e n s i v e  t h i n n i n g s  (compare Er iksson ( 7 ) ) .  When i t  comes t o  

Pinus Contorta,  some of t he  main Swedish producers advocate t h e  

method o f  no th inn ings .  Wieslander (32)  and B j u r u l f  and F r e i j  ( 3 )  

have found t h a t  f o r e s t r y  w i t h o u t  t h i n n i n g s  i s  more p r o f i t a b l e  than 

management accord ing t o  t r a d i t i o n a l  methods w i t h  t h i n n i n g s  i n  stands 

w i t h  Picea Abies i n  t he  south o f  Sweden. 



d. It i s  q u i t e  p o s s i b l e  t h a t  t h e  n e t  p r i c e  i s  s i z e  dependent. T h i s  has 

n o t  been taken  i n t o  c o n s i d e r a t i o n  i n  t h e  p resen t  a n a l y s i s .  Probably  

t h e  s i z e  dependence i s  n o t  ve ry  h i g h  i n  t h e  most p robab le  ha rves t  

ages, p a r t i c u l a r i l y  if the  roundwood i s  used as i n p u t  i n  t h e  p u l p  

i n d u s t r y .  It i s  ve ry  easy t o  a d j u s t  t h e  a n a l y s i s  th rough  t h e  

i n t r o d u c t i o n  o f  a  t ime dependent s h i f t  i n  the  p r i c e  d i s t r i b u t i o n .  

Obvious ly  we l i v e  i n  a  w o r l d  which can be t r e a t e d  as s t o c h a s t i c  (Compare 

f i g u r e  1 and 2) even i f  i t  i s  based on d e t e r m i n i s t i c  r e l a t i o n s h i p s  t h a t  

we can n o t  observe o r  do n o t  know p e r f e c t l y .  Obvious ly  t h i s  has i m p o r t a n t  

i m p l i c a t i o n s  f o r  t h e  op t ima l  management o f  n a t u r a l  resources such as a  

f o r e s t  (compare f i g u r e  5, 6, 7  and 8 ) .  

It i s  i m p o r t a n t  t h a t  we use the  c o r r e c t  d e c i s i o n  c r i t e r i a  under these  

c o n d i t i o n s .  I n  t h e  p resen t  example we were ab le  t o  i nc rease  t h e  expected 

p resen t  va lue  w i t h  between 8 and 55 % a t  yea r  zero !  

A more genera l  t r ea tmen t  o f  t h e  problem under i n v e s t i g a t i o n  

w i l l  appear i n  1987. 
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