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FOREWORD 

C o n t r i b u t i o n s  t o  t h e  M e t r o p o l i t a n  S t u d y : 6  

The project "Nested Dynamics of Metropolitan Processes 
and Policies" was initiated by the Regional and Urban Develop- 
ment Group in 1982 ,  and the work on this collaborative study 
started in 1983 .  The series of contributions to the study is 
a means of conveying information between the collaborators in 
the network of the project. 

This paper examines search and choice behavior of individ- 
ual agents in an environment in which alternatives become 
available stochastically. Such a process may, for example, 
relate households searching for dwellings, individuals search- 
ing for workplaces, shopping and service centers, etc. The 
results are based on asymptotic properties of maxima of 
sequences of random variables, and hold under comparatively 
weak assumptions. Altogether the paper enlarges the platform 
which is common to various model specifications that are used 
by different groups in the Metropolitan Study. 

In particular, both preference maximizing and satisfying 
behavior are shown to be asymptotically equivalent. Moreover, 
the asymptotic (and average) properties of the search process 
are described by a logit-type model, which on an aggregate level, 
is formally equivalent to solutions obtained through entropy- 
maximizing procedures. Hence, in a certain sense the latter 
type of solutions may also be conceived as being compatible with 
the search process described. Finally, the paper illustrates 
a fruitful approach to the problem of determining consistent 
rules for aggregating processes defined on the micro-level to 
aggregate descriptions of such processes. 

Bdrje Johansson 
Acting Leader 
Regional & Urban Development Group 

November, 1983  



ABSTRACT 

The paper explores the properties of some simple search 
and choice behaviors, by exploiting the asymptotic properties 
of maxima of sequences of random variables. Heterogeneity in 
the preference is introduced by means of additive random utili- 
ties, and the actor is assumed to choose points in a plane region, 
by sampling them according to a stochastic process. It is shown 
that asymptotic convergence to a Logit model holds under consider- 
ably weaker assumptions than those commonly found in the litera- 
ture to justify it. This asymptotic property is treated in de- 
tails for utility-maximizing behavior, and outlined for satis- 
fycing behavior. The asymptotic equivalance of the two behaviors 
suggests that progress in widening the family of asymptotically 
Logit-equivalance behavors can be made with further research. 
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TRANSIENT AND ASYMPTOTIC BEHAVIOR 
OF A RANDOM-UTILITY BASED STOCHASTIC 
SEARCH PROCESS I N  CONTINUOUS SPACE 
AND TIME 

1 .  INTRODUCTION AND STATELVENT OF THE PROBLEM 

This paper i s  a fol low-up t o  a prev ious one ( ~ e o n a r d i ,  39821 

address ing t h e  g e n e r a l  problem of weakening t h e  d i saggrega te  

assumptions g i v i n g  r ise t o  Log i t  models. The s p e c i f i c  assump- 

t i o n  weakened he re  (as  i n  t h e  prev ious paper )  i s  t h e  form of 

t h e  random u t i l i t y  d i s t r i b u t i o n .  I t  i s  shown how, by r e p l a c i n g  

t h e  usua l l y  assumed Gurnbel d i s t r i b u t i o n  w i th  t h e  broader  fami ly  

of d i s t r i b u t i o n s  having an asympto t i ca l l y  c o n s t a n t  hazard r a t e ,  

t h e  Log i t  model a r i s e s  q u i t e  n a t u r a l l y  a s  an asymptot ic  approx- 

imat ion t o  a s u i t a b l y  de f i ned  sea rch  behav ior .  

The g e n e r a l  method o u t l i n e d  i n  Leonardi (1982) i s  a s  fo l lows:  

i l  t h e  cho ice  behav ior  is  formulated a s  a s e a r c h ,  w i th  

sampling from t h e  s e t  of a l t e r n a t i v e s ,  e v a l u a t i n g  t h e  

sampled a l t e r n a t i v e s ,  choosing t h e  b e s t  one, 

ii) t h e  sea rch  p rocess  i s  formulated a s  a s t o c h a s t i c  p rocess ,  

iii) t h e  l i m i t i n g  behav ior  of t h e  s t o c h a s t i c  search  p rocess  

i s  analyzed by us ing  t h e  asymptot ic  theory  of extremes 

(Galambos, 1978) .  

While i n  Leonardi (19821 t h e  above method was app l i ed  t o  a 

d i s c r e t e  cho ice  space -d i sc re te  t ime p rocess ,  here  t h e  theory  i s  



extended t o  cover t h e  case  of a  cont inuous choice space-continuous 

t ime process.  Namely, t h e  e n v i r o n m e n t  i n  which t h e  cho ice  is  made 

c o n s i s t s  of a  p lane reg ion ( t h e  c h o i c e  s p a c e ) ,  which may be thought 

of a s  a  geographic one,  a  d e t e r m i n i s t i c  u t i l i t y  e v a l u a t i o n ,  asso- 

c i a t i n g  a  va lue  t o  each p o i n t  i n  t h e  reg ion ,  and a  d e n s i t y  of 

a l t e r n a t i v e s ,  s p e c i f i e d  by a  p r o b a b i l i t y  measure  def ined  on t h e  

plane reg ion .  The c h o i c e  b e h a v i o r  f o r  a  g iven a c t o r  i n  t h e  above 

environment i s  descr ibed  by a  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  t h e  

random p a r t  of t h e  u t i l i t y  eva lua t i on  and by a  s t o c h a s t i c  p o i n t  

p r o c e s s  ( a  Poisson process  is  used i n  t h e  p a p e r ) ,  g i v ing  t h e  

d i s t r i b u t i o n  of  t h e  sample s i z e  a s  a  func t i on  of t h e  t ime spent  

i n  t h e  search .  The mechanics of t h e  search  a r e  simple: a t  each 

random p o i n t  i n  t ime t h e  a c t o r  draws a  p o i n t  of t h e  reg ion wi th 

p r o b a b i l i t y  p ropo r t i ona l  t o  t h e  d e n s i t y  of a l t e r n a t i v e s  a t  t h a t  

p o i n t ,  eva lua tes  t h e  p o i n t  by drawing a  random u t i l i t y  term and 

adding it t o  t h e  d e t e r m i n i s t i c  one,  compares t h i s  va lue wi th those  

obta ined from t h e  p rev ious ly  generated random p o i n t s ,  and even- 

t u a l l y  updates t h e  b e s t  a l t e r n a t i v e  found so  f a r .  

The above search  model i s  def ined i n  s e c t i o n  2 and 3 ,  and 

i t s  genera l  t r a n s i e n t  p r o p e r t i e s  a r e  der ived  i n  s e c t i o n  4 and 5 .  

I n  s e c t i o n  6 ,  t h e  main l i m i t i n g  r e s u l t s  a r e  obta ined by l e t t i n g  

t h e  search  t ime go t o  i n f i n i t y .  The main r e s u l t  of s e c t i o n  6 i s  

theorem 6 . 2 ,  s t a t i n g  t h e  asymptot ic  convergence of t h e  above search 

process t o  a  Logi t  model. 

I n  s e c t i o n  7 a  f u r t h e r  extens ion is  o u t l i n e d ,  showing how 

s i m i l a r  asymptot ic  r e s u l t s  can be obta ined by rep lac ing  u t i l i t y -  

maximizing wi th s a t i s f y c i n g  behav ior ,  and sugges t ing  t h a t  a  broader 

fami ly of Logit-convergent micro-behaviors can be found. 



2 .  THE ENVIRONMENT 

L e t  t h e  f o l l ow ing  o b j e c t s  be g i ven :  

a  ( u s u a l l y  bounded) s u b s e t  

o f  t h e  p l ane ;  it d e f i n e s  t h e  

cho ice  s p a c e ,  and each  r € T  

i s  a  p o s s i b l e  c h o i c e ;  

a  p r o b a b i l i t y  measure on r ;  
it d e f i n e s  t h e  d e n s i t y  of 

a l t e r n a t i v e s  ; 

an  i n t e r v a l  on t h e  r e a l  l i n e ,  

a  - > a ,  b  < a ;  t h i s  i s  t h e  d e t e r -  

m i n i s t i c  u t i l i t y  space ;  

a  f u n c t i o n  which maps each 

r E r  i n t o  a  v ( r ) ~ A ;  v ( r )  i s  

t h e  d e t e r m i n i s t i c  u t i l i t y  o f  

r € r ;  

L2 ( r  , W )  = {g : g  dW < m 1 t h e  H i l b e r t  space  o f  square-  i ' 
r i n t e g r a b l e  f u n c t i o n s  g  : T -+ El, 

i n  t h e  measure W ;  t h e  norm and 

s c a l a r  p roduc t  i n  L2  a r e  de- 

f i n e d  a s :  

r 
t h e  con juga te  space  of L 2 ,  i . e .  

t h e  se t  of  a l l  con t inuous  l i n e a r  

o p e r a t o r s  on L 2 ;  i f   EL;, t h e  

va lue  o f  g* a p p l i e d  a t  g€L2 i s  

denoted by < g ,  g*> .  



The fo l lowing p ropos i t i on  ( s t a t e d  without proof )  and d e f i -  

n i t i o n  w i l l  be u s e f u l .  

Propos i t ion  2 . 1  (Riesz isomorphism theorem f o r  H i l b e r t  spaces)  : 
* 

There i s  one and on ly  one  GEL^ such t h a t  < g ,  g > = (g ,;I = jg g d  V, 
* r 

vg*€ L2 . 
Propos i t ion  2 . 1  ( a  c l a s s i c  r e s u l t  i n  f unc t i ona l  a n a l y s i s )  

s t a t e s  an isomorphism between L; and L 2 ,  such t h a t  each l i n e a r  
* * 

opera to r  g  €L2 can be represented  by a   GEL^, and i t s  a p p l i c a t i o n  

t o  a  geL2 can be represented  by a  s c a l a r  product  (g,;) . 
Def in i t i on  2 . 1  ( Gateaux d e r i v a t i v e ) :  

Let A :  L~ + IR be a  f u n c t i o n a l  on L2 such t h a t ,  f o r  g€L2 

L e t  f u r t h e r  H '  ( g ) € L 2  be such t h a t  

* < f ,  u  > = ( f ,  H 1 ( g ) )  according t o  t h e  isomorphism 

s t a t e d  i n  p ropos i t i on  1 ,  

then H 1 ( g )  i s  c a l l e d  t h e  G a t e a u x  d e r i v a t i v e  of H a t  g .  

* 
Note 2 . 1  Due t o  t h e  Riesz isomorphism, u  and H 1 ( g )  can be 

in terchangeably  c a l l e d  t h e  Gateaux d e r i v a t i v e  of H .  

Choosing H 1 ( g )  is a  mat ter  od convenience, s ince  it 
* 

makes an e x p l i c i t  r ep resen ta t i on  of u  a v a i l a b l e .  

I n  t h e  case  where H ( g +  Xf) i s  d i f f e r e n t i a b l e  with 

r e s p e c t  t o  A ,  one c a l l s  H '  (g )  t h e  Gateaux d e r i v a t i v e  

of H a t  g i f :  

Note 2 . 2  I t  i s  e a s i l y  checked t h a t  vEL2. Indeed: 



3. THE SEARCH AND CHOICE BEHAVIOR 

Let the search and choice behavior be defined by the follow- 

ing objects and assumptions: 

(At)" -At 
Rn(t) = n! e 

a probability distribution on IR;  

this is the random utility distri- 

bution. The density F' (x) is 

assumed to exist for all xEm , 

a Poisson process with intensity A; 

Rn (.t) is the probability that n 

trials are made in a time interval 

[oft) , 

Assumption 3.1 (The sampling process) at each trial in [oft) 

an r ~ r  is drawn according to the measure W, i.e. Pr(r€~) = W(A), 

VALr 

Assumption 3.2 (The evaluation) any drawn alternative rEr is 

given a utility ii = v(r) + B where B is a random variable with 

distribution F(x) (the random utilities are thus independent 

identically distributed--i.i.d.--at each trial). The distribu- 

tion of ii is given by: 

G (x) = Pr lG<x} = ] F [x-v (r) IdW (rl 

Assumption 3.3 (Utility maximizing behavior) the actor is 

assumed utility maximizer, i.e., if after n trials he has drawn - - 
alternatives r l r . .  .,rk...,r , with utilities GI,..., uk, ... n tun I 

he chooses an alternative i ,l,<i,<n , such that 

Note 3 . 1  In order to keep the choice unique, it can be assumed 

that when there are two or more maxima, the one drawn 

at the earliest trial is kept. This assumption is not 



r e a l l y  needed,  a s  long  a s  t h e  p r o b a b i l i t y  d i s t r i b u -  

t i o n  invo lved  a r e  smooth enough t o  c o n s i d e r  t h e  

occu r rence  o f  a t i e  an e v e n t  o f  z e r o  measure. 

4 .  THE DISCRETE SEARCH AND CHOICE PROCESS 

The s e a r c h  and c h o i c e  behav io r  a s  a f u n c t i o n  o f  t h e  number 

o f  t r i a l s  i s  now ana lyzed .  Def ine :  

t h e  u t i l i t y  o f  t h e  b e s t  a l t e r n a -  

t i v e  found a f t e r  n t r i a l s  

t h e  b e s t  a l t e r n a t i v e  found 

a f t e r  n t r i a l s  

The p rocess  is  d e s c r i b e d  by t h e  f o l l ow ing  t h r e e  o b j e c t s :  

t h e  d i s t r i b u t i o n  o f  t h e  maximum 

u t i l i t y  found a f t e r  n t r i a l s  

t h e  d e n s i t y  o f  c h o i c e  a f t e r  n 

t r i a l s ;  it i s  d e f i n e d  i n  such a 

way t h a t  

t h e  ex?ected u t i l i t y  a f t e r  n 

t r i a l s ;  Vn(v)  w i l l  b e  regarded  

a s  a f u n c t i o n a l  m a ~ n i n g  v i n t o  

a r e a l  number, i . e .  Vn : L2+iR 

A c l o s e d  form f o r  Q n ( x )  and P n ( r )  i s  g i ven  i n  t h e  f o l l ow ing  

p r o p o s i t i o n :  

P r o p o s i t i o n  4 . 1  f o r  n < rn 



Pn(r) = n I G ~ - ~  (x) ~F[x-v  (r) ] 

Proof. To prove equation (3), note that the occurrence of the event 

is equivalent to the joint occurrence of the events 

and since the iik, k=l, ..., n are i.i.d. random variables with 

distribution G (.x) , equation (3) follows. 

To prove equation (4), the event Sn E A can occur if, and 

only if, an r€A has been drawn at some trial, with a utility 

greater than the ones found in all other trials. The probability 

that this occurs for some trial k = 1 ,  ..., n is 

and multiplying this by the number of trials n yields: 

and comparison with equation (2) yields equation (-4). Q . E . D .  

An important property of Vn(v) is stated in the following 

proposition: 

Pro~osition 4.2 for n < m 



Proof .  To  prove t h a t  P n ( r )  i s  squa re  i n t e g r a b l e ,  one uses  t h e  

Cauchy i n e q u a l i t y  i n  t h e  fo l l ow ing  form: 

From t h i s ,  t h e  d e f i n i t i o n  of  G (x )  and equa t i on  ( 4 )  it f o l l ows :  

TO prove equa t i on  ( 6 ) ,  from t h e  d e f i n i t i o n  o f  V, ( v )  and G (x )  it 

f o l l ows  f o r  a l l  fEL2: 

d  
m 

-V dX r ( v + h f )  = -1 xd{nGn-I (.XI 1 F' [ x -v ( r ) -h f  ( r )  ] f  ( r ) d ~ ( r )  1 
-a f i r  

and by us ing  t h e  r u l e  of  i n t e g r a t i o n  by p a r t s  and s u b s t i t u t i n g  

from equa t i on  ( 4 )  : 

Comparison of  t h i s  r e s u l t  w i t h  equa t i on  ( 1 )  e s t a b l i s h e s  equa t i on  

( 6 ) .  Q . E . D .  

Note 4 . 1  Equat ion ( 6 )  i s  t h e  cont inuous-space c o u n t e r p a r t  o f  t h e  

integrability conditions p r o p e r t y ,  a l r e a d y  known f o r  

random u t i l i t y  models i n  a  d i s c r e t e  cho i ce  space ,  and 

e x t e n s i v e l y  l i s c u s s e C  i n  7:illiarns ( 1 ? 7 7 ) ,  Een Ak iva  and 

Lerman (1979) ,  Daly (1979) ,  Leonardi  (1981, 1982) .  



I n  t h e  g e n e r a l  economic t heo ry  o f  demand, t h e s e  a r e  

known a s  t h e  H o t e l l i n g  n e c e s s a r y  c o n d i t i o n s  f o r  t h e  

e x i s t e n c e  of a  consumer s u r p l u s  f u n c t i o n  ( H o t e l l i n g ,  

1938) .  Equat ion (6) can t h u s  be r e s t a t e d  by say ing  

t h a t  Vn(v)  i s  t h e  c o n s u m e r  s u r p l u s  a s s o c i a t e d  wi th  

t h e  demand f u n c t i o n  P n ( r ) .  

5.  THE CONTINUOUS TIME PROCESS 

I n  analogy w i th  t h e  d i s c r e t e  sea rch  p r o c e s s ,  t h e  behav ior  

of t h e  cont inuous t i m e  p rocess  i s  analyzed by means of t h e  fo l low- 

i ng  t h r e e  o b j e c t s :  

03 

Q ( x , t l  = Z Q n ( x ) R n ( t )  t h e  d i s t r i b u t i o n  of t h e  
n=O 

maximum u t i l i t y  found i n  

a  t i m e  i n t e r v a l  [ O  , t )  , 

aJ 

P ( r , t )  = Z Pn ( r )  Rn ( t )  t h e  d e n s i t y  o f  cho i ce  f o r  
n=O a  t i m e  i n t e r v a l  i O , t ) ,  

m 

V ( v , t )  = C Vn ( v )  Rn ( t )  t h e  expec ted  u t i l i t y  f o r  
n=O a  t i m e  i n t e r v a l  [0 ,  t )  . 

U s e  of equa t i ons  ( 3 )  and ( 4 )  and easy  c a l c u l a t i o n s  y i e l d  t h e  

fo l lowing p r o p o s i t i o n ,  s t a t e d  w i thou t  proof :  

P r o ~ o s i t i o n  5.1 f o r  t < 

Note 5.1 For t < m ,  @ ( x , v )  i s  no t  a  proper  d i s t r i b u t i o n .  Indeed 

A s i m i l a r  comment a p p l i e s  t o  t h e  cho ice  d e n s i t y ,  s i n c e  



This is because, in a finite time interval [O,t), there is always 

a non-zero probability that n o  a l t e r n a t i v e  is drawn, and therefore 

no choice is made. 

From propositions 4.2 and 5.1, the following proposition follows, 

whose proof is obvious. 

Prowosition 5.2. For t < 

6. SOME ASYMPTOTIC RESULTS 

The purpose of this section is to explore the behavior of 

the continuous time process as t + a. The following additional 

definition and assumption will be used. 

Definition 6.1 

F'(x) = - P(X) = -d log [1-~(x) ] is the h a z a r d  r a t e  of 1-F(x) dx 
the distribution F (x) . 

Assumwtion 6.1 

lim p(x) = B,O < B 
x+m 

Note 6.1 Assumption 6.1 implies the property: 



Indeed, it is true (and easily checked from definition.6.1) that 

1 -F(x+y) = [l-F(x)l exp [ - J:'yp(z)dzl = 

= [l-~(x)l exp [ -  p(z+x)dz] . 1; 
Applying the mean value theorem for integrals, there is some 

5 E [ O  ,y) for which 

Replacing the estimate (14) on the right-hand side of (13) yields 

and, taking the limit as x -+ m, 

lim p (<+XI = B 
X'=' 

lim 1 - F(x+y) 
= e -BY 

X+w 1 -F(x) 

The asymptotic results which follow make use of the f0110i.~- 

ing objects: 

1 ili = 3 log .p 

a (t) root of the equation 



Note 6.2.  @ and $ can  be  reqarded  a s  f u n c t i o n a l s  on L2,  i . e . :  

I n  t h i s  c a s e ,  t h e i r  v a l u e  f o r  a  s p e c i f i c v E L 2  w i l l  be  denoted by 

@ ( v )  and $ ( v )  . From e q u a t i o n  ( 1  8 )  it fo l l ows  t h a t :  

- 1 
l i r n  a ( t )  = F  ( 1 )  = 
t+a 

Theorem 6.1.  (Asymptot ic  form of  t h e  maximum u t i l i t y  d i s t r i b u t i o n ) .  

Under assumpt ion 6 .1 ,  

l i m  Q [ a ( t ) +  $ + x , t l  = exp (-e - 6 x ) ,  - cO < < a  

Proo f .  Due t o  d e f i n i t i o n s  ( 1  5 )  and ( 1  6 )  and p r o p e r t i e s  ( 1  2 )  and 

( 1 9 ) :  

1 - ~ [ a ( t )  + $ + x - v ( r ) l  = 
l i m  1 - F [ a ( t ) ]  
t + w  

From t h i s  and e q u a t i o n  ( 1  7) i t f o l l ows :  

- B X  e Bv ( r )  
l i m  X t C 1 - F [ a ( t ) + $ + x - v ( r ) ] )  = e m 



T h i s  and d e f i n i t i o n  (15 )  imply :  

e l i m  X t { l - ~ [ a ( t )  + @ + X I )  = - -Bx I e l v ( r ) d W ( r )  = e - Bx 
Q ( 2 1 )  

t - +m r ~ r  

R e s u l t  (21 ) and e q u a t i o n  ( 7 )  f i n a l l y  y i e l d  

- 
l i m  Q [ a  ( t )  + I$ + x , t ]  = e x p  (-e B X )  Q.E.D. 
t - + m  

Theorem 6.2 (Asympto t ic  form o f  t h e  c h o i c e  d e n s i t y ) .  Under 

assumpt ion  6 . 1 ,  

e f3v ( r )  
l i m  P ( r , t )  = 
t - t m  

@ 

P r o o f .  From d e f i n i t i o n  6.1: 

F '  ( x )  = p ( x )  [ l - F ( x )  I 

On t h e  o t h e r  hand,  it i s  o f  c o u r s e  t r u e  t h a t  

F I  [x-v ( r )  1 - XtF' [x-v ( r )  I - 
G [  ( x )  X t G '  ( x )  

T h e r e f o r e ,  t h e  r i g h t - h a n d  s i d e  o f  ( 8 )  can  b e  w r i t t e n  a s :  



Now t a k i n g  t h e  l i m i t  f o r  t + r n  and u s i n g  assumpt ion 6 .1 ,  d e f i n i -  

t i o n  ( 1 5 ) ,  theorem 6.1 and equa t i on  ( 2 0 ) :  

f 
Be-Bx eBv ( r )  

l i m  P ( r , t )  = d [ e ~ ~ ( - e - ~ ~ ) ]  = 
t + O D  -00 BeeBx l e ' ~ ( ~ ) d W  ( r )  

- e 
Bv ( r )  e B v ( r )  

- f m  d [exp (-e- 
1 

B X )  ] = 
@ @ 

Q.E .D .  

C o r o l l a r y  6.1 (Asymptot ic form of  t h e  expec ted  u t i l i t y ) .  

Theorem 6.1 imp l i es :  

where y i s  E u l e r ' s  c o n s t a n t .  

P roo f .  By d e f i n i t i o n  

Now changing v a r i a b l e s  of  i n t e g r a t i o n  

and u s i n g  theorem 6.1 .  

00 

l i m  [ V ( v , t )  - a ( t )  1 = $ + -Bx xd [exp( -e  ) I  + l i m [ a ( t ) - a ( t ) l  = $ + y / B  
++00 t+a 

Q.E.D.  



C o r o l l a r y  6.2 (Asympto t ic  v a l i d i t y  o f  t h e  r e l a t i o n s h i p  between 

e x p e c t e d  u t i l i t y  and c h o i c e  d e n s i t y ) .  

Theorems 6.1 and 6.2 imply :  

l i m  P ( r , t ) ~  L2 
t + m  

l i m  P ( r , t )  = $ J ' ( v )  
t + m  

P r o o f .  From theorem 6.2:  

hence t h e  a s y m p t o t i c  c h o i c e  d e n s i t y  i s  s q u a r e  i n t e g r a b l e .  From 

d e f i n i t i o n s  ( 1 5 )  and ( 1 6 ) .  

1 
@ ( v + ~ f )  = - B l o g  j e ~ v ( r )  ( r )dW(r )  

r E  r 

t h e r e f o r e  : 

[ eBv ( r )  e h B f  ( r )  f  ( r )  d~ ( r )  

and 

d 
$ (v+Af )  I = j  e Bv ( r )  e B v 

$ 
f ( r )  dW(r)  = ( f  ,-I Q . E . D .  

X = O  
rE r m 



D i s c u s s i o n  o f  theorems 6.1 and 6 . 2 - a n d  c o r o l l a r i e s  6.1 and 6.2.  

The above r e s u l t s  e x t e n d  t o  c o n t i n u o u s  s p a c e  and c o n t i n u o u s  

t i m e  t h e  r e s u l t s  p roved f o r  d i s c r e t e  s p a c e  and d i s c r e t e  t i m e  

i n  Leonard i  ( 1 9 8 2 ) .  The main r e s u l t  i s  theorem 6 . 2 ,  s t a t i n g  t h a t  

t h e  c h o i c e  d e n s i t y  i s  a s y m t o t i c a l l y  approx imated by a L o g i t  fo rm,  

even w i t h  no s p e c i f i c  assumpt ion  on t h e  form o f  F(x) .  The c r u c i a l  

assumpt ion  used  h e r e  i s  assumpt ion  6 .1 ,  which i s  much weaker t h a n  

t h e  one commonly u s e d  t o  d e r i v e  a L o g i t  model ,  namely,  F ( x )  = 

exp (-e -Bx)  , a Gumbel ex t reme v a l u e  d i s t r i b u t i o n  (see Domencich 

and blcFadden, 1975,  f o r  i n s t a n c e ) .  A c t u a l l y ,  t h e  Gumbel d i s t r i -  

b u t i o n  a p p e a r s  i n  theorem 6 . 1 ,  b u t  as a n  a s y m p t o t i c  r e s u l t ,  n o t  

as a n  assumpt ion .  S i n c e  t h e  f a m i l y  o f  d i s t r i b u t i o n s  s a t i s f y i n g  

assumpt ion  6.1 i s  v e r y  b r o a d ,  a  Log i t - t ype  c h o i c e  b e h a v i o r  can  

be e x p e c t e d  t o  be  produced by a wide v a r i e t y  o f  r a n d o m - u t i l i t y  

e v a l u a t i o n  p r o c e s s e s .  I t  might  a l s o  be  o b s e r v e d  t h a t  t h e r e  i s  

a fo rma l  e q u i v a l e n c e  between t h e  r e s u l t s  o b t a i n e d  h e r e  and Boltzman 

S t a t i s t i c a l  Mechanics.  I ndeed ,  theorem 6 .2  d e f i n e s  a  Boltzman 

D i s t r i b u t i o n ,  4 can  be i d e n t i f i e d  w i t h  t h e  P a r t i t i o n  Func t ion  o f  

s t a t i s t i c a l  mechan ics ,  w h i l e  c a n S e  i d e n t i f i e d  w i t h  t h e  Thermo- 

dynamic P o t e n t i a l  (up  t o  a m u l t i p l i c a t i v e  c o n s t a n t ) .  T h i s  s ta t is -  

t i ca l  mechanics a n a l o g y  i s  deve loped i n  Leonard i  ( 1 9 7 7 ) ,  a l t h o u g h  

it must be s t r e s s e d  t h a t  it i s  based  on t o t a l l y  d i f f e r e n t  assump- 

t i o n s  t h a n  t h e  r a n d o m - u t i l i t y  o n e s .  

7.  A NOTE ON THE ASYMPTOTIC EQUIVALENCE BETWEEN UTIL ITY 

M A X I M I Z I N G  AND SATISFYCIPJG BEHAVIOR 

I t  h a s  been shown i n  t h e  p r e v i o u s  s e c t i o n  how t h e  L o g i t  c h o i c e  

model i s  o b t a i n e d  a s  a n  a s y m p t o t i c  app rox ima t ion  t o  a u t i l i t y  maxi- 

m iz ing  c h o i c e  o v e r  a  p l a n e  r e g i o n ,  when t h e  random u t i l i t y  d i s t r i -  

b u t i o n  s a t i s f i e s  assumpt ion  6 .1 .  I t  i s  i n t e r e s t i n g  t o  e x p l o r e  t o  

what e x t e n t  t h e  u t i l i t y  maximiz ing assumpt ion  i s  c r u c i a l  t o  t h i s  

r e s u l t ,  by compar ing it w i t h  o t h e r  p o p u l a r  b e h a v i o r a l  assumpt ions .  

Here t h e  compar ison w i t h  t h e  s o - c a l l e d  " s a t i s f y c i n g  b e h a v i o r "  assump- 

t i o n  w i l l  be o u t l i n e d ,  and it w i l l  be shown t h a t ,  under  s u i t a b l e  

c o n d i t i o n s ,  t h e  two b e h a v i o r s  a r e  a s y m p t o t i c a l l y  i n d i s t i n g u i s h a b l e .  

L e t  assumpt ions  3 . 1  and 3 . 2  b e  k e p t ,  b u t  assumpt ion  3 . 3  b e  re- 

p l a c e d  by : 



Assumption 7.1 ( s a t i s f y c i n g  behav io r )  t h e  a c t o r  i s  assumed 

s a t i s f y c e r ,  i . e . ,  a  r e a l  number y  ( t h r e s h o l d  u t i l i t y  o r  

a s p i r a t i o n  l e v e l )  e x i s t s  such t h a t ,  i f  a f t e r  n t r i a l s  he 

has  drawn a l t e r n a t i v e s  r ,..., rk,  ..., rn,  wi th  u t i l i t i e s  - - -.. 1 
~ ~ , . . . , u ~ , ~ . , u ~ ~  t h e  sea rch  s t o p s  i f  and on l y  i f  

I n  o t h e r  words, a  cho i ce  i s  made a s  soon a s  an a l t e r n a t i v e  whose 

u t i l i t y  exceeds t h e  t h r e s h o l d  y  i s  found. 

The sea rch  behav io r  cons idered  i n  assumpt ion 7.1 i s  a  some- 

what s i m p l i f i e d  v e r s i o n  o f  more g e n e r a l  s a t i s f y c i n g  models,  where 

t h e  t h r e s h o l d  y  might i t s e l f  be changing du r i ng  t h e  sea rch .  How- 

e v e r ,  t h e  r e s u l t s  t o  be de r i ved  do n o t  depend t h a t  much on t h e  

d e t a i l e d  mechanism f o r  upda t ing  y ,  prov ided it can be assumed 

t h a t  it i s ,  o r  becomes i n  t h e  long run ,  l a r g e .  

On a  pu re l y  i n t u i t i v e  ground,  it i s  c l e a r  t h a t ,  whenever t h e  

sea rch  s t o p s ,  t h e  a l t e r n a t i v e  which i s  chosen ( t h e  l a s t  one)  has  

t h e  h i g h e s t  u t i l i t y  among a l l  t h e s e  of t h e  sample genera ted  s o  

f a r .  There fo re ,  i f  t h e  t h r e s h o l d  y  becomes l a r g e  enough, it be- 

comes u n l i k e l y  t h a t  t h e  sea rch  s t o p s  soon,  and t h e  sample s i z e  

t o  be genera ted  i s  l i k e l y  t o  become l a r g e .  One i s  t h u s  l e d  aga in  

t o  make p r o b a b i l i t y  s ta temen ts  on t h e  maximum over  a  l a r g e  sequence 

of random v a r i a b l e s ,  and an asympto t i c  equ iva lence  between u t i l i t y  

maximizing f o r  n ( o r  t )  -+ and s a t i s f y c i n g  f o r  y  + can be ex- 

pec ted .  Th is  c o n j e c t u r e  i s  proved r i g o r o u s l y  i n  t h e  n e x t  theorems. 

Def ine: 

P ( r , y )  The d e n s i t y  of cho i ce  when a  t h r e s h o l d  

u t i l i t y  y  i s  used.  

A c l o s e d  form f o r  P ( r , y )  is given i n  t h e  fo l low ing  theorem: 

Theorem 7.1 f o r  y  < 



1 -F [y-v (r) I 
p(r,y) = 

1-G (y) 

Proof. Let ~ E T  be the chosen alternative. The event ~ E A Z ~  
can occur after n trials if and only if an r E A  has been drawn 

at the nth trial, with a utility greater than or equal to y ,  

while alternatives have been drawn in the previous n-1 trials, 

with utilities less than y. Using the distribution G(r) defined 

in assumption 3.2, the probability of this event is: 

n- 1 1 (1-FLy-v (r) I 1 G (y) dW (r) 

Summation of (23) over n = 1, ...,rn yields: 

and this establishes equation (22). 

The asymptotic result is straightforward: 

Theorem 7.2. (Asymptotic forn of the choice density). 

Under assumption 6.1 . 

- e 
Bv (r) 

lim P(r,y) - 
Y+rn 

@ 

Q.E.D. 

proof. Using the definition of G(x) , equation (22) can be re- 

written as 



and assumption 6.1, used in the form specified by equation (12) 

of note 6.1, yields immediately: 

e Bv (r) 
lim P(r,y) = - 
Y Bv(r)d~l(r) 

which, due to definition (15), establishes the theorem. Q.E.D. 

The result in theorem 7.2 is identical to that in theorem 

6.2, although the proof is different and, in a sense, simpler 

and more elegant. The issue raised by the results in this sec- 

tion, that is the asymptotic equivalence of different behavioral 

assumptions, is worth further research developments, and of course, 

is not exausted by the relatively simplified examples given here. 

What is pointed out is the possibility of obtaining stable asymp- 

totic results not only by changing or generalizing specific assump- 

tions within the same behavioral structure (the issue explored 

in section 6) but even by changing or generalizing the behavioral 

structure itself. 

8. CONCLUDING REMARKS 

A considerable difference of opinions exists on the theoret- 

ical underpinnings of logit-type models. A broad two-fold classi- 

fication can be made dividing them in two: the disaggregate school 

(typically represented by Domencich and McFadden, 1975, or Ben- 

Akiva and Lerman, 1979, although rcoted in the work of Luce, 1959, 

and Manski, 1973), which would insist on justifying such models 

on very specific micro-level behavioral assumptions, as well as 

very detailed functional and parametric specifications of the 



under ly ing p r o b a b i l i s t i c  s t r u c t u r e ;  and t h e  aggregate approaches,  

t h e  s t a t i s t i c a l  mechanics analogue (entropy maximizing) being t h e  

most popular  one (Wilson, 1970, and more r e c e n t l y ,  Lesse,  1983, 

f o r  some very i n t e r e s t i n g  t h e o r e t i c a l  developments) ,  and t h e  

"cos t -e f f i c i ency "  p r i n c i p l e  of Smith (1978) being i t s  macro- 

economic coun te rpa r t .  

Loosely speaking,  whi le t h e  f i r s t  school  s t r e s s e s  t h e  de- 

pendency of cho ice p a t t e r n s  on t h e  s p e c i f i c  behav io ra l  assump- 

t i o n s ,  t h e  second one s t r e s s e s  what seems t o  be t h e  oppos i te ,  

t h a t  i s  t h e  r e l a t i v e  i n s e n s i t i v i t y  of cho ice  p a t t e r n s  observed 

a t  t h e  aggregate l e v e l  from s p e c i f i c  behav iors  a t  t h e  d isaggregate  

l e v e l .  

Th is  paper i s  a c o n t r i b u t i o n  towards r e c o n c i l i a t i o n  of t h e  

two extremes, a l though t h e  p o i n t  of view adopted he re  i s  q u i t e  

d i f f e r e n t  from both.  Rather than overspec i fy ing  micro-behavioral 

assumptions, o r  neg lec t i ng  them a t  a l l ,  it has  been shown how a 

wide, but  s t i l l  micro-economically s e n s i b l e ,  fami ly of behav iors  

can be mapped i n t o  a s i n g l e  asymptot ic  model. 

The concept of "asymptot ic"  i s  proposed he re  a s  a replacement 

f o r  t h e  more r e s t r i c t i v e  "aggregate" .  A key argument t o  t h e  de- 

r i v a t i o n  of t h e  r e s u l t s ,  both i n  s e c t i o n s  6 and 7 ,  has  been iden- 

t i f y i n g  some q u a n t i t y  i n  t h e  system which becomes l a r g e  ( t h e  sample 

s i z e ,  t h e  t ime spen t  i n  sea rch ,  o r  t h e  th resho ld  u t i l i t y  l e v e l ) .  

The r e s u l t s  of s e c t i o n  7 a r e  p a r t i c u l a r l y  important  f o r  f u t u r e  

developments, s i n c e  they suggest  t h a t  t h e  fami ly of micro- level  be- 

hav io rs  genera t ing  t h e  same asymptot ic  model can be cons iderab ly  

broader than what one o b t a i n s  by j u s t  genera l i z i ng  some f u n c t i o n a l  

forms. I n  o t h e r  words, d i f f e r e n t  dec is ion  c r i t e r i a ,  and no t  on ly  

d i f f e r e n t  p r o b a b i l i t y  d i s t r i b u t i o n s ,  may l e a d  t o  t h e  same asymp- 

t o t i c  model. 

Two f i n a l  no tes  concern space and dynamics. The r o l e  of space,  

i n  t h e  geographic sense,  does no t  appear a s  c r u c i a l  i n  t h e  r e s u l t s  

of t h i s  paper.  However, it should be s t r e s s e d  t h a t  t h e  cont inuous 

na tu re  of t h e  choice s e t  i s  c r u c i a l  t o  t h e  d e r i v a t i o n s  (and indeed 

it c o r r e c t s  some otherwise a r t i f i c i a l  r e s u l t s  i n  Leonardi ,  1982) ,  

and geographic space is perhaps t h e  on ly  known phenomenon i n  na tu re  



whose d e s c r i p t i o n  i n  con t inuous  t e r m s  i s  n o t  a  mathemat ica l  

a r t i f a c t .  

What i s  r e a l l y  m i ss i ng  i n  t h e  geography imp l ied  i n  t h e  paper  

i s  t h e  e f f e c t  o f  space  on t h e  s t a t e  of  knowledge o f  t h e  a c t o r  i n  

t h e  cho i ce  p r o c e s s .  T h i s  knowledge i s  summarized by a  measure W, 

which does  n o t  change ove r  t i m e .  I t  i s  p l a u s i b l e  t o  t h i n k  o f  a  

l e a r n i n g  mechanism which upda tes  W a s  a l t e r n a t i v e s  ove r  t h e  r e g i o n  

a r e  exp lo red ;  it i s  a l s o  p l a u s i b l e  t o  t h i n k  o f  t h e  metric of  space  

( d i s t a n c e )  p l ay i ng  a  r o l e  i n  de te rm in ing  o r  c o n s t r a i n i n g  t h e  l e a r n -  

i n g  mechanism. One f u t u r e  development shou ld  t h e r e f o r e  be t o  pro-  

duce asympto t i c  r e s u l t s ,  s i m i l a r  t o  t h o s e  g i ven  h e r e ,  f o r  c h o i c e  

p rocesses  i n c l u d i n g  a  s u i t a b l y  g e n e r a l  f am i l y  o f  geography-dependent 

l e a r n i n g  mechanisms on t h e  c h o i c e  set .  

A s  f o r  dynamics,  a  comparison between u t i l i t y  maximizing and 

s a t i s f y c i n g  behav io r  i s  i n t e r e s t i n g .  Al though bo th  behav io r s  l e a d  

t o  t h e  same asymp to t i c  form, t h e y  imply a  d i f f e r e n t  economy o f  

d e s c r i p t i o n  when used i n  a  dynamic framework. The u t i l i t y  maxi- 

miz ing behav io r s  needs t o  keep t r a c k  o f  t h e  p r e v i o u s l y  found 

maximum u t i l i t y ,  i n  o r d e r  t o  make t h e  n e x t  move. The s a t i s f y c i n g  

behav io r  doe's n o t  need t o  keep t r a c k  o f  any i n f o rma t i on  on pre-  

v i o u s l y  t e s t e d  a l t e r n a t i v e s ,  s i n c e ,  i f  t h e  s e a r c h  i s  s t i l l  go ing  

on ,  by d e f i n i t i o n  t h e y  where below t h e  t h r e s h o l d  l e v e l ,  and any 

newly drawn a l t e r n a t i v e  need n o t  be compared w i t h  them, b u t  o n l y  

w i t h  t h e  t h r e s h o l d .  

The s a t i s f y c i n g  assumpt ion  seems t h e r e f o r e  s u p e r i o r ,  i n  t e r m s  

o f  economy o f  d e s c r i p t i o n ,  t o  t h e  u t i l i t y  maximizing one ,  s i n c e  it 

l e a d s  t o  a  s imp le  Markovian s t r u c t u r e  i n  t h e  c h o i c e  dynamics, w i th -  

o u t  t h e  need t o  expand t h e  d e s c r i p t i o n  o f  t h e  s t a t e  o f  t h e  system 

by i n c l u d i n g  u t i l i t y  d i s t r i b u t i o n s  i n  it. The use  o f  t h i s  prop- 

e r t y  a s  a  s i m p l i f y i n g  d e v i c e  i s  under  s t udy  f o r  a p p l i c a t i o n s  t o  

hous ing and l a b o r  m o b i l i t y ,  and t h e  models proposed i n  Leonard i  

(1983a ,b ,c )  a r e  under  r e v i s i o n  from t h i s  p o i n t  o f  v iew. 
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