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Low f e r t i l  i  ty 1 eve1 s in IIASA countries are creating aging populations 
whose demands for  health care and income maintenance (social secur i ty)  will 
increase to unprecedented levels,  thereby cal l ing forth pol icies that will 
seek to promote increased family care and worklife f l ex ib i l i t y .  The new 
Population Program will examine current patterns of population aging and 
changing l i fes ty les  in IIASA countries, project the needs for  health and 
income support that such patterns are 1 ikely to generate during the next 
several decades, and consider al ternat ive family and employment policies 
that m i g h t  reduce the social costs of meeting these needs. 

A central feature of the Population Program's research agenda i s  the 
development of a theoretical model of human agiqg and mortality. This paper 
reports the resul ts of some preliminary ef for ts  along that l ine .  In i t ,  
a Soviet mathematician, Dr. Yashin, collaborating with a demographer and a 
pol icy analyst from the United States,  describes a mu1 tidimensional stochastic 
process model that generalizes earl i e r  models of aging dynamics. The authors 
introduce the ef fects of non-Markovian behavior, unobservable variables, and 
measurement error ,  showing how additional information about s ta te  variables 
influences an observer's understanding of temporal changes in the physiological 
sys tem . 
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A number of m u l t i v a r i a t e  s t o c h a s t i c  p rocess  models have been de- 

ve loped t o  r e p r e s e n t  human p h y s i o l o g i c a l  ag ing and m o r t a l i t y .  I n  

t h i s  paper ,  we ex tend  t h o s e  e f f o r t s  by cons ide r i ng  t h e  e f f e c t s  of unob- 

se rved  s t a t e  v a r i a b l e s  on t h e  age  t r a j e c t o r y  of p h y s i o l o g i c a l  parameters .  

Th is  i s  accompl ished by d e r i v i n g  t h e  Kolmogorov-Fokker-Planck equa t i ons  

f o r  t h e  d i s t r i b u t i o n  of t h e  s t a t e  v a r i a b l e s  c o n d i t i o n a l l y  on t h e  p rocess  

of t h e  observed s t a t e  v a r i a b l e s .  P roo fs  a r e  g iven  t h a t  t h i s  form of t h e  

p rocess  w i l l  p r e s e r v e  t h e  Gauss ian p r o p e r t i e s  of t h e  d i s t r i b u t i o n .  

S t r a t e g i e s  f o r  e s t i m a t i n g  t h e  parameters  of t h e  d i s t r i b u t i o n  of t h e  un- 

observed v a r i a b l e  a r e  sugges ted  based on an e x t e n s i o n  of t h e  t heo ry  of 

Kalman f i l t e r s  t o  i n c l u d e  s y s t e m a t i c  m o r t a l i t y  s e l e c t i o n .  Imp l i ca t i ons  

of i n d i v i d u a l  d i f f e r e n c e s  on t h e  t r a j e c t o r i e s  of t h e  unobserved p rocess  

f o r  observed ag ing  changes a r e  d iscussed  a s  w e l l  a s  t h e  consequences of 

such modeling f o r  d e a l i n g  w i t h  o t h e r  t ypes  of p rocesses  i n  heterogeneous 

popu la t i ons .  
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I. INTRODUCTION 

A. Background 

There have  been a number of  e f f o r t s  t o  deve lop  a t h e o r e t i c a l  model f o r  

human a g i n g  and m o r t a l i t y .  The law of m o r t a l i t y  due t o  Gompertz (1825) was 

an e a r l y  such a t t e m p t .  Here ,  human m o r t a l i t y  is  modeled a s  a uni-dimen- 

s i o n a l  f a i l u r e  p r o c e s s  based  on a c o n s t a n t  l o s s  of v i t a l i t y .  It is i n t e r -  

e s t i n g  t h a t  t h e  "Gompertzian model" of human a g i n g  dynamics c o n t i n u e s  t o  

be a p p l i e d  e s p e c i a l l y  f o r  m o r t a l i t y  a t  advanced a g e s  ( F r i e s ,  1980) .  

Such s i m p l e t ' E a i l u r e  p rocess"  models of human a g i n g  and m o r t a l i t y ,  

a l though  perhaps u s e f u l  d e s c r i p t i v e  t o o l s ,  a r e  n o t  t o t a l l y  s a t i s f a c t o r y  

models of human a g i n g  p r o c e s s e s  f o r  a number of  r e a s o n s .  F i r s t ,  they  im-  

p l y  t h a t  human a g i n g  p r o c e s s e s  a r e  un i -d imens iona l .  It seems ex t reme ly  

u n l i k e l y  t h a t  t h e  p h y s i o l o g i c a l  dynamics of t h e  g e n e t i c  and env i ronmenta l  

d e t e r m i n a n t s  of human a g i n g  cou ld  be d e s c r i b e d  by a un i -d imens iona l  pro- 

c e s s .  Second, c o n s i d e r a b l e  e m p i r i c a l  ev idence  h a s  accumulated t o  show 

t h a t  human m o r t a l i t y  p a t t e r n s  at  l a t e r  a g e s  a r e  n o t  w e l l - d e s c r i b e d  by t h e  - 

Gompertz f u n c t i o n  ( e .  g. , H o r i u c h i  and Coale,  1983;  Wi l k in ,  1982) . T h i r d ,  

we o f t e n  have a wide range  of p h y s i o l o g i c a l  c o v a r i a t e s  a v a i l a b l e  f o r  ana- 

l y s i s  from l o n g i t u d i n a l l y  fo l lowed p o p u l a t i o n s .  The s imp le  model of Gom- 

p e r t z i a n  a g i n g  dynamics cannot  use  i n f o r m a t i o n  on t h o s e  c o v a r i a t e s .  In- 

deed,  such models do n o t  e x p l i c i t l y  d e s c r i b e  t h e  p h y s i o l o g i c a l  mechanisms 

under l y ing  t h e  ag ing  p r o c e s s .  Thus, i t  is n e c e s s a r y  t o  deve lop  models 

which can s u c c e s s f u l l y  u t i l i z e  t h i s  i n fo rmat ion .  

A number of models of human a g i n g  and m o r t a l i t y  have been deve loped 

which do d e s c r i b e  t h e  p h y s i o l o g i c a l  mechanisms under l y ing  ag ing  changes.  

S e v e r a l  of t h e s e  a r e  r e p o r t e d  i n  Chapter  7 of S t r e h l e r  (1977) .  Perhaps 

one of  t h e  most s u c c e s s f u l  of t h e s e  models was due t o  Sacher  and Trucco 



(1962).  Th i s  model d e s c r i b e s  p h y s i o l o g i c a l  ag ing  a s  a  p rocess  by which 

homeostas is  w a s  main ta ined  i n  a  m u l t i - v a r i a t e  state  space .  M o r t a l i t y  

was desc r i bed  i n  t h e  model i n  one of two ways. F i r s t ,  i f  one assumed t h a t  

t h e  state  space  was o fh ighd imens iona l i ty ,  m o r t a l f t y  was desc r i bed  as a per- 

manent l o s s  of homeostas is  due t o  t h e  exceedance of some p h y s i o l o g i c a l  

t h resho ld .  S i n c e  such  a  f o rmu la t i on  would on ly  b e  of t h e o r e t i c a l  use ,  

i t  w a s  argued t h a t  m o r t a l i t y  might  a l s o  b e  modeled as an absorb ing  bound- 

a r y .  

Such absorb ing  boundary f o rmu la t i ons  of m o r t a l i t y  l e a d  t o  se r i ous  d i f -  

f i c u l t y  i n  e m p i r i c a l  a p p l i c a t i o n s  s i n c e :  a . )  they  imply t h a t  one must d e a l  

w i t h  t r u n c a t e d  d i s t r i b u t i o n  f u n c t i o n s ,  and b  .) t hey  r e p r e s e n t  m o r t a l i t y  

a s  a  d e t e r m i n i s t i c  f u n c t i o n  of t h e  s t a t e  space  v a r i a b l e s .  To d e a l  w i t h  

t h i s  problem, Woodbury and Manton (1977) p resen ted  a  theory  of human ag ing  

and m o r t a l i t y  composed of two p a r a l l e l  p rocesses .  The f i r s t  i s  a mu l t i -  

v a r i a t e  s t o c h a s t i c  p rocess  d e s c r i b i n g  t h e  change i n  t h e  d i s t r i b u t i o n  func- 

t i o n  f o r  t h e  s t a t e  v a r i a b l e s .  The second i s  a jump p rocess  which r ep re -  

s e n t s  m o r t a l i t y  a s  a  p r o b a b i l i s t i c  f u n c t i o n  of an  i n d i v i d u a l ' s  s t a t e  space  

va lues .  Th i s  model h a s  been s u c c e s s f u l l y  a p p l i e d  t o  b o t h  ep idem io l og i ca l  

s t u d i e s  of ch ron i c  d i s e a s e  r i s k  (Woodbury e t  a l . ,  1979) and t o  l o n g i t u d i -  

n a l  s t u d i e s  of normal ag ing  p rocesses  (Woodbury and Nanton, 1983; Manton 

and Woodbury, 1983) . 
I n  t h e  Woodbury and Manton (1977) model, i t  i s  assumed t h a t  a l l  

r e l e v a n t  s t a t e  v a r i a b l e s  a r e  observed.  C l e a r l y ,  i n  p r a c t i c e  such a n  as-  

sumption i s  on l y  an  approx imat ion.  Consequent ly ,  i n  t h i s  paper  we ex- 

tend t h e  Woodbury and Manton t heo ry  of human ag ing  and m o r t a l i t y  t o  in - '  

c lude  e x p l i c i t  c o n s i d e r a t i o n  of t h e  e f f e c t s  of unobserved s t a t e  v a r i a b l e s  

i n  t h e  p rocess .  



B. A G e n e r a l i z a t i o n  of Aging Dynamics To Deal  With Observed and 
Unobserved S t a t e  Va r i ab les :  The Problem 

I n  Woodbury and Manton, a  t heo ry  of human ag ing  is based on a  math- 

ema t i ca l  model of t h e  change over  t i m e  of a m u l t i v a r i a t e  d i s t r i b u t i o n  func- 

t i o n  t h a t  d e s c r i b e s  t h e  l o c a t i o n  of a  popu la t i on  i n  a  mu l t id imens iona l  space  

of s t a t e  v a r i a b l e s .  A l t e r n a t i v e l y ,  t h e  d i s t r i b u t i o n  f u n c t i o n  can b e  in-  

t e r p r e t e d  as desc r i b i ng  t h e  p d a b i l i t y  t h a t  a n  i n d i v i d u a l  has  some set of 

c h a r a c t e r i s t i c s  a t  some age. The state space  does n o t  i n c l u d e  a l l  f a c t o r s  

r e l e v a n t  t o  t h e  t i m e  p a t h  and s u r v i v a l  of a n  i n d i v i d u a l .  The omi t ted  fac -  

t o r s  man i f es t  themselves i n  two ways. F i r s t ,  t h e  movement of a n  i n d i v i d u a l  

i n  t h e  space  i s  t o  some e x t e n t  random: a n  i n d i v i d u a l ' s  t i m e  p a t h  i s  gov- 

erned by a s e t  of s t o c h a s t i c  ( r a t h e r  than  d e t e r m i n i s t i c )  d i f f e r e n t i a l  eq- 

u a t i o n s .  Second, a n  i n d i v i d u a l ' s  p o s i t i o n  i n  t h e  space  does no t  de te r -  

mine m o r t a l i t y ,  b u t  mere ly  t h e  hazard o r  f o r c e  of m o r t a l i t y .  

Woodbury and Manton d e s c r i b e  t h e  change i n  t h e  m u l t i v a r i a t e  d i s t r i -  

b u t i o n  of t h e  s t a t e  v a r i a b l e s  by a  Kolmogorov-Fokker-Planck ( U P )  equa t ion .  

I n  t h e  KFP equa t i on ,  they s p e c i f y  f o u r  t ypes  of p h y s i o l o g i c a l  dynamics: 

d r i f t  ( i . e . ,  s ys tema t i c  change i n  mean v a l u e s ) ,  r e g r e s s i o n  ( i . e . ,  conver- 

gence t o  mean v a l u e s ,  due perhaps t o  homeostat ic  t e n d e n c i e s ) ,  d i f f u s i o n  

( i . e . ,  d i ve rgence  due t o  random i n f l u e n c e s ) ,  and m o r t a l i t y  s e l e c t i o n  ( i . e . ,  

l o s s  from t h e  popu la t i on  of f r a i l  i n d i v i d u a l s ) .  To apply  t h e  U P  equa t ion  

t hey  assume t h a t  t h e  p rocess  i s  Markovian. Some a s p e c t s  of a n  ag ing pro- 

c e s s ,  however, may depend on an  i n d i v i d u a l  's e n t i r e  l i f e  h i s  t o r y .  

I n  t h i s  paper ,  we g e n e r a l i z e  Woodbury and Pianton's model t o  d e a l  

w i t h  non-Markovian p rocesses  , unobs e r v a b l e  va r i ab  l e s  , and measurement e r -  

r o r .  We p resen t  our r e s u l t s  i n  a  way des igned t o  show how a d d i t i o n a l  i n f o r -  

m a  t i o n  about  t h e  s t a t e  v a r i a b l e s  i n f  l uences  an observer  's unders tand ing  of 

t h e  temporal  change of t h e  p h y s i o l o g i c a l  system. 



Our model assumes t h a t  each i n d i v i d u a l  is  c h a r a c t e r i z e d  by a  s e t  o f  

v a r i a b l e s  t h a t  change over  t i m e .  Some of t h e s e  v a r i a b l e s  a r e  measured; 

t h e  r e s t  a r e  n o t  observed ove r  t ime ,  bu t  as i n  t h e  Woodbury-Manton model, 

some i n f o rma t i on  is a v a i l a b l e  abou t  them. S p e c i f i c a l l y ,  we assume know- 

ledge  of t h e  p r o b a b i l i t y  d i s t r i b u t i o n  of t h e  unobserved v a r i a b l e s  a t  t h e  

i n i t i a l  t ime  ze ro  a s  w e l l  a s  of t h e  s t o c h a s t i c  d i f f e r e n t i a l  equa t i ons  de- 

s c r i b i n g  t h e i r  random t i m e  p a t h .  The s t o c h a s t i c i t y  i n  t h e  ag ing  p rocess  

i s  genera ted  by a Wiener ( i . e . ,  Brownian mot ion) p rocess ,  as w e l l  as by 

t h e  randomness i n  t h e  i n i t i a l  v a l u e s  of unobserved v a r i a b l e s .  The f o r c e  

of m o r t a l i t y  i s  a  f u n c t i o n  of an i n d i v i d u a l ' s  p o s i t i o n  i n  t h e  state space  

W e  d e a l  w i t h  t h e  observed v a r i a b l e s  by deve lop ing a form of t h e  KFP 

equa t i on  t h a t  d e s c r i b e s  t h e  change i n  t h e  d i s t r i b u t i o n  of t h e  unobserved 

v a r i a b l e s  c o n d i t i o n a l  bo th  on s u r v i v a l  t o  age t - and on t h e  t r a j e c t o r i e s  

of t h e  observed v a r i a b l e s .  W e  t h e n  show t h a t  i f  t h e  f o r c e  of m o r t a l i t y  

f o r  a n  i n d i v i d u a l  i s  a q u a d r a t i c  f u n c t i o n  of t h e  unobserved v a r i a b l e s ,  i t  

i s  p o s s i b l e  t o  estimate t h e  means and v a r i a n c e s  of t h e  unobserved v a r i a b l e s  

over  t i m e .  The equa t i ons  used a r e  similar t o  t h e  Kalman f i l t e r  equa t i ons  

developed by communication t h e o r i s t s  t o  estimate s i g n a l s .  The equa t i ons ,  

however, g e n e r a l i z e  t h e  u s u a l  Kalman f i l t e r  equa t i ons  t o  i n c l u d e  m o r t a l i t y .  

The f o r c e  of m o r t a l i t y  a s  a  f u n c t i o n  of age and observed l i f e  h i s t o r y  

can be d i r e c t l y  es t ima ted .  A s  no ted  above, however, e s t i m a t e s  based d i r -  

e c t l y  on t h e  observed d a t a  p e r t a i n  on ly  t o  t h e  s u r v i v i n g  popu la t i on  and 

n o t  t o  t h e  popu la t i on  a s  a  whole o r  t o  any homogeneous subgroup w i t h i n  i t .  

The s u r v i v i n g  popu la t i on  d i f f e r s  from t h e  e n t i r e  popu la t i on  because o f  

s y s t e m a t i c  m o r t a l i t y  s e l e c t i o n .  S p e c i f i c a l l y ,  i n d i v i d u a l s  a t  h igh  mor ta l -  

i t y  r i s k  on t h e  unobserved v a r i a b l e s  w i l l  d i e  o f f  more r a p i d l y  and t hus  

w i l l  be  under represen ted  i n  t h e  su r v i v i ng  popu la t i on .  Thus, t o  r e t r i e v e  

t h e  parameters  of t h e  p rocess  f o r  t h e  who>e popu la t i on ,  o r  f o r  s e l e c t  i n -  



d i v i d u a l s ,  o n e ' s  model of t h e  p rocess  must a d j u s t  f o r  s e l e c t i o n  on b o t h  

observed and unobserved s t a t e  v a r i a b l e s .  We show t h a t ,  g i ven  t h e  e s  ti- 

mates of t h e  means and v a r i a n c e s  of t h e  unobserved v a r i a b l e s ,  one can 

c a l c u l a t e  t h e  f o r c e  of m o r t a l i t y  f o r  i n d i v i d u a l s  a t  age t wi th  i d e n t i c a l  

observed a s  w e l l  a s  unobserved c h a r a c t e r i s t i c s .  Thus, t h e  impact  on 

ag ing  and m o r t a l i t y  of each of t h e  observed and unobserved v a r i a b l e s  can 

b e  i d e n t i f i e d .  

C.  O r i e n t a t i o n  

Our p r e s e n t a t i o n  i s  o rgan i zed  a s  fo l l ows :  

--We d e s c r i b e  t h r e e  d i f f e r e n t  f o rmu la t i ons  of a  model of ag ing  and mor ta l -  

i t y  based on Noodbury and Maneon's sugges t i ons .  The f i r s t  f o rmu la t i on  

d e s c r i b e s  t h e  p rocess  f o r  a  s i n g l e  unobserved v a r i a b l e  u s i n g  a  s imp le  ver -  

s i o n  of t h e  Woodbury-Manton model. The second f o rmu la t i on  shows how t h e  

b a s i c  p rocess  is modi f i ed  t o  i n c l u d e  obse rva t i ons  of t ime of dea th .  The 

t h i r d  f o rmu la t i on  i n t r o d u c e s  a  second s t a t e  v a r i a b l e  which is  con t inuous ly  

moni tored over  t ime .  For t h e s e  t h r e e  c a s e s ,  we d e r i v e  t h e  equa t i ons ,  based 

on t he  KFP equa t i on ,  t h a t  g i v e  t h e  ( c o n d i t i o n a l )  d e n s i t y  of t h e  unobserved 

v a r i a b l e .  We d i s c u s s  huw t h e  v a r i o u s  increments  i n  i n f o rma t i on  a f f e c t  t h e  

d e s c r i p t i o n  of t h e  dynamics of t h e  ag ing and m o r t a l i t y  p rocess .  I n  a  f o u r t h  

s e c t i o n  of t h i s  p a r t  of t h e  pape r ,  we s k e t c h  two ex tens ions  of t h e  mo- 

de l :  we a l low t h e  s t o c h a s t i c  d i f f e r e n t i a l  equa t i ons  t h a t  d e s c r i b e  t h e  

t r a j e c t o r i e s  of t h e  v a r i a b l e  t o  depend on t h e  e n t i r e  h i s t o r y  of t h e  obser-  

ved v a r i a b l e ,  and we i n d i c a t e  how t h e  model can b e  g e n e r a l i z e d  t o  an a r b i -  

t r a r y  number of observed and unobserved v a r i a b l e s .  

--We then  b r i e f l y  review t h e  r e s t r i c t i o n s  and assumpt ions sugges ted  by Wood- 

bury  and Manton t o  e s t i m a t e  t h e  d i s t r i b u t i o n  of t h e  unobserved v a r i a b l e s .  

We make some ana logous r e s t r i c t i o n s  and assumpt ions and prove some r e s u l t s  

concern ing t h e  Gauss ian form of t h e  d i s t r i b u t i o n .  By ex tend ing  t he  t heo ry  



of Kalman f i l t e r s ,  we p resen t  equa t i ons  f o r  t h e  mean and v a r i a n c e  of t h i s  

d i s t r i b u t i o n .  I n  a d d i t i o n ,  we g i ve  t h e  equa t ion  f o r  c a l c u l a t i n g  the  f o r c e  

of m o r t a l i t y  of i n d i v i d u a l s  a t  t ime t wi th  any s p e c i f i e d  s e t  of observed 

and unobserved c h a r a c t e r i s t i c s .  

--Next we d i s c u s s  a p p l i c a t i o n s  of t h e  model t o  e m p i r i c a l  s t u d i e s  of ag ing 

and m o r t a l i t y  p rocesses  wi th  observed and unobserved v a r i a b l e s .  

--We conclude w i th  a  d i s c u s s i o n  of how our  model of human ag ing  and mor- 

t a l i t y  r e l a t e s  t o  o t h e r  a t t emp ts  t o  s tudy  t h e  g e n e r a l  problem of de te rmin ing  

t he  e f f e c t s  on a  s t o c h a s t i c  p rocess  of sys tema t i c  popu la t ion  l o s s  due t o  

s e l e c t i o n  o r  t r a n s i t i o n  t o  an a l t e r n a t e  s t a t e .  

11. ALTERNATIVE FORMULATIONS OF A MODEL OF AGING AND MORTALITY 

A. The Bas i c  Model 

I n  t h i s  s e c t i o n  we d e s c r i b e  a  model of ag ing  and m o r t a l i t y  of t h e  

g e n e r a l  t ype  sugges ted  by Woodbury and Manton (1977).  For e a s e  of compari- 

son  w i th  t h e  a l t e r n a t i v e  fo rmu la t ions  p resen ted  below, we d e s c r i b e  t h i s  

model i n  terms of  a  s i n g l e  p h y s i o l o g i c a l  o r  env i ronmenta l  v a r i a b l e  Y ( t )  : 

g e n e r a l i z a t i o n  t o  an a r b i t r a r y  number of v a r i a b l e s  is s t r a i g h t f o r w a r d .  

I n  a d d i t i o n  t o  t h e  p rocess  d e s c r i b i n g  changes i n  p h y s i o l o g i c a l  s t a t e s  we w i l l  

r ep resen t  t ime  of dea th  by a  nonnegat ive random v a r i a b l e  T  whose d i s t r i b u -  

t i o n  depends on t h e  va lue  of Y ( t ) .  Hence, i n  a d d i t i o n  t o  t h e  e v o l u t i o n  of 

Y ( t )  desc r i bed  by a  s t o c h a s t i c  d i f f e r e n t i a l  equa t i on ,  t h e  model i n c l u d e s  

an a d d i t i o n a l  random process  t h a t  i s  desc r i bed  by a  m o r t a l i t y  i n d i c a t o r  

I ( t ) .  The t ime pa th  of each i n d i v i d u a l  i s  t hus  desc r i bed  by I ( t )  where 

I ( t )  = 1 i f  T > t ,  o therw ise  I ( t )  = 0 ,  ( 1) 

and by Y( t )  s a t i s f y i n g  

dY( t )  = a ( t , Y ( t ) )  I ( t ) d t  + b ( t , , Y ( t ) )  I ( t )  dW(t) .  ( 2 )  

I n  ( 2 ) ,  W i s  a Wiener p rocess  t h a t  is  independent of t h e  i n i t i a l  va l ue  Y(O), 



which is  a  random v a r i a b l e  w i t h  known d i s t r i b u t i o n .  I t  is  assumed t h a t  

t h e  c o e f f i c i e n t s  a  and b  a r e  known, bu t  t h a t  no obse rva t i ons  a r e  a v a i l a b l e  

on Y ( t )  o r  I ( t ) .  Note t h a t  when an i n d i v i d u a l  d i e s ,  t h e  e f f e c t  of I ( t )  i n  

(2)  is t o  make f u r t h e r  change i n  t h e  c o e f f i c i e n t s  a  and b i r r e l e v a n t :  t h i s  

i s  reasonab le  f o r  p h y s i o l o g i c a l  p rocesses .  I n  t h e  case  of env i ronmenta l  

v a r i a b l e s ,  I ( t )  can be  omi t ted  from ( 2 ) :  a i r  tempera tu re  does no t  depend 

on t h e  s u r v i v a l  of a  g iven i n d i v i d u a l .  The c o n d i t i o n a l  d i s t r i b u t i o n  of T  

is given by 

where p is a  bounded f u n c t i o n ,  assumed known, t h a t  can be  i n t e r p r e t e d  a s  t h e  

f o r c e  of m o r t a l i t y  f o r  i n d i v i d u a l s  a t  t i m e  t w i t h  c h a r a c t e r i s t i c  Y ( t ) ,  and 

t 
where Y r e p r e s e n t s  t h e  e n t i r e  h i s t o r y  of Y from t ime 0 t o  t i m e  t .  

0 

The d e n s i t y  f u n c t i o n  of Y ( t )  may be  w r i t t e n  a s  

A s  Woodbury and Manton n o t e ,  t h e  change i n  t h i s  d e n s i t y  f u n c t i o n  over  t ime 

is  governed by t h e  Kolmogorov-Fokker-Planck equat ion :  

The t h r e e  a d d i t i v e  terms i n  t h i s  equa t i on  r e f l e c t  t h e  d i f f e r e n t  f o r c e s  

a f f e c t i n g  t h e  dynamics of change i n  t h e  d i s t r i b u t i o n  of Y ( t ) .  The f i r s t  

term d e s c r i b e s  t h e  e f f e c t s  u s u a l l y  c a l l e d  d r i f t  and r e g r e s s i o n ;  t h e  second 

term,  t h e  e f f e c t s  of d i f f u s i o n ;  and t h e  t h i r d  term,  t h e  e f f e c t s  of m o r t a l i t y  

s e l e c t i o n .  



B.  The Model When Death Is Observed 

Suppose now t h a t  i n d i v i d u a l s '  d e a t h s  a r e  observed,  s o  t h a t  i t  is known 

whether T, t h e  t i m e  of d e a t h  f o r  an i n d i v i d u a l ,  exceeds t .  Def ine t h e  con- 

d i t i o n a l  d e n s i t y  of Y ( t )  by: 

Then i t  f o l l ows  from t h e  more gene ra l  proof  o u t l i n e d  i n  Appendix A t h a t  

- u ( t , y )  f;(y) + a t )  f t ( y )  9 

where 

- 
~ ( t )  = El.u(t,y) 1 T > t l .  ( 8) 

Th is  g e n e r a l i z a t i o n  of t h e  KFP equa t i on  is similar t o  ( 5 )  excep t  f o r  t h e  

a d d i t i o n a l  f a c t o r  g i ven  by ( 8 ) .  Th i s  f a c t o r ,  which may be  i n t e r p r e t e d  as 

t h e  observed f o r c e  of m o r t a l i t y  at t i m e  t ,  can b e  cons ide red  a  c o r r e c t i o n  

term a r i s i n g  from t h e  a d d i t i o n a l  i n fo rmat ion  known about  whether  an i nd i v i d -  

u a l  is a l i v e .  

C. The Model When Death And A Var i ab l e  A r e  Observed 

Now suppose t h a t  t h e r e  is  an a d d i t i o n a l  p h y s i o l o g i c a l  o r  env i ronmenta l  

v a r i a b l e  X(.t) t h a t  is observed ove r  t ime.  I n  p a r t i c u l a r ,  suppose t h a t  i n  

a d d i t i o n  t o  (1)  t h e  f o l l ow ing  two equa t i ons  d e s c r i b e  t h e  t i m e  pa th  of an 

i n d i v i d u a l  : 

and 

where W and W a r e  Wiener p rocesses  independent of each o t h e r  and of t h e  
1 2 

i n i t i a l  va l ues  X ( 0 )  and Y(0) .  Def ine t h e  c o n d i t i o n a l  d e n s i t y  of Y ( t )  by 



where X: r e p r e s e n t s  t h e  e n t i r e  h i s t o r y  o f  t h e  p rocess  X from t ime  0  t o  t ime  

t. Then a s  i n d i c a t e d  i n  Appendix A ,  

where 

Note t h e  s i m i l a r i t y  of (11) t o  (5)  and ( 7 ) .  The a d d i t i o n a l ,  f i n a l  te rm i n  

(11) d e s c r i b e s  t h e  e f f e c t  of observ ing  X ( t ) .  

D. F u r t h e r  Ex tens ions  Of The Model 

The p rocesses  cons ide red  up u n t i l  now have been  Markovian p rocesses :  

t h e  c o e f f i c i e n t s  i n  t h e  s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n s  ( 2 ) ,  ( 9 ) ,  and (10) 

depend on ly  on t h e  c u r r e n t  v a l u e s  o f  t h e  v a r i a b l e s .  That  is ,  i t  is  assumed 

t h a t  t h e  c u r r e n t  v a l u e s  on t h e  i n d i v i d u a l ' s  p h y s i o l o g i c a l  v a r i a b l e s  a r e  rea- 

sonab le  approx imat ions o f  t h e  i n d i v i d u a l s '  p h y s i o l o g i c a l  " s t a t e "  and,  conse- 

q u e n t l y ,  w i l l  d e s c r i b e  t h e  f u t u r e  changes of t h a t  s t a t e  excep t  f o r  s t o c h a s t i c  

i nnova t i ons .  When X ( t )  i s  observed ,  i t  i s  p o s s i b l e  t o  g e n e r a l i z e  t h e  p rocess  

t 
t o  depend on t h e  e n t i r e  h i s t o r y  of X Th is  imp l i es  t h a t  t h e  p r i o r  physio-  

0  ' 

l o g i c a l  c h a r a c t e r i s t i c s  o f  t h e  i n d i v i d u a l ,  and p o s s i b l y  t h e  t r a j e c t o r y  of 

change of t h o s e  p h y s i o l o g i c a l  c h a r a c t e r i s t i c s ,  must b e  inc luded  i n  t h e  d e f i n i -  

t i o n  of p h y s i o l o g i c a l  s t a t e .  For example, hav ing e l e v a t e d  b lood p r e s s u r e  a t  

t h e  c u r r e n t  t ime  may no t  be  s u f f i c i e n t  t o  d e s c r i b e  t h e  s t a t e  of t h e  i nd i v i d -  

u a l  w i t h  r e s p e c t  t o  m o r t a l i t y  r i s k s .  Risk may b e  more dependent upon accumulated 

damage (perhaps rep resen ted  by- t h e  e l e v a t i a n  s f  p r e s s u r e  over  a long 



pe r i od  of t ime)  o r  upon extreme va lues  ( e .g . ,  t h e  number o f  t imes  a blood 

p r e s s u r e  t h r e s h o l d  was exceeded) .  Such p rocesses  may be  modeled by r e p l a c i n g  

X( t )  i n  (9)  , (10) , (11) and (12)  by x i .  A s k e t c h  of t he  proof  is  g iven  i n  

Appendix A. 

Each of t h e  t h r e e  f o rmu la t i ons  p resen ted  above can be  r e a d i l y  ex tended 

t o  t h e  g e n e r a l  case  o f  any number of s t a t e  v a r i a b l e s .  Th i s  e x t e n s i o n  

r e q u i r e s  t h e  s u b s t i t u t i o n  o f  t h e  a p p r o p r i a t e  m a t r i c e s .  

111. ESTIMATING THE UNOBSERVED VARIABLE 

Woodbury and Manton (1977) sugges t  some assumpt ions and r e s t r i c t i o n s  

f o r  e s t i m a t i n g  t h e  paramete rs  of t h e  observed p rocess .  Some of t h e s e  

w i l l  b e  u s e f u l  f o r  e s t i m a t i n g  c h a r a c t e r i s t i c s  of t h e  unobserved v a r i a b l e s .  

I n  t h e  fo l l ow ing  we app ly  t h e i r  g e n e r a l  t ime s e r i e s  approach t o  t h e  va r -  

i o u s  f o rmu la t i ons  desc r i bed  above. .  

A. The Bas i c  Model 

Consider t h e  f i r s t  f o rmu la t i on  of t h e  model, p resen ted  above i n  sec-  

t i o n  I I A ,  i n  which n e i t h e r  d e a t h  no r  t h e  s t a t e  v a r i a b l e  a r e  observed.  Th is  

case  is p r i m a r i l y  of t h e o r e t i c a l  i n t e r e s t  a l though  i f  enough parameter  e s t i -  

mates a r e  a v a i l a b l e  from a u x i l i a r y  d a t a ,  t h e  equa t i ons  below w i l l  d e f i n e  t h e  

e v o l u t i o n  of t h e  d i s t r i b u t i o n  of t h e  unobserved v a r i a b l e s .  Assume t h a t  

t h e  observed v a r i a b l e  f o l l ows  a  Gaussian d i s t r i b u t i o n  a t  t ime 0. Fur the r -  

more, r e s t r i c t  t h e  s t o c h a s t i c  e q u a t i o n  i n  ( 2 )  a s  f o l l ows :  

dY(t)  = a  t )  + a l ( t )  Y ( t ) d t  + b ( t ) d W l ( t ) .  
0 (13) 

I t  i s  obv ious t h a t  t h e  d i s t r i b u t i o n  of Y ( t )  is Gauss ian a t  any t ime t .  

The mean, m( t )  , and v a r i a n c e ,  y ( t )  , of t h i s  d i s t r i b u t i o n  a r e  g iven  by: 



B. The Model When Only Death Is Observed 

Now cons ide r  t h e  second fo rmu la t ion  p resen ted  above. Assume t h a t  t h e  

unobserved v a r i a b l e  fo l l ows  a  Gaussian d i s t r i b u t i o n  a t  t ime 0 and t h a t  t h e  

f o r c e  of m o r t a l i t y  i s  a  q u a d r a t i c  f u n c t i o n  of t h i s  v a r i a b l e :  

Furthermore,  r e s t r i c t  t h e  s t o c h a s t i c  d i f f e r e n t i a l  equa t i on  i n  ( 2 )  as f o l l ows :  

dY(t)  = I ( t )  . [ a o ( t )  + a l ( t )  Y ( t ) d t  + b ( t ) d w l ( t ) ] .  (17) 

It fo l l ows  t h a t  t h e  d i s t r i b u t i o n  of Y ( t )  c o n d i t i o n a l  on I ( t )  = 1 o r  

T>t ( i n  o t h e r  words,  among t h e  s u r v i v i n g  popu la t ion )  i s  Gaussian a t  any t i m e  

t :  proof of t h i s  i s  a  s p e c i a l  case  of t h e  more gene ra l  proof sketched i n  

Appendix A; a s p e c i f i c  proof may b e  found i n  Yashin (1983).  The mean, m ( t ) ,  

and va r i ance ,  y ( t ) ,  of t h i s  d i s t r i b u t i o n  a r e  g iven by: 

and 

Note t h e  a d d i t i o n a l  terms i n  (18) and (19)  compared w i t h  (14) and (15 ) .  The 

observed f o r c e  of m o r t a l i t y  i s  given by t h e  f o l l ow ing  formula:  

2 
t )  = t + m(t)  p l ( t )  + (m ( t )  + y ( t ) )  u , ( t ) .  & 

(20)  

I f  r e s t r i c t i o n s  a r e  p laced  on t h e  p ' s  i n  t h i s  formula--e.g.,  s o  t h a t  they  

are cons tan t  o r  fo l l ow c e r t a i n  s p e c i f i e d  f u n c t i o n a l  forms--then i t  may b e  

p o s s i b l e  t o  e s t i m a t e  t h e i r  va l ues  g iven t h e  observed va lues  of i. Another 

approach i s  t o  r e s t r i c t  (16) t o :  

2 
u ( t  ,Y( t>)  = Y ( t )  ' ~ ( t ) .  (21) 

Th is  c o n s t r a i n t  i s  analogous t o  t h e  fo rmu la t ion  i n  Vaupel e t  a l .  (1979) .  

7 
Y' corresponds t o  t h e  v a r i a b l e  c a l l e d  " f r a i l t y " .  The formula i n  (20)  



reduces  t o  

s o  t h a t  t h e  t ime p a t h  of p (  t )  can b e  c a l c u l a t e d  from t h e  obse rva t i ons  of 

i ( t )  and t h e  e s t i m a t e s  o f  m( t )  and y ( t )  . 

C. The Model When Death And X( t )  Are Observed 

Suppose now t h a t  X ( t )  is  observed.  Assume t h a t  t h e  d i s t r i b u t i o n  of t h e  

unobserved Y(0) c o n d i t i o n a l  on t h e  observed X(0) is Gaussian and t h a t  t h e  

f o r c e  of m o r t a l i t y  is a  q u a d r a t i c  f u n c t i o n  of Y ( t ) :  

IrL a d a i t i o n ,  r e s t r i c t  t h e  s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n s  as f o l l ows :  

t t dy(- t )  = [ a  ( t , x t )  + al ( t ,x ; )  Y ( t ) ] d t  + bl(t ,Xo)dWl(t) + b 2 ( t , ~ 0 ) d W 2 ( t )  ( 24 )  
0 0  

and 

t 
d ~ ( t )  = [ A ~ ( ~ , x : )  + A ~ ( ~ , X ; )  ~ ( t )  I d t  + ~ ( t , x ~ ) d W ? ( t )  (25) 

Note t h a t  (24) and (25) a r e  more g e n e r a l  than  ( 9 )  and (10 ) .  F i r s t ,  t h e  

c o e f f i c i e n t s  may depend on t h e  e n t i r e  h i s t o r y  of x t .  t h i s  r e p r e s e n t s  t h e  
0  ' 

ex tens ion  t o  t h e  non-Markovian case .  Second, t h e  f i r s t  equa t i on  now de- 

pends on bo th  Wiener p rocesses  ( i . e . ,  W and W2). Th is  is  a  s t r a i g h t -  
1 

forward g e n e r a l i z a t i o n  t h a t  may be u s e f u l  i n  e s  t ima t  i on .  

A s  o u t l i n e d  i n  Appendix B ,  i t  f o l l ows  t h a t  t h e  d i s t r i b u t i o n  of Y ( t )  

c o n d i t i o n a l  on X ( t )  and T>t is Gaussian.  Fur thermore,  t h e  mean and v a r i a n c e  

of t h i s  c o n d i t i o n a l  d i s t r i b u t i o n  a r e  g iven  by:  

t t t 
dm(t)  = [ a  ( t , ~ : )  + al ( t ,Xo)  m(t)  - y ( t )  p1(t,X0) - y ( t ) m ( t )  lJ2( t ,Xo)1dt  

0  
t t t 

b 2 ( t  ,Xo) B ( t  ,XO) + Al(tyXO) ~ ( t )  
+ [ 2  I 

B ( t , ~ : )  (2 6 )  

t t 
[dX( t )  - (A ( t ,XO)  + ~ ~ ( t , X ~ ) m ( t ) ) d t l .  0  

and 



These two equa t i ons  a r e  s i m i l a r  t o  t h e  p rev ious  exp ress ions  f o r  t h e  mean and 

va r i ance  i n  (18) and (19) excep t  f o r  t h e  f i n a l  terms (and terms a r i s i n g  from 

t h e  i n c l u s i o n  of W i n  ( 2 4 ) ) .  These f i n a l  terms can be viewed a s  c o r r e c t i o n s  2 

in t roduced  because i n fo rma t i on  i s  a v a i l a b l e  about xt The terms w i l l  look 
0 ' 

f a m i l i a r  t o  s t u d e n t s  of cont inuous-t ime Kalman f i l t e r s .  Indeed,  one way of 

i n t e r p r e t i n g  (26) and (27) is t h a t  they g e n e r a l i z e  t h e  usua l  Kalman f i l t e r  

equa t ions  t o  i n c l u d e  t h e  f o r c e  of m o r t a l i t y .  

The observed f o r c e  of m o r t a l i t y  can b e  r e l a t e d  t o  t h e  observed v a r i -  

a b l e s  and t h e  d i s t r i b u t i o n  of t h e  unobservable v a r i a b l e s  by 

D. D i s c r e t e  Time Observat ions 

I n  most emp i r i ca l  s t u d i e s ,  t h e  observed v a r i a b l e s  a r e  n o t  moni tored 

con t inuous ly  but  a r e  observed from t ime t o  t i m e .  Th is  s e c t i o n  d e s c r i b e s  how 

t h e  formulas developed above may be app l i ed  t o  t h e  case  of  d i s c r e t e  t ime 

observa t ions .  Assume t h a t  t h e  unobserved p rocess  i s  governed by t h e  s tochas-  

t i c  d i f f e r e n t i a l  equa t i on  

dY(t) = (ao( t ,X )  + a l ( t ,X )  Y ( t ) )  d t  + b(t,X)dW 
t '  

where t h e  p rocess  X is  now t h e  sequence of ( t  ,X ) ,  n>O. That i s ,  t h e r e  i s  
n n 

a sequence of obse rva t i on  t imes t t 
1' 2 ' " "  tn,  and a sequence of measure- 

ments X 
1' X2' ..., X . The X sequence can be descr ibed  by t h e  gene ra t i ng  

n n 

procedure:  

where A(t,X) and D(t ,X) ( a s  w e l l  a s  a o ( t , X ) ,  a l ( t , X ) ,  b ( t , X ) )  a r e  known 



f u n c t i o n s  o f  t and t h e  e n t i r e  h i s t o r y  of  t h e  p r o c e s s  X up t o  bu t  n o t  i n c l u d i n g  

t ime  t and where E i s  a  sequence of  G a u s s i a n - d i s t r i b u t e d  random v a r i a b l e s  
n  

w i t h  mean 0  and v a r i a n c e  1. From a  s t r a i g h t f o r w a r d  m a n i p u l a t i o n  of  ( 3 0 ) ,  we 

see t h a t  t h e  t i m e  series of t h e  unobserved v a r i a b l e s ,  Y (T,) can b e  g e n e r a t e d  

from t h e  observed t ime  s e r i e s  i n  X and t h e  assumpt ion of t h e  Gauss ian d i f f u -  

s i o n  p r o c e s s ,  w i t h  a p p r o p r i a t e  n o r m a l i z a t i o n ,  f o r  Y(T,). L ikewise,  (30) il- 

l u s t r a t e s  how t h e  unobserved v a r i a b l e s  a f f e c t  t h e  observed p r o c e s s .  A s  b e f o r e ,  

w e  assume t h a t  t h e  f o r c e  of m o r t a l i t y  may be r e p r e s e n t e d  by 

2 
v ( t  ,X ,Y( t ) )  = "0 ( t , 3  + Y ( t )  i l l ( t ,X)  + Y ( t )  u 7 ( t  - .X) , (31)  

where t h e  p ( t , X )  a r e  nonnega t i ve ,  measurab le  f u n c t i o n s  of t and t h e  e n z i r e  
1 

h i s t o r y  of X up t o  b u t  n o t  i n c l u d i n g  t ime t .  

By g e n e r a l i z i n g  t h e  method of  proof  used i n  Yash in  (1980) i t  

can b e  shown t h a t  t h e  c o n d i t i o n a l  d i s t r i b u t i o n  of Y ( t )  g i ven  I ( t )  = 1 ( i . e . ,  

T> t )  and X i s  Gaussian.  The mean and v a r i a n c e  of t h i s  d i s t r i b u t i o n  a r e :  

and 

These e q u a t i o n s  may b e  viewed a s  g e n e r a l i z a t i o n s  of b o t h  con t inuous  t i m e  

and d i s c r e t e  t ime Kalman f i l t e r  a l g o r i t h m s .  

I V .  APPLICATIONS 

A. Genera l  O b s e r v a t i o n s  



To use  t h e  model e m p i r i c a l l y ,  it i s  necessary  t o  produce e s t i m a t e s  

of t h e  va l ues  of t h e  c o e f f i c i e n t s  i n  t h e  s t o c h a s t i c  d i f f e r e n t i a l  equa t i ons  

(25) and e i t h e r  (24) o r  ( 2 9 ) .  Although d i s c u s s i o n  of t h e  d e t a i l s  of s t a t i s -  

t i c a l  es t ima t kon ' l i s  beyond t h e  scope  of t h i s  paper ,  we n o t e  t h a t  i f  obser -  

v a t i o n s  a r e  a v a i l a b l e  on a  popu la t i on  of i n d i v i d u a l s  a c r o s s  t ime  and over  

age ,  then t h e  c o e f f i c i e n t s  of t h e s e  equa t i ons  a r e  es t imab le  g iven  t h e  appro- 

p r i a t e  i d e n t i f y i n g  c o n s t r a i n t s .  For example, by s p e c i f y i n g  t h a t  i n  equa t i on  

(29) c e r t a i n  c o e f f i c i e n t s  can va ry  by age,  b u t  n o t  t i m e  ( i . e . ,  t h e  con- 

s t r a i n t  of no cohor t  e f f e c t s  o p e r a t i n g  through X ) ,  w e  can e s t i m a t e  c e r t a i n  

c o e f f i c i e n t s  f o r  (24) i f  cohor t  e f f e c t s  do emerge. A l t e r n a t e l y ,  p rev ious  

t h e o r e t i c a l  and e m p i r i c a l  r e s e a r c h  may sugges t  v a l u e s  o r  f u n c t i o n a l  forms 

f o r  t h e  c o e f f i c i e n t s  t h a t  w i l l  f a c i l i t a t e  es t ima t i on .  I n  p a r t i c u l a r ,  t h e r e  

have been a  number of l o n g i t u d i n a l  s t u d i e s  of ag i ng  p rocesses  ( e . g . ,  t h e  

f i r s t  and second Duke Long i t ud i na l  s t u d i e s  of normat ive  ag ing )  which can 

p rov ide  e s t i m a t e s  of t h e  age r a t e  of d e c l i n e  of a  broad range of phys io lo-  

g i c a l  parameters .  These e s t i m a t e s  could be  employed d i r e c t l y  i n  t h e  equa t i ons .  

Given t h e  c o e f f i c i e n t s ,  (26) and (27) o r  (32)  and (33) permi t  es t ima-  

t i o n  o f  t h e  mean and v a r i a n c e  of t h e  c o n d i t i o n a l  d i s t r i b u t i o n  of t h e  un- 

observed v a r i a b l e .  Equat ion (28) can then  be  used a s  t h e  b a s i s  f o r  e s t i m a t i n g  

- t h e  f o r c e  of m o r t a l i t y  f o r  an i n d i v i d u a l  w i t h  any s p e c i f i e d  c h a r a c t e r i s t i c s  

and a t  any age.  A s  no ted  e a r l i e r ,  t h i s  e s t i m a t i o n  might r e q u i r e  s p e c i f y i n g  

c e r t a i n  f u n c t i o n a l  forms f o r  p  O ,  p l ,  and p7. A l t e r n a t i v e l y ,  i t  might be  
* 

assumed t h a t  y and p  a r e  e q u a l  t o  z e r o ,  i n  which c a s e  t h e  v a l u e s  of p  
0  1 2  

over  t i m e  can be immediately c a l c u l a t e d  from t h e  obse rva t i ons  of over  t ime.  

B.  Unobserved Risk F a c t o r s  

The model may be  u s e f u l  i n  a  v a r i e t y  of a p p l i c a t i o n s  where d a t a  a r e  

a v a i l a b l e  over  t ime concern ing some v a r i a b l e s ,  bu t  t h e r e  is reason  t o  be- 

l i e v e  t h a t  o t h e r  s i g n i f i c a n t  v a r i a b l e s  a r e  unobserved.  I n  some cases  



enough t h e o r e t i c a l  o r  e m p i r i c a l  knowledge may b e  a v a i l a b l e  about  t h e s e  unob- 

s e r v e d  v a r i a b l e s  s o  t h a t  t h e  i n i t i a l  p r o b a b i l i t y  d i s t r i b u t i o n s  and s t o c h a s t i c  

d i f f e r e n t i a l  e q u a t i o n s  can b e  s p e c i f i e d  w i t h  some con f idence .  I n  

such c a s e s  e s t i m a t i o n  of  t h e  e v o l u t i o n  of t h e  unobserved v a r i a b l e s  may b e  

of c o n s i d e r a b l e  i n t e r e s t .  I n  o t h e r  c a s e s ,  i t  may b e  s u s p e c t e d  t h a t  some 

unmeas.ured f a c t o r  such a s  " f r a i l t y "  i s  an impor tan t  s o u r c e  of h e t e r o g e n e i t y  

i n  t h e  p o p u l a t i o n .  Such a  v a r i a b l e  may have t o  b e  i n t r o d u c e d  by i m -  

pos ing  c o n s t r a i n t s  i n  t h e  model.  For i n s t a n c e ,  Vaupel e t  a l .  (1979) 

assume t h a t  an i n d i v i d u a l ' s  f r a i l t y  i s  c o n s t a n t  o v e r  age and t h a t  t h e  

d i s t r i b u t i o n  of f r a i l t y  among i n d i v i d u a l s  f o l l o w s  some s i m p l e  d i s t r i b u -  

t i o n a l  form. I n  some s t u d i e s  t h e  unobserved v a r i a b l e  may n o t  b e  of much 

i n t e r e s t :  i t  may b e  viewed a s  a  n u i s a n c e  impor tan t  o n l y  because  i t  ob- 

s c u r e s  t h e  a c t u a l  r e l a t i o n s h i p s  among t h e  v a r i a b l e s  of d i r e c t  i n t e r e s t .  

A s  a  s p e c i f i c  example of t h i s  k ind  of a p p l i c a t i o n ,  c o n s i d e r  a  l o n g i -  

t u d i n a l  a n a l y s i s  of  c h r o n i c  i l l n e s s  based on t h e  k ind  of  i n f o r m a t i o n  co l -  

l e c t e d ,  s a y ,  i n  t h e  Framingham s t u d y .  "anton e t  a l .  (1979) and Woodbury 

e t  a l .  (1979,  1981) p r e s e n t  a n a l y s e s  of  t h i s  s o r t ,  based on t h e  i n s i g h t s  of 

t h e  Woodbury-Manton model. I n  t h e i r  a n a l y s e s ,  t h e  change i n  co ronary  h e a r t  

d i s e a s e  r i s k  f a c t o r s  i n  t h e  s t u d y  p o p u l a t i o n  was modeled a s  an auto-  

r e g r e s s i v e  p r o c e s s  a d j u s t e d  f o r  t h e  e f f e c t s  o f  s y s t e m a t i c  m o r t a l i t y  s e l e c -  

t i o n .  It seems l i k e l y  t h e  p o p u l a t i o n  was s u b j e c t  t o  r i s k  f a c t o r s  n o t  

f u l l y  r e p r e s e n t e d  by t h e  a v a i l a b l e  measurements,  i . e . ,  s y s t o l i c  and d i a s t o l i c  

b lood p r e s s u r e ,  serum c h o l e s t e r o l ,  u r i c  a c i d ,  e t c .  The s t o c h a s t i c  d i f -  

f e r e n t i a l  e q u a t i o n s  p r e s e n t e d  h e r e ,  and t h e  Kalman f i l t e r  e q u a t i o n s  gen- 

e r a l i z e d  t o  r e p r e s e n t  t h e  e f f e c t s  of m o r t a l i t y  s e l e c t i o n  o f f e r  a  range  

of  s t r a t e g i e s  f o r  a . )  e s t i m a t i n g  t h e  impact  of unobserved r i s k  f a c t o r s ,  

and b . )  i d e n t i f y i n g  t h e  " t r u e "  e f f e c t s  of  observed r i s k  v a r i a b l e s .  



C .  P a r t i a l l y  Over lapging S t u d i e s  

Sometimes l o n g i t u d i n a l  d a t a  a r e  a v a i l a b l e  from s e v e r a l  r e l a t e d  s t u d i e s  

such  t h a t  some v a r i a b l e s  a r e  observed i n  a l l  s t u d i e s ,  bu t  o t h e r  v a r i a b l e s  

a r e  observed i n  on ly  some s t u d i e s .  Having a s e t  of such s t u d i e s  can g r e a t l y  

f a c i l i t a t e  t h e  e s t i m a t i o n  o f  t h e  model parameters .  For i n s t a n c e ,  t h e  Wood- 

bury-Manton model has  se r ved  a s  t h e  b a s i s  f o r  ana l yses  of coronary  h e a r t  d i s -  

e a s e  r i s k s  n o t  on l y  i n  t h e  Framingham s tudy  popu la t i on ,  bu t  a l s o  i n  t h e  popu- 

l a t i o n s  observed i n  t h e  Duke Long i t ud i na l  Study of Aging (Manton and Woodbury, 

1983) ,  and of a  Kaunas, L i t huan ia  s t udy .  P a r t i a l l y  over lapp ing  s e t s  of ob- 

se r ved  v a r i a b l e s  were a v a i l a b l e  f o r  t hese  t h r e e  ana l yses .  The Duke s tudy  

d i f f e r e d  from t h e  Framingham s t u d y  i n  t h a t  u r i c  a c i d  c o n c e n t r a t i o n s  were n o t  

observed,  b u t  s c o r e s  were taken  on t h e  Wechsler Adu l t  I n t e l l i g e n c e  Sca le .  

I n  t h e  Kaunas s t u d y ,  i n t e l l i g e n c e  t e s t  d a t a  were no t  a v a i l a b l e ,  bu t  u n l i k e  

t h e  o t h e r  d a t a  sets,  obse rva t i ons  were a v a i l a b l e  of smoking behav io r  and of 

an index  of body mass. 

To compare and s y n t h e s i z e  such impe r f ec t l y  coord ina ted  d a t a  s e t s ,  i t  

may b e  u s e f u l  t o  employ a  model t h a t  i n c l u d e s  a l l  of t h e  v a r i a b l e s  observed 

i n  any of t h e  s t u d i e s .  The model could then  b e  a p p l i e d  t o  t h e  d i f f e r e n t  

s t u d i e s  by s p e c i f y i n g  which v a r i a b l e s  were observed and which were no t  ob- 

se rved .  The e f f e c t s  o f  a l l  of t h e  v a r i a b l e s  a c r o s s  a l l  of t h e  s t u d i e s  could 

then be compared. Fur thermore,  p rocess  parameters  es t ima ted  f o r  an "ob- 

se r vab le "  i n  one s t u d y  could b e  app l i ed  t o  ano the r  s t udy  where t h a t  v a r i -  

a b l e  was "unobserved". 

D. Measurement E r r o r s  and I n d i r e c t  Measurements 

Most v a r i a b l e s  can on ly  b e  measured w i t h  some e r r o r :  sometimes t h e  

n o i s e  can b e  seve re .  I n  o t h e r  c a s e s ,  a  v a r i a b l e  of prime i n t e r e s t  can n o t  

b e  o b s e n e d  d i r e c t l y ,  b u t  a  c o r r e l a t e d  v a r i a b l e  can b e  moni tored and used a s  

an index.  For Lnstance,  t h e  e l a s t i c i t y  of b lood v e s s e l s  may b e  impor tant  i n  



coronary  h e a r t  d i s e a s e  p rocesses ,  bu t  obse rva t i ons  may on ly  be a v a i l a b l e  on 

blood p ressu re .  Indeed,  most of t h e  measurements a v a i l a b l e  i n  s t u d i e s  o f  

ag ing  p rocesses  may on ly  i n d i r e c t l y  r e f l e c t  t h e  unde r l y i ng  p h y s i o l o g i c a l  

s t a t e  v a r i a b l e s .  

A s  no ted  above,  t h e  formulas p resen ted  f o r  e s t i m a t i n g  t h e  mean and 

v a r i a n c e  of t h e  unobserved v a r i a b l e s  can b e  i n t e r p r e t e d  a s  ex tens ions  of 

t h e  Kalman f i l t e r  equa t i ons  developed t o  d e t e c t  s i g n a l s  i n  n o i s y  measurements. 

Thus, t h e  Kalman f i l t e r  t ype  e q u a t i o n  p resen ted  h e r e  can b e  u s e f u l  i n  id -  

e n t i f y i n g  t h h  t r u e  v a r i a b l e s  of t h e  p rocess ,  i n  t h e  f a c e  o f  measurement e r -  

r o r  o r  i n d i r e c t  assessment ,  from s t u d i e s  w i t h  m u l t i p l e  measurements taken  

over  t ime . 
E. Assumptions 

E f f o r t s  t o  app ly  t h e  model w i l l ,  of cou rse ,  be  dependent on t h e  rea- 

sonab leness  of model assumpt ions f o r  a  s p e c i f i c  a p p l i c a t i o n .  I n  t h i s  sec-  

t i o n ,  we d i s c u s s  assumpt ions and some s t r a t e g i e s  f o r  ex tend ing  t h e i r  a p p l i -  

c a b i l i t y  t o  c e r t a i n  s i t u a t i o n s .  

1. Gaussian D i s t r i b u t i o n  

The d i s t r i b u t i o n  of t h e  unobserved v a r i a b l e s  c o n d i t i o n a l  on t h e  ob- 

se rved  v a r i a b l e s  a t  t ime z e r o  is assumed t o  b e  Gauss ian.  Fur thermore,  t h e  

model imp l i es  t h a t  this c o n d i t i o n a l  d i s t r i b u t i o n  among s u r v i v o r s  w i l l  be 

Gaussian a t  any t i m e  t .  For some v a r i a b l e s  t h i s  may n o t  b e  t r u e ,  b u t  a  

t rans fo rm of a  v a r i a b l e  may be  more o r  l e s s  Gaussian d i s t r i b u t e d .  For 

example, Manton and Woodbury (1983) use  a s  t h e i r  v a r i a b l e s  t h e  logar i thms 

of  pu l se  p r e s s u r e ,  d i a s t o l i c  b lood p r e s s u r e ,  and serum c h o l e s t e r o l  1 2 ~ 2 1 .  

Cons idera t ion  of t h e  reasonab leness  of t h i s  assumpt ion must be  based on 

a v a i l a b l e  t h e o r e t i c a l  i n s i g h t  about  t h e  dynamics of t h e  unobserved 

v a r i a b l e  ( s e e  Manton and S t a l l a r d ,  1981).  

2 .  Quadra t i c  Hazard 



The f o r c e  of  m o r t a l i t y  i s  assumed t o  be a  q u a d r a t i c  f u n c t i o n  of 

t h e  unobserved v a r i a b l e s .  Th is  assumpt ion is c l o s e l y  t i e d  t o  t h e  Gaussian 

assumpt ion,  a s  t h e  fo l low ing  example i l l u s t r a t e s .  Let u ( t ,Y )  be t h e  f o r c e  

of m o r t a l i t y  a t  t ime  t f o r  an i n d i v i d u a l  w i th  unobserved c h a r a c t e r i s t i c  

Y.  Suppose 

where p ( t )  might be  i n t e r p r e t e d  a s  t h e  f o r c e  of m o r t a l i t y  f o r  some s tanda rd  

i n d i v i d u a l  f o r  whom Y e q u a l s  one. Now cons ide r  an a l t e r n a t i v e  fo rmu la t ion :  

2 
where z i s  a  c h a r a c t e r i s t i c  t h a t  equa l s  Y . This  fo rmu la t ion  i s  t h e  one 

used i n  t h e  " f r a i l t y "  model proposed by Vaupel e t  a l .  (1979) and app l i ed  i n  

s t u d i e s  by Manton e t  a l .  (1981) and Hor iuch i  and Coale (1983) .  F i n a l l y ,  

cons ider  t h e  f o rmu la t i on  where 

~ ( t , x >  = u ( t )  ex ,  (36) 

2 
where x i s  a c h a r a c t e r i s t i c  t h a t  equa l s  t h e  l oga r i t hm  of Y . Th is  approach 

has  been adopted i n  a  v a r i e t y  o f  s t u d i e s ,  i nc l ud ing  Heckman and S inger  (1982) .  

Given t h e  a p p r o p r i a t e  p r o b a b i l i t y  d i s t r i b u t i o n s ,  a l l  t h r e e  fo rmu la t ions  can 

b e  made equ i va len t .  For i n s t a n c e ,  t h e  f i r s t  fo rmu la t ion  w i t h  Y fo l l ow ing  a  

Gaussian d i s t r i b u t i o n  w i t h  mean z e r o  and va r i ance  one i s  equ i va len t  t o  t h e  

second fo rmu la t ion  w i t h  z fo l l ow ing  a  Gamma d i s t r i b u t i o n  w i t h  s c a l e  para- 

meter  one and shape parameter  0.5. 

I n  some r e s p e c t s  t h e  second fo rmu la t ion ,  i nvo lv ing  z ,  i s  t h e  most 

t r a n s p a r e n t  s i n c e  z can b e  i n t e r p r e t e d  a s  measur ing t h e  r e l a t i v e  r i s k  of 

m o r t a l i t y  f o r  an i n d i v i d u a l  compared t o  some "s tandard"  i n d i v i d u a l .  S ince  

Y does no t  have t o  be a  s i n g l e  v a r i a b l e ,  bu t  can be  a  v e c t o r  of v a r i a b l e s ,  

i t  i s  p o s s i b l e  t o  cons ide r  z de f i ned  by 



where a  i s  a  mat r i x .  I n  t h i s  c a s e ,  z w i l l  have a  d i s t r i b u t i o n  known a s  a  - 

q u a d r a t i c  form of  t h e  Gauss ian d i s t r i b u t i o n .  Such q u a d r a t i c  forms a r e  ve ry  

f l e x i b l e  and can t a k e  on a  v a r i e t y  of shapes .  Thus,  t h e  assumpt ion t h a t  

each v a r i a b l e  i n  t h e  unobservab le  s e t  of v a r i a b l e s  Y i s  Gauss ian d i s t r i b u t e d  

can be  r e a d i l y  g e n e r a l i z e d  t o  t h e  c a s e  where t h e  unobserved v a r i a b l e s  can ,  

i n  e f f e c t ,  f o l l o w  a  q u a d r a t i c  form of  t h e  Gauss ian d i s t r i b u t i o n .  B i o l o g i c a l l y  

t h e  q u a d r a t i c  form of t h e  hazard  is r e a s o n a b l e  f o r  p h y s i o l o g i c a l  pa ramete rs  

s u b j e c t  t o  h o m e o s t a t i c  f o r c e s .  That  i s ,  v a r i a b l e s  t h a t  a r e  e s s e n t i a l  t o  

p h y s i o l o g i c a l  f u n c t i o n i n g  shou ld  have a  v i a b l e  i n t e r i o r  range  and non- 

v i a b l e  e x t e r n a l  ranges  where homeos tas is  b r e a k s  down. 

3 .  D i f f e r e n t i a l  P r o c e s s e s  

Both t h e  observed  and unobserved v a r i a b l e s  i n  o u r  model a r e  assumed 

t o  be  con t inuous  and governed by a  d i f f e r e n t i a l  p r o c e s s .  I n  a  v a r i e t y  of 

s t u d i e s  t h i s  may be  s a t i s f a c t o r y .  I n  some i n s t a n c e s ,  however, c a t e g o r i c a l  

v a r i a b l e s  t h a t  a r e  e i t h e r  c o n s t a n t  ove r  t ime  o r  t h a t  f o l l o w  some jumping 

p r o c e s s  may be  i m p o r t a n t .  Constant  c a t e g o r i c a l  v a r i a b l e s ,  l i k e  s e x ,  r a c e ,  

o r  n a t i o n a l  o r i g i n ,  can be  hand led  by s t r a t i f y i n g  t h e  d a t a .  D i s c r e t e -  

s t a t e  v a r i a b l e s  t h a t  jump from one s t a t e  t o  a n o t h e r  pose a  much more d i f f i -  

c u l t  problem. Examples of such v a r i a b l e s  t h a t  may b e  r e l e v a n t  t o  s t u d i e s  

of ag ing  and m o r t a l i t y  i n c l u d e  m a r i t a l  s t a t u s ,  t y p e  of  employment, p l a c e  

of r e s i d e n c e ,  and such  f a c t o r s  a s  whether  an i n d i v i d u a l  is  h o s p i t a l i z e d  o r  

i n  a  n u r s i n g  home, h a s  had a  s t r o k e  o r  a  h e a r t  a t t a c k ,  has  q u i t  smoking, 

and s o  on. It i s  p o s s i b l e  t o  ex tend  t h e  models p r e s e n t e d  h e r e  t o  t h e  more 

g e n e r a l  c a s e  where some of t h e  observed o r  unobserved v a r i a b l e s  f o l l o w  

a  jumping p r o c e s s  a s  opposed t o  a  d i f f e r e n t i a l  p r o c e s s .  

V. DISCUSSION 

I n  b o t h  e m p i r i c a l  and t h e o r e t i c a l  s t u d i e s  of  human ag ing  and m o r t a l i t y ,  



t he  need f o r  model ing i n d i v i d u a l  d i f f e r e n c e s  i n  ag ing  p rocesses  has  been 

repea ted l y  demonst ra ted ( e . g . ,  S t r e h l e r ,  1977;  Economos, 1982;  Manton and 

Woodbury, 1983). Un fo r tuna te ly ,  the re  are many i n s t a n c e s  where t h o s e  d i f f e r e n c e s  

a r e  due t o  unobserved v a r i a b l e s .  Indeed ,  t h e  n a t u r e  of t h e  sou rces  of t h e s e  

d i f f e r e n c e s ,  such a s  d i f f e r e n c e s  i n  t h e  age- re la ted  l o s s  of f u n c t i o n a l  

" v i t a l i t y "  o r  t h e  impact on l ongev i t y  of g e n e t i c  f a c t o r s ,  sugges t  t h a t  d i f -  

f i c u l t i e s  i n  measurement and c o n c e p t u a l i z a t i o n  w i l l  d i c t a t e  t h a t  such in-  

d i v i d u a l  p r o p e r t i e s  w i l l  remain a t  l e a s t  p a r t i a l l y  h idden f o r  a  long  t ime. 

Nonethe less,  s u c c e s s f u l l y  cop ing w i t h  t h e  e f f e c t s  on ag ing  p rocesses  of 

such l a t e n t  h e t e r o g e n e i t y  w i l l  be a  necessa ry  component of adequa te  models 

of human ag ing  and m o r t a l i t y .  For example, Economos (1982) has  argued 

f o r  t h e  n e c e s s i t y  of j o i n i n g  "Simm's i d e a  of s t a t i s t i c a l l y  d i s t r i b u t e d  

i n d i v i d u a l  ag ing  r a t e s l ' w i t h  Gompertz's concept  of " a c c e l e r a t e d  d e c l i n e  

of v i t a l i t y l ' i n  o r d e r  t o  r e l a t e  t h e  observed p a t t e r n  of r a t e s  of ag ing  w i t h  

t h e  observed p a t t e r n  of t h e  r a t e s  o f  dying.  Indeed,  t h e  l o g i c  by which 

t h e s e  concep ts  a r e  r e l a t e d  is t h a t  of a  d i f f u s i o n  p rocess  where temporary 

so j ou rns  above a  t h r e s h o l d  va l ue  cause  t he  r a t e  of i n c r e a s e  i n  m o r t a l i t y  

r a t e s  t o  be more r a p i d  than  t h e  r a t e  of d e c l i n e  of p h y s i o l o g i c a l  v i t a l i t y .  

The model we have p resen ted  p rov ides  a  f l e x i b l e  s t r a t e g y  f o r  assess -  

i n g  t he  impact  of such  h e t e r o g e n e i t y  on human ag ing  and m o r t a l i t y  p rocesses .  

I n  p a r t i c u l a r ,  i t  g e n e r a l i z e s  t h e  n o t i o n  of t h e  e f f e c t s  of h e t e r o g e n e i t y  

from t h a t  of a  f i x e d  d i s t r i b u t i o n  t o  t h e  e f f e c t s  of an unobserved p rocess .  

Thus, i t  can l e a d  t o  an e m p i r i c a l  s t r a t e g y  f o r  a s s e s s i n g  b o t h  f u n c t i o n  

change and m o r t a l i t y  which i s  r i c h  enough t o  r e p r e s e n t  t h e  complex i ty  of 

c u r r e n t  concep tua l  models of human ag ing  and m o r t a l i t y .  

We p resen ted  ou r  model a s  a  development of t h e  Woodbury-Manton model 

of ag ing  and m o r t a l i t y  pub l i shed  by t h i s  j ou rna l .  Our model can a l s o  be 

viewed a s  hav ing r o o t s  i n  a n a l y s e s  done by numerous r e s e a r c h e r s  i n  a  v a r i e t y  



of d i s c i p l i n e s .  Often a n a l y s t s  working i n  t h e  v a r i o u s  f i e l d s  of s t a -  

t i s t i c s  ( e .  g .  , Lundberg, 19401, l abo r  economics ( e .  g. , Blumen, Kogan 

and McCarthy , 1955) , soc io l ogy  ( e .  g. , S inge r  and Spi le rman,  1974) , re-  

l i a b i l i t y  eng inee r i ng  ( e . g . ,  Harris and S ingpurwa l la ,  1968 ) ,  demography 

(e .  g. , Sheps and Menken, 1923) , and h e a l t h  p o l i c y  a n a l y s t s  ( e .  g. , 

Shepard and Zeckhauser,  1977 ) ,  were on l y  p a r t i a l l y  aware o f  t h e  mutua l  

re levance  of t h e i r  methodolog ica l  r e s e a r c h .  

The t h r u s t  of much of t h i s  d i v e r s e  body of r e s e a r c h  is  how t o  cope 

w i th  t h e  e f f e c t s  of popu la t i on  h e t e r o g e n e i t y  on t h e  parameters  of t h e  

p rocess  of i n t e r e s t .  The most common c o n c e p t u a l i z a t i o n  of t h e  problem i s  

t h a t  t h e r e  is some unobserved v a r i a b l e  t h a t  i n f l u e n c e s  t h e  l i k e l i h o o d  t h a t  

an i n d i v i d u a l  w i l l  "d ie"  at  some p a r t i c u l a r  t ime.  Sometimes t h i s  v a r i -  

a b l e  is of d i r e c t  i n t e r e s t ;  i n  o t h e r  c a s e s ,  i t  is e s s e n t i a l l y  a  nu i sance .  

When i t  is of d i r e c t  i n t e r e s t ,  methods t o  e s t i m a t e  parameters  of i t s  

d i s t r i b u t i o n ,  may b e  impor tan t .  But whether i t  i s  of i n t e r e s t  o r  j u s t  a  

nu i sance ,  one must be  concerned w i t h  i t s  e f f e c t s  i n  o r d e r  t o  uncover t h e  

unde r l y i ng  r e l a t i o n s h i p  between t h e  f o r c e  of "mo r ta l i t y "  and t h e  v a r i a b l e s  

of i n t e r e s t .  



APPENDIX 

A. Proof of t h e  Genera l ized Kolmogorov-Fokker-Planck Equat ion 

Consider t h e  random process  (YxX) de f ined  on p r o b a b i l i t y  space  (R,H,P) 

by t h e  r e l a t i o n s :  

d ~ ( t )  = ( a ( t , ~ ( t )  , x i )  ~ ( t ) d t  + b ( t  , ~ ( t )  , x i )  l ( t ) d w l ( t )  ,Y(o)  ( ~ 1 )  

and 

d ~ ( t )  = ( ~ ( t , ~ ( t ) , x i )  ~ ( t ) d t  + ~ ( t , ~ ( t ) , x g t )  I ( L ) ~ w ~ ( ~ ) , x ( o )  (A21 

where W ( t )  and W ( t )  a r e  independent Wiener p rocesses  t h a t  a r e  a l s o  inde- 
1 2 

pendent of t h e  i n i t i a l  cond i t i ons  Y(0) and X(0). C o e f f i c i e n t s  a ,  A ,  and b  

a r e  measurable f u n c t i o n s  of t ,  Y(.t) ,  and t h e  e n t i r e  h i s t o r y  of t h e  p rocess  

X from t i m e  0 t o  t i m e  t .  B i s  a p o s i t i v e ,  measurable f u n c t i o n  of t and t h e  

e n t i r e  h i s t o r y  of t h e  p rocess  X. I ( t )  i s  a two s t a t e  (1,O) cont inuous t i m e  

process  w i t h  I (O )= l ,  such t h a t  t h e  t r a n s i t i o n  i n t e n s i t y  f u n c t i o n  

'I, 

y ( t , Y ( t )  , X , I ( t ) )  = u ( t , Y ( t )  ,X I  I ( t )  (-43) 
'I, t 

where y ( t , Y ( t ) , X  ) is a measurab le  f unc t i on  of t ,  ~ ( t ) ,  and t h e  e n t i r e  h i s -  
0  

t o r y  of t h e  p rocess  X up t o  t i m e  t. 

The proof of t h e  gene ra l i zed  Kolmogorov-Fokker-Planck equa t i on  f o r  t h e  

t 
d e n s i t y  of t h e  unobserved v a r i a b l e  c o n d i t i o n a l  on I ( t ) = l  and X i s  based on 

0  

t h e  formula f o r  t h e  c o n d i t i o n a l  mathemat ical  expec ta t i on  of an a r b i t r a r y ,  

bounded, doubly d i f f e r e n t i a b l e  f u n c t i o n  F (Y ( t ) ) .  Th is  formula may b e  de- 

r i v e d  a s  a  consequence of t h e  gene ra l  e s t i m a t i o n  approach based on semimart in- 

g a l e  theory  (Jacod ,  1979; Bremand, 1981) ,  as w e l l  a s  t h e  methods of f i l t r a t i o n  

of random processes  w i t h  jumping components (Yashin, 1969) and t h e  ana lagous 

methods g iven  i n  L i p t  ze r  and S h i r j  aev (19 77). Here we ske t ch  t h e  proof .  

Using Bayes' formula,  one can w r i t e  

~ ( f ( ~ ( t ) ) l ~ ( t )  = 1, x i )  = E ' ( F ( Y ( ~ ) .  ~ t ) )  

where @ ( t )  i s  t h e  l i k e l i h o o d  r a t i o  g iven by 



where 

i s  t h e  Wiener p rocess  w i t h  r espec t  t o  t h e  fami ly  of 0-a lgebras genera ted  by 

t h e  p rocess  X and where 

and 

The symbol E' means t h e  ope ra t i on  of mathemat ica l  expec ta t i on  w i t h  r espec t  

t o  t h e  marg ina l  p r o b a b i l i t y  measure concen t ra ted  on t h e  component W of t h e  1 

Wiener p rocess .  

Using I t o ' s  d i f f e r e n t i a l  r u l e  ( L i p t s e r  and S h i r j a e v ,  1977) ,  one can 

r e a d i l y  t rans fo rm (A5 )  i n t o  t h e  d i f f e r e n t i a l  r e l a t i o n s h i p  - 
A( t ,Y ( t )  ,x;) - ~ ( t  ,x;) 

d N t )  = O(t) dW(t) 
~ ( t  ,x:) 

(-49) 

I n  o r d e r  t o  c a l c u l a t e  ( A 4 ) ,  r e p r e s e n t  t h e  product  of F (Y( t ) )  and $ ( t )  by 

us i ng  I t o ' s  d i f f e r e n t i a l  r u l e .  Th is  y i e l d s  

t 
F ( Y ( ~ ) )  9 ( t )  = F(Y(o ) )  $(o)  + i F ' ( Y ( ~ ) )  ecu) a(u,Y(u) ,x0) du 

where F' and F" a r e  t h e  f i r s t  and second o r d e r  d e r i v a t i v e s  o f  F w i t h  r espec t  



Taking t h e  mathemat ica l  expec ta t i on  E' of b o t h  s i d e s  of (AlO), we ge t  

t 
E ( F ( Y ( ~ ) )  I ~ ( t )  = 1 , ~ ~ )  = E(F(Y(O)  I I(O) = 1 , ~ ~ )  + it E '  (F ' (Y (U ) )  a(u,Y(u) , x ) @ ( u ) ) ~ u  0  

By aga in  us ing  Bayes' formula one can show 

Using t h e  a r b i t r a r y  doubly d i f f e r e n t i a b l e  f unc t i on  F(Y) such  t h a t  

and r e w r i t i n g  (A12) i n  terms of t h e  i n t e g r a l  w i t h  r espec t  t o  t h e  c o n d i t i o n a l  

dens i t y  

one can f i n a l l y  ge t  t h e  c o n d i t i o n a l  Kolmogorov-Eokker-Planck equa t i on  g iven 

i n  t h e  main t e x t .  

B.  Proof t h a t  t h e  Cond i t i ona l  D i s t r i b u t i o n  i s  Gaussian 

I n  o rde r  t o  prove t h a t  t h e  c o n d i t i o n a l  d e n s i t y  f  (y)  i s  Gaussian,  
t 

some a d d i t i o n a l  assumpt ions a r e  needed. We assume t h a t  t h e  c o e f f i c i e n t s  a, 

A ,  and p have t h e  fo l l ow ing  forms: 



of t ime and of t h e  e n t i r e  p a s t  of t h e  p rocess  X from t ime 0  up t o  t ime t .  

We assume a l s o  t h a t  t h e  i n i t i a l  cond i t i on  Y(0) i s  Gaussian d i s t r i b u t e d  con- 

t 
d i t i o n a l  on I ( O ) = l  and Xo, 

F ( Y ( ~ ) )  = e  
i a Y( t )  

(B2 ) 

Denote by 

For t h i s  s p e c i a l  c a s e  (A12) may b e  w r i t t e n  a s  

where X'  and X" denote  t h e  f i r s t  and second d e r i v a t i v e s  w i t h  r espec t  t o  a 

and 

t 
m(t) = E(Y(t) I I ( t ) = l , X O )  

Denote by m and yo t h e  mean and va r i ance  of t h e  c o n d i t i o n a l  d i s t r i b u t i o n  of 
0  

Yo. Then t h e  f unc t i on  'Y can be  w r i t t e n  a s  
0 

2 
Y = exP {iam - 4 a yo} 0  0  

Given t h i s  p a r t i c u l a r  form and t h e  equa t i on  f o r  Y we seek  Y i n  t h e  s i m i l a r  
t '  t 

form: 



where m and y t  s a t i s f y  t h e  fo l l ow ing  s t o c h a s t i c  d i f f e r e n t i a l  equa t ions  
t 

dm(t) = c l ( t )  d t  + d l ( t )  d i ( t )  0 8 )  

d y ( t )  = C2( t )  d t  + d 2 ( t )  d i ( t )  

The c o e f f i c i e n t s  i n  (B8) can b e  found from (Bl)  and (B7) . 
Using t h e  e q u a l i t i e s  

y '  = - 4 y  a2, y, = - + Y a  4 
Y W 

and comparing t h e  s t o c h a s t i c  d i f f e r e n t i a l  of $t r ep resen ted  i n  terms of m 
t 

and yt w i t h  t h e  r i g h t  hand s i d e  of (B5), we have 

It remains t o  b e  shown t h a t  t h e  equa t i on  f o r  y  has  a  unique s o l u t i o n .  
t 

Proof of t h i s  fo l l ows  e a s i l y  from t h e  approach sugges ted  by L i p t z e r  and 

S h i r j  aev (19 77). Furthermore,  g e n e r a l i z a t i o n  t o  t h e  case  desc r i bed  i n  

Sec t i on  111. C. --i. e . ,  when n o i s e  i n  X and Y is cor re la ted - -a lso  fo l l ows  

e a s i l y  from L i p t z e r  and Sh i r j aev .  
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