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This paper deals with the problemn of adaptive estimation in the continuous time
Kalman filtration scheme. The necessary and sufficient conditions of the convergence
of the parameter estimators are discussed. For systems which are characterized by
constant but unknown parameters, the conditions of convergence can be checked
before the observation start. The method of proof is based on the relations between

singularity property of some probability measures and convergence of the Bayesian

estimation algorithm.
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CONTINUOUS TIME: ADAPTIVE FILTERING

A. Yashin

1. INTRODUCTION

In many cases, the coordinates of partially observed plants subjected to random
noise can now be successfully estimated (filtered) [1,2,3,4,5], by using good a priori

data on the structure and numerical values of the parameters.

In real life, however, some characteristics of the plants may prove impossible to
determine before the experiment or observations begin. This leads to certain difficul-
ties in solving ‘hie filtering problem. Uncertainty in the coefficients of the egquation
that describe the plant subjected to random disturbances, may lead to substantial
performance deterioration of coordinate estimating algorithms adjusted to certain

fixed values of the parameters [1].

Fortunately, the values of unknown parameters can be updated reasonably often
with the arrival of observed data. However, simultaneous estimation of both the

parameters and plant coordinates may prove to be the nonlinear problem. Lack of
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appropriate computer methods for the solution of nonlinear problems brings to life a
host of heuristic estimation algorithms, which work in many actual situations but

need more thorough analytical investigation [2,3,4].

The temptation to apply the available coordinate estimation algorithms {which
are only effective if the parameter values are known) to the solution of these non-
linear problems leads to adaptive filtering, whereby the filter equations use current
parameter estimates which are obtained from processing of observations. The equa-
tions or algorithms which lead to parameter estimates are referred to as adaptation,

or adjustment, algorithms [5, 6, 7, 8].

While in the case of available parameters the coordinate estimation algorithm is a
kind of Kalman filter, with unknown parameters this arrangement is referred to as

adaptive Kalman filtering [9, 10].

The choice of the algorithm for the parameter estimation is somewhat arbitrary
[11], but one common property is frequently very important in all of these algorithms:
the resultant parameter estimates should, in some sense, tend to their true values as
the number of observations grows. Such estimates are referred to as consistent. The
plant with unknown parameters is identifiable if the parameters’ estimates are con-

sistent.

It would be natural to investigate the property of parameter estimate consistency
through studying only the properties and characteristics of the initial plant dynamics
equations, the properties of noises, and the specifics of the filtering algorithms and
adaptation procedure. Such an attempt for systems described by discrete time equa-

tions has been reported in [12, 13, 14].

The conditions sufficient for consistency of parameters’ estimates, that take on

values from a certain finite set, follow, in those papers, from the singularity of proba-
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bilistic measures associated with various values of the parameter.

This paper provides the necessary and sufficient conditions for consistency of
these parameter estimates in adaptive Kalman filtering for the case of the denumer-

able set of the parameter values.

This proof relies on a close link between consistency and absolute continuity and
singularity of a certain family of probabilistic measures. In the cases to be discussed,
singularity entails consistency of estimates; the conditions for consistency may be
the conditions for the family of measures to be singular. Recent research concerning
absolute continuity and singularity of probabilistic measures associated with random
processes [15] has made formulating the necessary and sufficient conditions for
these properties possible. Representing some processes as solutions of stochastic dif-
fererential equations permits formulating the singularity conditions in terms of the
characteristics of these equations. In adaptive Kalman filtering, the characteristics of
the initial equations can be expressed as filter parameters. In this way, the condition
for consistency of estimates can be tested in each specific case before the observa-
tions are made. A study of consistency has been performed for Bayesian estimates in

discrete time adaptive Kalman filtering in [16, 17].

2. STATEMENT OF THE PROBLEM

The problem of parameter estimation in continuous time adaptive Kalman filter-

ing can be investigated in the framework of the following formal description.
On probabilistic space ({,H,P) a random variable f(w) is specified which takes

on values from a certain denumerable set {8;], i € N with a priori probabilities

P = P(ﬁ = ﬂi)- pi >0, Enpi = 1.
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Let HP be g-algebra in {2 that is generated by the values of the parameter 8.
On the same space the random process (9,£) =.&. t >0 is specified. Denote as

HP¢ and Hf the g-algebras

H“"f: r\lah’u-tu- v Su;

u>t

Hf = Notéy, v =u]

u>t

that are generated by values of the processes (9,£) and ¢ up totime t,t =0, respec-
tively. Let Hf*¢ = HF V H?¢ t = 0 are g-algebras generated by the union of g-algebras
H# and AP while Hf¢= HPV Hf t =0 are o-algebras generated by the union of o-

algebras Hf and Hf.t>0. Let H%= V‘H,”". HESE = V‘Hf"’~‘ =H, Hft= V‘Hf-‘.

Denote by H¢, H??¢ and H#4 the respective nondecreasing right-continuous families of

o-algebras.

Assume that on probability space (Q,H,P) the process (9,£) can be represented as

a system of stochastic differential equations:

dd; = a(f.t)V,dt + b (B.t)dW, ¢ + ba(Bit)dW,,, By (1)

dé = A(B.t)0dt + B(t)dWzs, fo

where (U;);20 is 2 sequence of k-dimensional vectors; (£ )20 iSs @ sequence of I-
dimensional vectors and W,;, ¥, are independent k, and k,-dimensional Wiener
processes, respectively, independent of the initial values of ¥, {; and the random value
of 8. The matrix a(8,t) is (k k), A(8,t) is (! k) and the matrices b,(8.t), by(8.t). and
B(t) are (k k,), (k k), and (I k), respectively, and are the bounded functions of time
for any value of 8 . The process 4 describes the time variation of the unobservable
coordinate of a certain dynamic plant, while the process £ models the measurement of

the coordinate 9 with random noise.
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Introduce on (2, H#?€) a denumerable family of probabilistic measures P*, ieN:

P'(4)

= —P(Amé:ﬂ‘;). ACHF, i e N

P

Assume that matrix B(¢)B°(t) is nonsingular for any t > 0. Let P;, P and P; denote
the restrictions of the measure P to the o-algebras Hf?¢, H¢ and Hf, respectively,
while P}, P* and P}, restriction of the measures P* to Hf?€, H¢ and Hf. Denote by Z}7
the Radon-Nicodim derivative of the measure Pj with respect to the measure P§ when

it exists.

Definition. Hf-adapted process B,. t 2 0 is considered to be a strongly consistent

estimate of the parameter § if
lim B =B P-us.
In this paper we will study the consistency conditions of the estimates 8; , t > 0 where
B = E(8| H).
3. RESULT

Assume that the initial conditions ¥ and {5 are such that

Ei(| 19012+ 40l 1?) <=, i €N, (2)

where E; denotes mathematical expectation with respect to the measure P*. From the
fact that the coefficients of the equations (1) are bounded and from the condition (2)

it follows that with any ¢ < = and 1 €N

E(| 18112+ 11&11%) <= (3)

Assume also that the joint distribution of the random variables ¥y and £ is Gaussian
with respect to each measure P, i€ N  Hereafter b,(i,t), by(i,t),

by(i.t), ba(i.t), a(i.t) and A(i.t) will replace b,(8;.t). ba(Bi.t). a{Bi.t). A(Bi.t). respec-



tively, for convenience of the notation.
The main result of this paper is the following theorem.

Theorem 1. The strong consistency property of the estimate f,, t >0 takes

place if and only for anyi.j €N

l Jig(t)dt = e (4)

where
Fig(t) = 9piS; ; (), ;(¢)S ;(¢ (B(t) B (t)™ (5)
5;;(t) =(0, —A(i.t), A(j.t)) (6)

and &, ; (t) are the solutions of the following linear differential equations:

B3U) - Ry (00805(8) + 8, (R () + Goylt) Goy(e)’ ?)
with
[ a(i.t) 0 0 ]
Ros(t) = [K(DAGL) aGt)-K(DAG.1) 0 ®
Ki{t)A(G.t) 0 a(s.t)-K;(t)A(5.t)
Ib,G.t)  boGt) o]
(%)

Gty=| 0 K(@)B(E) 0
0 K(t)B(t) O

and initial conditions
Ej(ﬁoﬂt{) Ej(‘l’omti)’) E,-(ﬁomi’}')
‘I’i.j(o) = Ej(mg’so') Ej(miom%).) E; mymi’)
E;(m}dg) Ej(mim{’) Ej(mimi’)

where
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K (t) = (b(i,6)B () + 7 (t)A(L.t) )N B() B (¢)) ™ (10)

and vy, (t) satisfy the following equations

dy(t)
dt

= a(it)y(t) + 7:(t)a(int)® + bby(t) - (11)

— (ba(i,t)B°(t) + 7 (t JA(LL)NB(t)B (t)) (ba(i.t ) B (t) + 7, (£)A(i.t)")"
bby(t) = b,(i,t)b,(i,t)° + by(i,t)ba(i,t)".

Corollary. Assume that the coefficients of the stochastic equations (1) do not
depend on time t, and a stationary solution of equation (7) exists. Then for the esti-
mate 8, to be consistent it is sufficient that foranyi,j € N, i = j

SpiS; ;9,8 ;(BB") ' # 0 (12)
where &, ; is a stationary solution of equation (10).

The Corollary follows from equalities (4) and (5), and from the stationarity

assumption.

Remark. n the case of a finite number of possible values of the parameter B and
constant coefficients in equation (1), condition (4) can be verified before the observua-

tions are made.

4. PROOF OF THEOREM 1
The proof will be preceded by several auxiliary lemmas.

Lemma 1. 7The process (¥,f) on probabilistic spaces (OM . H*{P*) can be

represented in the form:

do; = a(i,t Y0, dt + b,(i,t)dW, s + ba(i,t)d Wz, B (13)

dé; = A(i.t)8,dt + B(t)dWay. &
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where W, ;. W,, are independent Wiener processes independent of 84.£,.

Proof. First note that for any i € N measures P! are absolutely continuous with

, . dP}
respect to measure P and consequenty P} « P, for any t = 0. Denote A} = &T‘ Let us
t

consider the transformation of the local characteristics of the process %,£ with abso-
lutely continuous transformation of the probabilistic measure P into the measure
P'. i € N on (0,H??%%). From the definition of the measures P{, i € N, t = 0 it follows

that forany t = 0

_Xg=8)
By

A‘i

and consequently, A}, i€N, ¢t = 0 are independent on time. In compliance with the ana-
log of the Girsanov theorem on transformation of the local characteristics of the
processes with absolutely continuous transformation of the probabilistic measures,
the local characteristics of the process 4.{, in the case of a time independent Radon-
Nicodim derivative, remain unchanged and consequently the process ¥,f may be
represented by equation (1). Note now that following the definitions of the measures

P, 1 € N, the next equalities hold P* -a.s.

a(Bt) =a(it), A(B.t)=A(i.t) b(B.t)=0b,(it)

ba(Bit) = by(i,t), i €N,

while the processes W,;, F,, retain their properties with respect to the measures
Pt i € N Thus on (Q,H??%¢) the process (9.£) can be represented by stochastic dif-

ferential equation (13).

Consider now the transformation of the local characteristics of the process 4,¢
with the restriction of o-algebra Hf®¢ to H®{ Since the coefficients a(i.t)d,,

A(i,t)9;, are H*4-adapted the innovation process (3.£) which results from restricting
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the o-algebras Hf®* to HP?¢, t =0 can be represented on (Q,H%{P*).i € N in form
(13).

It is a well known fact that with the above assumptions the problem of estimation
of the coordinates of the process ¥ from observations of the paths of the process £ on

each space (0, 4%¢ P*) can be solved in conditional Gaussian terms. Denoting by
m{ = B(9 | Af)
the mean square optimal estimate of filtering for the process ¥ and by
7:(t) = B (9 —=mi)(¥ —m{)°*| Hf)

the conditional variance of the estimate m{, i € N, t = 0 we have, for these variables,

the well known equations [18]:

dmi = a(i,.t)midt + (14)
+ (6 (t)B°(t) + 7 ()AL NB()B (t))dé _—A(z‘.t)m:'dt). mo;

dy(t)

= e t)y(t) + yi(t)a(ine)” + bbi(t) - (15)

~ (b:(£)B"(t) + 7 ()A(i.t)") (B(t)B" ()™ (b (t) B™(t) + 7, (£)A(i.t)")",

7{0), ieN t=0.
Denote
mé= B9 [ HY), 7E(t) = B((8, - mf) (9, - mf)" | HF)
The following assertion is true.
Lemma 2. The process ¢ can be represented on (0, H#{,P) in the form
dé = A(B.t)mfdt + B(t)dW,, o (16)

and #; is H*¢-adapted Wiener process,
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The proof of this lemma can be done using the same arguments as in [18].

Lemma 3. On probabilistic spaces ((,HP P'),i € N the process ¢ can be

represented as
d¢ = A(Lt)m} + B(t)dW,, &, i€N, Pl-as (17)

Proof. Using the absolute continuity of the measure P{, i € N, £ = 0 in relation to

d P}
the measure P;,, =0 and time independent of the derivatives P?' t=>0,1 €N, we
¢

have, in compliance with the analog of the Girsanov theorem on transformation of
local process characteristics with absolutely continuous transformation' of probabilis-
tic measures, that the characteristics of process ¢ which is represented by equation
(16), do not change with the replacement of measure P by measure P!, i € N. The fol-

lowing equalities hold P* -a.s.

AB.t) = A(i.t);
be(B.t) = b, (i.t), k& =12

mf = m};
whence follows presentation (17).

The properties of process ¢ are found to ensure equivalence between the proba-

bilistic measures P} and P§, i#j. Let us formulate and prove this assertion.
Lemma 4. Measures P} and P{ are equivalent on measurable space ( 0, Ht).

Proof. The boundedness of the coefficients A(i,t), a(i,t), b(i,t), B(¢) and non-

singularity of the matrix B(¢)B°(t) provide for any f < = the inequality

:
JUC Gu)(BBu) ' Cliu) + C*(j.u)(BB(u) ' C(j.u)) Jdu <=
0

where
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a(i.t)v, 0]
A(i,t)8, O

Cc(i,t) =

which is true P* and P/-a.s. In accordance with the Liptzer-Shiryaev result [18]
(chapter 7) it yields the equivalence of P} and P{ on (OM,H®£). It follows then that the

restrictions of these measures to ( (1, H¢ ) are equivalent, that is P} ~ P/ .

Lemma 5. The processes (m{);aq. i € N are Gaussian on the probabilistic spaces

(QLHEP*), k € N ; k is not necessarily equal toi.

Proof. It is easy to see that the processes (m});s0. i € N are Gaussian on proba-
bilistic spaces (LH{P), i € N. Let us prove that the processes (m(i.t);20 i € N are
Gaussian on probabilistic spaces (Q,H{,P*), k # i, k € N. Because the simultaneous ini-
tial distribution of the variables %44, on any of the probabilistic spaces
(0.A*,P*), i € N is Gaussian, the random variables m} = E;(¥,| #§) are linear func-
tions of {g with any j € N and, consequently, simultaneous distributions of the vari-
ables mj,,, are also Gaussian on probabilistic spaces (), 7*£,P*) where k € N, k # j.

Substituting into equation (14) for the values of ml'.& from equation (1) we have

dmj = a(j.t ymidt + (18)
+ (ba(d.t)B (t) + 7; ()AL Y W B(t)B (£ )) (A(B.t )8 — A(G .t)m]) +

+(bo(G.£)B(2) + 7;()A"(G.£)(B(¢)B (1)) B(t )d Wy,

The fact that the joint distribution of (m{.8¢,&) is Gaussian and the formula for ¥,
and m{,j € N, t = 0 are linear, makes processes (m{);»q. € N and (¢, ),»0 Gaussian on
probabilistic spaces (Q.H‘.l_"‘), k €N,k #3j which was required. Consequently, the
variables {A(i,t)m{ — A(j,t)m{). j € N are Gaussian for any of the measures P*, k € N.

Lemma 6. Singularity conditions for measures P; and Pj may be written as fol-

lows
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TE 4G w)ms - 4G w)md] (Bu) B*(w)) x (19)

x [A("'-u)"n; "A(j.u)ﬂ].l{]du = =

Proof. Using the main result of paper [15] one can say that measures P! and P

are singular if and only if
SJUAGw)mE - AGGu)m{]"(B(w)B () [AG.u)mi - AG.u)mfldu == (20)

with E—-probability 1. Taking into account that processes m{ are Gaussian on any pro-
babilistic spaces (,H4P* ), k € N and result [18], one can see that this condition is
equivalent to condition (18). Condition (19) is not very convenient for checking in a

general case. For calculation of the mathematical expectation in (19) perform certain

additional constructions.
Let &, ;(t) denote a block matrix

(B (8,9 Ej(sm) Ej(smi"]
E;(m{s;) E;j(m{m{") E;(m{mj")
E;(mis;) Ej(m{m{") E;(mim]")

and S; ;, a block matrix

(0, —A(i.t), A(j.t)).
Using the well-known property of matrix multiplication [19] one can write
E;j(A(i.t)m{ — A(F.t)m{) (B(t)B"(t)) " A(i.t )ym{ — A(j .t )m{) =
= Sp (B (AG.t)mf — AG.£)mi)(AG.t)mf — A(.t)m]) (B(¢)B (¢)) ™Y}

Direct verification shows that the matrix

E;j(A(i.t)mi — A(G . )m)(AGL.t)mi - A(j.t)m])”
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can be represented in terms of matrices $, ;(t) and §; ;(t) as follows :

E;j(A(Gi.t)m] — A(G.t)m)(AG.t)m} — A(G.t)m])* = 5, ;(t)&; ;(t)S ;(t)
Conseqpently

E;(A(i.t)m{ = A(G.£)m])(B(t)B () (ALt )m{ - A(G .t )m]) =

= 5pS; ;9. ;(t)S;(B(t)B (t) ™

Let us find now the recurrence equation for the matrix &, ; (t). Take up a block matrix

F ;(t) which has the form

Yy 99y 9mi* 9,mj’
F j(t) = [mi| (8. m{" m{") = |m{8, m{m{® mim{°
m{ m{s; mim}’ mim{°

Using recurrence equation (14) for m{ and m{ and equation (1) for ¥; we have for

block elements of the matrix ¢; ;(t) = E;F;(t)
dE; (V¥ .
Ezfﬂ: 0 a(i,t)E; (8,90 + By (8y8)a’(int) + bby(t);

(I - o5, (mim{) + By(mimi)a (G .b) + K(£)B(E)B()KS(2);

W: a(i,t)Ej(mimi) + B;(mim{a’(j.t) +

+ K (t)(A(Lt)Ej(mim{)) — A(5.1)B; (mim{") + (B;(mim{)A°(i.t) -

— B (mim{)A (L. ))KXt) + K(t)B(t)B (t)K(t):

dE-(thz‘mt") = a (i, t)E;(mim{) + Ej(mim{)a(j.t) + K(t)(A(j .t ) By (mjmi")

— AG.E; (mim{) + K(t)B(£)B*(£)K}(t):
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D L < 0 OB (5 + By(misa’(i.t) + (B (5,504°G 1) -

- E;j(0m{)AG.L)K(t) + ba(i,t) B (t) K (t):

BB - By (mivda(iut) + a (it Nomisy) +

+ K (E)(AG B (3,8¢) — A(Lt)E;(ms))) + K (t)B(t)bg(it);

Introducing the matrices

a(i,t) 0 0
Ri(t) = |K(t)AG.t) a(it)-K(t)A(i.t) 0
K (t)A(5.t) 0 a(f.t)-K;(t)A(5.t)

bl(j) bz(j) 0
Gy(ty=| 0 K(t)B(t) O
K;(t)B(t) O

the formula for @ij(t) can be rearranged into a matrix form

7o Rij(t)d;(t) + 85 R;(t)" + G;(t)Gy(t)".

Consequently, the conditions for singularity of the measures P* and P, i#j.,1.J €N

are equivalent to (4) of the theorem.
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