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FOREWORD 

Low fertility levels in IIASA countries are creating aging 
populations whose demands for health care and income maintenance 
(social security) will increase to unprecedented levels, thereby 
calling forth policies that will seek to promote increased family 
care and worklife flexibility. The new Population Program will 
examine current patterns of population aging and changing life- 
styles in IIASA countries, project the needs for health and income 
support that such patterns are likely to generate during the next 
several decades, and consider alternative family and employment 
policies that might reduce the social costs of meeting these needs. 

An important feature of the Population Program's research 
agenda is the development of computer program packages that will 
allow members of its collaborative network to work with comparable 
and consistent analytical methods. The proqram described in this 
paper is part of the set of POPNET programs-that have been created 
for this purpose. It should enable a user to fit observed data 
with parametrized model schedules and, in this way, to provide 
a means for data smoothing and inference. 

Andrei Rogers 
Leader 
Population Program 
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MODEL: A GENERAL P2OGWl FOR ESTIMATING 
PARAMETRIZED MODEL SCHEDULES OF FERTILITY, 
MORTALITY, ?4 IGRATION,  AND MAR1 TAL AND 
LABOR FORCE STATUS TRANSITIONS 

Demography has  been c h a r a c t e r i z e d  a s  t h e  q u a n t i t a t i v e  s tudy  

o f  fundamental  demographic p r o c e s s e s ,  such a s  m o r t a l i t y ,  f e r t i l -  

i t y ,  m ig ra t i on ,  and mar r iage  (Bogue 1 9 6 8 ) .  These p rocesses  

may be viewed a s  t r a n s i t i o n s  t h a t  i n d i v i d u a l s  expe r i ence  d u r i n q  

t h e  cou rse  o f  t h e i r  l i f e  c y c l e .  I n d i v i d u a l s  a r e  bo rn ,  age w i t h  

t h e  passage  of t i m e ,  e n r o l l  i n  s c h o o l ,  e n t e r  t h e  l a b o r  f o r c e ,  g e t  

mar r ied ,  r s p r o d u c e ,  m i g r a t e  from cne reg ion  t o  a n o t h e r ,  r e t i r e ,  

and u l t i m a t e l y  d i e .  These t r a n s i t i o n s  c o n t r i b u t e  t o  changes i n  

va r i ous  p o p u l a t i o n  s t o c k s  th rough  s imple  accoun t i ng  i d e n t i t i e s .  

For example, t h e  number of  mar r ied  peop le  a t  t h 2  end o f  each y s a r  

is e q u a l  t o  t h e  number a t  t h e  beg inn ing of  t h e  y e a r  p l u s  new 

m a r r i a g e s  and a r r i v a l s  of  ma r r i ed  m ig ran t s  l e s s  d i v o r c e s ,  d e a t h s ,  

widowings, and  t h e  o u t m i g r a t i o n  of  p a r t  o f  t h e  mar r i ed  p o p u l a t i o n .  

The s t u d y  of  t r a n s i t i o n  p a t t e r n s  g e n e r a l l y  b e g i n s  w i t h  t h e  

c o l l e c t i o n  o f  d z t a  and t h e  e s t i m a t i o n  c f  m iss ing  o b s e r v a t i o n s ,  

c o n t i n u e s  w i t h  t h e  c a l c u l a t i o n  of  t h e  a ? p r o p r i a t e  r a t e s  and 

co r respond ing  ~ r o b a b i l i t i e s ,  and o f t e n  ends w i t h  t h e  g e n e r a t i o n  

o f  s i n p l e  p r o j e c t i o n s  of  t h e  f u t u r e  c o n d i t i o n s  t h a t  would a r i s s  

wers t h e s e  p r ~ b z b i l i t i e s  t o  remain unchancjed. 



I .  PAFUUPETRIZED MODEL SCHEDULES 

The use  of mathemat ica l  f u n c t i o n s ,  exp ressed  i n  t s r m s  02 a  

sinal l  s e t  0 4  pa rame te rs ,  t o  smooth and d e s c r i b e  pars imon ious ly  

schedu les  of a g e - s p e c i f i c  r z t e s  i s  a  common p r a c t i c s  ia demo- 

grcphy.  A larcje nuxbzr o f  such f u n c t i o n s  have been propcsed and 

f i t t e t i  t o  mor ta . l i t y  and f e r t i l i t y  d a t a ,  f o r  esamp le ,  arid t h e  

r e s u l c s  have been wide ly  a p p l i e d  t o  d a t a  s ~ . o o t h i n g ,  i n t e r p o l a -  

t i o n ,  c o n p a r a t i v e  a n a l y s i s ,  d a t a  i n f e r e n c e ,  and f o r e c a s t i n g .  

The r s l e v a n t  l i t e r a t u r e  i s  v a s t  and e n t r y  i n t o  it can be made 

from such r e p r e s e n t a t i v e  p u b l i c a t i o n s  a s  S r a s s  (19711,  Coale 

and Demeny ( 1  9 6 6 )  , Coale  and T r u s s e i l  ( 1  97q) , Heligman and 

P o l l a r d  (1979) , Hoern e t  a l .  ( 1  981) , and Uni ted Na t ions  (1967) . 
More r e c e n t l y ,  t h e  range of  pa rame t r i zed  s c h e d u l e s  has  been 

expanded t o  i n c l u d e  i n t e r s t a t e  t r a n s f e r s  such a s  m i g r a t i o n  (Rogers ,  

R a q u i l l e t ,  and C a s t r o  1978 ; Rogers and C a s t r o  i 98 1 ) and cl lan5es 

i n  m a r i t a l  s t a t u s  o t h e r  than  f i r s t  mar r iage  (Wi l l i ams  1931) . Thus 

it i s  now p o s s i b l e  t o  d e f i n e  a model ( h y p o t h e t i c a l )  m u l t i s t a t e  

dynamics t h a t  d e s c r i b e s  t h e  e v o l u t i o n  of a  s i n g l e - s e x  p o p u l a t i o n  

exposed t o  paramet r i zed  schedu les  of m o r t a l i t y ,  f e r t i l i t y ,  migra- 

t i o n ;  and s e v e r a l  £ o m s  o f  m a r i t a l  s t a t u s  c h a ~ c j e  ( t h a t  i s ,  f i r s t  

ma r r i age ,  widowhood, d i v o r c e ,  and r e m a r r i a g e ) .  

The rolrz of  node l  schedu les  i i l  p a r a n e t r i z e d  m u l t i s t a t e  

p o p ~ l l a t i o n  dynamics is two- fo ld.  7::i.s f ,  z o d e l  schedules a l l o w  

one t o  condense a2 enormous amount o t  i n f o rma t i on  a ? ~ o u t  t r a n s i -  

t i o n s  b ~ t v ~ e e n  s t a t e s  of  e x i s t e n c e  o r  t i le o c c u r r e n c e s  o f  v i t a l  

e v e n t s  i n  each y e a r  i n t o  a few p a r h z e t s r s .  S ? c o n d ,  model scile5- 

u l s s  p rov ide  a manageable ausbe r  of i r i t z r ~ r z t a b l e  d e s c r i p t i v e  

s t a t i s t i c s ,  f o r  each  demogrzphic t ~ a n s i t i c n  o r  v i t a l  e v e n t  i n  

each y e a r ,  t h e  t i m e  seri2s of  which can be t h e  b a s i s  f o r  econo- 

m e t r i c  e s t i m a t i o n .  The c r i t g r i a  f o r  t h s  s e l e c t i o n  of appro-  

p r i a t e  model schedu les  shou ld  emphasize t h e  i n t e r p r e t ~ ~ b i l i t y  

of the parameter ; ,  t h e i r  success  i n  c h a r a c t r r i a i ~ g  t h e  i n p o r t a ~ l t  

featu12s o f  demographic behav io r ,  ar.3 t h e  qoo2ness-of-f  i t  of  

t h ~  ~ a r a m z t r i z ? d  sched l~ l -3s  t o  ava i l zb j - s  2 ~ t a .  



Rates and Schedules of Rates 

Tl ie  b a s i c  ir\.itl?-l neasul-e for- rr.ost d m o q y z ~ , ! ~ i c  azz . l i -~Fs  

i s  ;1 ten.;-.ral ra-Lo,, ?=f i r -ed f o r  a :,o.~~ulzk.ion F:I a  cjiver! stt t l I? 

durinq a  9 a r r i c u l a r  t i n e  s ~ a n .  1i.r ,a ncmerator i s  a c:rjl.?!:t of 

o c c ~ . ! r ~ e ~ ~ e s  o f  2; e ~ ~ e n t ;  i t s  denor!i::at_cr dcscrilr;.~.: ~ ~ : - y q ! : - v a ' m  - , .-&A .J 

of exposure ( n u ~ 3 e r  o f  people  tFri?er; the dui-at ion cf ?..heir e:;posu.r:c 

t o  t h e  even t  i n  q u e s t i o n )  . I n  t h e  dcii:ogrtiph:i:= l i t ~ r a i u r s  s~:lc;l 

r a t e s  have been c a l l e d  occurrence/z.z?osurs r a t e s ,  

I n  m a r t a l i t y  s t u d i e s ,  f a r  e x a ~ p l e ,  occur renee /expssure  r z t e s  

a s s o c i a t e  t h e  n w 3 e r  of d e a t h s  du r i ng  a g iven i n t e r v a l  x i t h  t h e  

nurnher of person-years  of exposuxe t o  dea th  exper ienced  by t h z  

popu la t ion  a t  risk. I n  l a b o r  f o r c e  s t u d i c s  they  tal:.e tile f o r 2  

of access ion  and s e p a r a t i o n  r a t e s  t h a t  r e l a t e  e n t r a n c z s  and exi.Ls 

t o  t h e  a t - r i s l i  i n a c t i v e  and a c t i v e  ~ s p u l a t i o n s ,  r e s p e c t  i v n l y  . 
Analogous p r i n c i p l z s  app ly  t o  t h s  c o n s t r u c t i o n  of  ferkliity 

r a t e s ,  n u p t i a l i t y  r a t e s ,  and d i v c r c s  r a t e s .  

Empi r i ca l  s c h e d u l e s  of  age -spec i f i c  o c c u r r e n c e / e s ~ c s u r e  

r a t e s  e x h i b i t  remarkably p e r s i s t e c t  r s g u l a ~ i t i e s  ig acjc p a t t e r n .  

Mor ta l i t y  s c h e d u l e s ,  f o r  example, normal ly s h o ~  a  moderate ly  

dea th  r a t e  i m e d i a t e l y  a f t e r  b i r t h ,  a f t a r  which t h e  r a t e s  di-cp 

t o  a  minimum between aqes  1 0  t o  15,  then Fncrs=se s lcw ly  u n t i l  

about  age 5 0 ,  and t h e r e a f t e r  r ise a t  an i n c r e a s i n g  r~dca until 

t h e  l a s t  years of l i f e .  F e r t i l i t y  r a t e s  ~ e n e r a i l y  s t a r t  t o  tA;e 

on nonzero v a l u z s  a t  abou t  age 15 and a t t a i n  a a a x i m u ~  somewh~rc  

betvieen ages 20 and 3C; t h e  cu rve  i s  unimcdai and d e c l i n e s  t o  

z e r o  oncl aga in  a t  some age c l o s e  t o  50. S i m i l a r  u l imcds l  pro- 

f i l e s  may be found i n  schedu les  of f i r s t  mar r i age ,  d i v o r c e ,  and 

remar r iage .  The most prcminent  r e g u l a r i t y  i n  a g e - s p e c i f i c  sched- 

u l e s  c f  m ig ra t i on  is  ths high c o n c e n t r a t i o n  of m i q r a t i c n  among 

young a d u l t s ;  r a t e s  o f  m ig ra t i on  a l s o  a r e  h igh among c h i l d r e n ,  

s t a r t i n g  w i th  a  peak du r i ng  t h e  f i r s t  yea r  of l i C z ,  dropp ing t o  

a  low p o i n t  a t  abou t  age 1 6 ,  t u r n i n g  s h a r p l y  upward t o  a peak 

n e a r  ages 2 0  ko 22,  and d e c l i n i n g  r e q u l a r l y  t h e r e a f t e r  e s c e ~ ~ t  

f o r  a 2 o s s i b l e  s l i g h t  h u ~ p  o r  upwa~d s l o p e  a t  t h e  o n s e t  of t n e  

p r i n c i ~ a l  ages o f  r e - t i r e n e n t .  Alt!?ougn d z t a  on r a t e s  of l ~ b o r  



f o r c e  e n t r y  and e x i t  a r e  very s c a r c e ,  t h e  few pub l i shed  s t u d i e s  

t h a t  a r e  e v a i l a h l e  i n d i c a t e  t h a t  r e g u l a r i t i e s  i n  age p a t t e r n  a l s o  

may be found i n  such schedu les .  F igu rc  1 i l l u s t r a t e s  a number 

o f  t y p i c a l  age p r o f i l e s  e s h i b i t e d  by occurl-cnce,/cxposu-e r a t e s  

i n  m u l t i s t a t e  demography. 

The shape o r  p r o f i l e  of a  schedu le  of age -spec i f i c  occurre i lce/  

exposure r a t e s  i s  a  f e a t u r e  t h a t  may be u s e f u l l y  examined inde- 

pendent l y  of its. i n t e n s i t y  o r  l e v e l .  This  i s  becauss t h e r e  a r e  

c o n s i d e r a b l e  e m p i r i c a l  d a t a  showing t h a t  a l though t h e  l a t t e r  

t e n d s  t o  vary s i g n i f i c a n t l y  from p l a c e  t o  p l a c e ,  t h e  former 

remains remarkably s i m i l a r .  

The l e v e l  a t  which occur rences  of an even t  o r  a  f low t a k e  

p l a c e  i n  a  m u l t i s t a t e  popu la t i on  system may be r e p r e s e n t e d  by 

t h e  a r e a  under t h e  cu rve  o f  t h e  p a r t i c u l a r  schedu le  of r a t e s .  

In  f e r t i l i t y  s t u d i e s ,  f o r  example, t h i s  a r e a  i s  c a l l e d  t h e  g r o s s  

rep roduc t i on  r a t e  i 2  t h e  r a t e s  r e f e r  t o  p a r e n t s  and b a b i e s  of a  

s i n g l e  sex .  By ana logy ,  t h e r e f o r e ,  w e  s h a l l  r e f e r  t o  a r e a s  under 

a l l  schedu les  of o c c u r r e n ~ i , ' e x p o s u r e  r a t e s  a s  g r o s s  p roduc t ion  . . 
r a t e s ,  i n s e r t i n g  t h e  a p p r o p r i a t e  n o d i z i e r  v;hen d e a l i n g  w i th  a  

p a r t i c u l a r  e v e n t  o r  f l ow,  f o r  example, g r o s s  m o r t a l i t y  produc- 

t i o n  r a t e  and g r o s s  a c c e s s i o n  p roduc t ion  r a t e .  The te rm 

"product ion"  i s  r e t a i n e d  throughout  i n  o r d e r  t o  d i s t i n g u i s h  t h i s  

aggrega te  measure of l e v e l  from t h e  o t h e r  more common g r o s s  r a t e s  

used i n  demography, such a s  t h e  d i r e c t i o n a l  g r o s s  ( i n s t e a d  of  

n e t )  r a t e  of m ig ra t ion .  

Examples 

Ainong t h e  r e l a t i v e l y  l a r g e  n u h e r  of d i f f e r e n t  paramet r i c  

f u n c t i o n s  t h a t  have been r e c e n t l y  proposed f o r  r e p r e s e n t i n g  

scl:sdules of a g e - s p e c i f i c  f e r t i l i t y ,  the f o r n u l a  pu t  forciard by 

Coale and T r u s s e l l  ( I  974) has assumed a c e r t z i n  pr2-en;j-nr-nce. 

Th is  f o r a l ~ l a  can b e  viewed a s  t h e  product  of tT.<o conponent 

schedu les :  a  model n u p t i a l i t y  schedule  and a mod21 m a r i t a l  

f e r t i l i t y  schedu le .  The 2oxmer adop ts  t h e  double-exponent ia l  

f i r s t  marr iage f u n c t i o n  of Coaie and i,Ic!<sil ( i 9 7 2 )  : 



FERTILITY 

MIGRATION 

Age 
LABOR FORCE ACCESSION 

FIRST MARRIAGE 

DIVORCE 

r 

REMARRIAGE 

r 

Age 
LABOR FORCE SEPARATION 

Fic jure  1. M i l l t i s t a t e  s c h e d u l e s .  



where e i s  t h e  age  a t  which a  c s n s e q u e n t i a l  number o f  f i r s t  0 
mar r i ages  beg in  t o  o c c u r ,  and k is  t h e  number o f  y e a r s  i n  t h e  

observed  p o p u l a t i o n  i n t o  which one year of mar r i age  i n  t h e  

s t a n d a r d  p o p u l a t i o n  i s  t rans fo rmed.  I n t e g r a t i n g ,  one f i n d s  

which when m u l t i p l i e d  by t h e  p r o p o r t i o n  who w i l l  e v e r  mar ry ,  

r e p r e s e n t s  t h e  p r o p o r t i o n  mar r ied  a t  each  age .  

Coale a rgues  t h a t  m a r i t a l  f e r t i l i t y  e i t h e r  f o l l o v ~ s  a  

p a t t e r n  t h a t  Henry (1961) c a l l e d  n a t u r a l  f e r t i l i t y  o r  d e v i a t e s  

from it i n  a  r e g u l a r  manner t h a t  i n c r e a s e s  w i t h  a g e ,  such t h a t  

t h e  r a t i o  o f  m a r i t a l  f e r t i l i t y  t o  n a t u r a l  f e r t i l i t y  can  be 

e x p r e s s e d  by 

where M i s  a  s c a l i n g  f a c t o r  t h a t  s e t s  the  r a t i o  , r ( x ) / n ( s )  e q u a l  

t o  m i t y  a t  some f i x e d  a q e ,  and m i n d i c a t e s  t h e  dcq ree  of  c o n t r o l  

o f  r n a r i t a i  f e r t i l i t y .  The vt l lues of v ( x )  and n ( x )  are_ s p e c i f i e d  

by Coale, and they  a r e  assumed t c  remain i n v a r i a n t  a c r o s s  pcpu la-  

t i o n s  and cve r  tine. 

P4ul t ip ly ing t h e  two-pararccter model schedu le  of  p r o p o r t i o n s  

e v s r  ma r r i ed  a t  each  age  by t h s  one-pcrzmeter  model schedu le  o f  

m a r i t a l  f e r t i l i t y ,  Coa le  and Trcssell (1974) g e n e r a t c d  +r, e;:lisn- 

s i v e  set  of  model Z c r t i l i t y  schcdu lzs  t h a t  have been shovin t o  

d e s c r i b e  e i r p i r i c a l  schedules wi th  s u r p r i s i n q  accu racy .  T h e i r  

rep ress i - i t a t i cn  



rnv (x)  f ( x )  = G ( x )  - r ( x )  = G ( x ) n ( x ) e  

a l lows  ope t o  o b t a i n  t h e  aqe p r o f i l e s  ( b u t  n o t  t h e  l e v e l s )  o f  

f e r t i l i t y ,  which depend on ly  on t h e  f i x e d  s i n g l e - y e a r  va lues  of 

t h e  f u n c t i o n s  n  ( x )  and v  ( x )  , and on e s t i ~ n a t e s  f o r  x o ,  k,  afid rn. 

A double-exponent ia l  f unc t i on  [ s i m i l a r  t o  t h a t  used by Coale 

and McNeil (1972) f o r  f i r s t  marr iages]  a l s o  may be used t o  

d e s c r i b e  f e r t i l i t y  r a t e s  a t  age x: 

where t h e  shape of t h e  curve  i s  de f i ned  by t h e  t h r e e  paralr ieters, 

a ,  p ,  and k, and t h e  l e v e l  of t h e  curve i s  d e f i n e d  by t h e  scaling 

parameter  a ,  and g ,  t h e  g r o s s  f e r t i l i t y  rate, which i s  t h e  sum 

of  a l l  t h e  a g e - s p e c i f i c  f e r t i l i t y  r a t e s .  Although t h e s e  param- 

e t e x s  ( a p a r t  from g )  a r e  n o t  e a s i l y  i n t e r p r e t a b l e ,  it is  p o s s i b l e  

t o  d e r i v e  t h e  p r o p e n s i t y ,  mean, v a r i a n c e ,  and mock of  t h e  double-  

exponen t i a l  f u n c t i o n  i n  terms of them (Coale and McNeil 1972; 

Rogers and C a s t r o  1981; and Sans 19311. 

M a r i t a l  S t a t u s  

Coale and McNei l ' s  ( 1 9 7 2 )  doub le -esponent ia l  model schedu le  

o f  f i r s t  mar r i ages ,  d i s c u s s e d  above, was i n t roduced  a 2ecade ago.  

Parametr ized s c h e d ~ ~ l e s  of o t h e r  changes i n  m a r i t a l  s t a t u s ,  

however, seem t o  have been f i r s t  used on ly  r e c e n t l y ,  i n  a  s tudy  

c a r r i e d  o u t  by t h e  IlWACT P r o j e c t  i n  A u s t r a l i a  (Powel l  1 977) . 
Working w i t h  a d e t a i l e d  demographic d a t a  bank produced by Brown 

and Ha l l  ( 1  978) , ' ~ i l l i a m s  ( 1  987 ) f i t t e d  gamma d i s t r i b u t i o n s  t o  

A u s t r a l i a n  r a t e s  o f  f i r s t  mar r iage ,  d i v o r c e ,  remar r i age  of 

d i v o r c e e s ,  and remar r i age  of widows, f o r  each yeclr from 1 9 2 1  t o  

1976. These model schedu les  provided adequate d e s c r i p t i o n s  of 

A u s t r a l i a n  m a r i t a l  s t a t u s  changas,  a l though some d i f f i c u l t i e s  

a r o s e  wi th  age  d i s t r i b u t i o n s  t h a t  e x h i b i t e d  s t e e p  r i s e s  i n  e a r l y  

ages ;  i n  p a r t i c u l a r ,  t h e  age d i s t r i b u t i o n s  o f  f i r s t  mar r i ages .  

Th is  d i f f i c u l t y  was cvercome by the a d d i t i o n  of a  second t i n e -  

i n v a r i a n t  gamma d i s t r i b u t i o n .  



Func t i ons  based  on t h e  Coale-b!cNail d o u b l e - e x ~ o n e n t i a l  

d i s t r i b u t i o n ,  g i v e n  i n  Equat ion  3 ,  seem b e t t e r  a b l e  t o  cope 

w i t h  t h e  problem o f  s t e e p l y  r i s i n g  age d i s t r i b u t i o n s  t h a n  t h e  

gamma d i s t r i b u t i o n .  Al though t h e  paramete rs  o f  bo th  f u n c t i o n s  can 

be e x p r e s s e d  i n  te rms  of a p r o p e n s i t y ,  mean age  and v a r i a n c e  i n  

a g e ,  t h e  doub le -exponen t i a l  f u n c t i o n  r e q u i r e s  a  f u r t h e r  pa ramete r  

- the modal age-whose movements ove r  t i m e  may be more d i f f i c u l t  

t o  model and p r o j e c t .  

M o r t a l i t y  

Three p r i n c i p a l  approaches have been advanced f o r  summarizing 

age p a t t e r n s  of m o r t a l i t y :  func5SonaL d e s c r i p t i o n s  i n  t h e  form 

of  mathemat i ca l  e x p r e s s i o n s  w i t h  a  few paramete rs  (Eenjamin and 

P o l l a r d  1980) , t .zunerica2 tabv.lat7:ons g e n e r a t e d  from s t a t i s t i c a l  

summaries of l a r g e  d a t a  sets (Coale and Demeny 1 9 6 6 ) ,  and r e l c -  

t i o n c l  p rocedures  a s s o c i a t i n g  observed  p a t t e r n s  w i t h  t h o s e  found 

i n  a  s t a n d a r d  s c h e d u l e  (E rass  137i ) . 
The s e a r c h  f o r  a  "mathemat ica l  law" of m o r t a l i t y ,  h a s ,  u n t i l  

ve ry  r e c e n t l y ,  p roduced mathemat ica l  f u n c t i o n s  t h a t  were success -  

f u l  i n  c a p t u r i n g  e m p i r i c a l  r e g u l a r i t i e s  i n  on l y  p a r t s  o f  t h e  

age r a n g e ,  and numer i ca l  t a b u l a t i c n s  have proven t o  be sonev:hat 

cumbersome and i n f l e x i b l e  f o r  a p p l i e d  a n a l y s i s .  Consequen t l y ,  

t h e  r e l a t i o n a l  methods f i r s t  proposed by \ * J i l l i a m  B rass  have 

become w ide ly  adopted.  Witn two paramete rs  and a  s t a n d a r d  l i f e  

t a b l e ,  i t  h a s  become p o s s i b l e  t o  d e s c r i b e  and ana lyz?  a  l ~ r g e  

v a r i e t y  of  m o r t a l i t y  reg imes p a r s i n o n i o u s l y .  

In  1979 Heligman and Pol la l -d pub. l ished a  paper  s e t t i n g  o u t  

s e v e r a l  mathemat i ca l  f u n c t i o n s  t h a t  appiar t o  p rov ide  s a t i s f a c t o r y  

r e p r e s e n t a t i o n s  o f  a wide range  of age p a t t e r n s  of .  m o r t a l i t y .  

T h e i r  f u n c t i o n  d e s c r i b e s  t h e  v a r i a b l e  q ( x ) ,  t h e  p r o b a b i l i t y  oE 

dy ing w i t h i n  one y e a r  f o r  an i n d i v i d u a l  a t  age x.  Ks have found 

i t  more u s e f u l  t o  f ocus  i n s t e a d  on d ( x )  , t h e  annua l  dea- th r z t e  

a t  age  x. Thus we a d o p t  t n e  s l i g h t l y  modi f ied  Heligman and 

P o l l a r d  formula sugges ted  by Brooks e t  a l .  (1980) o f  t h e  IMPACT 

P r o j e c t  : 



where 

and 

f o r  x = 0 

f o r  x = 0 , 1 ,  . . . ,  1 0 0 +  ( 4 )  

f o r  x 2 0 

f o r  x 1 0  

Heligman and P o l l a r d  i n t e r p r e t e d  t h e  t h r e e  t e r m s  i n  t h e i r  fo rmula  

a s  r e p r e s e n t i n g  i n f a n t  and ch i ldhood  m o r t a l i t y  (I), m o r t a l i t y  due 

t o  a c c i d e n t s  ( A ) ,  and a s e n e s c e n t  m o r t a l i t y  ( S )  conpcnent  which 

r e f l e c t s  m o r t a l i t y  due t o  ag ing .  

Migration 

A r e c e n t  s t u d y  o f  age p a t t e r n s  i n  m i g r a t i o n  s c h e d u l e s  

(Rogers and C a s t r o  1981) has  shown t h a t  such ? a t t e r n s  e x h i b i t  

an a g e  p r o f i l e  t h a t  can be a d e q u a t e l y  d e s c r i b e d  by t h e  mathe- 

m a t i c a l  e x p r e s s i o n :  



i f  t h e  curve has a  r e t i r e n e n t  peak, 

i f  t h e  curve has an upward re t i r emen t  s l o p e ,  and 

i f  t h e  curve has n e i t h e r  and i s  approximately h o r i z o n t a l  a t  t h e  

pos t - labor  f o r c e  ages.  The migra t ion  r a t e ,  m ( x ) ,  t h e r e f o r e ,  

depends on va lues  taken on by 1 1 ,  9 ,  o r  7 parameters ,  r e s p e c t i v e l y .  

The shape of  t h e  second t e r n ,  t h e  l a b o r  f o r c e  component of 

t h e  curve,  i s  t h e  double exponent ia l  formula pu t  forward by 

Coale and McNeil ( 1 9 7 2 ) .  The f i r s t  term, a  s imple nega t i ve  

exponen t ia l  curve ,  d e s c r i b e s  tile m igra t ion  age p r o f i l e  of c h i l d -  

r e n  and ado lescen ts .  F i n a l l y ,  t h e  pos t - labor  f o r c e  compcnent 

i s  a  c o n s t a n t ,  ano the r  double-exponent ia l ,  o r  an upward s lop ing  

p o s i t i v e  exponen t ia l .  

I n  a d d i t i o n  t o  t h e  parameters and de r i ved  v a r i a b l e s  de f ined  

p rev ious l y  i n  t h e  d i s c u s s i o n  of model double-exponent ia l  f e r t i l -  

i t y  schedu les ,  we now in t roduce  t h r e e  a d d i t i o n a l  measures u s e f u l  

f o r  t h e  study of m ig ra t i on  age p r o f i l e s :  t h e  index of c h i l d  

dependency  

t h e  index of p n r e 7 t t a l - s i z i  f t r c g u l c r i t y  

and t h e  low ? o i n t  x  e .  The f i r s t  measures t h e  pace a t  which 

c h i l d r e n  migra te  w i th  t h e i r  p a r e n t s ,  t h e  second i n d i c a t e s  the  

d e g r l e  t o  vihich t h e  p a t t z r n  of t h e  migrat ion r a t e s  of c h i l d r e n  

m i r ro rs  =ha t  of t h e i r  p a r e n t s ,  and t h e  t h i r d  i d e n ~ i f i e s  t h e  age 

a t  which the Lowest migra t ion  r a t e  occurs  a m n g  teenagers. 



Other Transitions 

The notion of model schedules may be used to describe a 

wide range of demographic transitions. We have considered 

mortality, fertility, migration, marriage, divorce, and remar- 

riage. We could as easily have focused on flows between dif- 

ferent states of, for example, income, education, health, and 

labor force activity. 

Consider, for example, the flows between active and inactive 

statuses in studies of labor force participation. Rates of entry 
into the labor force, called accession rates, exhibit an age 

profile that can be described as the sum of three double exponen- 

tial distributions. Rates of exit from the labor force, called 

separation rates, may be described by a U-shaped curve defined as: 

A Computer Program: Model 

The rest of this paper describes a computer program that 

may be used to fit model schedules to observed data. The heart 

of this program is a nonlinear algorithm that iterates to the 

data until it in some sense (e.g., in the least-squares sense) 

produces an optimal fit of model to data. Two such algirithms 

are embedded in the program. The first is a routine based on the 

Levenberg-Marquand algorithm that is available from IMSL (Inter- 

national Mathematics and Statistics Library). This routine is 

copyrighted; consequently, it is not reproduced here. It is, 

however, available at many university computing centers. 

An alternative, and in many respects a better, routine is 

one based on a Gauss-Newton type of algorithm developed in the 

Soviet Union at VNIISI, the All Union Research Institute of Systems 

Studies. This routine, written by Drs. V. Golubkov and S. 

Scherbov, was brought to IIASA by Dr. Scherbov and was added to 

the program as an alternative parameter estimation procedure. 

Since the algorithm is not copyrighted we are able to include 

it in the program listing contained in this paper. 



T h i s  m a n u a l  d e s c r l b s s  t h e  S a s r c  s t e p s  f o r  ~ s i n ~  I I A j a ' s  Se -  
n e r s l  z i oae l  s c h e d ~ l a  p a r a m e t e r  e s t i ; i a t i o n  p r c ; r am.  A s  t h s  
u s e r  becomes  S e t t c r  a c . q u a r n t s c  w i t n  i t /  h e  u i l l  f l n a  i t  
h e l o f u i  t o  s x a m i n e  t h e  A a v a n c e d  U s a r ' s  ; l a n u a i /  p r e s ~ n t e d  r n  

- 7 -  s z c t i o n s  2nd Z V ,  & h i c k  o f f e r s  n o r e  ; o n e r ~ l  L a y s  e f  u s i n g  
t h e  g ro ; r am a n d  additional f a c i l l : i = s ,  and  w k i c h  a l s c  c o n -  
t a l n s  ? ;o r9  d o t a l l e d  d e s c r l p t l o n s .  

' h ka t  t h e  9 ro ; raa l  d o e s  

T k e  mode l  s c h a d a l a  j r o ; r a m  h z s  b ~ l l t  l n  t o  l t  s e v e r a l  m a t n s -  
, n a t i c a l  f u n c t i o n s  t h a t  yay  b e  $ s e a  t o  d e s c r l k e  t h e  ac,e 3 a t -  
t s r n s  o f  . ~ a r i c u s  c a m o ~ r a p k i c  v a r ~ a 1 3 1 e s  s u c h  E S  m o r t a l i t y /  
f a r t i l l t y ~  n a r r r a , e /  d i v o r c e 1  r n r c j r a t l c n ~  s t c .  Tha 2 a r a n e t e r s  
o f  t k , a s e  n a ; k a ~ a t i c a L  f ~ n c t i c n s  a r e  e s t i m a t a c  b y  a n  i t a r a -  
t l v e  i ; r s c o d s r e  r n  u n i c h  t h e  ~ r o g r a m  t r ~ ? s  t o  f i t  . t n a  rnociel 

, . 
a s  c l a s e l y  a s  j o s s r ~ ~ ~  t o  a  s s t  o f  o k s e r v e d  c a t a .  ? h e  ! u s e r  
n a s  t o  g r o v ~ c e  t h e  observations ( c 3 l l e a  ' l n p ~ t  d a t a ' )  a n a  t o  
s ~ l e c t  t n e  n a t h z m a t l c a l  f ~ n c t r o n  ( c a l l a d  ' a o c e l  s s n e a u l ~ ' )  
he  u i s n o s  t o  a p p l j .  

i a c h  n o u a l  s c h o c ~ l ,  I S  i a e n t i i ~ z a  b y  E c o u e .  F r ; u r a  / 1  l i s t s  
t r s  s v a l i a ~ ? e  a o a e l  s c z e d u l s s  a n d  t h e i r  3 s i o C r a t a d  CCaoS. The 
s a l e c t i o c  o f  s r ~ o d o l  s c h e d c l 2  i s  a o n e  0 n . a  r e z z r a t s  l n o u t  f l l a  
( ' i n ~ u t  ~ ~ r ~ c t i v ~ s ' ) .  I i ,  i o r  a x a n ~ l e ,  a  u s a r  ; r s n a s  t o  f i t  2 

n o d e l  ~ c R S J U L S  t c  o b s e r v e d  ( a z e - s p e c ~ f i c )  f e r t r l l t y  r b t s s /  he 
In i ; ih-r ,  ci . .ooso t n z  u ~ u i ~ l e  e x p o r ; o n < i ; l l  f l r n c t l o n  ( = o d e = 2 2 ) /  ~ i v i n j  
t h e  r n p u t  u i r e c t i v ? ~ :  

1 s t  a l r s c ; l u a  ( a t  c a r d i l i n e  1 ) :  ii: 
Znz a i r z c : j . ~ , i  ( a ?  = s r a / l i n z  2 1 :  , ~ s i ! = 2 3  

k r r t l n ,  s :ar ;s  3' f l r i t  c : l u c n .  T r s  ~ n r : ~ ~ t  u i r e c t i v 9 s  z r s  
r e a a  f r ~ r r  i i l a  ~ n l :  5 ( s t ~ n o ~ r c  l n p ~ : ) .  



Hou t o  p r o v i d e  t h e  i n p u t  d a t s  ( o b s e r v a t i o n s )  ............................................ 
S u p p o s e  t h e  u s e r  h a s  a d a t a  f i l e  c o n t a i n i n g  z g e - s p e c i f i c  
f e r t i l i t y  r a t e s .  P r o v i d e d  t h a t  t h i s  f i l e  i s  u r i t t e n  ' n o r m a l -  
l y ' ,  i . e .  i t  i s  n o t  u n f o r m a t t e d  ( b i n a r y )  o r  f r e e  f o r m a t t e d  
( * - f c r m a t l ,  i t  c a n  be u s e d  a s  an  i n p u t  f i l e  b i t h  o n l y  a f e w  
m o d i f i c a t i o n s .  The  u s e r  h a s  t o  a d u  ttbo c a r d s / l i n e s  a t  t h e  
b e g i n n i n ;  o f  t h e  d a t a  f i l e :  t h e  f i r s t  i s  a  t i t l e  c a r d  w h i c h  
may b e  empty ;  t h e  s e c o n d  h a s  t o  c o n t a i n  t h e  a s e  r a n g e  a n d  
t h e  age  i n t e r v a l  o f  t h e  i n p u t  d a t a ,  a n d  t h e  f o r m a t  w i t h  
u h i c h  t h e y  a r e  t o  be  r e a d .  I f  t h e  f e r t i l i t y  r a t e s  w e r e  
s i n = l e - y e a r - o f - a y e  d a t a  r a n g i n g  from, say, 1 5  t o  5 0  ~ n d  
u e r e  u r i t t e n  i n  f o r m a t  ( 5 f 1 0 . 6 1  t h e  f i r s t  t w o  l i n e s  o f  t h e  
i n p u t  d a t a  f i l e  w o u l a  he: 

1 s t  c a r d / l i n e :  f e r t i l i t y  r a t e s  by  age  o f  m o t h e r  
2 n d  c a r d / l i n e :  1 5  5 0  1 ( 5 f l C . 6 )  

T h e  f i r s t  c a r d / l i n e  i s  r e a d  i n  f o r m a t  ( a 6 0 ) ~  t h e  s e c c n d  i s  
r e a d  i n  f o r m a t  (3i3,aZO). The i n p u t  d a t a  f i l e  i s  r e a d  f r o m  
f i l e  u n i t  1. 

O u t p u t  ------ 
T h e  o u t p u t  p r o d u c e d  b y  t h e  e x a m p l e  i n p u t  f i l e  i s  w r i t t e n  o n  
f i l e  u n i t  6 ( s t a n d a r d  o u t p u t )  a n d  c o n s i s t s  o f  t h r e e  ~ a r t s :  

1 s t  p a r t :  G e n e r a l  p r o s r a m  i n f o r m a t i o n  t e l l i n s  t h e  u s e r  w h a t  
t h e  p r o g r a m  d i d ,  s t e p  b y  s t e p .  

2 n d  p a r t :  A t a b l e  o f  t h e  e s t i m a t e d  m o a e l  s c h e a u l e  p a r a m e t e r s ,  
a l o n g  u i t h  a d d i t i o n a l  i n f o r m a t i o n ,  o f  w h i c h  t h e  
m o s t  i m p o r t a n t  i s  t h e  ' g o o d n e s s  o f  f i t ' ;  s m a l l  
v a l u e s  (e.g. C 1 0 1  i n d i c a t e  a  g o o d  f i t ,  b i ~  n u m b e r s  
( e m s .  > 25 )  r e f l e c t  a  p o o r  f i t .  

3 r d  p a r t :  A t a b l e  o f  o b s e r v e d  v e r s u s  e s t i m a t e d  r a t e s .  

S i m p l e  e x t e n s i o n s  ----------------- 
T h e r e  a r e  s e v e r a l  b a s i c  i n p u t  v a r i a t i o n s  t h a t  may b e  u s e d  t o  
m o d i f y  t h e  p a r a m e t e r  e s t i m a t e s  a n d  t h e  o u t p u t  t o  b e  c r o d u c e d :  

( a )  T h e  i t e r a t i v e  e s t i m a t i o n  o f  t h e  m o d e l  s c t - e d u l e  pa rame-  
t e r s  may be s t a r t e d  w i t h  t h e  i n i t r a l  p a r a m e t e r  v z l u e s  
e x p l i c i t l y  named b y  t h e  u s e r .  D e p e n d i n g  on  t h e  s p e c i f i c  
a p p l i c a t i o n ,  t h e  b u i l t - i n  d e f a u l t s  may n o t  b e  a p p r o p r i a t e  
t o  r e a c h  a  s o l u t i o n .  I n  s u c h  a  c a s e  t h a  u s e r  s h o u l d  t r y  
d i f f e r e n t  i n i t i a l  p a r a m e t e r  e s t i m a t e s .  



( b )  The u s a r , m a y  u a n t  t o  m o d l f y  a n  a v a i l a b l e  m o d e l  s c h e d u l e  
b y  e x c l d l n g  c e r t a i n  p a r t s  o f  t h e  m a t h e m a t i c a l  f ~ n c t i o n .  
T h i s  c a n  be done b y  s e t t i n g  t h e  a p p r o p r i s t e  p a r a m e t e r s  
e q u a l  t o  z e r o .  I t  i s  a l s o  p o s s i b l e  t o  f i x  p a r a m e t e r s  a t  
v a l u e s  o t h e r  t h a n  z e r o .  

( c l  The e s t i n a t e d  m o d e l  s c h e d u l e s  u s u a l l y  a r e  n o r m a l i z e d /  so 
t h a t  t h e  a r e a  u n d e r  t h e  c u r v e  m i l l  he u n i t y .  I t  i s  p o s -  
s l b l e ,  houeve r ,  t o  d e l e t e  t h e  n o r m a l i z a t i o n .  

( d l  The o u t p u t  may be s u p r e s s e d  ( o u t p u t  p a r t s  2 a n d / o r  3 
m e n t i o n e d  a b o v e )  o r  i t  may be e x t e n d e d  by a  g r a p t - i c a l  
o u t p u t .  

( a )  Hou t o  e n t e r  i n i t i a l  p a r a m e t e r  v a l u e s  e x p l i c i t l y  .................................................... 
I n i t i a l  p a r a m e t e r  e s t i m a t e s  a r e  appended  a f t e r  t h e  c o d e  o f  t h e  
m o d e l  s c h e d u l e  on t h e  i n p u t  d i r e c t i v e  'mod'. The o r d e r  o f  pa-  
r a m e t e r s . c a n  be seen  f r o m  a n  o u t p u t  o f  t h e  p r o g r a m  r u n  w i t h o u t  
p a r a m e t e r  s p e c i f i c a t i o n s ,  f o r  example.  I t  1 s  i m p o r t a n t  t o  n o t e  
t h a t  e i t h e r  no  i n i t i a l  p a r a m e t e r  v a l u e s  s h o u l d  be  g i v e n  o r  a l l  
p a r a m e t e r s  o f  t h e  m o d e l  s c h e d u l e  s h o u l d  be i n i t i a l i z e d .  The 
i n p u t  f o r m a t  i s  f r e e /  i . e .  t h e  v a l u e s  a r e  s e p a r a t e d  b y  b l a n k s  
o r  commas. A s a m p l e  i n p u t  d i r e c t i v e  i s :  

i f  t h e  d o u b l e  e x p o n e n t i a l  f u n c t i o n  ( c o d e  2 3 )  i s  t o  have  i n i -  
t i a l  p a r a m e t e r s  v a l u e s  a /  mu, a l p h a ,  and l a m b d a  o f  0.1, 20.0, 
0.3, and 0.1, r e s p e c t i v e l y .  

( b )  How t o  k e e p  p a r a m e t e r  v a l u e s  f i x e d  ...................................... 
F o r c i n g  a  p a r a m e t e r  t o  e q u a l  a  c e r t a i n  v a l u e  means t k s t  t h e  
p a r a m e t e r  w i l l  k e e p  i t s  i n i t i a l  v a l u e  t h r o u g h o u t  t h e  e s t i m a -  
t i o n  p r o c e d u r e .  T h e r e f o r e  t h e  f i x i n g  o f  p a r a r e t e r  v a l u e s  r e -  
q u i r e s  t h a t  i n i t i a l  v a l u e s  be s e t  by  t h e  'mod' i n p u t  d i r e c t i v e  
a s  d e s c r i b e d  above.  Wh ich  p a r a m e t e r ( s 1  w i l l  r e m a i n  f i x e d  i s  
d e f i n e d  b y  t h e  i n p u t  d i r e c t i v e  ' f i x '  tuh ich  c o n t a i n s  z ' 0 '  o r  
'1' f o r  e a c h  p a r a m e t e r ,  tuhere '1' s t a n d s  f o r  ' f i x ' .  T.hus i f  
t h e  u s e r  w i s h e s  t o  k e e p  p a r a m e t e r  mu f i x e d  a t  20 t h e  above  
i n p u t  d i r e c t i v e  w o u l d  n e e d  t o  be e n l a r g e d  t o  s t a t e :  



( c )  h o w  t o  a v o i d  n o r m a l l z a t l c n  ------------------------------ 
S u r p r e s s i n ;  t h e  n c r m z l i z ~ t i o ~  o f  t h e  r o d e l  s c b o d u l e  n e y  b e  
a c h i e v e d  b y  s p e c i f y l n ;  t h c  I n g u t  d i r e c t i v e :  

( d l  How t o  > a t  m o r e  o r  l e s s  c c t p u t  

T o  s b p r e s s  a s  m u c h  o u t p u t  a s  ~ o r s i b l e  t h e  i n g c t  d i r e c t i v e  

s h o u l d  b e  u s e d .  T c  ; e t  o n l y  t P , e  t a b l e  o f  e s t i i r a t e d  ? e r a m e t a r  
v a l u e s  o u t  n c t  t h e  t a b l e  c f  c b s s r v e d  a n d  e s t i r c a t e d  r s t e s  t h e  
u s e r  s h o u l a  c n t e r :  

I f  t h e  u s e r  u ~ i s h s s  t c  e x t e n d  t h e  o u t p ~ t  b y  a  = r a p h i c z l  p l o t  
o f  estimates v e r s u s  o b s e r v e d  r a t e s  h e  s h o u l d  c r e  t n e  i n p u t  
directive ',fa . 



F i g u r e  2 / : :  T h e  Available K c d c l  S c h e d ~ ~ l c s  a n d  T h e i r  C o d c s  

Co ae F u n c t i o n  Nane  

5 f ( x )  = C z e r o  s c h e d u l e  

1  f ( x )  = o b s ( x )  o b s e r v e d  s c h ~ d u i s  

1 1  f ( x )  = P ?  x = o  H e l l c a a n - P o l l a r d  m o d e l  
p 1 *  ( x * * ~ 2 )  x  > r) m o r t a l i t y  s c h e d u l e  

+ p 5 * e x p . ( - ( ( l n ( x ) - i n ( ; 6 ) )  / p 7 ) * * 2 )  
+ p 3 * e x ? ( x / p S ) / ( l + p 3 * o x p ( x / p 4 ) )  
+ 23 

1 2  f ( x )  = p l  * e x p  ( - p 2 * x )  R o g e r s  m o d e l  
+ P ~ * ~ x ~ ( - P ~ * ( x - P ~ ) - ~ x ? ( - P ~ * ( x - P ~ ) ) )  m o r t a l i t y  s c h e d u l e  
+ p ; *exp (p4*x )  
+ p ?  

2  1 f 1 x 1  = p l * n ( x ) * e x p ( ? l * v ( x ) )  C o a l c - T r u s s e l l  m o d e l  
* i n t e L r a l  f r c m  ( p 4 - 1 1 . 3 b * p 5 )  t o  f e r t i l i t y  s c h s d u l e  

i n f i n i t y  o f :  w i t k  p a r a m e t e r s  
11. ? ? l 3 / p 3 )  S ar,d x - b a r  
* c x p ( - ( 1 . 1 4 5 / ~ 3 ~ * ( x - ~ 4 - . 8 G 5 * ~ 3 )  
- e x p ( - ( l .  e ? 0 / ~ 3 ) * ( ~ - ~ 4 - . e c i j + p : )  1) 

22  f ( x )  = p l * n ( x ) * e x ? ( ~ Z * v ( x ) )  C o a l s - T r u s s e l l  m o d e l  
* i n t ~ ; r a l  f r c m  p 4  t o  i n f i n i t y  o f :  f e r t i l i t y  s c h e d u l e .  
( . I ? L S / p ? )  u i t k  p a r a m e t e r s  
*ex [ : , ( - ( . I  7 4 / ~ 3 ) * ( . x - p 4 - 6 . 0 0 * p 3 ) .  k a r d  xO 
- ~ x a ( - ( . i E Z / s S ) * ( x - ; 4 - 6 . G 6 * ~ 3 ) ) ) )  

2 3  f ( x !  = ;I x e x p ( - p 3 * ( ~ - p i ) - ? x 1 :  ( - p 4 *  ( x - p Z ) )  1 d o u b l e  a x p o n ~ n t i a l  

3 1 f ( x )  = pl*exp( '?3*(~-~2)-exp(-p4*(x-p2~)))  d o u b l s  e x p o n e n t i a l s  
+ p 5 * e x p ( - p 7 * ( x - ~ i > - ~ x p ( - p 8 * ~ x - p 6 ) ) ~  

+ p 3 * e x p ( - 3 1 1  * ( x - ~ l O ) - e x p ( - p l  Z * ( x - p 1  C)) 
+ ; I3 

3 2 f ( x )  = p l * z x p ( - p Z * x )  R o g e r s - C a s t r c  m o d s 1  
+ p 3 * e x p < - p 5 * ( ~ - ~ 4 ) - e x p , ( - p 6 * ( ~ - p L ) ) )  m i g r a t i o n  s c h e d u l e  
+ p 7 * e x p ( - p 9 * C x - ~ l > - e x p ( - p 1 o * ( x ' p S ) ) ) )  w i t k ,  r e t i r e m e n t  peal< 
+ a l l  

3 3 f ( x )  = p l * e x p ( - p 2 * x )  R o g e r s - C a s t r c  m o d e l  
+ ; , 3 * a x p ( - p 5 * ( x - p 4 ) - ~ x ~ ( - p o * ( x - p ' 4 ) ) )  m i g r z t i z n  s c h e d u l e  
+ p ? * s x p  < p 3 * x l  u i i t k  r e t i r e m e n t  s l o p e  
+ 2 9  

4  1 f ( x )  = p l * e x p ( - p 3 *  ( x - p 2 ) - e x ~  ( - p 4 *  ( k - p 2 )  1 )  d o u b l e  e x p o n s n t i a l  



F i g u r e  2 / 2 :  T h e  3 a s i c  I n p u t  i l i r e c t i v a s  a n d  T h s i r  ! . l e a n i n g  

f i t  4 n o d e l  s c h c d u l e  w i l l  b e  f i t -  
t e d  t o  o b s e r v e d  d a , t a .  

T h e  s o d . ? l  s c h a d u l c  w i t h  t h e  
c o d e  ' i c o d e '  w i l l  h e  selected. 

r o d = i c o d e ~ p C l )  13 ( 2 )  I.. * p ( n )  T h ?  n : o d e l  s c k s d u l e  w i t h  t h e  
c o d e  ' i c o d o '  x i 1 1  b e  s e l e c t e d  
a n d  t h e  i n i t i a l  p a r a m e t ~ r  v a l -  
u c s  f o r  t h .  f i t t i n g  c r o c e d u r e  
 ill b z  p ( 1 ) ~  p ( 2 ) ~  ... p ( n ) .  

o p t i o n a l :  f i x = i f i x ( l ) ~ i f i x ( 2 ) 1 . ' .  . i f i x ( n )  

0 i 3 ' ' l o f l a l :  n o r = C  

o l , t i o n a l :  c i ~ t = C I / o u t = b  

u : ~ t i o n a l :  ~ r a  

P a r a n e t o r  i &ill r c n a i n  c o n -  
s t a n t  i f  i f l x ( i )  i s  1.  

No n o r c ~ a l i z a t i o n  a f  t h a  n o d a l  
s c h s d u l o  w i l l  be d s n e .  



1 1  A C V A N C E 3  U S E R ' S  M A N L A L :  

GEhERAL 2fMARKS 

P r o g r a m  f a c i l i t i e s  ------------------ 
T h a  p r o , r a m  h a s  s e v e r a l  e x e c u t a b l e  f a c i l i t i e s .  M o s t  o f  t h e m  
w i l l  o n l y  b e  e x e c u t e d  i f  t h e  u s e r  t e l l s  t h e  p r o g r a m  t o  d o  s o  
( b y  m e a n s  o f  ' p r o ~ r a m  d i r e c t i v e s ' ) .  T h e  a v a i l a b l e  f a c i l i t i e s  
a r e  ( i n  t h e  o r d e r  o f  t h e l r  e x e c u t i o n a l  s e q u e n c e ) :  

- R e a d  p r o g r a m  d i r e c t i v e s .  P r o g r a m  d i r e c t i v e s  a r e  a l b a y s  r e a d  
f r o m  f i l e  u n i t  5.  

- R e a d  i n p u t  d a t a  ( o b s v e r v a t i o n s )  ( see  d i r e c t i v e  ' d a t ' ) .  Mis- 
s i n g  i n p u t  d a t a  d o  n o t  c a u s e  a n  e r r o r .  No i n p u t  d a t a  a r e  
r e q u i r e d  i f  o n l y  a  m o d e l  s c h e d u l e  h a s  t o  h e  c o m p u t e o .  

- I n t e r p o l a t e  i n p u t  d a t a  (optional - see  d i r e c t i v e  ' c u b ' ) .  
M o d e l  s c h e d u l e  v a l u e s  ( r e s u l t s )  a r e  a l w a y s  s i v e n  I n  o n e -  
y e a r  a g e  intervals. O o s e r v e d  d a t a ,  h o w e v e r ,  o f t e n  h a v e  5 -  
y e s r  i n t ~ r v a l s .  I n  s u c h  a  c a s e  i t  i s  p o s s i b l e  t o  r e p l a c e  
t h e  i n p u t  b y  interpolated o b s e r v a t i o n s  b y  z p p l y i n g  c u b i c  
s p l i n e s  ( I I Y S L - a l g o r i t h m ) .  

- N o r m a l i z e  o b s e r v e d  d a t a  / a d j u s t  o b s e r v e d  d a t a  i n  l e v e l  
( o p t i o n a l  - see  d l r e c t i v e  ' n o r ' ) .  F o r  r e a s o n s  o f  c c m p a r i -  
s o n  i t  1s o f t e n  d e s i r a b l e  t o  n o r m a l i z e  s c h e d u l e s .  T h i s  
m e a n s  t h a t  t h e  a r e a  u n d e r  t h e  c u r v e t  i . e .  t h e  g r o s s  r a t e  
i n  c a s e  o f  r a t e s ,  w l l l  b e  o n e .  S i m i l a r l y  t h e  o b s e r v e d  d a t a  
c a n  b e  a d j u s t e d  t o  meet a n y  o t h e r  g r o s s  r a t e .  

- C a l c u l a t e  m o d e l  s c h e d u l e  ( o p t i o n a l  - s e e  d i r e c t i v e  ' m o d ' ) .  
D e f i n i t i o n  o f  a  m o d e l  s c h e d u l e  ( s e l e c t i o n  o f  a  m a t k e m a t i -  
c a l  f u n c t i o n  a n a  i t s  p a r a m e t e r  v a l u e s )  c a u s e s  t h e  c o m p u -  
t a t i o n  o f  f u n c t i o n a l  v a l u e s  f o r  a g e s  x = O t l , . . . l O O .  

- F l t  ~ o d e l  s c h e d u l a  t o  o b s e r v e d  d a t a  ( o p t l o r z l  - s e e  d r r e c -  
t l v e  ' f i t ' ) .  T h e  m a i n  t a s k  c f  t h e  ~ r o . g r a m  i s  t h e  p z r a i n e t e r  
e s t l n a t i o n ,  i . 2 . t  t h e  f l t t i c g  c f  a  r o u e 1  s c t - e d u l e  t c  o b -  
s e r v e d  d a t a .  I t  I S  d o n e  b y  2 f i n i t e - d l f f e r ~ n c e  a n a l c g  o f  
t h e  G a ~ s s - h s u t o n  a l g . o r i t h m  ( V r J I I S I - r o u t i n e )  o r  a  m c d i f i s d  
L e v e n b ~ r g - Y a r q u a r d t  a 1 ; c r i t t - m  (II~SL-rout in^). B o t h  z l g o -  
r l t h , l i s  use  t h e  residuals b e t u s e n  o . t s e r v a t l c n s  a n d  ~ s t l m a -  
t l c n s  l n  an  i t e r a t i v s  ~ r o c e c s  f o r  e c t i m a t i r g  t h e  f ~ n c t i o n a l  
p a r a ~ n e t e r s .  T h e  , n o d e l  s c h e e ~ l e  d e f i n e d  b y  i n p u t  d l r e c t i v e  
' m c a '  i s  u s e d  c s  a n  i n i t i a l  e s t i m a t e  ( s t a r t i n g  p o l r t ) .  

T h e  V N I I S I  r o u t i n e  t e n d s  t o  s t o p  t o o  e a r l y  u h e n  a  s a t i s f y -  
i n g  s o l u t i o n  i s  n o t  y e t  r e s c h e d .  T h e  IMSL r o u t i n e  c n  t h e  
o t h e r  h a n d  o f t e n  d o e s  n o t  s t o p  u i t h i n  a  r e ~ s o n a b l e  n u m b e r  
o f  iterations; m o r e o v e r ,  t h e  q u a l i t y  o f  f i t  may  d e c r e a s e  
u h e n  t h e  n u m b e r  o f  i t e r a t i o n s  i n c r e a s e s  w h e n  t h e  I P S L  
r o u t i n e  i s  a p p l i e d .  



C u t  m o d e l  s c h e d u l e  ( o p t i o n a l  - s e e  a l r e c t i v e  ' c u t ' ) .  F o r  
s o n e  p u r p o s e s  i t  i s  p r e f e r a b l e  t o  h a v e  a  m d d e l  s c h e d u l e  
c o v e r i n g  o n l y  a  p a r t  o f  t h e  f u l l  a g e  r a n g e  0 t o  13C h a v i n g  
z e r o  v a l u e s  o u t s i d e  o f  t h e  c h o s e n  r a n g e .  M c r e o v e r  t h e  l a s t  
a s e  g r o u p  ( u )  c s n  be  made ' o p e n - e n a e d '  c o m p r i s i n g  z ~ e s  w 
a n d  o v e r .  

N o r m a l i z e  m o d e l  s c h e d u l e  / a d j u s t  m o d e l  s c h e d u l e  i n  l e v e l  
( o p t i o n a l  - s e e  d i r e c t i v e  ' n o r ' ) .  I n  g e n e r a l  a  f i t t e d  mo- 
d e l  s c h e d u l e  w i l l  n o t  h a v e  e x a c t l y  t h e  same g r o s s  r a t e  a s  
t h e  o b s e r v e d  s c h e d u l e .  T o  e n f o r c e  i t  a n o r m a l i z a t i c n  c a n  
be a p p l i e d  t o  t h e  m o d e l  s c n e d u l e . i n  t h e  same way a s  f o r  
t h e  o b s e r v e d  s c h e d u l e  ( s e e  a b o v e ) .  I n  a d d i t i o n  a l s o  t h e  
' l e v e l  p a r a m e t e r s '  o f  t h e  m o d e l  s c h e d u l e  w i l l  be  a d j u s t e d  
t o  m a i n t a i n  t h e  l i n k  b e t w e e n  f u n c t i o n  p a r a R e t e r s  a n d  f u n c -  
t i o n  v a l u e s .  Houiever  t h i s  i s  o n l y  p o s s i b l e  i f  l e v e l  p a r a -  
i n e t e r s  e x i s t  (e.g.  n o t  ( n o t  e x a c t )  f o r  t h e  H e l i g m a n - P o l -  
l a r d  m o d e l  m o r t a l i t y  s c h e d u l e ' s  s e n e s c e n t    art). 

P r i n t  t a b l e  o f  p a r a m e t . e r s /  t a b l e  o f  o b s e r v e d  a n d  e s t i m a t e d  
s c h e d u l e s ,  a n d  i n t e r n a l  summary i n f o r m a t i o n  ( o p t i o n a l  - s e e  
d i r e c t i v e  ' o u t ' ) .  

P r i n t  o b s e r v e d  a n d  e s t i m a t e d  s c h e a u l e  a n d  c o m p o n e n t s  o f  
m o d e l  s c h e d u l e  a s  u e l l  a s  l o g a r i t h m s  o f  o b s e r v e d  a n d  e s t i -  
m a t e d  s c h e d u l e s  ( o p t i o n a l  - s e e  d i r e c t i v e  ' o u t ' ) .  

P r i n t  ~ o o d n e s s - o f - f i t  t a b l e  ( o p t i o n a l  - s e e  d i r e c t i v e  ' o u t ' ) .  

P l o t  o b s e r v e d  v e r s u s  e s t i m a t e d  s c h e d u l e  ( o p t i o n a l  - s e e  
d i r e c t i v e  ' ; raO).  

S t o r e  r e s u l t s  f o r  summary t a b l e  / p r i n t  summary t a b l e  ( o p -  
t i o n a l  - s e e  d i r e c t i v e  ' o u t ' ) .  

S t o r e  r e s u l t s  f o r  t a b l e  o f  summary s t a t i s t i c s  / p r i n t  t a b l e  
o f  summary s t a t i s t i c s  ( o p t i o n a l  - s e e  d i r e c t i v e  ' o u t ' ) .  - 
T h i s  f a c i l i t y  i s ' o n l y  v a l i d  f o r  t h e  s t a n d a r d  R o g e r s - C a s t r o  
m o d e l  m i j r a t i o n  s c h e d u l e  w i t h  r e t i r e m e n t  p e a k  ( c o d e  3 2 ) .  

G e n e r a l  f o r m a t  o f  p r o g r a m  d i r e c t i v e s  

T h e  p r o g r a m  d i r e c t i v e s  t e l l  t h e  p r o g r a m  w h a t  t o  do. T h e y  a r e  
r e a d  f r o m  u n i t  5 a n d  h a v e  t h e  g e n e r a l  f o r m a t :  

k e y = k p l / k p 2 / . . .  k p n  

w h e r e  



- k e y :  k e y u o r d  ( c o l u m n s  7 - 3 1  

- k p l , k p 2 , . . . :  k e y w o r d  p a r a m e t e r s  ( c o l u m n s  5 - 1 3 0 l /  s e p a r a -  
t e d  b y  c o m m a s  o r  b l a n l < s  ( r e a d  i n  * - f o r m a t )  

L i n e s  s t a r t i n g  w i t h  ' # '  o r  ' * '  i n  c o l u m n  1 a r e  t r e a t e d  a s  
c o m m e n t s .  

C o l u m n  4 may c o n t a i n  a '=', a b l a n k ,  o r  a n y  o t h e r  c h a r a c t e r  
e x c e p t  a n  ' x '  i n  w h i c h  c a s e  t h e  k e y w o r d  i s  t r e a t e d  a s  i t  u o u l d  
h a v e - - n e v e r  a p p e a r e d  b e f o r e  ( t h i s  m a y  b e  n e c e s s a r y  i f  m o r e  t h a n  
o n e  r u n  i s  p u r s u e d  ( see  b e l o b ) ) .  

T r a i l i n g  k e y u o r d  p a r a m e t e r s  h h i c h  a r e  t o  h a v e  v a l u e s  e q u a l  t o  
z e r o  may b e  o m i t t e d .  ( N o t e  t h a t  z e r o  v a l u e s  may  b e  r e p l a c e d  b y  
d e f a u l t  v a l u e s .  

O r d e r  o f  p r o g r a m  d i r e c t i v e s  ........................... 
h h e r e a s  t h e  o r d e r  3 f  e x e c ~ t l c c  s t e p s  i s  f i x e c  t h e  o r c ~ r  o f  p r o -  
; r a m  d i r e c t i v e s  i s  a r b i t r z r y .  I f  a  k ~ y u o r d  a ~ ~ s a r s  m c r e  t h a n  
o n c e  u i t P , o u t  b e i n ;  s e p a r a t e d  t y  a n  ' e n d ' - d r r ~ c t l v , :  ( s e e  b e l o u l  
o n l y  t h e  l a s t  d i r ~ c t l v ?  i s  r e c o g n i z e d  a n d  t h e  p r e v i o ~ c  o n e ( s )  
i s  ( a t - ? )  i ; n c r e d .  

R e p e a t e d  r u n s  

P a s s i n g  a l l  e x e c u t i o n a l  s t e p s  (see  P r o g r a m  f a c i l i t i e s )  i s  c a l l e d  
a ' r u n ' .  T o  h a v e  s e v e r a l  r u n s  w i t h i n  t h e  same p r o g r a m  r u n  ( i . e . ,  
w i t h o u t  r e a c h l n g  t h e  ' s t o p e - s t a t e m e n t  o f  t h e  p r o g r a m )  t h e  ' e n d ' -  
d i r e c t i v e  h a s  t o  b e  u s e d  t o  s e p a r a t e  t h e  a c c c r d i n g  s e t s  o f  p r o -  
g r a m  d i r e c t i v e s  a n d  t o  i n d i c a t e  t h a t  a n e w  r u n  h a s  t o  b e  p u r s u e d .  

When a  n e u  r u n  i s  s t a r t e d  t h e  p r o g r a m  a i r e c t l v e s  o f  t h e  p r e v i o u s  
r u n ( s 1  r e m a i n  i n  u s e  a s  l o n g  a s  t h e y  a r e  n o t  r e p l a c e d  b y  n e w  
o n e s .  T h e r e b y  i t  i s  s u f f i c i e n t  t o  d e f i n e  f e a t u r e s  t h a t  a p p l y  t o  
a l l  r u n s  o n l y  o n c e .  T h u s  i f  t h e  u s e r  u a n t s  t c  h a v e ,  s a y ,  t h e  same 
k i n d  o f  o u t p u t  i n  e a c h  r u n  h e  h a s  t o  e n t e r  t h e  a c c o r a i n g  * o u t * -  
a n d f o r  * g r a ' - d i r e c t i v e  o n l y  f o r  t h e  f i r s t  r u n .  

I f  t h e  u s e r  & a n t s  t o  h a v e  a s i n g l e  i n p u t  f i l e  o n l y  c c n t a i n i n g  p r o -  
g r a m  directives p l u s  i n p u t  d a t a  ( s e e  d i r e c t i v e  ' d a t ' l  t h e  * e n d ' -  
d i r e c t i v e  h a s  t o  h e  i n s e r t e d  b e f o r e  t h e  i n p u t  d a t a  f o r  t h a t  r u n .  
F i g u r e  311 s h o w s  t h e  s t r u c t u r e  o f  t h e  i n p u t  f i l e s  i n  c a s e  o f  re- 
p e a t e d  r u n s .  



F i g u r e  3 / 1 :  S t r u c t u r e  o f  I n p u t  F i l e s  i n  Case o f  n R u n s  

Case 1:  Two I n p u t  F i l e s  (1 a n d  5 )  C a s e  2: O n e  I n p u t  F i l e  ( 5 1  

F i l e  5 F i l e  1 F i l e  5  

d i r e c t i v e s  (11 

e n d  
a 

d i r e c t i v e s  ( 2 )  
a 

e n d  

e 

d i r e c t i v e s  ( n )  
e 

e n d - o f - f i l e  

i n p u t  d a t a  (1) 

i n p u t  d a t a  ( 2 )  

a 

i n p u t  d a t a  ( n )  
w 

e n d - o f - f i l e  

rn 

d i r e c t i v e s  (1 1  

e n d  

i n p u t  d a t a  (1)  

d i r e c t i v e s  ( 2 1  

e n d  

i n p u t  d a t a  ( 2 )  

d i r e c t i v e s  ( n )  
a 

e n d  

i n p u t  d a t a  ( n )  

e n d - c f - f  i l e  



I n p u t  d a t a  ---------- 
T h e  i n p u t  d a t a  f o r  o n e  r u n  c o n s l r t  o f  1  o r  2 ' d a t a  s e t s ' .  I f  
Z s e t s  a r e  i n p u t ,  r a t e s  w i l l  b e  c o m p u t e d  f r o m  t h e  2 s e t s :  t h e  
f i r s t  s e t  i s  a s s u m e d  t o  c o n t a i n  p o p u l a t i o n  d t t a ~  t h e  s e c o n d  
s e t  i s  a s s u m e a  t o  c o n t a i n  e v e n t  o r  m o v e / t r a n s i t i o n  d c t a .  T h u r  
l f  a ~ e - s p e c l f l c  f e m a l e  p o p u l a t i o n  d a t a  ( s e t  1 )  anc! b i r t h  d a t a  
( b y  a s e  o f  m o t h e r ;  s e t  2 )  a r e  i n p u t  b i r t h  r s t e s  w i l l  b e  com-  
p u t e d  a n d  u s e d  a s  ' o b s e r v e d  d s t a ' .  

k k k e t k e r  t h ?  i n p u t  da t ; .  c o n s l c t  o f  1  c r  2 d a t z  s s t s  mzy h a  e x -  
p l i c i t l y  a a f i n e d  ( s e e  d i r e c t i v e  ' a a t ' ) .  I m p l i c i t l y  i t  i s  a s -  
s u m e o  t h a t  i n p u t  a a t a  s h o ~ l d  b e  r a t e s .  T h e r e f o r e  o n e  d a t a  s e t  
i s  a x p e c t e d  i f  n o n ?  o f  ~ t s  v ~ l u ? s  i s  g r e a t * ? r  t h a n  l . C  ( c h e c k e d  
b y  t h e  p r o ; r a m  i f  n o  e x p l i c i t  d e f i n i t i o n  I S  ~ i v e n ) ,  c t h e r w i s e  a  
s e c o n d  a a t a  s e t  i s  e x ~ e c t o d .  



IV. ADVANCED USER'S MANUAL: INPUT DIRECTIVES 
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