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Foreword

Every smooth solution of a Hamilton-Jacobi-Bellman equation in optimal control (if
it does exist) can be used for testing the optimality trajectories of a control system and to
construct an optimal feedback. Since, in general, such a smooth solution does not exist,
one has to deal with less regular solutions, for example with viscosity solutions. In this
paper the author describes a subclass of viscosity solutions which on one hand can be
used for the construction of optimal feedback and on the other provides a sufficient condi-

tion for optimality.

Alexander B. Kurzhanski
Chairman

System and Decision Sciences Program

- 1ii -




Abstract

In this paper we study the existence of optimal trajectories associated with a gen-

eralized solution to Hamilton-Jacobi-Bellman equation arising in optimal control.

In general, we cannot expect such solutions to be differentiable. But, in a way analo-
- gous to the use of distributions in PDE, we replace the usual derivatives with “contingent
epiderivatives” and the Hamilton-Jacobi equation by two “contingent Hamilton-Jacobi
inequalities”.

We show that the value function of an optimal control problem verifies these “con-
tingent inequalities” .

Our approach allows the following three results:

(a) The upper semicontinuous solutions to contingent inequalities are monotone

along the trajectories of the dynamical system.

(b) With every continuous solution V of the contingent inequalities, we can associ-

ate an optimal trajectory along which V is constant.

(c) For such solutions, we can construct optimal trajectories through the

corresponding optimal feedback.

They are also “viscosity solutions” of a Hamilton-Jacobi equation. Finally we prove
a relationship between superdifferentials of solutions introduced in Crandall-Evans-Lions
[10] and the Pontrjagin principle and discuss the link of viscosity solutions with Clarke’s

approach to the Hamilton-Jacobi equation.
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Introduction

Consider the problem
minimize g(z(1)) (1)
over the solutions to the control system
z = f(t,z,u(t)), wu(t)eU (2)
z(0) = =, (3)

where g is a function taking values in the extended real line R| J{+oco}. We recall that a
problem with terminal constraints, z(1)€C, can be rewritten in the above form by setting

9(z) = +o0o whenever z¢C.

The dynamic programming approach associates with the above problem the “value
function” defined by: for all (¢,£)€[0,1]xR"

V(t,£) = inf {g(z(1)): zis a solution of (2) on [t,1], z(t) = &}

(see [4],[5],[22])-

In the case when the value function is differentiable, it satisfies the Hamilton-Jacobi

equation
O_y(t,2)+ inf -2 V(t,0)f(t,z,u) = 0 (4)
Jt uel Oz
V(1,z) = ¢(2) (5)
where 9 |4 9 V denote the derivatives of V with respect to t and z respectively.

ot  ’ Oz
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Although the value function fails to be continuously differentiable even when the
data are smooth, the equations (4), (5) still have an important feature: if V is a C-
solution of the equation (4) satisfying the boundary condition (5), the “verification tech-
nique” amounts to recognize an optimal trajectory-control pair (z«,ux) of system (2), (3)

by checking that for almost all t€(0,1]
d d
¥ V(t,z+(t)) + B2 V(t,z+(t))f(t,z+(t),ux(t)) =0 (6)

In general the nonlinear boundary problem (4), (5) does not have a global continu-

ously differentiable solution even if f and g are smooth.

In this paper we show that the value function V is a solution of a boundary problem
involving “contingent inequalities”.
The contingent derivative D p(zy) of a function p:R™—R| J{*oo} is defined at

every point zy where p(z() is finite by: for all ue R™

D p(zg)u = lith_l‘gif [e(zo+hu)—p(zo)]/h

ul—u

We prove that the value function verifies on [0,1[x R" the following contingent ine-

qualities:
aup D..(~ V)(t.2)(L/(1:2,9)) < 0 U
inf D, V(t,2)(1(t:2,9)) < 0 (8)
and the boundary condition
V(1) = g(z) on R" (9)

When V is differentiable at (¢,z), the inequalities (7), (8) reduce to equation (4). We
shall observe that the value function is smaller than any function continuous on its
domain, satisfying relations (7) - (9).
Inequalities (7) and (8) have two different tasks to perform:
(a) Every upper semicontinuous solution V of the inequality (7) is nondecreasing
along the trajectories of dynamical system (2).
(b) For control systems with convex right-hand side, to every continuous solution V
of inequality (8) corresponds a trajectory z of (2), (3) such that V is nonincreasing

along z.
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This means that in the case when the sets f(t,z,U) are convex, to every continuous
solution V of (7)-(9) corresponds at least one optimal trajectory z of problem (1)-(3) such
that V is constant along z. When the value function is locally Lipschitzian then it verifies

the equation

ilelfU D, V(t,z)(1,f(t,z,u)) =0, te[0,1[xR" (10)

instead of inequality (8). Obviously the solutions to (10) have the property (b) men-

tioned above.

On the other hand any locally Lipschitzian solution to the boundary problem

inf D, V(t,z)(1,f(t,z,u)) <0, (tz)€[0,1[xR"

ucU
sup. D, (-V)(t,z)(1,f(t,z,u)) <O, (t,z)€[0,1[xR" (11)
V(1,2) = 9(a)

provides a test for optimality analogous to (6). Namely if V is a locally Lipschitzian solu-
tion to the boundary problem (11) then any trajectory-control pair (z+,u+) of (2), (3) veri-
fying for almost all t€[0,1]

D, V(t,z+(8)) (Lf(t,+(t) us(t) = 0 (12)

is optimal for problem (1)-(3). This implies in particular that every solution defined on

time interval [0,1] of the closed loop control system
z = f(t,z,u), veW(t,z), z(0) = o (13)

where W(t,z) = {veU:D, V(t,z)(1,f(t,z,u)) = 0} is optimal for problem (1)-(3).

We also check that every solution V of boundary problem (7)-(9) is a viscosity solu-
tion in the sense of Crandall-Evans-Lions [9], [10] of the Hamilton-Jacobi-Bellman equa-

tion:

9 _ 9= n
£y V+H(t,z, 32 V)=0 on [O,I[XB (14)

V(1,z) = g(z) on R"
where the Hamiltonian H is defined by

H(t,z,p) = sup <p.f(t,z,u)> (15)

The converse statement is not generally true.
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It is not known yet, at least to our knowledge, whether we can recover optimal tra-
Jectories or optimal feedbacks from viscosity solutions to the Hamilton-Jacobi-Bellman
equation of an optimal control problem. It is still possible whenever a viscosity solution
is the value function, or, more generally whenever a viscosity solution verifies in addition
inequalities (8), (9).

The locally Lipschitzian value function satisfies also an extension of Hamilton- Jaco-
bi equation introduced in Offin [21] (see Clarke [8], Clarke-Vinter [6]).

L o {p+ggr[1] <g,f(t,z,u)>} =0 (16)

where 3V denotes the generalized gradient of V. Any Lipschitzian solution of (16) is non-
decreasing along trajectories of dynamical system (2). This allows to prove a sufficient
condition for optimality for a given trajectory (see Clarke-Vinter [6]). However it does
not mean that with every solution of (16), (9) we can relate an optimal trajectory of prob-

lem (1)-(3) as the relation (6) does.
A locally Lipschitzian value function verifies not only equation (16) but also equa-
tion

= H(tz, — 17
R IR CL) (17)

where 7; and 7, denote the corresponding projections.

The outline of the paper is as follows. In Section 1 we state the basic hypotheses
and prove some preliminary results. In Section 2 we show that the value function verifies
contingent inequalities (7)-(10) and that continuous solutions of (7)-(9) are viscosity solu-
tions of (14). Section 3 is devoted to properties of solutions of contingent inequalities and
Section 4 to the optimal feedback. In Section 5 we prove some other relations verified by
the value function and provide a short proof of (16). Finally in the last section we study
the relationship between the superdifferentials introduced in [10] and the adjoint vector of

the Pontrjagin maximum principle.

1. Basic assumptions and preliminary results
In this paper we consider a dynamical system described by a differential inclusion.

Let F be a set-valued map from [0,1|xR" to R". We associate with it the

differential inclusion

z €F(t,z) (1.1)
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A function ze WH(¢,T) , T>t (the Sobolev space) is called a trajectory of the
differential inclusion (1.1) if for almost all s€(t,T], z (s)€F(s,z(s)). The set of all trajec-
tories of (1.1) defined on the time interval [t,T] and starting at £, (z(t) = £) is denoted by

51, 1(£)-
Let B be the closed unit ball in R™. Throughout the whole paper we assume that
for all (t,z)€[0,1]x R"

(H;) F(t,z) is a nonempty compact set,
that for all ze R"

(Hy) F(-,z) is continuous on [0,1]

and

(Hg) F islocally Lipschitzian in z, in the sense that for every (t4,25)€[0,1]x R" there ex-
ists a neighborhood N in [0,1]xR" and a constant L such that for all (¢,z),(t,y)eN

F(t,z)CF(t,y)+L|z—y|B (1.2)

Example. Consider the closed loop control system
z (8) = f(t,2(t),u(t)) (1.3)
u(t)eU(z(t)) (1.4)

where f:[0,1]xR"XR™—R" is a continuous function and U:R"3R™ is a continuous
control map with nonempty compact images. Admissible controls are measurable func-
tions on [0,1] satisfying (1.4).

For all (t,z)eRxR" set

F(t,z) = {f(t,z,u):ucU(z)} | (1.5)

Clearly every trajectory of (1.3), (1.4) is a trajectory of the differential inclusion
(1.1) with F defined as in (1.5). Conversely, with every trajectory z€Sg 4 of differential
inclusion (1.1) we can associate a measurable selection u(t)c U(z(t)) such that (1.3) holds
true almost everywhere in [0,1]. This follows from Lusin’s theorem exactly by the same
arguments as in [1, p. 91] (see also (8, pp. 111-112]).

Hence we can rewrite the dynamical system (1.3), (1.4) in the differential inclusion
formulation (1.1) with F defined by (1.5).

The set-valued map F satisfies hypothesis (H;) and (H,). If moreover U is locally

Lipschitzian and f is locally Lipschitzian in (z,u), sois F. O



For all teR, T>t and £ER" set
R(T,t)¢ = {z(T):z<5);, 11(§)} (1.6)

This is the so-called reachable set of (1.1) from (¢,£) at time T.

When F is sufficiently regular the set co F(t,f) is the infinitesimal generator of the
semigroup R(-,t)¢ (see Frankowska [15]).

The following theorem provides a more precise result concerning reachable sets.

Theorem 1.1. Assume that the assumptions (H;)-(Hj) are verified. Then for every
(t0,€0)€[0,1[x R"™ and all (¢,£) near (¢,,6,) and small A>0

R(t+h1t)§ = £+h co F(t0!§O)+0(t1§1h) (17)
where

li 0(t,6,h)| /R =0
(t,e)h—l»?}f,eo) l0(t,&,R)|/

—0
Remark. Equality (1.7) means that
R(E+h)ECE+h o Flto o) +]0(t,6h)] B and

§+h co F(to,&o) CR(t+h,t)E+(0(2,6,h)| B

Proof. Let p>0 be such that F(¢,-) is L-Lipschitzian on [to—p,to+p]|x(€y+pB), where L
denotes the Lipschitz constant of F' with respect to z. Since F is continuous and has com-

pact images there exists M>1 such that for all |t—ty| <p, £€€y+pB we have F(t,£)C MB.
Define
N = {(t,8):|t—to| <p/2,[1€~ &0l <p/2}
and observe that for all T>t, ||{-&[<p/2 and 2z€S5; 7(£) verifying z([t, T])céy+pB,
||z(T)—§0||5||z(T)—§||+p/2§_f||z‘(s)|| ds+p/2<M(T—t)+p/2. Hence for all he[0,p/2M]
and (t,£)EN the set Sy 1, 5)(£) 79 and for every z€S; 145)(€) and s€[t,t+h]

lz(s)-€ll <M (s—t) (1.8)

Since F is uniformly continuous on the compact set {(t,€):|t—ty|<p,||€—&o| <p} for

every >0 there exists 6>0 such that
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F(t+h,z)CF(t,6)+eB for all (t,6)eN, he[0,6] and z£+56B
Using (1.8) and the mean value theorem [1 , p. 21] we obtain that for all
O0<h<min{6/M,p/2M}, (t,6)EN and xES[t’H_h](f)
t+h t+h t+h

z(t+h) = &+ { z (s)ds€é+ { F(s,z(s))dsC &+ { (F(t,6)+eB)ds = £+h co F(t,£)+¢chB

This implies that
R(t+h,t)éCE+h co F(t,6)+ehB

for all (¢,£)eN and sufficiently small A>0. Since €>0 is arbitrary and F is continuous at
(to,&0) we proved that for all (¢,£) near (t4,£,) and small A>0

R(t+h,1)ECE+R co F(to,6o)+[0(2,6,0) || B

To prove the opposite inclusion observe that by the relaxation theorem [1, p. 124] reach-
able sets of (1.1) are dense in the reachable sets of the convexified inclusion. Thus we
may assume that F has convex images. For all (¢,{)€N and u€F(t,£) let u; ¢(s) denote
the projection of u on F(t+s,£). Since F is continuous on N {u;}(; ¢)eN is a family of
equicontinuous functions on [0,p/2]. Hence for all €>0 there exists >0 such that for all

s€(0,8], |l ug ¢(5)—uy ¢(0) | <e. Therefore for all (¢,£)eN, ueF(t,£) and he|0,6]
h
I e e(r)dr—hu| <ch (1.9)
0

On the other hand for all s€[0,p/2M],

dist (ut,f(s),F(t—{—s,f—{—{ut,f(r)dr))s L.g I "t,f(’) | dr .

By [1, p. 120] there exist 6;>0,M,;>0 which depend only on L and M such that for all
he[0,6,]

h h s
dist (&+ [ug ¢(r)dr,R(t+h,t)E)< My [ [ ug (r)] drds.
0 00
Hence, by (1.9), for all 0<h<min{6,6,,p/2M}, (t,£)€N and veF(t,§)

h s
dist(é+hu,R(t+h,t)€)<eh+M, [ [| u; ¢(r)| drds<eh+M, Mh?
00
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Since M, does not depend on ¢ and §,8; do not depend on (¢,£)eN and ucF(t,£) we finally
obtain that for all (¢,£) near (t4,£,) and small >0

§+h co F(to, &) CR(t+h,t)E+(0(t,€,h)| B
Thus

R(t+h1)€ = E+h co Fltg ) +0(L,ER) O

2. Contingent inequalities for value function

Consider the problem
minimize {g(z(1)):z€5q 3)(z0)} (2.1)

where g is a function from R" to the extended real line R|J{+oco} and S|g ;| has the

same meaning as in Section 1.

The value function associated to this problem is defined by: for all t€(0,1] , éeR"
V(£,) = inf {g(=(1)):2€5(,,(6)} - (22)

If S}41)(€) = ¢ then we set V(¢,£) = +o0.
The following properties of V are an immediate consequence of the definition of a
value function (compare (4], [5], [20]):

V(1,z) = g(z) for all zeR" ' (2.3)

Vz€S|; ) the function [¢,1] 3 s— V(s,2(s)) is nondecreasing (2.4)

Moreover if 2€85 [0,1](-"0) solves the problem (2.1) then
V(s,2(s)) = g(2(1)) on [0,1] . (2.5)

Conversely we have
Proposition 2.1. If a function V:[0,1]x R"—R| J{too} and a trajectory z€S|g (o)
satisfy (2.3)-(2.5) then z is an optimal solution of the problem (2.1).

The proof follows from the classical arguments of [5, p.89], [12, p.82] and (22, p.87].
Definition 2.2 (contingent derivative). Let X be a subset of R™, p:X—R{ J{too} be a

given function and zy€X be such that ¢(zy)#+oo. The contingent derivative of ¢ at z,
is the function D p(zp):R™—=R| J{too} defined by: for all ucR™
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D, p(zg)e = liminf [p(zo+he)—p(zo)]/h
(u',h)—(u,0+)
zothe €X

The epigraph of D p(zy) is equal to the contingent cone to the epigraph of ¢ at
(zo,(z0)). I for all ueR™, D p(zp)u>—o00 then D, p(z) is positively homogeneous

and lower semicontinuous (see [2, Chapter 7]).

Recall that the domain of definition of V is given by

dom V := {(t,z):V(t,z)#too}
and let V; denote the restriction of V to the set dom V.

Theorem 2.3. The value function V satisfies the following inequalities:

inf D, V,tz)(lw)<0 2.6
wecoF(tz) a(t:2)(1,9) (2.6)

ueciultp(t,z)D"'(_ V)(t,z)(1,¢)<0, (t,z)€ Dom V, t<1 (2.7)

If moreover for some t€[0,1], V(t,) is locally Lipschitz at z then

in D, V(tz)(1,u)=0 2.8
e in, D+ (t,z)(1,e) (2.8)
Proof. Fix (t,z)€e Dom V, t<1. Then for all small k>0,

V(t,z) = inf { V(t+h,w):weR(t+h,t)z}. Hence for some w,eR(t+h,t)z

Jim [V(e+h,w,) - V(£2)] /h =0 (2.9)

By Theorem 1.1 for all A>0, w, = z+hu; where hlir(r)l+dist(uh,F(t,z)) =0. Let h;—0+

and u; = w;_be such that lim u; = ¥€F(¢,z). From (2.9) we obtain
1—00

llm [Vd(t+h,-,z+h,-ui)— Vd(t,z)]/h" =0
t— 00

Hence D, V4(t,z)(1,#)<0 and (2.6) follows. To prove (2.7) observe that for all
weR(t+h,t)z , V(t,z)<V(t+h,w). Fix @#c€co F(t,z). By Theorem 1.1 there exist u,—&
such that for all h>0, z+hu,eR(t+h,t)z. Hence
D, (-V)(t,z)(1,7) < li}{l_l’gl_’l_p[— V(t+h,z+hu,)+V(t,z)]/h < 0. Since # is arbitrary we
proved (2.7). Let (t,z)€[0,1[xR"™ be such that V(t,:) is locally Lipschitzian at z. Then,

by [2, p.418], D V(t,z) is lower semicontinuous. Since co F(t,z) is compact there exists

ii€co F(t,z) such that D V(t,z)(1,7) = inpi"(t )D_,_V(t,z)(l,u). By Theorem 1.1 for
ucco 'z
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some u,—#, z+huy€R(t+h,t)z. Thus V(t+h,z+hu,)—V(t,z)>0 and by the local
Lipschitzianity of V, D, V(t,z)(1,#)>0. Hence (2.6) implies (2.8). O

Inequalities (2.6), (2.7) can be considered as an extension of Hamilton-Jacobi equa-

tion because of the following

Corollary 2.4. If a function V satisfying (2.6) ard (2.7) is differentiable at (¢,z) then

F) .. 8 B
3t V(t,a:)+uelir‘1(ft,z)g V(t,z)u =0 (2.11)

Proof. Fix (t,z) as above. Then for all ueF(t,z),
D, V(t,2)(1,8) = L V(t,2)+-2 V(t,2)u
T\ ’ at ’ dz ‘7

and

D, (- V)(t,5)(1,u) = — %V(t,z)—% V(t,z)u

Moreover

. d . d
f —V(t = f —V(t,
uGc;nF(t,z) Oz (t,2)u uelFI'I(t,z) oz (t,z)u

Thus (2.11) is a consequence of (2.6), (2.7). O

Define the Hamiltonian H by: for all (¢,z)€|0,1]x R™ and ¢cR"
H(t,z,q) = sup{<gq,e>:ecF(t,z)} - (2.12)

Our next aim is to show that for any open set 2C[0,1]x R" every solution of the

problem
inf D, V(t,z)(1,u)<0, (t,z)eN)
weel Bz (t,2)(1,4)<0, (t,2) w12
D, (- V)(t,z)(1,u)<0, (t,z)eN )
we S o P+ z)(1,8)<0, (t,z)
is the viscosity solution of Hamilton-Jacobi equation
d d _

(see Crandall-Lions [9], and Crandall-Evans-Lions [10]). Some related results can be

found in [20]. We recall first
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Definition 2.5 (super- and subdifferentials). Let CR™ be an open set, ¢ be a function

from Q1 to R and z,€0Q.

The superdifferential of p at z is the set

d.,1p(z0) = {p:lirzn_'s;;p[go(z)—-go(zo)—<p,z—-zo>]/||z—z0||50} .

The subdifferential of © at z is the set
8_p(z) = {P=1iggizgf[50(z)—W(zo)—<P,=*zo>]/||Z—'zoll >0} .

The super and subdifferentials are closed, possibly empty, convex sets.

Definition 2.6 (viscosity solution). A function V:(1—R is called a viscosity solution of

the equation (2.14) if for every (t,z)€() we have
a) for all p = (py,...,p,)€0, V(t,2)

P+ H(t,2,~(pyy - o)) <O

(viscosity subsolution).

b) for all p = (pg,-..,.pn)E0_ V(t,z)

—po—l-H(t,z,—(Pl,---apn))ZO .

(viscosity supersolution).

Lemma 2.7. Let {1 be an open set and p:02—R. Then
d_p(zg) = {p:VreR™, D p(zo)r><p,r>}
d49(zg) = {p:vreR™, D (—p)(zp)r><—p,r>}

Proof. Fix pe€d_p(zy) and reR™. Let h,—0+,r,—r be
Dyo(zo)r = Jim [p(zg+hir)—(zo)]/hy. Then

D pla0)r—<p,r> = lim [p(agthirs)—p(z0)—<p,hiri>1/hy
> rltim infle (=) ~(z0) ~<p,2~7>]/ | =50 20

(by definition of the subdifferential). Thus for all r, D, p(zo)r><p,r>.

(2.15)

(2.16)

such  that
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To prove the equality in (2.15) consider p satisfying:
VreR™, D p(zo)r2<p,r>
Let z;—z, be such that

lim inf [p(z)—p(20)—<p,2—20>]/| z— 20|
T 1o

= Jim [o(z)~o(z0) - <p2~20>]/ | 21~5o]
Taking a subsequence we may assume that (z;—zp)/| z;— 25| converges to some r. Then
Jlim [o(z;)~p(20)~<p,2i~ 20>/ || 2i~ 20| 2 Dy p(2o) r - <p,r>20

and therefore ped_¢(zy). This ends the proof of (2.15). To prove (2.16) observe that
d,p(zg) = — d_(—p)(zo) and therefore (2.16) is a consequence of (2.15). O

Theorem 2.8. If a function V:QQ— R verifies relations (2.13),then V is a viscosity solu-

tion to Hamilton-Jacobi equation (2.14).

Proof. By (2.15), (2.13) for all (p,g)€d_V(t,z)CRxR"

< i <
p—H(tz,-q) = choF(tz)( +<q,u>)_u€c;nit"(t,z)D+V(t,z)(l,u)_o

Thus for all (p,g)€d_V(t,z)
—-p+H(t,z,—q)>0 (2.17)
On the other hand by (2.16), (2.13) for all (p,q)€d, V(t,z)

~p+H(tz,~q) = (—p—<g,u>)< —V)(t,z)(1,4)<0.

ueco (1,z) ucco ip(t z)

The very definition of viscosity solution ends the proof. O

3. Solutions of contingent inequalities and optimal trajectories

Recall that the value function is nondecreasing along the trajectories of differential
inclusion (1.1). We show next that every upper semicontinuous solution of inequality
(2.7) enjoy the above property.

Theorem 3.1. Let V:[0,1]x R"—R| J{Zoo} be an upper semicontinuous function satis-
fying the inequality '
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su&t,z)D+(— V)(t,z)(1,u)<0, (t,z)€Dom V,t < 1 (3.1)

ucco

If F is locally Lipschitzian in both variables then for every trajectory z € S[t,l] satisfying
(s,2(s)) € Dom V, the function s— V(s,z(s)) is nondecreasing on |t,1].

Proof. Consider the closed set K = epi(— V). By [2,p.418] epi D (- V)(s,z) is equal to
the contingent cone Tx(s,z,— V(s,2), and by (3.1) for all
(s,z)edom V,s€[0,1],¢ > — V(s,2)

(1,F(s,2),0) C Tk(s,z,~ V(s,2)) C Tg(s,2,9) (3-2)

Fix a trajectory z€ Sy ), t€ [0,1], such that (s,z(s))€Dom V and consider the function
g9:[t,1] >R defined by

9(s) = dist (s,2(s),~ V(t,2(t)))

Observe that g(t) = 0.

Step 1. We claim that ¢ =0 on [t,1]. Indeed assume for a while that for some
Te|t,1], ¢(T)>0. For all s€(t,1], let 7(s)€K be such that

9(8) = [ (s,2(8),= V(t,z(2))) - (s)| (3-3)

By continuity of g there exist t<ty<t,<T such that g(t,) = 0, g>0 on |t,t;| and for all
8€|tg,t,]

n(8) = (5,y,q) for some 5€[0,1],|| 7—=z(s)|| <1, ¢ > — V(5,7) . (3.4)

To end the proof of Step 1 we verify that ¢ =0 on [ty,t;]. Indeed g being a Lipschitzian

function, by Gronwall‘s inequality, it is enough to show that for a constant L >0
9 (8)<Lg(s) a. e in [ty,t,] (3.5)

Let L be the Lipschitz constant of F on the set {(s,z(s)+B):s€t,1]}. By the Ra-
demacher theorem g is differentiable almost everywhere. Let s€(ty,t;] be a point where
the derivatives gi(s) and z/(s) € F(s,z(s)) do exist. Since z(s+h) = z(s)+hzi(s)+0(h),
applying the inequality of [1,p.202] we obtain that gi«(s)<dist ((1,z:(s),0), Tg(7(s))).
Thus, by (3.4), (3.2) for some 5€|0,1], §ez(s)+B

g'(s) <dist (1,2 (5).0), (1,F(5,9),0) < L(||5-¢ ] *+||=(s)-7) | *)*/* < Lg(s)

and (3.5) follows.
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Step 2. By Step 1, distg(s,z(s),—V(t,z(t))) =0 on [t,1] and thus for all
s€(t,1], — V(s,z(s)) < — V(t,z(t)). Hence for every t<s<l, V(s,z(s)> V(t,z(t)). Since
te[0,1] is arbitrary the proof is complete. D ‘

Recall that the value function is constant along optimal trajectories.

We provide next sufficient conditions for the solution V to inequalities (2.6), (2.7) to

be constant along at least one trajectory.

From now until the end of the section we assume that for some a > 0 and all

te(0,1],ze R"

sup{lu]:v € F(t,z)} < a(Jz] + 1) . (3.6)

Theorem 3.2. Let P:[0,1]Z3R" be a set valued map with nonempty images and closed
graph. Assume that for all zeP(t), t€[0,1], F(t,z) is convex. Let V:graphP—R be a

continuous function satisfying the inequality:
for all t€[0,1[, zeP(t) there 3 ucF(t,z) such that D, V(t,z)(1,4)<0. (3.7

Then for all (¢t,{)€graph P there exists z€S5]; 1(£) such that the function s— V{(s,z(s)) is
nonincreasing on |[t,1].

Corollary 3.3. Let V:[0,1]x R" — R be a continuous function satisfying inequalities

uec?;uﬁp(t,z]D'*'(— V)(t,z)(1,4)<0, (t,z)€[0,1[x R"

inf D V,(¢t,z)(1,4)<0, (¢ 0,1 n
st P+ Valt2)(1,)<0, (Lo)E0 xR

and assume that F has convex images and is locally Lipschitzian. Then for every
(¢,£)€[0,1]x R™ there exists 265[1,1](5) such that V(s,z(s)) = const on [t,1].

Proof. By (3.7) for every (t,z)€graph P, t<1 there exists v€lxF(t,z) such that
D V(t,z)v<0. By the poof of [1, pp. 296-298] for every (t,yo)E€graphP, t<1, there exists
T>0 and a trajectory y:{0,T[—R™ of the differential inclusion

y (s)EF(t+8,y(s)), ¥(0) = yo

such that the function s— V(t+s,y(s)) is nonincreasing on [0,T[. Set z(t+s) = y(s).
Then z€S [t,T[(yo) and since F satisfies (3.6) the derivative z is essentially bounded and
therefore z can be extended on the time interval [t,T]. Moreover by the continuity of V,
for all s€t,T|, V(T,z(T))< V(s,z(s)) and thus V(t,z(t)) is nonincreasing on [t,T|. Since
(t,90)€[0,1{xR"™ is arbitrary for every (t,£)€[0,1[xR" there exist t<..<t;<t; ;- --<1
and z)€8);4(£), "i+les[t,-,t,-+,](“i(ti)) such that t—V(t,z;(t)) is nonincreasing on
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[t;_1t;]. By (36) we may assume that ¢, — 1. Setting z(t) = z;(t) for

telt,_,t], 2(1) = ilir&z,-(h) we end the proof.

From Section 2 we know that the value function verifies inequalities (3.1), (3.7) with

graph P = Dom V and the boundary condition
V(1,z) = g(z), zeR" (3.8)

Actually we have

Theorem 3.4. Assume that the domain of definition of the value function V is closed
and equal to {(t,P(t)):t€[0,1|}, where P(t)#¢ for all ¢, and F has convex images on graph
P. If a continuous function W:graph P— R satisfies (3.6), (3.8) then V< W.

Proof. Fix a continuous solution W of (3.6), (3.8) and let (¢,£)€graph P. By Theorem
3.2 there exists €5y ;|(€) such that s— W(s,z(s)) is nonincreasing on [t,1]. Thus

V(¢,£) = inf{g(z(1)):2z€5;,1)(€)}<9(2(1)) = W(1,2(1))< W(¢,£)

and the result follows.
Theorems 3.1, 3.2 and results of Section 2 imply
Corollary 3.5. Let V:[0,1]x R"”— R be as in Corollary 3.3 and assume that F is locally

Lipschitzian and has convex images. Then there exists an optimal solution z to problem

(2.1) such that V(t,z(t)) = const on [0,1].

4. Optimal feedback

Observe that if V and z are as in Theorem 3.2 then for all s€ft,1[ and small
h>0, V(s+h,2(s+h))< V(s,2(s)). Thus D V(s,z(s))(1,2 (s))<O whenever the derivative
z (8) do exist. For all (s,z)eRxR" set

G(s,z) = {veF(s,2): D, V(s,z)(1,u)<0}
and consider the differential inclusion
z €G(s,2) (4.1)

Hence z is a trajectory of (4.1). Corollary 3.5 implies then
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Theorem 4.1. Let V:[0,1]x R™ — R be a continuous solution to the boundary problem

uec?;u})(t,z)D+(_ V)(t,z)(1,) <O, (t,z) €[0,1[xR"

oo DL V(L2)(1u) <O, (£2)) € 0,1[x R (4.2)

V(1,z) = g(z) on R"

and assume that F is locally Lipschitzian,satisfies (3.6), and has convex images. Then
there exists a trajectory z€ W!+1(0,1) of the differential inclusion (4.1) which is an optimal

trajectory of problem (2.1).
Observe that the set-valued map G has compact images. If we assume more regular-

ity on V or G then every solution of (4.1) is an optimal trajectory of the problem (2.1).

Theorem 4.2. Let V:[0,1]x R"—R be a locally Lipschitzian solution of the boundary
problem (4.2) and assume that F is locally Lipschitzian. Then every trajectory of the in-

clusion (4.1) defined on the time interval [0,1] is optimal.

Proof. Let z be a trajectory of (4.1). The function ¢(t) = V(t,2(t)) is locally Lipschitzi-

an. By the Rademacher theorem it is differentiable almost everywhere.

Let ¢ be so that z (t) do exist and h;—0+ such that

D, V(t,2(1))(1,2 (1)) = Jim V(t+h"z(t+2:))_ vest)
Thus ¢ (t) = D, V(t,2(t))(1,2'(t)) < 0 and ¢ is nonincreasing. By Theorem 3.1 ¢ is also
nondecreasing. Thus ¢ = const. - Proposition 2.1 ends the proof.
Another sufficient condition for the trajectories of (4.1) to be optimal requires more
regularity of G and less of V.
Theorem 4.3. Let V:[0,1]x R"—>R be a continuous sol'ution of boundary problem (4.2)
and assume that G has compact convex images and is locally Lipschitzian. Then every

W1:1(0,1)-trajectory of the inclusion (4.1) is an optimal trajectory for the problem (2.1).

Proof. By definition of G for all t€[0,1], zeR"
D, —(-V)(t,z)(1,4)<0
w8, o P+~ VIE2)(Ly)
Thus, by Theorem 3.1, for every trajectory z of the inclusion (4.1) the function
s——V(s,2(s)) is nondecreasing and by Theorem 3.1 the function s— V(s,z(s)) is nonde-

creasing. Thus V(s,z(s)) = const and by Proposition 2.1, z is an optimal solution of the

problem (2.1).
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5. Other relations satisfied by a locally Lipschitzian value function

Using Theorem 1.1 one can easily check that whenever the value function is locally

Lipschitzian in £ then it also verifies the relations

Su),P(t,z)D+ V(t’z)(_l,—u)SO, (t,z)e]O,l] <xR"

ucco

seoltl DLV (2)(-1-0)20 (.2)El0,1]x R

and for all (¢,z)€[0,1[xR"

inf i V(t+h,z+hu)—-V(t, h=0
ch;nF(t,z) lil;r_l’gl_:_p[ (t+k,z+hu) - V(t,z)]/

It also verifies two relations involving epiderivative introduced by Clarke (8]:

Definition 5.1. Let ¢:R™—R be a locally Lipschitzian function. The epiderivative
©%z):R™ — R is defined by: for all uc R™

¢°(2) = lim suplp(z +hu)—p(z )|/
z—z
h—0+4

The generalized gradient dp(z) is given by
dp(z) = {pER™VueR™, <p,u><p%(z)u}

Observe that ©%(z)>D, p(z) and therefore d_p(z)cop(z),
9, (—p)(z)c—0p(z)=3(-p)(z)-
For all (¢,z)€|0,1[x R" set

7,0V (t,z) = {p:3q such that (p,q)co V(t,z)}
7,0 V(t,z) = {g:3p such that (p,q)cd V(t,z)}

i.e. 7, dV(t,z) and 7,0 V(t,z) are projections of dV(t,z) on t and z spaces respectively.

Theorem 5.2 Assume that the value function is locally Lipschitzian on |0,1[x R"™. Then

(p’q)gg!‘l,(t,z)(p—ﬂ(t,z,-q)) =0 . (5.1)

and

X p= H(t,z,— 5.2
w,énl;a('t,z)p qu%ai}(t,z) (t.2,-0) (5.2)

Moreover for all (7,7)€d V(t,z) satisfying
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‘m H(t,z,—q) = H(t,z,~q
e (t,z,—q) = H(t,z,-7)

we have § = max
P r,aV(t,z)p

Corollary 5.3. If V is a locally Lipschitzian solution of (5.1) then V is a viscosity super-

solution of the equation

v 3
W—H(t,z,— a—zV)—O

and a viscosity subsolution of the equation

a

8 _
~ 5t V+H(t,z,— — V)=0

dz

Remark. The extension of the Hamilton-Jacobi equation to the form (5.1) was first in-
troduced in Offin [21] (see Clarke-Vinter [6], Clarke [8]). O

Broof. By (3.2) for all (¢,z)€]0,1[xR"™(1,F(t,z),0) belongs to tﬁe contingent cone to
epi(—V) at (t,z,—V(t,z)). Thus, by [2, p. 409] and continuity of F for all
(t,z)€]0,1[xR™, (1,F(t,z),0) belong to the tangent cone of Clarke to epi(—V) at
(t,z,— V(t,z)).

This implies that for all u€F(t,z), (— V)%(t,z)(1,u)<0 (see [2, p. 421]). Using the
equality d V(t,z) = —38(— V)(t,z) we finally obtain

<—p—-q,u><0 5.3
(PO (1,5) ueeo Ft) | 53)
Since 8 V(t,z) and co F(t,z) are compact from (5.3) follows that

(st P Wl < Tv>)20 (5-4)

To prove the equality in (5.4) we have to verify that for some
#€co F(t,z), (- V)%(t,z)(1,8)>0. By Theorem 1.1 there exist w,€R(t+h,t)z such that
dist(wy,,F(t,z))—0 when h—0+ and | V(t,z)— V(t+h,w,| = O(h).

Let w; = wp, h;j—0+ be a subsequence such that (w;,—z)/h; converge to some
#€co F(t,z). Then O:il_i’lgo[V(t,z)— V(t+h;,w,)]/h;< (- V)°(t,z)(1,&). Therefore we have

an equality in (5.4) and (5.1) follows. To prove (5.2) fix u€F(t,z). By Theorem 1.1 for
all (t',z) near (t,z) and small A>0

V(t'+h,2)—V(t +h,z +hu)<V(t+h,z)-V(t ,2)+0(t ,z ,h)

Thus (- V)°(t,z)(0,4) < VO(t,z)(1,0).
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Since v € F(t,z) is arbitrary we proved that

uEHFl'?;(,z)(— V)O(t,z)(o,u)s Vo(t,z)(l,O)

To prove the opposite inequality fix (t;,z;)—(t,z) and h,—0+ such that

Vo(t,z)(1,0) = Jim [V(t;+hs,2,) = V(t;,2:)]/ by (5-5)

there exist u,cco F(t,z) such that ||w;—z;—h;u;|| = O(h,). Taking if needed a subsequence
we may assume that lim u; = #€F(t,z). Then, by (5.5),

1—00

VO(t,2)(1,0) = il_i.ngo[V(t,-+h,-,z,-)— V(ti+hzithug)]/ b

IN

(- V)°(t.2)0,8)< ecTar’(‘t,z)(" V)%(t,2)(0,u)

Since (— V)%(t,z) is a convex continuous function the maximum is attained at an extremal
of co F(t,z). Thus

VO(t,z)(1,0) = uen;'?zz)(_ V)°(t,z)(0,u) (5.6)

Using again that 8 V(t,z) = —9(— V)(t,z) we derive from (5.6) that

max p=  max max <-—gq,u>
8 V(t,z) geETAV(t,z)uEF(t,z)
Hence (5.2). To prove the last statement fix (7,§)€dV(t,z) such that

min  min <gu>= min <gu>. Then, by (5.2), p<H(t,z,~7) and the result
g€m.dV(t,z)ueF(bz) ueF(tz) | y (5.2), pP<H(t,z,-7)

follows from (5.1). O

6. Superdifferentials of the value function - Pontrjagin’s principle

In this section we relate the adjoint solution of the Pontrjagin maximum principle to

the superdifferential of the value function.
Our basic tools are the results of [13], [16].

Let f:R"XR™—R"™ be a locally Lipschitzian differentiable function and
U:R"—>R™ be a locally Lipschitzian set-valued map with compact images. Consider the

problem
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minimize g(z(1)) (6.1)

over the solutions of the closed loop control system |
z =f(z,u), ueU(z) , (6.2)
z(0)eK (6.3)

where g is a differentiable function and K is a given set of initial states. We recall that

the contingent cone to K at z€ K is given by

. . . K-z
Ti(z) = {vil f dist =0
k(z) = {vlim inf dist (v,—=) = 0}

Let V be the value unction associated to the problem, i.e.
V(t,€) = inf{g(z(1)):z€ WH1(¢,1) is a solution of (5.2), z(t)=¢}

By the Theorem of Appendix, V is a locally Lipschitzian function.

Theorem 6.1. Assume that a trajectory control pair (z,u:) solves the above problem

and that there exist linear operators B(s)eL(R",R"),s€|0,1] satisfying
i) for all ze R", s— B(s)z is measurable
ii) for some k€L%°(0,1) and almost all s, || B(s)| <k(s)

iii) for almost all s and all zeR"

. U(z(s)+hu)—us(s)
hl_l't(r)l_'_dlst(B(s)z, A )=20

Then there exists a function g€ W1:°°(0,1) satisfying

-q(t) = (% f(z(t),u*(t))*+B(t)*%f(z(t),u*(t)))*q(t) a.e. in [0,1] (6.4)
<q(t),z (t)> = uex(r}?z)ft))<q(t),f(z(t),u)> a.e. in [0,1] (6.5)

q(0) € Tg(2(0))™ = {p:Yue TK(0), <p,u><0} (6.6)

~q(1)=g (2(1)) (6.7)

—q(t) € 3% V(t,2(t)) for all te[0,1] (6.8)

where 37 V denote the superdifferential of V with respect to z. Moreover for all ¢

such that the derivative 2'(t) exists

(H(z(t), 9(t)), —q(t)) €9, V(t,2(2)) -
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Remark. The last statement of the above theorem and Theorem 2.8 imply that for al-
most all t€[0,1] there exist (a,8)€d_ V(t,z(t)) such that

a+H(t,z,—p) =0

0

Remark. Assumptions i) - iii) are in particular verified when there exists a selection

p(t,z)eU(z), t€(0,1], zeR™ measurable in ¢ such that for all ¢, p(t,2(t)) = u«(t) and
p(t,) is differentiable at z(t). Then we can take for B(t) the matrix %%(t,z(t)) (compare

Leitmann [18]). O

Proof. For all ze R", set

F(z) = {f(z,u):x€U(2)}

By the example of Section 1 we can replace the dynamical system (5.2) by the differential
inclusion z €F(z).
From [13] follows the existence of a function g€ W''*(0,1) verifying (6.4)-(6.7).

Consider the linear equation
w = (L(a(6),un(e)+2L(2(s),un(s)) Bls))w (69)

and let we W11(0,1) be a trajectory of (6.9). By [15] there exist trajectories z,&€ W:(¢,1)

of (6.2) satisfying (z3~2)/h=w (in WL1(t,1)). Thus, by (6.7), (6.4), for all

P
w(t)eR"

<a(t), w(t)> = g (+(N)w(1) him_int [V(t,2(0)~ V{(5(e) ho0)]/b
=D3 (= V)(¢,2(t))uw(t)

and (6.8) follows from (2.16). Let t€[0,1] be such that the derivative z (t) does exist.
Then for all trajectory we W'+1(0,1) of (6.9) and ac R

D (- V)(t,2(8)) (@2 (£)+u(t))

= lim hﬂl&[V(t+ah,z(t)+h(az’(t)+w(t)))— V(t,z(t))]/k
= lim sup [V(t+ah,z(t+ahk)+hw(t+ak))— V(t,z2(t))|/h
h—0+

< g'(2(1))w(1) = <—g(t),w(t)> = <—q(t),~az () >+<—q(t),z (t)+w(t)>
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Hence, using (6.5) we obtain that for all (a,u)e RxR"
D (= V)(t,2(8)) (o) 2 —aH(z(8),a(8)) +<q(t) u>

Hence (H(z(t), q(t)), —q(t)) €9, V(t,2(t)). The proof is complete. 0.

Appendix. Regularity of the value function
Theorem 1. Assume that F satisfies (H;)—(H3) and (3.6).
i) I g is lower-semicontinuous and if F has convex images then V is also lower
semicontinuous. ‘
Assume next that g is bounded from below.
il) If the domain of definition of g is closed and F has convex images then V has a

closed domain of definition

ili) ¥ the domain of definition of g is open and g is uniformly continuous on it then
V has an open domain of definition and is continuous on it

iv) If g is Lipschitzian on its open domain of definition then V is locally Lipschitzi-

an on its open domain of definition.

Proof. Let (t;,§;)€DomV be a sequence converging to some (,£) and z;€5|;_;)(¢;) satisfy

V(t;,&) < 9(zi(1))< V(¢;,6)+1/¢

Let to=inft;. By [1, p. 120] we can extend every trajectory on the time interval [t,1]

and by [1, p. 104] there exists a subsequence z;, converging uniformly to a trajectory

IES[tO,I](f). Thus
V(t,€)<g(z(1))<lim kinf 9(z;,(1)) = lim inf V(¢.¢;)

and we proved i). H g is bounded from below then V is also bounded from below. The
last inequality implies also ii). To prove iii) fix (¢,§)€Dom V. By [1, p. 120] for every
€>0 there exists 6>0 such that ||(t ,6)—(t,£)| <6 implies that the Hausdorff distance
dg(R(1-t,t)€,R(1—-t ,t )€ )<e. Fix any p>0 and let ¢>0 be so that ||y—y, | <e implies
that | g(y)—g(y;)| <p. Let 6>0 be as above. If ||(t’,§’)—(t,§) | <6 then for every
165[1,1](5), there exists yGS[t"ll({) such that g(y(1))<g(z(1))+p and for all yeSlt"]_](f')
there exists xES[,,I](f) satisfying g(z(1))<g(y(1))+p. This implies iii). To prove iv) we
show first that V is locally Lipschitzian in £. From [1, p. 120] we know that the map
(¢,6)—5]1,1)(€) is locally Lipschitzian in £ with the constant independent of ¢. Since g is
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Lipschitzian on dom g we obtain that V is locally Lipschitzian in ¢. Fix
(t0,€0)€(0,1]x R™ and let N be a neighborhood of (t,£,) where V is Lipschitzian in £ with
a constant M;. Then for all t<t;, (¢,£),(¢;,;)EN satisfying R(¢;—t,t)€éeN and for every
z€5)1,1)(£)

I V(£,6)-V(tnE) I < I1V(E8)-V(Epz(t) [+ V(ey,2(t1))- VIt

<IV(E,8)—V(tnz(t) I+ Myl 2(¢) -4 |
t

Since z(t;)=¢+[z'(s)ds and z is bounded by a constant M we have
/ ,

Jo(t) -6l < N€-& |+ M(ty—1). Since _inf [ V(t,6)~ V(ty,a(ty))| = O the proof s
zES[,J](E)

complete. O.
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