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FOREWORD 

Many large urban agglomerations in the developed countries 
are either experiencing population decline or are growing at 
rates lower than those of middle-sized and small settlements. 
This trend is in direct contrast to the one for large cities 
in the less developed world, which are growing rapidly. Urban 
contraction and decline is generating fiscal pressures and 
fueling interregional conflicts in the developed nations; ex- 
plosive city qrowth in the less developed world is creating 
problems of urban absorption. These developments call for the 
reformulation of urban policies based on an improved under- 
standing of the dynamics that have produced the current patterns. 

During the period 1979-1982, the former Human Settlements 
and Services Area examined patterns of human settlement trans- 
formation as part of the research efforts of two tasks: the 
Urban Change Task and the Population, Resources, and Growth 
Task. This paper was written as part of that research acti- 
vity. Its publication was delayed, and it is therefore being 
issued now a few months after the dissolution of the HSS Area. 

Andrei Rogers 
former Chairman 
of the Human Settlements 
and Services Area 



ABSTRACT 

T h i s  p a p e r  d i s c u s s e s  some fundamen ta l  d i f f i c u l t i e s  f a c e d  

by r e s e a r c h e r s  a t t e m p t i n g  t o  model h i e r a r c h i c a l  s e t t l e m e n t  

sys tems .  P a r t i c u l a r  a t t e n t i o n  i s  p a i d  t o  t h e  p rob lem o f  r e l a t i n g  

t h e  e f f e c t s  o f  c i t y  s i z e  and o f  t h e  r e g i o n a l  l o c a t i o n  on 

growth  p r o s p e c t s  f o r  a c i t y .  I t  i s  a r g u e d  t h a t  t h e  c e n t r a l  

i s s u e  h e r e  i s  a need t o  re la te  a m u l t i r e g i o n a l  s p e c i f i c a t i o n  

o f  change t o  t h e  h i e r a r c h i c a l ,  o v e r l a p p i n g  r e g i o n s  t h a t  a r e  

t y p i c a l  o f  a n  u r b a n  s y s t e m  and r e f l e c t  i t s  c i t y  s i z e  d i s t r i b u -  

t i o n .  A t y p o l o g y  i s  p r o v i d e d  o f  methods t h a t  c o n v e r t  i n t e r -  

a c t i o n s  between a r b i t r a r i l y  d e f i n e d  r e g i o n s  i n t o  i n t e r a c t i o n s  

between more mean ing fu l  f u n c t i o n a l ,  u rban  c e n t e r e d ,  r e g i o n s .  

T h i s  i s  t h e n  u s e d  i n  a n  e x e r c i s e  t h a t  d e m o n s t r a t e s  how a  con- 

v e n t i o n a l  m u l t i r e g i o n a l  economic model may b e  r e s t r u c t u r e d  

t o  a l l o w  u s e  o f  a  h i e r a r c h i c a l  set  o f  f u n c t i o n a l  r e q i o n s ,  i n  

s u c h  a  way t h a t  r e g i o n a l  economic t h e o r y  may be  used  t o  a s k  

q u e s t i o n s  a b o u t  t h e  e f f e c t  o f  c i t y  s i z e  and r e g i o n a l  l o c a t i o n  

on u rban  phenomena. 
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MODELLING INTERDEPENDENCIES IN HIERARCHICAL 
SETTLEMENT SYSTEMS 

INTRODUCTION 

The modeling of change in an urban system has been tackled 

at two broad levels. On the one hand, the relation of urban 

growth to city size has received extensive attention, testi- 

fied to by the extent of literature on the benefits of city 

size and on the dynamics of city size distributions (see the 

reviews by Richardson, 1973;  Carroll, 1982;  Sheppard, 1 9 8 2 ) .  

The common criticism of this literature, voiced also in these 

reviews, is that the interdependencies between cities are 

ignored in such discussions. The second level represents an 

attempt to model a complete urban system with all the asso- 

ciated inter-urban interdependencies (see the plea by Simmons 

and Bourne, 1 9 8 1 ) .  This literature, which tends to draw 

heavily on the methodology and theories developed for modeling 

systems of regionstcan in turn be criticized for not taking 

into account the hierarchical nature of urban systems. In 

multi-regional models, all regions are essentially alloted 

the same importance, but in an urban system the extent of in- 

fluence, and thus the importance of large metropolitan areas 

means that they should be treated differently from small cities 

and towns. This has resulted in the evolution of a distinctive 



sub-category of urban systems models that concentrate almost 

exclusively on the hierarchical nature of inter-urban inter- 

dependencies, and bear little apparent relation to multi- 

regional approaches (Pred, 1971; Hudson, 1972; Bassett and 

Haggett, 1971; Pigozzi, 1980; Weissbrod, 1976). 

The real situation clearly is some mixture of city size 

elements on the one hand, and the relative location and inter- 

dependency of cities on the other hand. Just as the growth, 

and thus the size of cities depends on links with the other 

cities, so it is also the case that the nature of these links 

depends on the size and sphere of influence of the various 

cities. An example of the importance of this issue is that 

the growth rate of cities of a given size in the United States 

depends on the region they are located in. Thus while the 

major metropoli of the northeast are declining, those of the 

Southwest continue to expand (Berry and Dahmann, 1977) . The 

regions in which these cities are located are in turn an aggre- 

gation of cities and their rural hinterlands, and it is the 

prosperity of these clusters of cities that influences indi- 

vidual metropoli. 

While the conclusion that city size and patterns of inter- 

urban interdependence influence one another is hardly surpris- 

ing, researchers working on the urban system (and on other 

strongly hierarchical systems) face a particular problem. 

This may be posed as a question: how can inter-urban inter- 

dependencies and the hierarchical nature of urban systems be 

simultaneously taken into account? The purpose of this paper 

is to provide some steps on the way to answering this question. 

Section 1 motivates the discussion by illustrating the problems 

faced by urban system modelers. Section 2 presents some rather 

abstract ways of attempting to resolve this problem, while 

Section 3 illustrates how this type of solution can be applied 

to introducing hierarchical elements into a model of inter- 

urban flows and prices. 



1.  THE PROBLEMS OF URBAN SYSTEM HIERARCHIES 

Hierarchical systems come in many forms. Some are capable 

of straightforward treatment, such as hierarchies with a strict 

top-down structure. But urban and regional systems are signi- 

ficantly more complicated than this (Rietveld, 1981b). In 

these systans, flows can go up and down between hierarchical 

levels, and also between cities at the same level. This is 

a basic principle stemming from central place theory (Christaller, 

1933). But perhaps more importantly than this, there are no 

clear boundaries between branches of the hierarchical tree that 

can (see Pred, 1971) be used to represent an urban system. This 

makes it particularly difficult to identify the separate ele- 

ments of an urban system. 

The difficulty can perhaps be illustrated by an analogy. 

Biological systems are also strongly hierarchical, but at 

certain levels there are distinct individuals that can be 

separated from one another. Thus cells and individual plants 

and animals can be isolated physically from one another. As 

a result the influence of cells upon one another, and of cells 

on some larger level of aggregation such as an animal, can be 

modeled at least in principle by identifying the individual 

cells and then summing up the influence of each cell in turn 

to derive some aggregate effect. 

Unfortunately this is much more difficult with urban sys- 

tems. If an entire urban system is split into individual 

functional entities, in parallel to the cells or individuals 

of biology, it is generally agreed that these functional units 

can be well represented by a city together with its rural 

hinterland (cf. Kawashima and Korcelli, 1982). However, urban 

hinterlands overlap in two rather complicated ways. First of 

all, cities from high up in the urban hierarchy have hinter- 

lands encompassing the hinterlands of many smaller cities, as 

is to be expected due to the hierarchical structure. But, at 

every level, there is no complete identification of each lower 

order hinterland to a single higher order hinterland. Thus, 

for example, two large cities can simultaneously have direct 



con tac t  w i th ,  and i n f l uence  on, a  smal le r  c i t y .  Second, h in-  

t e r l a n d s  de f ined  around c i t i e s  of t h e  same l e v e l  i n  an urban 

h ie ra rchy  over lap ;  r u r a l  a r e a s  along s imul taneous ly  t o  two 

s e p a r a t e  h i n t e r l a n d s  a t  t h e  same h i e r a r c h i c a l  l e v e l .  

This over lap  makes it d i f f i c u l t  t o  i d e n t i f y  t h e  u n i t s  of 

a n a l y s i s  of an urban system. The na tu re  of t h i s  problem i s  

i d e n t i c a l  t o  t h a t  faced by mu l t i - reg iona l  modelers. I n  o rde r  

t o  meaningfully f o r e c a s t  reg iona l  change, t h e  i n d i v i d u a l  re-  

g ions  must f i r s t  be i d e n t i f i e d .  I f  t h i s  i s  n o t  we l l  done, 

then  t h e  reg ions  between which f lows a r e  modeled may n o t  

rep resen t  f u n c t i o n a l  c l u s t e r s  of a c t i v i t i e s ,  and any at tempt  

t o  t r e a t  a  reg ion  a s  such a  c l u s t e r  and t o  f o r e c a s t  i t s  pros- 

p e r i t y  may w e l l  be unsuccess fu l .  For t h i s  reason,  reg iona l  

modelers have turned t o  func t i ona l  regions a s  t h e i r  u n i t s  of 

a n a l y s i s .  However, o f t e n  such reg ions  a r e  on ly  i d e n t i f i e d  

a t  one h i e r a r c h i c a l  l e v e l .  This has had two e f f e c t s .  F i r s t ,  

such reg ions  a r e  no t  u s e f u l  f o r  h i e r a r c h i c a l  models a s  men- 

t ioned i n  t h e  i n t r o d u c t i o n .  Second t h e  reg ions  a r e  non- 

~ v e r l a p p i n g ~ f o r c i n g  sub-regions t h a t  belong t o  two l a r g e r  re -  

g ions t o  on ly  be included i n  one of them. Any a t tempt  t o  

a l low f o r  a  h i e r a r c h i c a l  s t r u c t u r e  is achieved by aggregat ing  

lower o rde r  reg ions  i n t o  non-overlapping h igher  o rde r  reg ions  

( c f .  H a r r i s ,  1 9 8 0 ) .  But, aga in ,  t h i s  i s  a  very seve re  way of  

rep resen t i ng  t h e  r a t h e r  ambiguous manner i n  which urban-centered 

reg ions  do d i v i d e  up t h e  n a t i o n a l  space of an economy. 

A r e g i o n a l i z a t i o n  which exc ludes t h e  p o s s i b i l i t y  of over- 

l aps  between reg ions  poses s p e c i a l  problems f o r  a  model of  

i n t e r - r e g i o n a l  in te rdependenc ies .  Two non-overlapping reg ions  

A and B a r e  proposed, and then  i n t r a - r e g i o n a l  i n t e r a c t i o n s  

A + A,  B + B a r e  i d e n t i f i e d  and separa ted  from i n t e r - r e g i o n a l  

i n t e r a c t i o n s  A * B .  But i f  i n  f a c t  t h e  two reg ions  ove r lap ,  

then  some f lows A + A should i n  f a c t  be c l a s s i f i e d  a s  A + B ,  

and v i c e  versa .  These a r e a s  of ambiguity occur i n  t hose  sub- 

reg ions  of A and B t h a t  i n  f a c t  rep resen t  a  zone of over lap  

where both A and B s imul taneous ly  e x e r t  a  d i r e c t  i n f l uence .  

I f  f lows a r e  m i s c l a s s i f i e d  i n  t h i s  way, due t o  t h e  enforced 



misclassification of the overlapping region, then a confusion 

is introduced similar in effect to that of improperly construct- 

ing regions in the first place. 

The sophistication of this argument, however, must be 

confronted with the fact that data is collected for non- 

overlapping regions, for compelling administrative reasons. 

Thus at an operational level researchers are forced to use 

such regions. But the possibility exists of e x  p o s t  adjust- 

ments to these regions, and to the flows between them, in 

such a way that the misclassified flows are more correctly 

classified. Then inter- and intra-regional interdependencies 

may be more adequately separated from one another, perhaps 

leading to better forecasts. Such corrections could also 

simultaneously take into account the overlaps of higher 

order regions. If such adjustments could successfully 

be made, then one important implication would be that the 

models, and extensive experience, developed for multi- 

regional analysis could be applied to modeling an urban system 

in a way that accounts for its real hierarchical nature. 

The following section proposes some ways of making such 

ex p o s t  adjustments in a hierarchical urban system. The re- 

sults presented here are complex and do not at this stage have 

the elegance necessary if they are to be practically useful. 

However, it is hoped that if the approach taken is sound then 

future work may lead to practical proposals, which would at 

least allow an estimate of the size of the misspecification 

error introduced by not accounting for the overlapping and 

hierarchical nature of urban centered regions. 



2 .  INTERREGIONAL AND INTERURBAN INTERACTIONS: A TYPOLOGY 

2 . 1 .  I n t e r a c t i o n s  Amongst Well-Defined Resions 

Consider t h e  ( a r t i f i c i a l )  c a s e  where a na t i on  i s  d iv ided  - - 
i n t o  a non-overlapping s e t  of urban-centered reg ions  A , B = 1 ,  ..., R ,  

with metropol i  A,  B ,  ... R.  Let PA; be t h e  p r o b a b i l i t y  t h a t  an 

i n t e r a c t i o n  (o f  commodities o r  p e o p l e ) ,  s t a r t i n g  from some p a r t  

of reg ion i, f lows d i r e c t l y  t o  some p a r t  of reg ion  6 .  Assuming 

( reasonably)  t h a t  t h e  na t i on  is  an open system, l e t  o rep resen t  - 
t h e  o u t s i d e  wor ld,  and assume f o r  a l l  A: p i o  2 0 with  t h e  in -  

e q u a l i t y  ho ld ing i n  a t  l e a s t  one case .  Then t h e  R x R matr ix  

of i n t e r a c t i o n s ,  P i s  t r a n s i t i v e .  A s  a consequence, t h e  matr ix :  

i s  f i n i t e  and con ta ins  elements u i j  r e p r e s e n t i n g  t h e  p r o b a b i l i t y  

t h a t  a u n i t  of commodity sh ipped,  o r  a person migra t ing ,  w i l l  

ever  reach j from i. U i s  a mat r i x  of t o t a l  i n f l uences  o r  

"geographica l  p o t e n t i a l s " ,  which i n  t u r n  i s  r e l a t e d  t o  t h e  

p o t e n t i a l  func t ion  of a Markov process (Seneta 1 9 8 1 ;  Sheppard 

1 9 7 9 ) .  

I f  f u n c t i o n a l  reg ions  r e p r e s e n t  t h e  most meaningful u n i t s  

f o r  analyz ing s p a t i a l  demoeconomics then t h i s  mat r i x  P con ta ins  

f lows t h a t  can be i d e n t i f i e d  wi th  meaningful o r i g i n s  and d e s t i -  

na t i ons .  The f lows themselves a r e  then more l i k e l y  t o  be 

meaningful.  

The reg ions  used i n  t h e  above a n a l y s i s  a r e  themselves 

aggregates t h a t  a r e  i n t e r n a l l y  heterogeneous. However t h i s  

he te rogene i ty  i s  n o t  random bu t  may i t s e l f  be s u s c e p t i b l e  t o  

subd iv is ion  i n t o  f u n c t i o n a l  subreg ions.  Such a d i v i s i o n  of 

aggregate e n t i t i e s  i n t o  d isaggregate  bu t  s t i l l  meaningful 

e n t i t i e s  i s  simply a procedure of rep lac ing  a smal le r  group 

of l oose ly  k n i t  b u t  heterogeneous f u n c t i o n a l  reg ions by a l a r g e r  

number of less heterogeneous reg ions .  We do no t  seek t o  

maximize homogeneity i n  our  groups,  bu t  r a t h e r  t o  maximize t h e  

func t i ona l  un i t y  of each member. 



I f  ou r  r e g i o n s ,  A ,  can each i n  t u r n  be d i v i d e d  i n t o  a  set  

of  comple te ly  e x c l u s i v e  and mutua l ly  exhaus t i ve  f u n c t i o n a l  

subreg ions ;  a , b  = 1 ,  ..., M I  such t h a t  each subreg ion  i s  w i t h i n  

on ly  one r e g i o n ,  t hen  w e  have a  wel l -def ined set  of r e g i o n s  

(F igu re  1 ) .  R e l a t i n g  aggrega te  and d i s a g g r e g a t e  f lows i s  

t hen  r e l a t i v e l y  s imp le ,  s i n c e :  

h 

where pa i s  t h e  p r o b a b i l i t y  t h a t  a  randomly s e l e c t e d  t r i p  * 
s t a r t i n g  i n  r e g i o n  A w i l l  o r i g i n a t e  i n  a ,  and pab i s  t h e  prob- 

a b i l i t y  t h a t  a  t r i p  from c e n t e r  a  w i l l  t e r m i n a t e  i n  c e n t e r  b. 

W e  d i s t i n g u i s h  h e r e  t h e  f low from c e n t e r  A t o  c e n t e r  B simply 
* 

t o  emphasize t h a t  it must be inc luded .  Indeed,  i f  P i s  t h e  

ma t r i x  o f  d i r e c t  i n t e r a c t i o n s  between subreg ions  ( i n c l u d i n g  

t h e  subreg ions  c e n t e r e d  on t h e  r e g i o n a l  c e n t e r s ,  A ,  B ,  e t c .  

a s  i n  F igu re  1 ) :  

Region A Region 

i n t e r r e g i o n a l  boundary 
- - - --  boundary between subregions 

F igu re  1. Wel l -def ined reg ions .  



where P* i s  t h e  M by M mat r i x  of /P:bl, G i s  an  K by M aggre- 

g a t i o n  ma t r i x ;  w i t h  i t s  rows indexed by reg ions  and i t s  columns 

by subreg ions .  Ent ry  g i j  i s  one i f  subreg ion j i s  a  member o f  
- 

r eg ion  i; ze ro  o the rw i se .  Note t h a t  G I G  = I; G . G 1  = H ;  a d ia -  

gona l  ma t r i x  w i t h  hii equa l  t o  t h e  number o f  subreg ions  i n  re -  

g ion  i . F i n a l l y ,  W i s  a  d iagona l  we ight ing m a t r i x  w i t h  e n t r y  
A 

wii = pi. I£ P*, W and G a r e  known, P can immediately be de- 

r i v e d .  I f  P, W and G a r e  known, P* can be es t ima ted  i n  a  

" l e a s t  b i a s e d "  way (Sheppard 1975; Sn i cka rs  and Weibul l  1977) :  

* 
s u b j e c t  t o  equa t i on  ( 2 )  and non-nega t i v i t y  c o n d i t i o n s  on pab. 

Knowledge of W i m p l i e s  possess ing  some theo ry  o r  d a t a  t h a t  

p rov ides  knowledge abou t  t h e  p ropens i t y  t o  make t r i p s .  Th is  i s  

a  complex i s s u e  i n t i m a t e l y  l i n k e d  w i th  q u e s t i o n s  o f  a c c e s s i b i l i t y  

t h a t  cannot  be pursued h e r e  ( c f .  Sheppard 1980) .  

The r e l a t i o n  between p o t e n t i a l  m a t r i c e s  U ,  and u * ,  where U* 

i s  t h e  M by M mat r i x  o f  p o t e n t i a l s  between a l l  subreg ions :  

can a l s o  be s p e c i f i e d .  From ( 1  ) ; ( 3 )  : 

* u-' = I - GWP G '  

whence 



2 . 2 .  ~ n t e r a c t i o n s  Amongst Overlapping Regions 

~t i s  t y p i c a l l y  t h e  c a s e  t h a t  we cannot c o n s t r u c t  wel l-  

de f ined  aggregat ions of f u n c t i o n a l  urban reg ions .  There a r e  

four  sources of indeterminancy. F i r s t ,  t h e  f u n c t i o n a l  t e r r i -  

t o r i e s  sur rounding lower o rde r  c i t i e s  have a s p a t i a l  e x t e n t  t h a t  

does n o t  co inc ide  wi th  t h a t  of t h e  a r e a s  of i n f l uence  of t h e  

h igher  o rde r  c e n t e r s  (F igure 2 ) .  Second, i t i s  imposs ib le  t o  

draw p r e c i s e  boundar ies hetween func t i ona l  reg ions  because they 

over lap .  Th i rd ,  d i f f e r e n t  t ypes  of i n t e r a c t i o n  w i l l  f a l l  t o  

low l e v e l s  a t  d i f f e r e n t  d i s t a n c e s  from any c i t y ;  and f o u r t h ,  

a r e a s  may be er roneous ly  c l a s s i f i e d  i n t o  t h e  wrong reg ion.  

A l l  of t h e s e  sources of e r r o r  imply t h a t  r e g i o n a l  boundar ies 

a r e  fuzzy (Gale and Atkinson 1979).  Thus an observed flow from 

A t o  B may i n  f a c t  be more app rop r ia te l y  c l a s s e d  a s  an i n t e r n a l  

f low w i th in  t h e  f u n c t i o n a l  reg ion  of B .  

A s  an example of t h e  f i r s t  source of e r r o r ,  cons ider  

F igure 2.  Funct iona l  reg ions  a r e  t y p i c a l l y  de f ined  i n  terms 

of t h e  l e v e l  of i n t e r a c t i o n  between a r e a l  u n i t s  and a c i t y  

i d e n t i f i e d  a s  t h e  core  of t h e  reg ion.  However, l o c a t i o n  z i n  

F igure 2 may have s t r o n g e r  d i r e c t  c o n t a c t s  with A ,  than wi th  B ,  

thus  lead ing  t o  it be ing c l a s s i f i e d  a s  p a r t  of reg ion A ,  

whereas i n d i r e c t  c o n t a c t s  z -+ b, -+ B may be s t r o n g e r  s t i l l .  

I f  t h i s  i s  t h e  case  i t i s  a t  l e a s t  p a r t i a l l y  er roneous t o  

r e p r e s e n t  z a s  a member of t h e  f u n c t i o n a l  reg ion x.  Concrete 

examples would be t h a t  an i n d i v i d u a l  from z shops more a t  A than 

a t  B ,  but  he/she o b t a i n s  even more goods by p lac ing  o r d e r s  i n  

town b l w i t h  l o c a l  merchants who buy from c i t y  B .  Sim i la r l y  a 

person i n  z may become unemployed due t o  l a y o f f s  i n  town b7 

responding t o  economic cond i t i ons  a t  B ,  r a t h e r  than  due t o  

cond i t i ons  i n  A.  I n  s h o r t  i n d i r e c t  i n t e r a c t i o n s  may be more 

powerful  than d i r e c t  i n t e r a c t i o n s ,  and, p a r t i c u l a r l y  on t h e  



in ter reg iona l  boundary 
- - -- boundary between subregions 

F igure  2 .  H i e r a r c h i c a l l y  over lapp ing  urban c e n t e r e d  r e g i o n s .  

f r i n g e  of f u n c t i o n a l  r e g i o n s ,  may o p e r a t e  i n  t h e  o p p o s i t e  

d i r e c t i o n .  I f  on l y  d i r e c t  i n t e r a c t i o n s  a r e  cons ide red  t h e  

r e s u l t  is  an i d e n t i f i c a t i o n  e r r o r  c l a s s i f y i n g  some i n t r a r e g i o n a l  

f lows ( z  + b l  ) a s  i f  t hey  w e r e  i n t e r r e g i o n a l ,  and v i ce -ve rsa .  

The cha l l enge  of  r e c o n s t r u c t i n g  meaningfu l  f lows i s  pursued i n  

t h e  n e x t  subsec t i on .  

2 . 3 .  Recons t ruc t ing  F u n c t i o n a l l y  Meaningful I n t e r a c t i o n s .  

2.3.1.  Observed I n t e r a c t i o n s  

I t  h a s  been t r a d i t i o n a l  i n  r e g i o n a l i z a t i o n  problems t o  

c l a s s i f y  r e g i o n a l  membership on t h e  b a s i s  o f  a l l o c a t i n g  lower 

o r d e r  urban c e n t e r s  t o  t h a t  r e g i o n a l  c e n t e r  w i t h  which they  

have t h e  h i g h e s t  d i r e c t  i n t e r a c t i o n .  This  approach was 

p ioneered  by Nystuen and Dacey (1961) and has  been used 

inter a l i a  by Simmons (1974) .  L e t  us  a l t e r n a t i v e l y  assume, 

f o r  s i m p l i c i t y ,  t h a t  sub reg ions  whose c e n t e r s  are i n  a p a r t i c u l a r  



reg ion should i d e a l l y  be t r e a t e d  a s  p a r t  of t h a t  f unc t i ona l  

reg ion.  Thus suppose t h a t  t h e  a r e a s  shaded i n  F igure 2 have 

been m is -c lass i f i ed  a s  a r e s u l t  of cons ider ing  on ly  d i r e c t  

i n t e r a c t i o n s  wi th  c e n t e r s  A and B.  Also assume t h a t  a l l  

i n d i v i d u a l s  i n  a subregion can be t r e a t e d  a s  responding t o  

t h e  same socioeconomic environment. Then t h e  f lows between 

reg ions  must be modif ied t o  take  i n t o  account t h e  p ropor t ion  

of a subregion t h a t  i s  ass igned t o  each l a r g e r  reg ion .  

Define t h i s  by a non-binary fuzzy membership func t i on  p (6) 
a 

rep resen t i ng  the  p o s s i b i l i t y  t h a t  a randomly s e l e c t e d  i n d i v i d u a l  

from - a i s  i n  f a c t  s t a r t i n g  a t r i p  from a l o c a t i o n  t h a t  i s  wi th in  

A ,  where : 

pa(A) cou ld ,  f o r  example equa l  t h e  p ropor t ion  of t h e  subreg iona l  

popula t ion of - a r e s i d i n g  i n  A .  The p r o b a b i l i t y  t h a t  a move * 
from a t o  b i s  i n  f a c t  a move from 6 t o  6 [pa, ( A l )  1 , which we 

may c a l l  a fuzzy i n t e r a c t i o n ,  i s :  

Then t h e  t o t a l  p r o b a b i l i t y  t h a t  a randomly s e l e c t e d  t r i p  

i n  t h e  system occurs  from A t o  l is:  

O r ,  genera l i z i ng  ( 3 )  : 

* 
P = P ( G )  WP P ( G )  ' - - 



where P ( G )  - i s  an R by M matr ix  wi th  i ,  j - th  e n t r y  equa l  t o  p .  ( I ) ,  
7 

t he  p r o b a b i l i t y  t h a t  an i nd i v idua l  from subregion j l i v e s  i n  

reg ion  I. P ( G )  i s  thus  a  fuzzy g e n e r a l i z a t i o n  of G .  P would 

then rep resen t  t h e  matr ix  of o b s e r 7 ~ e d  i n t e r r e g i o n a l  f lows. 
* 

The r e l a t i o n  between U and U is  now more complex because 

P ( G )  ' P  ( G )  i s  n o t  an i d e n t i t y  mat r i x ;  

* -1 * * u*-l = I - p = I - N G [ I  - P ( G ) ~ J - ~ P ( G ) G  1 ( 1 2 )  

* 
with  G = [ P ( G ) ' P ( G ) ] - I .  

2.3.2. Adjusted I n t e r a c t i o n s  

Let  us assume f o r  s i m p l i c i t y  t h a t  each subreg iona l  c e n t e r  

i s  dominated by only one reg iona l  c e n t e r .  W e  might term t h i s  

b inary  h i e r a r c h i c a l  dominance as  " C h r i s t a l l e r i a n "  (F igure  3 ) ,  

where a  h i e r a r c h i c a l  r e l a t i o n  i s  taken t o  e x i s t  whenever t h e r e  

i s  a  d i r e c t  i n t e r a c t i o n  between two l o c a t i o n s .  

economic situation in A economic situation in B 

a 
production a 

2 
3 

and trade in 
alEA(d) 

production 
b2 

3 
and trade in 

Figure 3. C h r i s t a l l e r i a n  h i e r a r c h i c a l  dominance. 



a E A(d) i s  a s ta tement  t h a t  t h e  c e n t e r  of subregion ai i 
i s  dominated by t h e  (h ighe r  o r d e r )  reg iona l  c e n t e r  of reg ion A. 
Since t h i s  r e g i o n a l  c e n t e r  cannot i n t e r a c t  d i r e c t l y  wi th  sub- 

reg ions  dominated by another  reg iona l  c e n t e r  by assumption, 

i n t e r a c t i o n s  from reg iona l  c e n t e r  A t o  b  o r  from a  t o  B ,  
i ' i 

a r e  excluded. Therefore the  t o t a l  i n t e r r e g i o n a l  i n t e r a c t i o n s  

rep resen t  d i r e c t  f lows from c e n t e r  A t o  c e n t e r  B ,  o r  from sub- 

c e n t e r s  ai t o  subcenters  bi. ~ h u s  no i n te r - reg iona l  f lows occur 

from one l e v e l  of t h e  h ie ra rchy  t o  ano the r .  Formally:  

- * * 
Pig - - I pa I Pab + BA PAB 

a= (dl  ~ E B  (d )  

* 
where p  i s  t h e  p r o b a b i l i t y  t h a t  a  t r i p  from c e n t e r  A w i l l  

AB - 
t r a v e l  d i r e c t l y  t o  c e n t e r  B ,  and p i i  i s  t h e  p r o b a b i l i t y  t h a t  

a  t r i p  i s  made d i r e c t l y  from some p o i n t  i n  t h e  reg ion  dominated 

by A t o  some po in t  i n  t h e  reg ion  dominated by B.  

Our C h r i s t a l l e r i a n  h i e r a r c h i c a l  s t r u c t u r e  imp l ies :  

Notice a  s u b t l e  bu t  v i t a l  d i f f e r e n c e  between equat ion (131 and 

equat ion ( 2 )  . In  ( 1  3) s e t  membership is  def ined  by f u n c t i o n a l  

dominance; i n  ( 2 )  i t i s  given by t h e  (wel l -def ined)  reg iona l i za -  

t i o n .  

We wish t o  conver t  observed aggregate i n t e r a c t i o n s  p-- AB 
i n t o  f u n c t i o n a l l y  based i n t e r a c t i o n s  Gxg. The assumption under- 

l y i n g  t h i s  aggregat ion i s  t h a t  a  b e t t e r  s p e c i f i e d  s e t  of r e l a -  

t i o n s h i p s  w i l l  be der ived  i f  a r e a s  i n d i r e c t l y  dependent on 

reg ion  B ,  but  c l a s s i f i e d  a s  being l oca ted  i n  reg ion A were t o  

be r e - i d e n t i f i e d  wi th  reg ion  B. The i n t e r a c t i o n s  observed 

across  t h e  given A/B boundary must then be ad jus ted  t o  a l low 

f o r  t h i s  r e c l a s s i f i c a t i o n ;  i . e . ,  f lows from reg ions  dominated 

by B must be c l a s s i f i e d  a s  being f lows from B.  



Defining P a s  t h e  mat r i x  of ad jus ted  i n t e r a c t i o n s ,  6 ~ 6 :  

whence, from ( 1 1 ) 

with  t h e  R by M matr ix  of dominance r e l a t i o n s ,  G d ,  having i , j - t h  

element equal  t o  one i f  subregion j  i s  dominated by reg ion i 

and zero o therwise.  Once again  GAGd = I .  

Equation ( 1 4 )  shows how an observed aggregate i n t e r r e g i o n a l  

i n t e r a c t i o n  mat r i x  P can be converted i n t o  a more meaningful 

mat r i x  of f lows between f u n c t i o n a l l y  de f ined  reg ions ,  P.  The 

necessary  in format ion f o r  t h i s  procedure a r e  e s t i m a t e s  of (i) 

t h e  p r o b a b i l i t y  Pa(f3) t h a t  an i n d i v i d u a l  i n  some f u n c t i o n a l l y  

de f ined  subregion a i s  a c t u a l l y  r e s i d i n g  w i th in  t h e  aggregate 

f u n c t i o n a l  reg ion  8 ,  f o r  a l l  a = 1 ,  . . . , M ;  B = 1 ,  . . . , R ;  and (ii) 

t h e  reg iona l  c e n t e r  which h i e r a r c h i c a l l y  dominates each sub- 

reg ion.  Then mat r i ces  Gd and P ( G )  can be cons t ruc ted ,  and 

our  f u n c t i o n a l l y  meaningful i n t e r a c t i o n  mat r i x  i s :  

assuming t h e  i n v e r s e s  e x i s t .  I t  i s  most impor tant  t o  no te  t h a t  

no knowledge of t h e  d isaggregate  f lows i s  necessary ;  f o r  purposes 

of a l t e r i n g  P t o  P ,  es t ima t ions  descr ibed  i n  equat ion  ( 4 )  can 

be bypassed. 



2 . 3 . 3 .  Adjus ted I n t e r r e g i o n a l  Flows w i t h  Fuzzy H i e r a r c h i c a l  
R e l a t i o n s  

The C h r i s t a l l e r i a n  assumpt ion t h a t  each sub reg ion  i s  domi- 

na ted  by on l y  one r e g i o n a l  c e n t e r  i s  c l e a r l y  a  s i m p l i f i c a t i o n ;  

w e  may g e n e r a l i z e  t h i s  by recogn i z i ng  (w i t h  Pred ,  1971, and 

o t h e r s )  t h a t  each subreg ion  may be dominated t o  d i f f e r e n t  

deg rees  by s e v e r a l  r e g i o n a l  c e n t e r s ,  making t h e  set  r e l a t i o n  

of  dominance fuzzy .  T h i s  c a s e  has been e x t e n s i v e l y  t r e a t e d  

by Ponsard (1977) . H e  a rgues  t h a t  many t y p e s  o f  i n t e r a c t i o n s  

occur  between urban c e n t e r e d  r e g i o n s  o f  v a r i o u s  h i e r a r c h i c a l  

p o s i t i o n s .  Def ine  f t j  t o  be t h e  d i r e c t  i n t e r a c t i o n  o f  t y p e  k  

between urban c e n t e r s  i and j .  W e  normal ize  t h e s e  a s  f o l l ows  

i f  f low k  i s  determined 
by supp ly  c o n s i d e r a t i o n s  

/ max f i j  \ f i j  
j  i 

i f  f l ow  k  i s  determined 
by demand c o n s i d e r a t i o n s  

Thus once t h e  k - th  t ype  o f  i n t e r a c t i o n  i s  de f i ned  a s  p r i m a r ~ l y  

supp ly  o r  demand de te rmined ,  t h e  index  g t j  measures t h e  dominance 

of  i ove r  j  ( f o r  g i ven  k )  r e l a t i v e  t o  t h e  t o t a l  dominance 

e x e r t e d  by t h e  most i n f l u e n t i a l  urban c e n t e r .  For each  i n t e r -  
k  urban l i n k  ( i , j ) ,  w e  have a  range  o f  v a l u e s  of  g  (one f o r  i j  

each k ) ,  and w e  can c o n s t r u c t  a  " fuzzy"  m a t r i x  F; w i t h  i , j - t h  

e n t r y  p = [min g  k  k  
i j  i j f  m;x g i j 1  Each e n t r y  i n  F  i s  t h u s  a  

k  
doub le  e n t r y  g i v i n g  maximum and minimum v a l u e s  f o r  t h e  l e v e l  

of dominance of  i ove r  j .  These v a l u e s  can be ranked and mani- 

p u l a t e d  c o n s i s t e n t l y  (Ponsard  1977) .  Even i f  t h e s e  ranges  a r e  
k  - reduced t o  one number . e l  g i j  - g i j  f o r  a l l  k) it s t i l l  has  

a  " fuzzy"  i n t e r p r e t a t i o n  a s  t h e  degree  of  e x i s t e n c e  of  dominance 

of  i ove r  j  ( t h e  l e v e l  of p o s s i b i l i t y  t h a t  i has  o f  dominat ing 

j ) .  



Once i n t e r r e g i o n a l  i n t e r a c t i o n s  between c e n t e r s  a t  d i f f e r e n t  

h i e r a r c h i c a l  l e v e l s  a r e  included ( i . e . ,  p*, paB 1 0 ) ,  i t no 

longer  i s  p o s s i b l e  t o  say t h a t  any one subreg ion i s  uniquely 

a s s o c i a t e d  w i th  any one reg ion.  Indeed any i n t e r a c t i o n  observed 

from ai t o  b  r e p r e s e n t s  an i n f l uence  t h a t  on ly  p a r t l y  o r i g i n a t e s  
j  

i n  reg ion A. To ta l  i n t e r a c t i o n  from some reg ion  B d i r e c t l y  

t o  subregion ai i s  given by: 

where QB i s  t h e  p r o b a b i l i t y  t h a t  a  t r i p  w i l l  be generated from 

reg ion B dur ing  a f i x e d  t ime per iod.  Define t h e  l e v e l  of d i r e c t  

dominance of reg ion  A over some subregion a a s  D ( A )  : i ai 

D ( A )  = 1 - 
ai B#A 1 'Ba] / (z B 'Ba) 

where 

Then t h e  i n t e r a c t i o n  from ai t o  b  t h a t  o r i g i n a t e s  d i r e c t l y  
j  * 

from reg ion  A i s  given by Da ( A ) p a a b  , and t o t a l  i n t e r a c t i o n  
i 1 j  

from reg ion  A t o  reg ion B t h a t  d i r e c t l y  o r i g i n a t e s  w i th in  reg ion 

A is: 

h * P i g  = D,(A) pa 
a€A ( d )  Pab bEB (d )  

Define an R by M fuzzy dominance mat r i x ,  D ,  with  i , j - t h  e n t r y  

equa l  t o  D .  ( i ) ,  i f  i r j  a r e  members of t h e  same f u n c t i o n a l  reg ion ,  
J 
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zero o therwise.  Then from equat ion  ( 1 9 ) :  

* 
P = DWP G i  

Note t h a t  t h e  i , j - t h  element of D i s  zero  i f  t h e  i , j - t h  element 

of Gd is  zero ,  t hus  a l l  f e a s i b l e  products  of D and Gd a r e  

d iagona l  mat r i ces .  

An assumption under ly ing equat ion  ( 2 0 ) ,  with  t h e  i n c l u s i o n  

of G d ,  i s  t h a t  i n t e r a c t i o n s  i n t o  some subregion b of reg ion B 
thus  rep resen t  i n t e r a c t i o n s  a f f e c t i n g  reg ion g .  However, by 

extending t h e  above arguments, i f  b  i n  t u r n  d i r e c t l y  i n t e r a c t s  

wi th  subreg ions a s s o c i a t e d  wi th  o t h e r  reg ions ,  then  a p a r t  of 

t he  flow i n t o  b  i s  expor ted aga in  ou t  of 8 .  Thus ( 2 0 )  may be - 
modif ied t o  count only those  flows t o  b  t h a t  remain w i th in  B 

a s  fo l lows.  

Define a mat r i x  E l ,  of dimension M by R ,  with  i , j - t h  

e lements : 

where E .  ( j )  i s  zero  i f  i i s  a subregion no t  belonging t o  reg ion 
1 

j .  Then 

* 
= 1 D a ( f i )  B, 1 PabEb(B) 

'A' aEA(d) bEB (d )  

* 
P = DWP E r  

Again E has t h e  same s t r u c t u r e  a s  D and G d '  



2 . 3 . 4 .  Adjusted I n t e r r e g i o n a l  Flows w i t h  I n d i r e c t  Re la t i ons  

I n  g e n e r a l ,  p a r t i c u l a r l y  i n  models w i t h  s t a t i c  i n t e r a c t i o n  

m a t r i c e s ,  t h e  i n f l u e n c e  of one l o c a t i o n  on a n o t h e r  i s  g iven  by 

t h e  sum of a l l  d i r e c t  and i n d i r e c t  i n t e r a c t i o n s ,  o r  t h e  geo- 

g raph i c  p o t e n t i a l  d i f f e r e n c e  a long  t h a t  l i n k  (Sheppard 1 9 7 9 ) .  

This  i s  a l r e a d y  i m p l i c i t  i n  t h e  arguments of t h e  p rev ious  sec- 

t i o n .  To c o n c e p t u a l i z e  t h i s  w e  s h a l l  d i s c u s s  i n  t u r n  a  f i r s t  

approximat ion and t h e  l i m i t i n g  case .  

A s  a f i r s t  approx imat ion,  i n t e r a c t i o n s  from any subreg ion  

g  t o  ano the r  subreg ion  h  may c o n t a i n  i n t e r a c t i o n s  t h a t  p a r t l y  

o r i g i n a t e  i n  reg ion  A', and may a f f e c t  f lows from g t h a t  go from h  

d i r e c t l y  t o  B. Then t h e r e  i s  an e lement  of i n te rdependence  from 

A t o  B t h a t  e x i s t s  even i n  a  f low between g  and h  when g  and 

h  do n o t  be long t o  A o r  B. The t o t a l  f lows from A t o  B 
should  i n c o r p o r a t e  t h i s :  

where t h e  fuzzy r e l a t i o n s  D and E r e p r e s e n t ,  r e s p e c t i v e l y ;  t h e  

p o s s i b i l i t y  t h a t  a  f low from g  r e s u l t s  from a  f low i n t o  g  from 

A ,  and t h e  p o s s i b i l i t y  t h a t  a  f low i n t o  h  w i l l  i n  t u r n  d i r e c t l y  

a f f e c t  8 .  Both of t h e s e  p o s s i b i l i t y  r e l a t i o n s  may be non-zero 

f o r  any subreg ion and reg ion ,  d e f i n i n g  t h e  g e n e r a l i z e d  m a t r i c e s  
- 
D and E. Then: 

- *- 
P = DWP E f  

I t  shou ld  be noted t h a t  d e s p i t e  t h e  g e n e r a l i t y  of  t h e  two 

p o s s i b i l i t y  f u n c t i o n s  D and E w e  a r e  r e t a i n i n g  a  p r e c i s e  d e f i -  

n i t i o n  of which subreg ions  shou ld  be ass igned  t o  which r e g i o n a l  

c e n t e r s .  I f  t h i s  were n o t  done a l l  of  t h e  s t r u c t u r e  of t h e  

problem would. be l o s t .  



* 
Turning a t t e n t i o n  t o  t h e  l i m i t i n g  c a s e ,  we r e c a l l  t h a t  U 

c o n t a i n s  t h e  t o t a l  d i r e c t  and i n d i r e c t  i n t e r a c t i o n s  between * * 
a l l  p a i r s  of sub reg ions ,  and t h a t  U i s  f i n i t e  i f  P i s  t r a n s i -  

t i v e .  Now t h e  t o t a l  i n f l u e n c e  e x e r t e d  on subreg ion  b  ( t h e  

p r o b a b i l i t y  of e v e r  reach ing  b  from some randomly chosen s t a r t i n g  

p o i n t  i n  t h e  system) may be de f i ned  a s  t h e  l o c a t i o n  p o t e n t i a l  * 
a t  b ;  t h e  b- th column sum of U . I t  seems, however, n o t  r e l e v a n t  

t o  assume t h a t  each  subreg ion  i s  e q u a l l y  l i k e l y  t o  i n t e r a c t  

w i t h  o t h e r  reg ions .  There fo re  w e  should  d e f i n e  l o c a t i o n  

p o t e n t i a l ,  U b ,  a s  weighted by o v e r a l l  i n t e r a c t i o n  p r o p e n s i t i e s :  

Then t h e  p o s s i b i l i t y  t h a t  any g iven  a c t i o n  a t  b  i s  i n f l uenced  

by causes  emanat ing from some reg ion  A i s :  

* * 
Db ( A )  = u,' 

The p o s s i b i l i t y  t h a t  an a c t i o n  a t  b  i n f l u e n c e s  e v e n t s  i n  reg ion  

A is: 

* 
and,  d e f i n i n g  t h e  R x M m a t r i x  D from (28)  and t h e  R by M * 
mat r i x  E from ( 2 9 ) :  



A 

where W i s  an R x R diagonal  mat r i x ,  QRR = gR; and Q i s  a  
4 

- - I diagonal  ma t r i x ,  qii - Ui . 

* * * -1 
where Q i s  a d iagona l  mat r i x ,  qii =( k Uig) . Therefore 

s f 0  

* 00 * -1 * * R e c a l l i n g U  = ( I - P )  = 1 p*k ,  t h e n P U  = ( I - P * ) - '  - I ,  

and k=O 

F i n a l l y ,  P may be r e l a t e d  t o  observed aggregate i n t e r a c t i o n s ,  * -1 -1 
P, s i n c e  from equat ion  ( 1  1 ) P = H-' P(G) I P S )  H W , whence 

- 1 
U* = [I - H- 'P - ( G )  'PF  - ( G )  H-'W-'] where H = - -  P ( G )  'P ( G )  and the re -  

f o r e  

Equation ( 3 5 ) ,  i n  a l l  i t s  complexi ty,  desc r ibes  how an 

observed mat r i x  of i n t e r a c t i o n s  between reg ions  de f ined  a s  i n  

F igure 2 may be converted t o  a  "meaningful" mat r i x  of i n t e r -  

reg iona l  f lows. I n  t h i s  case  meaningful f lows between reg ions  

A and B a r e  t h e  sum of a l l  d i r e c t  i n t e r r e g i o n a l  f lows weighted 

by t h e  p r o b a b i l i t i e s  t h a t  those  flows e v e r  o r i g i n a t e d  i n  reg ion  

A and w i l l  ever  te rm ina te  i n  reg ion  8 .  Once again  t h i s  conver- 

s i o n  may be made w i thou t  any knowledge of t h e  d isaggregated 



f lows matr ix .  We do however r e q u i r e  in format ion,  a t  t h e  d isag-  

g regate  l e v e l ,  of @,, 1 u and 1 1 6-6 u ag B b b a a  These t h r e e  terms 
gEA 
g#O 

ii b 

may be i n t e r p r e t e d  a s  t h e  propens i ty  f o r  a  subregion t o  genera te  

i n t e r a c t i o n ;  t h e  genera l  a c c e s s i b i l i t y  of t h e  r e s t  of t h e  system 

from t h a t  subreg ion,  and t h e  a c c e s s i b i l i t y  of t h a t  subregion 

from t h e  r e s t  of t h e  system. I t  may we l l  be p o s s i b l e  t o  provide 

es t ima tes  of t h e s e  wi thout  a  knowledge of i n d i v i d u a l  pa i rw ise  

f lows. 

2 . 4 .  Summary 

Assume t h a t  we have an empi r i ca l  system of reg ions ,  each 

h i e r a r c h i c a l l y  decomposed i n t o  subregions t h a t  themselves do 

n o t  co inc ide  i n  e x t e n t  wi th  reg iona l  boundar ies (F igure 2 ) .  

Suppose f u r t h e r  t h a t  t h e  i n t e r a c t i o n s  between t h e s e  reg ions 

have been observed,  o r  modeled, as  P. However because they a r e  

no t  we l l  de f ined  w i th  r e s p e c t  t o  t h e  subreg ions ,  t h e s e  i n t e r -  

a c t i o n s  do no t  r e p r e s e n t  in terdependencies between f u n c t i o n a l l y  

meaningful u n i t s .  In  o rde r  t o  conver t  them t o  more meaningful 

i n t e r a c t i o n s ,  P must be converted i n t o  a  t h e o r e t i c a l l y  more 

d e f e n s i b l e  mat r i x  of i n t e r a c t i o n s  p .  The na tu re  of t h i s  con- 

vers ion  depends on how i n t e r r e g i o n a l  l i n k s  a r e  conceptua l ized.  

However, i t  may be shown i n  each case t h a t  a l though ( o r  r a t h e r ,  

because) reg iona l  i n t e r a c t i o n s  P and p depend on a l a r g e r ,  more * 
d isaggregated ,  i n t e r a c t i o n s  mat r i x  P , it i s  n o t  necessary  t o  

know subreg iona l  i n t e r a c t i o n s  i n  o rde r  t o  perform t h i s  conver- * 
s ion .  We only need t o  know how P and P a r e  r e l a t e d  t o  P . The 

r e s u l t s  a r e  summarized i n  Table 1 ,  where t h e  choice of  procedure 

i s  seen t o  depend on how in terdependencies a r e  conceptua l ized.  

3 .  FROM REGIONAL ECONOMICS TO URBAN SYSTEMS MODELS 

Modeling t h e  s p a t i a l  development of reg ions  has t y p i c a l l y  

involved d e f i n i n g  a s e t  of reg ions and r e l a t i n g  them toge the r  

i n  some way. The dominance t h a t  any one reg ion  might e x e r t  



T a b l e  1 .  C o n v e r t i n g  o b s e r v e d  i n t o  mean ing fu l  i n t e r r e g i o n a l  i n t e r a c t i o n s  i n  a  h i e r a r c h i c a l  
u rban  sys tem.  

CONCEPTUALIZATION OF INTERDEPENDENCIES CONVERSION EQUATION DERIVATION INFORMATION NECESSARY FOR CONVERSION 

CASE A 

Only d i r e c t  i n t e r r e g i o n a l  i n t e r a c t i o n s  
cons idered between c e n t e r s  a t  t h e  same 
h ie ra rc l i i ca l  l e v e l  i n  d i f f e r e n t  
reg ions .  

CASE B 

I n t e r r e g i o n a l  i n t e r a c t i o n s  between 
d i f f e r e n t  l e v e l s  of  t he  h ie rarchy  
al lowed. D i rec t  i n t e r r e g i o n a l  f lows 
weighted by t h e  l i ke l i hood  t h a t  each 
subregion is d i r e c t l y  in f luenced by 
even ts  from wi th in  t h a t  subregion.  

From equat ions  P robab i l i t y  t h a t  an a rea  f unc t i ona l l y  - [G~P(G) ' ] - '  P [ G ~ P ( G ) ' ] - ~  (111, (14) a p a r t  of one reg ion  is mistakenly 
c l a s s i f i e d  i n  another  reg ion ,  
[P (G) ]  . The a l l o c a t i o n s  o f  subreg ions  
t o  f unc t i ona l  reg ions  (G ) .  

d 

From equa t i ons  A s  above, p l u s  knowledge f o r  each 
(11) , (181, (20) subregion o f  t h e  propor t ion  o f  d i r e c t  

6 - [P(G) (D'D)-'D~]-' P [Gdp(G) 'I-' (no te  D'D is i n t e r a c t i o n  te rminat ing  t h e r e  t h a t  
d iagona l )  o r i g i n a t e s  i n  t h e  same fu t l c t iona l  

reg ion  (D). 

- - 

CASE C 

As f o r  c a s e  8, except  t l ie p ropor t ion  
of  f lows te rminat ing  i n  any subregion 

I - [P(G) (D'D)-lDe s 

is reduced by t he  l i ke l i hood  of  t h a t  
I -l 

subregion immediately con tac t i ng  [E(E'E)-'P(c) 'I-' 
p laces  ou ts i do  t h e  f unc t i ona l  reg ion .  

From equat ions  A s  above, p l u s  knowledge o f  t h e  l i k e -  
( l l ) ,  (211, (23) l ihood t h a t  each subregion w i l l  
( no te  E'E is d i r e c t l y  i n t e r a c t  w i th  o t h e r  p l a c e s  
d iagona l )  w i t h i n  t h e  same func t i ona l  reg ion  

(E l .  

CASE D 

A s  f o r  c a s e  C, except  t h e  flow between 
any p a i r  of  subreg ions  g,h is a f low s - 
between any p a i r  of  reg ions  A,B (g,h 
9 A,B) , weighted by t h e  l i ke l i hood  
t h a t  f lows e x i s t  from A t o  g and from 
h t o  8 .  

[P(G) (D'o)-'~?]-' P 
From equat ions  As above, p l u s  knowledge of  t h e  l i k e -  
, , 2 l ihood of  any subregion rece i v i ng  

[E(E.L-'P (G) 11-I d i r e c t  i n t e r a c t i o n  from, o r  sending 
dir,rect i n t e r a c t i o n  t o ,  each reg ion  
(E,D a r e  expanded ve rs ions  o f  E , D ) .  

CASE E - - 
A s  f o r  c a s e  D, except  t h e  p robab i l i -  P - Q G ~ W Q  [I - H-'P (G) -' W -l]-l From equa t i ons  A s  case  B p l u s  knowledge of t h e  l i k e -  
t i e s  of con tac t  o f  A t o  g and h t o  B 1 3 0 ,  3 1  l ihood t h a t  a t r i p  i n  t h e  system 
a r e  g iven by t h e  l i ke l i hood  of any [(I - f l p  (G) 'PP (G) W-'W-')-' (321, (341, (35) w i l l  o r i g i n a t e  from any subregion 
c o n t a c t  by d i r e c t  o r  i n d i r e c t  means (WGd), and knowledge of  t h e  o v e r a l l  
(geograph ica l  p o t e n t i a l s )  between a c c e s s i b i l i t y  of  any subregion from 
t h e s e  p laces .  t h e  rest of  t he  system [Q) and t o  t h e  

reet of the myatem (Q*) . 



ove r  o t h e r s  i s  t o  be determined from an e m p i r i c a l  a n a l y s i s  of 

t h e  r e l a t i v e  s t r e n g t h  o f  i n t e r r e g i o n a l  l i n k s .  By c o n t r a s t ,  

models o f  change i n  urban systems have tended t o  impose a  " t op  

down" s t r u c t u r e ;  growth impulses a r e  seen  a s  d i f f u s i n g  through 

t h e  urban h ie ra rchy  moving qu i ck l y  between l a r g e  c i t i e s  and i n t o  

t h e  f u n c t i o n a l  r e g i o n s  o f  t hose  c i t i e s  (Hudson 1972) .  Indeed 

many ana l yses  have demonst ra ted t h e  e x i s t e n c e  o f  s h o r t  pe r i od  

space-t ime l a g s  i n  urban responses  t o  impulses,  r e f l e c t i n g  

t h i s  p rocess  ( f o r  a  r e c e n t  example see P igozz i ,  1983) .  However 

both o f  t h e s e  concep t ions  a r e  on ly  p a r t l y  c o r r e c t .  

The h i e r a r c h i c a l  s t r u c t u r e ,  imply ing c i t i e s  connected 

t o g e t h e r  d e n d r i t i c a l l y ,  cannot  a l low f o r  many o t h e r  i n t e r a c t i o n s  

t h a t  a r e  c l e a r l y  impor tan t  both  up and a c r o s s  t h e  h i e r a r c h y  

(Pred 1971) .  Once t h e s e  loops a r e  a l lowed f o r ,  t h e  responses  

o f  c i t i e s  t o  growth impulses can be brought  about  by a l l  s o r t s  

of d i r e c t  and i n d i r e c t  t r ansm iss ion  r o u t e s  through t h e  system 

and can t h u s  occur  more t han  once f o r  any g iven  c i t y ,  and i n  

a  temporal  o r d e r  t h a t  e v e n t u a l l y  b e a r s  l i t t l e  r e l a t i o n  t o  t h e  

o r i g i n a l  h i e r a r c h i c a l  s t r u c t u r e .  Th is  may e x p l a i n  why t h e  

most s u c c e s s f u l  e m p i r i c a l  demons t ra t ions  o f  l e a d s  and l a g s  a r e  

l i m i t e d  t o  responses  t h a t  occur  w i t h i n  one t o  t h r e e  months o f  

t h e  i n i t i a l  impulse.  Bennet t  ( pe rsona l  communication), f o r  

example, has  sugges ted  one month a s  t h e  maximum t i m e  l a g  a t  

which meaningfu l  r e s u l t s  can be ob ta ined  f o r  t h e  B r i t i s h  urban 

system. I t  i s ,  perhaps ,  on l y  dur ing  t h e  f i r s t  p a s s  o f  an impulse 

through t h e  sys tem t h a t  t h e r e  can be any hope o f  d e t e c t i n g  a  

meaningfu l  p a t t e r n .  L a t e r  on,  t h e  v a r i o u s  s p a t i a l  feedbacks 

w i l l  d i s t u r b  any r e g u l a r  sequencing of responses  t h a t  might be 

hoped f o r .  Not on l y ,  t h e n ,  a r e  t h e r e  loops  and c y c l e s  i n  t h e  

system of i n te r -u rban  i n te rdependenc ies ,  b u t  t h e r e  appa ren t l y  

must be geograph ica l  b i a s e s  t o  t h e s e  f lows.  I f  t h e y  w e r e  depen- 

d e n t  on l y  on t h e  i n  situ c h a r a c t e r i s t i c s  o f  t h e  c i t i e s  invo lved 

t hen  c i t i e s  o f  t h e  same type  would be i d e n t i c a l l y  a f f e c t e d ,  and 

t h e r e  would be no r e g i o n a l  d i f f e r e n t i a t i o n  of c i t y  performance 

f o r  c i t i e s  of a  p a r t i c u l a r  t ype .  

On t h e  o t h e r  hand, t o  assume no h i e r a r c h i c a l  s t r u c t u r e  t o  



t h e  i n t r a - n a t i o n a l  space economy a t  a l l  can a l s o  l e a d  t o  d i f f i -  

c u l t i e s .  I f  a  n a t i o n  i s  d iv ided  i n t o  a  few l a r g e  reg ions ,  even 

when meaningful ly de f ined  a s  cen tered  on t h e  major c i t i e s ,  l i t t l e  

can be s a i d  about  those  o t h e r  c i t i e s  l oca ted  w i th in  t h e s e  func- 

t i o n a l  reg ions  simply because t h e  s c a l e  of  a n a l y s i s  i s  inappro- 

p r i a t e .  I f  we d i v i d e  t h e  na t i on  i n t o  very many very smal l  

u n i t s ,  t h e  sheer  s i z e  of t h e  problem i s  such t h a t  i n  t h e  ab- 

sence of any s t r u c t u r e  inposed on t h e  i n t e r a c t i o n  p a t t e r n s  t h e  

number of i n t e r r e g i o n a l  i n t e r a c t i o n s  t o  be modeled i s  enormous 

(9,625,206 i n  t h e  case  of coun t i es  i n  t h e  United S t a t e s ,  a  s c a l e  

used by H a r r i s ,  1980) .  

A model t h a t  a l lows f o r  reg iona l  and urban aspec ts  of 

demoeconomic change would i d e a l l y  i nco rpo ra te  t h e  advantages 

of both t h e  above approaches. I n t e r r e g i o n a l  in te rdependenc ies  

may be represented  a s  l i n k s  between t h e  c i t i e s  of major func- 

t i o n a l  urban reg ions ,  i nc lud ing  those between lower o rde r  c i t i e s  

w i th in  those  reg ions .  H ie ra rch i ca l  r e l a t i o n s  w i l l  be rep resen ted  

by s t rong  f lows between c i t i e s  of d i f f e r e n t  h i e r a r c h i c a l  o r d e r  

b u t  w i th in  t h e  same branch of t h e  h ie ra rchy .  F i n a l l y ,  t h e  

model i t s e l f  would have a h i e r a r c h i c a l  s t r u c t u r e  a l lowing 

r e p r e s e n t a t i o n  of i n t e r r e g i o n a l  l i n k s  between t h e  fewer h igher-  

o rde r  f u n c t i o n a l  reg ions  and t h e  more numerous lower-order 

reg ions .  

Urban system theory  and p l a i n  common sense inform us t h a t  

d i f f e r e n t  t ypes  of in terdependencies a r e  impor tant  a t  d i f f e r e n t  

s c a l e s .  I f  one cons ide rs  wage o r  p r i c e  format ion,  f o r  example, 

t h e  s c a l e  of a n a l y s i s  a t  which these  a r e  determined depends on 

t h e  geographic scope of t h e  i n s t i t u t i o n s  involved.  Nation- 

wide unions and/or nation-wide corpora t ions  w i l l  s e t  c e r t a i n  

wages a t  a  n a t i o n a l  s c a l e .  Examples a r e  auto-workers'  wages 

i n  t h e  United S t a t e s ,  miners '  wages i n  B r i t a i n ,  and f e d e r a l  

government wages everywhere. On t h e  o t h e r  hand i n  i n d u s t r i e s  

where t h e  unions do no t  have nation-wide p e n e t r a t i o n  (such a s  

t e x t i l e s  i n  t h e  U . S . )  o r  i n  co rpo ra t i ons  whose ope ra t i ons  a r e  

r e s r i c t e d  t o  c e r t a i n  reg ions  ( r e g i o n a l  r e t a i l i n g  companies),  

a  r e g i o n a l  s c a l e  i s  a p p r o p r i a t e ,  w i th  a c t i o n s  i n  one reg ion  



a f f e c t i n g  t h o s e  i n  o t h e r s  provid ing a  g r e a t e r  geographica l  

v a r i a t i o n  nation-wide. F i n a l l y ,  s i n g l e  e n t e r p r i s e  companies 

and h igh ly  l o c a l i z e d  co rpo ra t i ons ,  p a r t i c u l a r l y  i f  assoc ia ted  

wi th  l a b o r  o rgan iza t i ons  whose p o l i c i e s  a r e  l o c a l l y  determined, 

w i l l  s e t  wages a t  a  l o c a l  s c a l e ;  wages t h a t  show t h e  g r e a t e s t  

geographica l  v a r i a t i o n  and t h e  lowest  l e v e l  of s p a t i a l  auto-  

c o r r e l a t i o n .  S im i l a r  arguments may be made about p r i c e  forma- 

t i o n ;  c e r t a i n  p r i c e s  show a  s t rong  c o r r e l a t i o n  between c i t i e s  

a s  they a r e  s e t  n a t i o n a l l y  by suggested r e t a i l  p r i c e s  ( f o r  

i n s t a n c e ,  s tandard  brand-name commodit ies).  Others a r e  s e t  

r e g i o n a l l y  (such a s  i n  a g r i c u l t u r a l  commodity markets)  o r  l o c a l l y  

(persona l  s e r v i c e s ) ;  w i th  t h e  l i n k s  between l o c a t i o n s  being a t  

b e s t  i n d i r e c t  l ead ing  t o  correspondingly l e s s  we l l  c o r r e l a t e d  

p r i c e s .  This would sugges t  t h a t  d i f f e r e n t  t ypes  of a c t i v i t i e s  

should be modeled a t  d i f f e r e n t  reg iona l  s c a l e s  ( o r  equ iva len t l y  

a t  d i f f e r e n t  p o s i t i o n s  w i th in  t h e  urban h ie ra rchy )  w i th in  a  

nes ted  reg iona l  s t r u c t u r e .  

3 .1 .  A Theore t i ca l  I l l u s t r a t i o n  

Consider,  a s  an example, an economy t h a t  i s  n a t i o n a l l y  

focused on one major ( c a p i t a l )  c i t y ,  whi le  below t h i s  t h r e e  

nes ted  lower o r d e r  l e v e l s  of h i e r a r c h i c a l  f u n c t i o n a l  reg ions  

may be i d e n t i f i e d .  We s h a l l  r e f e r  t o  t h e s e  l e v e l s  by t h e  index 

h  = 1 ,  ..., 4 ;  with  h  = 1 rep resen t i ng  t h e  h i g h e s t  o rde r  func- 

t i o n a l  reg ion ,  encompassing t h e  na t i on  and cen tered  on t h e  

c a p i t a l  c i t y .  Let  us f u r t h e r  suppose, a s  i s  f r equen t l y  t h e  

case ,  t h a t  t h e  p rocess  of r e g i o n a l i z a t i o n  by which subreg ions 

f o r  each l e v e l  a r e  i d e n t i f i e d  i s  a  s t r i c t  h i e r a r c h i c a l  c l a s -  

s i f i c a t i o n  based on d i r e c t  i n t e r a c t i o n s  a s  i l l u s t r a t e d  i n  

F igure 2 .  I s h a l l  a t tempt  t o  show how reg iona l  and h i e r a r c h i -  

c a l  cons ide ra t i ons  can be l inked  toge the r  i n  t h i s  con tex t .  

A s  an example of a  reg iona l  s p e c i f i c a t i o n  cons ider  an 

i n t e r r e g i o n a l  model of p r i c e  and p r o f i t  determinat ion i n  a  

c a p i t a l i s t  economy, s p e c i f i e d  a t  a  given p o i n t  i n  t ime,  where 

t h e  l e v e l s  of product ion and t r a d e  w i th in  and between reg ions ,  

and t h e  r e a l  wage, a r e  given.  Define a:; a s  t h e  amount of good 



m ,  produced i n  r e g i o n  i ,  t h a t  i s  sh ipped t o  r e g i o n  j  t o  produce 

a u n i t  o f  good n t h e r e .  I f  A i s  t h e  m a t r i x  o f  t h e s e  c o e f f i c i e n t s ,  

n i s  t h e  r a t e  of  p r o f i t  (assumed e q u a l  everywhere)  , and - p '  i s  

a row v e c t o r  o f  a l l  p r i c e s  py o f  goods m i n  r e g i o n s  i ( i n c l u d i n g  

t r a n s p o r t a t i o n ) ,  t h e n  i n  compe t i t i ve  e q u i l i b r i u m  w i t h  no j o i n t  

p roduc t ion  (Sheppard 1980, 1981) :  

I f  t h e  economy i s  produc ing a s u r p l u s  of  commodit ies over  demands 

t h e  non-negat ive m a t r i x  A has  a p r i n c i p a l  e i genva lue  less than  

one which has  a s s o c i a t e d  w i t h  it t h e  on ly  e i g e n v e c t o r  of A t h a t  

i s  p o s i t i v e ,  by t h e  Perron-Frobenius theorem. Th is  e i genva lue ,  

equa l  t o  ( 1  + n ) - I  i m p l i e s  a p o s i t i v e  r a t e  o f  p r o f i t  and a 

unique p r i c e  v e c t o r  - p '  g i ven  by t h e  a s s o c i a t e d  l e f t  hand e igen-  

v e c t o r .  Hourly money wages i n  s e c t o r  n of  r e g i o n  j ,  g i ven  by 

t h e  r e a l  wage weighted by p r i c e s ,  a r e :  

where IC i s  t h e  set  o f  goods consumed by workers ( i n c l u d i n g  t r a n s -  

p o r t a t i o n  i n p u t s  t h a t  s h i p  such g o o d s ) ,  o r  t h e  set  o f  wage goods. 
mn a i s  t h e  amount of  wage good m consumed p e r  day by a worker i n  i j 

i n d u s t r y  n ,  m 
T~~ i s  t h e  t r a n s p o r t a t i o n  needed t o  s h i p  m from i t o  

j ,  pr i s  t h e  t r a n s p o r t  p r i c e  i n  i , and Tn i s  t h e  l e n g t h  o f  t h e  

working day i n  hours .  I t  can  be shown i n  t h i s  system t h a t  p r o f i t s  

a r e  i n v e r s e l y  r e l a t e d  t o  i n p u t  q u a n t i t i e s  o f  l a b o r ,  t o  t h e  r e a l  

wage, and t o  t h e  l e n g t h  of t h e  working day.  

T y p i c a l l y  A i s  p a r t i t i o n e d  i n t o  a r e l a t i v e l y  s m a l l  number 

o f  r e g i o n s  which may o r  may no r  be a r b i t r a r i l y  de f i ned .  I n t e r -  

r e g i o n a l  i npu t -ou tpu t  models a r e  t hen  t i e d  i n t o  a n a t i o n a l  

econometr ic  model i n  some way, w i t h  t h e  sum of r e g i o n a l  v a r i a b l e s  

be ing  made c o n s i s t e n t  w i t h  n a t i o n a l  agg rega tes .  R e c a l l i n g  t h a t  

an  urban h i e r a r c h y  s u g g e s t s  t h a t  d i f f e r e n t  economic v a r i a b l e s  



a r e  determined a t  va r i ous  geographica l  s c a l e s ,  t h i s  problem may 

be approached d i f f e r e n t l y .  P a r t i t i o n  t h e  set  of N s e c t o r s  i n t o  

f o u r  groups i d e n t i f i e d  by h  = 1 ,  ..., 4 ;  each group r e p r e s e n t i n g  

t h e  s e c t o r s  whose p r i c e s  may be regarded a s  be ing  determined a t  

t h e  h-th h i e r a r c h i c a l  ( o r  s p a t i a l ,  c f .  Curry 3972) s c a l e .  Note 

t h a t  some s e c t o r s  may have p r i c e s  determined a t  more than  one 

s c a l e  (an example would be goods produced by n a t i o n a l  and 

r e g i o n a l  c o r p o r a t i o n s ) ,  s o  t h e  t o t a l  number of s c a l e  s p e c i f i c  

s e c t o r s  cou ld  exceed N.  For s i m p l i c i t y  w e  w i l l  i gno re  t h i s  

p o s s i b i l i t y .  

W e  then  r e q u i r e  a  model w i t h  two p r i n c i p a l  f e a t u r e s .  

F i r s t ,  t h e  p r i c e s  o f  d i f f e r e n t  goods a r e  determined a t  d i f -  

f e r e n t  s c a l e s .  Second, t h e  i n t e r a c t i o n s  between reg ions  de f i ned  

a t  h i e r a r c h i c a l  l e v e l s  above t h e  lowest  l e v e l  must be c o n s i s t e n t  

aggrega t ions  o f  lower l e v e l  i n t e r a c t i o n s .  One way t o  i n c o r p o r a t e  

t h e s e  i s  a s  fo l lows .  Assume Nh s e c t o r s  i n  Rh f u n c t i o n a l  r eg ions  

have t h e i r  p r i c e s  determined a t  h i e r a r c h i c a l  l e v e l  h .  Then a t  

t h e  ( l owes t )  l e v e l  h  = 4 :  

where - p i  i s  t h e  ( 1  by NhRh)  v e c t o r  of p r i c e s  i n  t h e  Nh s e c t o r s  

and Rh reg ions  f o r  which p r i c e s  a r e  determined a t  h i e r a r c h i c a l  

l e v e l  h. Ah (NhRh by NhRh)  i s  t h e  i n t e r r e g i o n a l  input -output  

mat r i x  a t  l e v e l  h. Gh (NhRh by N h + l R , + l  ) i s  a b ina ry  ma t r i x  

spec i f y i ng  which subreg ions  a t  l e v e l  h+l a r e  dominated by each 

r e g i o n a l  c e n t e r  a t  l e v e l  h. The i , j - t h  e lement of  Gh i s  one 

i f  j  r e p r e s e n t s  a  s e c t o r  i n  a  subregion s t h a t  is dominated by 

t h e  reg ion  r rep resen ted  by row i. G t h u s  d i s a g g r e g a t e s  p r i c e s  
h  

set a t  l e v e l  h  i n t o  p r i c e  i n p u t s  f o r  a l l  subreg ions  a t  l e v e l  

h + l .  Ah r e p r e s e n t s  i n t e r r e g i o n a l  i n t e r a c t i o n s  a t  l e v e l  h  t h a t  

a r e  c o n s i s t e n t  agg rega t i ons  of  lower l e v e l  i n t e r a c t i o n s .  

S i m i l a r l y :  



E; = ( 1  + n ) p i b l  

Def in ing - p1 a s  t h e  p a r t i t i o n e d  vec to r  [e; e.5 / E; e l ]  : 

where 

3.2. Reg iona l i za t ion  I s s u e s  

To complete t h e  s p e c i f i c a t i o n  of ( 4 2 )  Ah must be de f ined .  

A s  noted i n  s e c t i o n  2 of t h i s  paper t h e r e  a r e  a  number of 

approaches t o  t h i s  which vary only i n  t h e  way i n  which d i r e c t  

i n t e r a c t i o n s  a r e  weighted. For t h i s  example we choose case  C 

from Table 1 ,  which from equat ion  ( 2 4 )  imp l i es :  

The d e f i n i t i o n  of input -output  c o e f f i c i e n t s  imp l ies  t h a t  W 

from ( 2 4 )  i s  no t  necessary .  D h l h + l  and Ehlh+l  have e s s e n t i a l l y  

t h e  analogous d e f i n i t i o n  t o  those  of equat ion  ( 2 4 ) :  they have 



t h e  i , j - t h  e lement  non-zero i f  row i r e f e r s  t o  some s e c t o r  m E 

N~ i n  some r e g i o n  r E R h ,  and j r e f e r s  t o  a s e c t o r  n E N~ f o r  

some subreg ion  s E Rh+, which i s  dominated by r. An excep t i on  

i s  agg rega t i on  from t h e  s u b n a t i o n a l  t o  t h e  ( s i n g l e  r e g i o n )  

n a t i o n a l  l e v e l .  Here r e g i o n a l  boundar ies  have d i sappea red  

and w e  have a s imp le  agg rega t i on  problem: 

where t h e  i , j - t h  e lement  of  rh  i s  one i f  row i r e f e r s  t o  some 

s e c t o r  n E N1 i n  t h e  n a t i o n ,  and column j r e f e r s  t o  some s e c t o r  

m E N1 i n  some reg ion  r E R,; ze ro  o the rw i se .  

Three k i n d s  of  e m p i r i c a l  c a s e s  may now be i d e n t i f i e d .  

F i r s t ,  w e  may possess  d i r e c t  o b s e r v a t i o n s  on f lows o f  goods 

m E Nh between r e g i o n s  r E Rh f o r  a l l  l e v e l s  h.  I f  s o  t hen  

t h e s e  may be used d i r e c t l y  t o  c o n s t r u c t  A l ,  R 2 ,  R3 and A 4 ,  and 

agg rega t i ons  o f  t h e  form (43)  a r e  n o t  needed. Second, w e  may 

observe  f lows o f  a l l  goods d i r e c t l y  between a l l  f u n c t i o n a l  

r eg ions  o f  t h e  l owes t  h i e r a r c h i c a l  l e v e l :  an i n t e r r e g i o n a l  

i npu t -ou tpu t  m a t r i x  of  d imension R 4 N  by R N I  which w e  may d e f i n e  4 
a s  A.  I f  A 4  i s  a R 4 N 4  by R4N b i n a r y  m a t r i x  w i t h  i , j - t h  e lement  

e q u a l  t o  one i f  row i r e p r e s e n t s  a s e c t o r  m E N i n  subreg ion  h 
r ,  and j  r e p r e s e n t s  t h e  same r e g i o n  and s u b s e c t o r ,  t hen  

A 4  = A 4  A A;, 

and 



From (42) and (45)- (48) : 

I 
I I ; : ]  ---!----I I E ; ~  i ---- k-- 

lE;4 ---b---L--- 
I ' rr: 

The third case occurs if we have an interregional input- 

output matrix for flows between all sectors, but defined for 

regions whose scale is closest to that of a hierarchical level 

above the lowest (say at h = 3), and furthermore these regions 

do not conform with well-defined functional regions at this 

scale. For example, we have an observed matrix A3 which has 

to be converted to A3. Using case c of Table 1 : 

where 

whence 

I\ and A4 may be estimated, as A4, from 



s u b j e c t  t o :  

H e r e  equa t i on  (52)  matches t h e  aggrega te  f lows [ f rom t h e  nA 

sub reg ions ,  i ,  o f  r e g i o n  A ,  t o  t h e  ng sub reg ions ,  j ,  o f  r eg ion  

B ]  t o  t h e  observed v a l u e s  con ta ined  i n  t h e  m a t r i x  A3;  a t o t a l  

o f  N3R3 c o n s t r a i n t s .  I n  t h e  absence o f  any o t h e r  i n f o rma t i on  

abou t  t h e s e  f lows t h i s  reduces  t o  t h e  e s t i m a t e :  

Equat ion  (53 )  p rov ides  a  min imal ly  b i ased  p r i o r  e s t i m a t e  o f  

t h e  p r o b a b i l i t y  o f  each  of t h e  d i s a g g r e g a t e  f lows o c c u r r i n g ,  

t h a t  i s  s u b j e c t  on l y  t o  be ing  c o n s i s t e n t  w i t h  t h e  more agg rega te  

f lows.  I f  w e  had e x t r a  i n fo rma t i on ,  of  c o u r s e ,  t h e s e  e s t i m a t e s  

would d i f f e r  (Sheppard 1975; Sn i cka rs  and Weibul l  1977) .  Thus 

where N i s  a R3N3 by R3N3 d iagona l  ma t r i x  w i t h  i , i - t h  e n t r y  

e q u a l  t o  (n. ) - I  where j i s  t h e  r e g i o n  rep resen ted  i n  row i. 
3 

I t  t h u s  f o l l ows  t h a t  when A3 i s  known A i n  e q u a t i o n  (42 )  i s :  



I l l  
A (  1 

--3--A--,--- 
I l l  
! A  1 

- -A_-  3:--,--- 
I l l  
I I  
I ,A, !  

3 . 3 .  Causal S t r u c t u r e  

Two s i m p l i f i c a t i o n s  seem t o  e x i s t  i n  t h e  type of h i e r a r c h i c a l  

model represented  by equat ion  ( 4 2 ) .  F i r s t ,  n a t i o n a l  p r i c e s  

(2;) seem t o  have no geographica l  v a r i a t i o n ,  and secondly ,  

t h a t  lower o rde r  goods a r e  n o t  consumed a s  i npu ts  f o r  h igher  

o rde r  goods. A s  a r e s u l t  t h i s  model has apparen t ly  a  r i g i d  

t o p  down s t r u c t u r e  ( c f .  R ie tve ld  1981b). However n e i t h e r  of t h e s e  

i n t e r p r e t a t i o n s  need s t r i c t l y  speaking be t r u e .  

A s  regards  t h e  f i r s t ,  it should be noted t h a t  p r i c e s  a r e  

f . 0 .b .  p r i c e s  s e t  a t  t h e  f a c t o r y  g a t e .  I n  o t h e r  words t h e  p r i c e  

pa id  i n  var ious  reg ions  i s  no t  uniform; on ly  t h e  p r i c e  p r i o r  

t o  shipment i s  set.  Transpor ta t i on ,  t h e  c o s t s  of which a r e  

added t o  t h i s ,  a r e  a  lowest  o rde r  good. I n  o rde r  t o  know t rans -  

p o r t  c o s t s ,  and thus  l o c a l  de l i ve red  p r i c e s ,  it i s  necessary  t o  

know t h e  i n c r e a s e  i n  c o s t  pe r  u n i t  of d i s t a n c e ,  and t h e  loca- 

t i o n  of product ion and consumption. Note t h a t  f o r  goods whose 

p r i c e  i s  s e t  a t  h igher  h i e r a r c h i c a l  l e v e l s  t h e  l o c a t i o n  g iven 

i s  a t  b e s t  aggregate ,  s i n c e  t h e  f i n e  d e t a i l s  do no t  a f f e c t  p r i c e  

format ion.  The p r i c e  pa id  f o r  a  u n i t  of good k  E N1 de l i ve red  

i n  subregion j  E R4 t o  i n d u s t r y  m t h e r e  i s :  

k  k n t k  
E ( B j )  = pk + 1 ai jp ic i j  i= 1 

where c t j  i s  t h e  amount of t h e  t r a n s p o r t a t i o n  good used up 

i n  sh ipp ing a  u n i t  of k  from i t o  j ,  and pt  i s  t h e  p r i c e  of 
i 

a u n i t  of t r a n s p o r t a t i o n  s e r v i c e s  bought a t  i. Here B k  i s  t h e  
j  

c o s t  of good k  d e l i v e r e d  t o  j .  o k  i s  a s t o c h a s t i c  v a r i a b l e  wi th  
j  



i t s  expec ta t i on  depending on t h e  weighted average of t ranspor ta -  

t i o n  c o s t s  (equat ion  5 5 ) .  The var iance  of  €Ik w i l l  be zero  only 
j  

i n  t h e e v e n t  t h a t  shipments s a t i s f y  some g l o b a l l y  opt imal  c r i t e r i o n  

such a s  t h e  s p a t i a l  p r i c e  equ i l ib r ium of Takayama and Judge 

(1964) .  Equat ion (55) inc ludes  in format ion which i s  n o t  

necessary  t o  determine p r i c e s  i n  equat ion  ( 4 2 ) ,  because i t  
kn r e q u i r e s  knowledge of a i j ,  t h e  product ion and shipment of a  

high o r d e r  good k  E N1 between low o rde r  reg ions  i , j  E R 4 .  The 

equat ions f o r  p r i c e  de te rmina t ion  r e q u i r e  only an aggregated 

ve rs ion  of t h i s .  For p rov is ion  of t h e  t r a n s p o r t  good, t i n  

reg ion  i a s  an i n p u t  t o  t h e  product ion of good m i n  reg ion  j 

we need only t o  know: 

n m n  atm = ai jci 
i j  n=l  

Turning t o  t h e  second i s s u e ,  t h e  s p a t i a l l y  uniform 

product ion p r i c e  of  some good k  E N a t  t h e  r e g i o n a l  s c a l e  
g  

R need n o t  imply t h a t  lower o rde r  goods m E Nh (h  < g)  a r e  
g  

n o t  used a s  i n p u t s .  Rather it simply r e f l e c t s  t h e  f a c t  t h a t  

t h e  s e t  of c i t i e s  producing good k  a r e  c i t i e s  of o rde r  g  and 

above. For example goods k  E N1 a r e  only produced a t  one 

l o c a t i o n  i n  t h e  n a t i o n ,  R 1 ;  goods l E N2 a r e  produced a t  most 

a t  only one l o c a t i o n  w i th in  each reg ion j  E R 2 ,  and s o  on. 

I n  o t h e r  words t h e  h i e r a r c h i c a l  l e v e l ,  g ,  a t  which any good 

i s  produced i s  def ined  by t h e  lowest  va lue f o r  g  such t h a t  no 

regi0.n j  E R produces t h i s  good a t  two o r  more d i f f e r e n t  
g  

l o c a t i o n s  w i th  two o r  more d i f f e r e n t  product ion p r i c e s .  

This i n  t u r n  imp l ies  t h a t  i n t r a r e g i o n a l  v a r i a t i o n s  i n  

t h e  p r i c e  of low o rde r  goods do n o t  l e a d  t o  s i g n i f i c a n t  i n t r a -  

r e g i o n a l  v a r i a t i o n s  i n  t h e  product ion p r i c e  f o r  a  good k  E N 
9 

i n  a  reg ion  j E R . W e  may modify t h e  p r i c e  de te rmina t ion  
g  

equat ions t o  a l low f o r  t h i s ,  e x p l i c i t l y  i n t roduc ing  i npu ts  

of lower o rde r  goods. 

Take a s  an example a  good a t  t h e  h ighes t  l e v e l .  The 

equat ion  determining product ion p r i c e s  becomes: 



a , w + J  
G O O  
+J C 

a, 



Then equat ion  ( 6 0 )  becomes : 

Equat ion.  (61) re- in t roduces t h e  p r i c e s  of a l l  goods i n t o  

the  de te rmina t ion  of a l l  o t h e r  goods. The same reasoning may 

be app l i ed  t o  second and t h i r d  o rde r  goods. A s  a r e s u l t ,  

equat ion  ( 4 2 )  becomes: 

where 

and 

a = [ a  ... a rs -r i ri, I where i E s e t  of i n d u s t r i e s  
1 j s a t  h i e r a r c h i c a l  

l e v e l  s.  

In  t h i s  mod i f i ca t ion  of t h e  h i e r a r c h i c a l  model, lower o rder  

goods a r e  re in t roduced a s  i npu ts  t o  h igher  o rder  goods i n  t h e  

form of s p a t i a l  averages.  However t h e  s p a t i a l  var iance  of 

p r i c e s  i s  s t i l l  zero  a t  geographica l  s c a l e s  below t h a t  s c a l e  

a t  which each i n d u s t r y  i s  r e a l i z e d .  I n  t h i s  way a h i e r a r c h i c a l  



s p a t i a l  s t r u c t u r e  of p r i c e s  i s  r e t a i n e d  w i t hou t  t h e  r e s t r i c t i o n  

o f  a  " t o p  down" c a u s a l  s t r u c t u r e .  

4. CONCLUSION 

Th is  paper  h a s  p resen ted  some f a l t e r i n g  s t e p s  i n  t h e  

d i r e c t i o n  of  r e o r i e n t i n g  m u l t i r e g i o n a l  models s o  t h a t  t hey  

can be  used t o  d i s c u s s  t h e  h i e r a r c h i c a l  n a t u r e  o f  human set t le -  

ment sys tems.  The theme throughout  i s  a  s e a r c h  t o  i n t e g r a t e  

p e r s p e c t i v e s  emphasiz ing r e g i o n a l  v a r i a t i o n s  and c i t y  s i z e  a s  

f a c t o r s  med ia t ing  urban growth and change. The r e s u l t s  show 

t h a t  it is  i n  p r i n c i p l e  p o s s i b l e  t o  c o n s t r u c t  r e l a t i v e l y  s imple  

r u l e s  t h a t  t r a n s l a t e  m u l t i r e g i o n a l  i n t o  h i e r a r c h i c a l  systems.  

However t h e  approach t aken  is  b a s i c a l l y  t e c h n i c a l ;  reduc ing  

e s s e n t i a l l y  t o  agg rega t i on  and re -aggrega t ion  methods. One 

example was p rov ided ,  b u t  it remains f o r  f u t u r e  r e s e a r c h  t o  

de te rm ine  i f  t h e  methodology is a p p l i c a b l e  t o  more s o p h i s t i c a t e d  

m u l t i r e g i o n a l  models.  I t  i s  a l s o  h i g h l y  q u e s t i o n a b l e  a s  t o  

whether  such a  t e c h n i c a l  ad jus tment  is s u f f i c i e n t  t o  c a p t u r e  

t h e  e s s e n t i a l  d i f f e r e n c e s ,  and i n t e r r e l a t i o n s ,  between r e g i o n a l  

and urban sys tems.  However it does seem a t  l e a s t  t o  be a  neces-  

s a r y  i n i t i a l  s t e p  i n  c o n s t r u c t i n g  a  h i e r a r c h i c a l  approach 

i n c o r p o r a t i n g  geog raph i ca l  i n t e rdependenc ies .  
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