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ABSTRACT 

The concept of  t h e  d i s t r i b u t i o n  func t ion  of a  c losed-valued 

measurable mu l t i func t ion  i s  in t roduced and used t o  s tudy t h e  

convergence i n  d i s t r i b u t i o n  of sequences of  mu l t i f unc t i ons  and 

t h e  epi-convergence i n  d i s t r i b u t i o n  of normal i n teg rands ;  i n  

p a r t i c u l a r  var ious  compactness c r i t e r i a  a r e  exh ib i t ed .  The 

connect ions wi th  t h e  convergence theory  f o r  s t o c h a s t i c  p rocesses  

i s  analayzed and f o r  purposes of  i l l u s t r a t i o n  we apply t h e  theory  

t o  ske tch  o u t  a  modif ied d e r i v a t i o n  of Donsker's Theorem 

(Brownian motion a s  a  l i m i t  of random wa lks ) .  We a l s o  sugges t  

t h e  p o t e n t i a l  a p p l i c a t i o n  of t h e  theory  t o  t h e  s tudy of  t h e  con- 

vergence of  s t o c h a s t i c  inf ima. 





OW THE CONVERGENCE I N  DISTRIBUTION OF 
MEASURABLE MULTIFUNCTIONS, NORMAL INTEGRANDS, 
STOCHASTIC PROCESSES AND STOCHASTIC INFIMA 

G a b r i e l l a  S a l i n e t t i ,  U n i v e r s i t a  d i  Roma 1 )  

Roger J . - B .  wets2) 

I n  [ 1 ] w e  have g iven  v a r i o u s  c h a r a c t e r i z a t i o n s  f o r  t h e  a l -  

most s u r e  convergence and t h e  convergence i n  p r o b a b i l i t y  o f  

sequences o f  c losed-va lued measurable m u l t i f u n c t i o n s ,  sometimes 

a l s o  c a l l e d  random c l o s e d  s e t s .  I n  t h i s  paper  w e  s tudy  t h e i r  

convergence i n  d i s t r i b u t i o n  o r  e q u i v a l e n t l y  t h e  weak*-convergence 

o f  t h e  induced p r o b a b i l i t y  measures. Ac tua l l y ,  w e  d e r i v e  t h e  

b a s i c  r e s u l t s  by r e l y i n g  on t h e  framework prov ided by t h e  t h e o r y  

o f  weak*-convergence i n  metric spaces .  A s  background t o  t h e  

s t u d y  o f  t h e  convergence o f  normal i n t e g r a n d s ,  w e  e x h i b i t  t h e  

r e l a t i o n s h i p  between t h e  convergence theo ry  f o r  measurable mu l t i -  

f u n c t i o n s  and t h a t  f o r  c e r t a i n  s t o c h a s t i c  p rocesses  a s s o c i a t e d  

t o  measurable m u l t i f u n c t i o n s ,  such a s  t h e  p rocesses  determined 

by t h e  d i s t a n c e  and c h a r a c t e r i s t i c  f unc t i ons .  A f t e r  some gene ra l  

r e s u l t s  abou t  normal i n t e g r a n d s  w e  r e l a t e  t h e i r  epi -convergence 

i n  d i s t r i b u t i o n  t o  t h e i r  convergence i n  t h e  c l a s s i c a l  s e n s e  o f  

s t o c h a s t i c  processes.  Next,  w e  o b t a i n  compactness c r i t e r i a .  

F i n a l l y ,  w e  d e r i v e  convergence i n  d i s t r i b u t i o n  r e s u l t s  f o r  

s e l e c t i o n s  of  measurable m u l t i f u n c t i o n s  and touch on t h e  

' ) Supported i n  p a r t  by CNR-GNAFA. 

') Supported i n  p a r t  by a Guggenheim Fe l lowsh ip .  



p o t e n t i a l  a p p l i c a t i o n s  of  t h e s e  r e s u l t s  t o  s t o c h a s t i c  opt imiza- 

t i o n  and t h e  convergence of  s t o c h a s t i c  p rocesses .  

There i s  an i n t i m a t e  r e l a t i o n s h i p  between normal i n teg rands  

and s t o c h a s t i c  p rocess  which can be e x p l o i t e d  t o  dev ise  a new 

approach t o  t h e  convergence of  s t o c h a s t i c  p rocesses .  To i l l u s -  

t r a t e  t h i s  p o i n t ,  we g i v e  a modif ied d e r i v a t i o n  of  Donsker 's  

theorem. A r e l a t e d  approach has been developed by W. Vervaat.  

H i s  mot ivat ion comes from t h e  s tudy of extremal p rocesses  i n  

s t a t i s t i c s ,  whereas ou r  work was o r i g i n a l l y  mot ivated by t h e  

search  f o r  approximation schemes f o r  s t o c h a s t i c  op t im iza t i on  

problems. However, w e  f e e l  t h a t  t h e r e  a l s o  many p o t e n t i a l  

c o n t r i b u t i o n s  t h a t  t h i s  approach could make t o  t h e  s tudy of  

" c l a s s i c a l "  s t o c h a s t i c  processes.  

The s e t t i n g  i s  t h e  same a s  i n  [ I  1 . L e t  ( R ,  A ,  p )  be a prob- 

a b i l i t y  space wi th  A t h e  c l a s s  of measurable s e t s  and p a 

p r o b a b i l i t y  measure on A ;  (E,d)  i s  an n-dimensional l i n e a r  space 

equipped w i th  a me t r i c  d. A map r with  domain R and whose va lues  

a r e  c losed subse ts  of E I  I ' : R ~ E ,  i s  s a i d  t o  be a closed-valued 

measurable multifunction i f  f o r  a l l  c l osed  sets F C E,  

Each such mu l t i f unc t i on  can be  i d e n t i f i e d  w i th  a measurabZe 

func t ion  y from R t o  F ,  t h e  hyperspace o f  a l l  c l osed  s u b s e t s  of  

E equipped wi th  t h e  topology T F ,  a v a r i a n t  of t h e  V i e t o r i s  topo- 

logy,  c f .  [ I ,  Propos i t i on  1 . 1 1 .  More p r e c i s e l y ,  TF--or simply 

T i f  no confus ion i s  poss ib le - - i s  generated by t h e  subbase con- 

s i s t i n g  of a l l  f a m i l i e s  of sets of t h e  type  

{FKIK E K l  and { F ~ , G  E G I  

where f o r  any set D E E ,  

FD = {F  E F I F  17 D = 8 )  and FD = {F E F I F  n D + 91 , 

and G and K denote r e s p e c t i v e l y  t h e  c l a s s e s  o f  open and compact 

subse ts  of E. The cho ice  of  t h i s  topology i s  motivated by t h e  



f a c t  t h a t  sequences i n  F T-converge i f  and on ly  i f  t h e  co r res -  

ponding sequence of s u b s e t s  of E converge i n  t h e  c l a s s i c a l  sense ,  

see [ I ,  Theorem 2 . 2 1 .  The p r o p e r t i e s  of  E al low us a l s o  t o  

genera te  t h i s  topology T from t h e  subbase c o n s i s t i n g  of a l l  sets 

of t h e  type  

BE ( X I  
I F , E > O , X  E E)  and { F B ~  ( x )  , E > O , X  E E l  

where B ( x )  and B;(X) a r e  r e s p e c t i v e l y  t h e  c losed  and open b a l l s  
E 

of r a d i u s  E and c e n t e r  x. I n  f a c t ,  it i s  s u f f i c i e n t  t o  cons ider  

open and c losed  b a l l s  w i th  E E Q+ and x E D l  a countab le  dense 

subse t  of E ,  i .e . ,  t h e s e  sets ( b a l l s )  determine a countab le  base 

f o r  ( t h e  topology o f )  E. In  t u r n ,  t h i s  y i e l d s  a countab le  base 

f o r  T I  l e t  

then  a s  can e a s i l y  be v e r i f i e d  

is a base f o r  T, where 

I t  fo l lows d i r e c t l y  from t h e  p r o p e r t i e s  of  E and t h e  

d e f i n i t i o n  o f  T t h a t  t h e  Bore1 s igma- f ie ld  SF--or simply S ,  

when no confusion i s  poss ib le - - i s  g n r t e d  by any one of t h e  

f a m i l i e s  { F ~ , K  E K}, {FG,G E G I .  {F 
% ,9 x? 

1 E > 0 , X  E E l ,  

{ FBO ( x )  , E  > O , X  E E} and {FBIB E B} and t h e i r  complements. 
E 

I t  i s  s i g n i f i c a n t  t h a t  t h e  topo log i ca l  space ( F , T )  i s  com- 

p a c t ,  r e g u l a r  and has a countab le  base;  hence i s  metrizable. 

The compactness fo l lows from Alexander 's  theorem wi th  t h e  sub- 

base { F ~ , G  E G ; F K , K  E K} f o r  t h e  c losed subse ts  of  F;  no te  



that B E F. The local compactness of E yields regularity and a 

countable base has already been exhibited earlier; see [ 2 ]  , [ 11 

for details and further developments. 

Figure 0.1. Multifunction r and associated function y. 



We can thus view y as a measurable function (a random object) 

from fi to the compact metrizable space F. The general theory of 

convergence in distribution on metric spaces is applicable and 

provides the underpinnings for the results on the convergence of 

closed-valued measurable multifunctions, as well as for the epi- 

convergence of normal integrands, c£. Section 3. 



1 . COi4VERGENCE IN DISTRIBUTION 

Since (FIT) is metrizable every probability measure P de- 

fined on S is r e g u l a r  [ 3 ,  Theorem 1.11 and thus is determined by 

its value on tile open (or closed) subsets of F. Since here 

every open set is the countable union of elements in the base, 

which in turn are obtained from the subbase by finite intersec- 

tions,' it will be sufficient to know the values of P on the sub- 

base { F ~ ,  K E K; FG, G E GI to completely determine P. We shall 

show that even a much smaller subclass of subsets of S will in 

fact suffice. 

A function T from K into [0,1] with T($) = 0 is called a 

d i s t r i b u t i o n  f u n c t i o n  if for any sequences of compact sets 

{KVIv E R }  

(1.1 ) the sequence {T ( K ~ )  , v E N} decreases to T (K) whenever the 

Kv decrease to K; 

(1.2) the functions {sv,v = 0,1,...) defined recursively by 

and for v = 2, ... 

take on their values in [Of 1 ] . 
A function on K with properties (1.1) and (1.2) is sometimes 

called a Choquet c a p a c i t y .  These properties of T on K are 

essentially the same as those of a distribution function defined 

on the real line. Property (1.1) can be viewed as an extension 

of the notion of right-continuity and property (1.2) as an 

extension of monotonicity. 



1.3 THEOREM (Choquet). Every p r o b a b i l i t y  measure P on S d e t e r -  

mines a  d i s t r i b u t i o n  func t ion  T on K th rough t h e  correspondence 

Converse ly ,  eve ry  d i s t r i b u t i o n  func t ion  T on K de te rm ines  a 

p r o b a b i l i t y  measure P on S th rough (1.4), o r  a l t e r n a t i v e l y  (1.5). 

Matneron [4, p. 30-351 gives a proof of this theorem by rely- 

ing on Choquet's Capacity Theorem. A new derivation relying ex- 

clusively on standard probabilistic tools is given in Appendix A. 

Every closed-valued measurable multifunction r:52 3 E, or 

equivalently every measurable function (random element) y:52 -+ F; 
induces on S a probability measure, denoted by P, with 

for every D E S. For sets of the type FD that belong to S f  we 

have that 

In particular, the values of T, the distribution function of I' 

(i.e. the distribution function associated with P), are given by 

The convergence in distribution of a sequence {I' v E N) of v ' 
closed-valued measurable multifunctions can thus be studied in * 
the framework of the weak -convergence of the induced probability 

measures {pv,v E N) defined on S - the Bore1 field of the meri- 

tizable space ( F , T )  - or equivalently, as we shall see, the 

convergence of the associated distribution functions {TV,v E N) 

at every "continuity" point of the limit distribution function 

[3], [5]. This program is carried out in the remainder of this 

section. 



A d i s t r i b u t i o n  func t i on  T def ined  on K ,  i s  s a i d  t o  be 

d i s t r i b u t i o n - c o n t i n u o u s  a t  K i f  f o r  every sequence of  s e t s  

{K, E K I  v E N} (T-)  i nc reas ing  t o  K we have t h a t  t h e  sequence 

{T (K,) . V E N} i n c r e a s e s  t o  T ( K )  . Recal l  t h a t  T ( K )  = l i m  T ( K V )  . 
i f  { K V I v  E N} i s  any sequence decreas ing  t o  K .  Wote t h a t  

K v  CT K imp l ies  t h a t  K = 17 1< v ~ d  v 

and 

imp l ies  t h a t  

s e e  f o r  i n s t a n c e  [ 6 ,  Prop. 1 and 21 .  The d i s t r i b u t i o n - c o n t i n u i t y  

s e t  C T  i s  t h e  s u b s e t  of K on which T i s  d i s t r i bu t i on -con t i nuous .  

We s h a l l  show t h a t  t h e  mu l t i func t ions  { T v  v E N} converge i n  

d i s t r i b u t i o n  t o  a  l i m i t  mul t i func t ion  T i f  and on ly  i f  t h e  

assoc ia ted  d i s t r i b u t i o n  func t ions  I T  , V  E N) converge t o  t h e  
w 

d i s t r i b u t i o n  func t i on  T on C i n  f a c t  we s h a l l  go one s t e p  
T; 

f u r t h e r  and show t h a t  it i s  s u f f i c i e n t  t o  demand convergence on 
ub 

CT 
= C T  h K~~~ where K U b  c o n s i s t s  o f  a l l  t h e  compact s u b s e t s  o f  

E t h a t  can be ob ta i ned  as  t h e  f i n i t e  un ion o f  c l o s e d  b a l l s  

( inc lud ing  B ,  t h e  empty union of  c losed b a l l s ) .  

Recal l  t h a t  t h e  random elements { y v f v  E N} ( r e s p e c t i v e l y  

t h e  mu l t i f unc t i ons  { r v I v  E 111) converge i n  d i s t r i b u t i o n  t o  a 

random element y ( r e s p e c t i v e l y ,  t h e  mu l t i func t ion  T )  i f  t h e  * 
induced p r o b a b i l i t y  measures {P,,,v E N} weak -converge t o  P I  

i n  p a r t i c u l a r  i f  

( 1  -6) l i m  pV ( D )  = P ( D )  
V 

f o r  a l l  P-cont inu i ty  sets D E S [ 3 ,  Theorem 2 .11  where D E S i s  

a  P-cont inu i ty  set i f  

and bdy D i s  t h e  boundary of D wi th  r e s p e c t  t o  t h e  topology T.  



L e t  V be a  subc lass  of  S endowed w i th  t h e  fo l lowing p r o p e r t i e s :  

(1 .7)  V i s  c losed  under f i n i t e  i n t e r s e c t i o n s ,  

( 1  8) given any F  E F and any (T-)neighborhood N of F, 

t h e r e  e x i s t s  W E V such t h a t  

Then V is  a so-ca l led  convergence-determining c l a s s ,  i . e . ,  con- 

vergence i n  d i s t r i b u t i o n  of t h e  r V  t o  r fo l lows from having ( 1 . 6 )  

s a t i s f i e d  on V r a t h e r  than  on S. The proof t h a t  V i s  indeed 

such a  c l a s s  of sets is t h e  same a s  t h a t  of  Theorem 2 . 2  and i t s  

Coro l la ry  1 i n  [ 3 ] ,  it s u f f i c e s  t o  r e c a l l  t h a t  ( F , T )  i s  separab le .  

The nex t  theorem shows t h a t  KUb genera tes  a  convergence-determining 

c l a s s ;  t h i s  a l lows  us  t o  r e l a t e  t h e  convergence i n  d i s t r i b u t i o n  

of mu l t i f unc t i ons  t o  t h e  convergence of  t h e i r  d i s t r i b u t i o n  func- 

t i o n s .  A r e l a t e d  r e s u l t ,  f o r  ex t remal  p rocesses  on R I  appears  i n  

[26, Theorem 8.31. 

1.9 THEOREM. The c l a s s  of s e t s  {FK,K E K*} i s  a convergence- 

defermining c l a s s ,  i . e . ,  t he  r v  converge i n  d i s t r i b u t i o n  t o  T, 

if f o r  every P-cont inu i ty  s e t  FK, with i[ E KUb, we have t h a t  

l i m  Pv(FK) = P(FK)  
V 

Moreover t he  r V  converge i n  d i s t r i b u t i o n  to  r if and only if f o r  

every K E cYb C KUb we have t h a t  

( 1 . 1 1 )  l i m  Tv  ( K )  = T ( K )  
v 

The two fo l lowing lemmas a r e  needed i n  t h e  proof of  t h i s  

theorem. They c l a r i f y  t h e  r e l a t i o n s h i p  between P-con t inu i ty  

and d i s t r i b u t i o n - c o n t i n u i t y .  W e  d e f i n e  t h e  €-enlargement of K by 

E'K = { x J d ( x , ~ )  < €1 and set  E K  = c 1  E'K ,  where - 

d(x ,K)  = min - d ( x , y ) .  ytK 



1 . 1 2  LEblMA. Suppose t h a t  K E K i s  nonempty  and > 0 .  Then t h e  

f a m i l y  {FCKIO < E < El c o n t a i n s  a t  mos t  c o u n t a b l y  many s e t s  wh ich  

a r e  n o t  P -con t i nuous .  

PROOF. Formally,  t h e  argument i s  s i m i l a r  t o  t h e  one used t o  show 

t h a t  t h e  s e t  of d iscon t inuous  p o i n t s  of a  monotone func t i on  i s  a t  

most countable.  

Suppose t h a t  F with  0 < < E < E a r e  no t  P- 
C 1 

2 
c o n t i n u i t y  s e t s ,  i. e.  , a; = P ( i n t  FEiK 

The two open i n t e r v a l s  

a r e  d i s j o i n t ,  s i n c e  f o r  any 2 E ] E ~ , C ~ [  we have t h a t  

i n t  F C F C F C i n t  F EK 
c F 

1 2K C 2 K  

and thus  a; < a l  - < B = P ( F e K )  2 a; < a 2 .  I t  fo l lows t h a t  t h e  

c l a s s  of s e t s  {FCKIO < c < El t h a t  a r e  no t  P-cont inu i ty  s e t s  

correspond t o  a  c l a s s  of  d i s j o i n t  s u b i n t e r v a l s  of  [ 0 , 1 ] ,  each 

one con ta in ing  a  d i s t i n c t  r a t i o n a l  number. There can on ly  be a  

countab le  number of such i n t e r v a l s  and nence of  s e t s  FEK t h a t  

a r e  n o t  P-cont inu i ty  s e t s .  

1.13 LEMIdiA. Suppose t h a t  T i s  a  d i s t r i b u t i o n  f u n c t i o n  o n  K .  

Then 

ub cub = {K E K I F P - c o n t i n u i t y  s e t  1 
T K 

PROOF. Suppose f i r s t  t h a t  K E K~~ and FK i s  a  P-cont inu i ty  s e t .  

Le t  us cons ider  {Kv.v E N} an a r b i t r a r y  c o l l e c t i o n  of  compact 

s e t s  i nc reas ing  t o  K .  We need t o  show t h a t  

l i m  T ( K v )  = T ( K )  
v 

m 
Since K v  I -T K = c 1  Uv-l - \ I  we have t h a t  

FK = c 1  F and i n t  F c F 
K 



These r e l a t i o n s  and t h e  P-con t inu i t y  of FK imply t h a t  

= l i m  T ( K V )  - < P ( F K )  = T ( K )  
v 

and t h u s  K E cub. 
Next suppose t h a t  K E cub. W e  suppose t h a t  K i s  nonempty. 

s i n c e  o the rw i se  t h e  a s s e r t i o n  ho lds  t r i v i a l l y .  Because R i s  a  

compact set  wi th  nonempty i n t e r i o r ,  w e  can f i n d  an ( s t r i c t l y )  

i n c r e a s i n g  sequence o f  open precompact sets {Gv.v E N} such t h a t  

c l  Gv = K v  tT K ,  and c l  Gv C G v + l .  W e  nave t h a t  

The sets F a r e  9-open and hence 
Gv+ 1  

F~ F~ C i n t  FK 
v v+l 

S ince  T is d i s t r i b u t i o n - c o n t i n u o u s  a t  K ,  w e  have t h a t  I 

P ( F K )  = T ( K )  = l i m  T ( K V )  = l i m  P ( F K  ) - < p  ( i n t  FK)  - < p  ( F ~ )  
V v 

which imp l i es  t h a t  P(bdy F K )  = 0 ,  i . e . .  FK is a  P-con t inu i t y  set .  

PROOF OF THEOREM 1.9 .  Le t  

and I 

W e  prove f i r s t  t h a t  (1 .10)  imp l i es  t h a t  f o r  every  D E U 

(1.14)  l i m  Pv ( 0 )  = P(D) 





f o r  a l l  E E ] f ) , q [  f o r  some fi < q .  From Lemma 1 . 1 2  it fo l lows  

t h a t  then  t h e r e  e x i s t s  i? = fi + wi th  0  < < q - f) ,  such t h a t  
6 

F.? wi th  B = B g ( x ) ,  i s  a  P-con t inu i t y  set.  Hence t o  every  Bi 
6, 

t h a t  appears  i n  t h e  d e f i n i t i o n  (1.16) of N ,  t h e r e  cor responds 

gi E B such t h a t  F-  i s  a  P-con t inu i t y  set and F  E Fgp C Fs 
Bi i Thus 

F  E i n t  W '  

where W '  = F A  1 )  ... i s  a  P-con t inu i t y  set ,  and c l e a r l y  
B1 

i n t  W '  3 F$ n . . .  n Fg 
1 S 

a s  fo l lows  d i r e c t l y  from t h e  c o n s t r u c t i o n  of T .  

On t h e  o t h e r  hand, s i n c e  C E K~~ i s  compact and F  E F' i s  

c losed ,  t h e r e  e x i s t s  > 0  such t n a t  f o r  every  E E lo,.[ 

- 
Again by Lemma 1.12 t h e r e  t hen  e x i s t s  2 E ]O,EZ[ such t h a t  F A  

C'  
wi th  i?C = e,  and n e c e s s a r i l y  i t s  complement F' a r e  P-con t inu i t y  

sets. The set  

i s  a  c o n t i n u i t y  set  and w e  have t h a t  

t s i n c e  F  E FAO A o C i n t  W  by d e f i n i t i o n  of T .  Th is  completes 
B1. , .  . . I B  

t h e  proof  o f  t h e  f i g s t  a s s e r t i o n  o f  t h e  theorem. 

ub By Lemma 1.13 f o r  every  K E CT , F i s  a  P-con t inu i t y  
K 

set and hence t h e  convergence i n  d i s t r i b u t i o n  o f  t h e  T v  t o  r 
imp l i es  v i a  ( 1  .6 )  t h a t  

l i m  T v ( K )  = l i m  P v ( F  ) = P(F ) = T ( K )  
v V Kv  K 

which n a t u r a l l y  y i e l d s  ( 1 . 1 1 )  . 



On the other hand, if lirn TV (K) = T (K) on cib it follows 

from Lemma 1.13 and the relation (1.4) that 

lirn P (FK) = P(F ) 
V 

V 
K 

ub 
for every K E K . But we just proved that this is a convergence- 

determining class. Hence the r V  converge in distribution to T. 

In [I, Section 51 it was demonstrated that tke almost sure 

convergence of a sequence of measurable multifunction {rV,v E N} 

to the multifunction T implies their convergence in probability. 

We show that in turn, this implies their convergence in distribu- 

tion. Recall that the TV converge to T in probability of 

for all E > 0 and any compact K E K, 

(1.17) 
- 1 

lirn p L A E I V  (K) 1 = 0 
v jm 

where 

Note that A :Q 3 E is a measurable multifunction. 
E:,V 

1.18 PROPOSITION. Suppose {TV,V E N} is a collection o f  closed- 

valued measurable multifunction converging in probability to the 

closed-valued measurable multifunction T. Then the {TV,v E N} 

also converge in distribution to T. 

PROOF. We start with proving that for all K E K ub 

lim sup TV (K) - < T (K) 
V*O0 

Suppose A 1  and A2 are two closed-valued measurable multifunctions 

defined on Q. Then for any E: > 0 and K E K we get 

One also kas that 



a s  fo l lows  from t h e  fo l low ing  r e l a t i o n s  

A;' ( K )  = [ A ,  ((E' A, U ( E \ E O A , ) )  ] - I  ( K )  

C ( A ,  1-1 ( K )  u ( A l \  E' "1-l ( K )  

where t h e  l a s t  e q u a l i t y  fo l l ows  from t h e  p receed ing  i d e n t i t y .  

Thus 

s i n c e  by d e f i n i t i o n  o f  m e a s u r a b i l i t y  f o r  m u l t i f u n c t i o n s  a l l  sets 

invo lved a r e  measurable.  I n  p a r t i c u l a r  i f  w e  set  Al = T v  and 

A2 = T and t a k e  K  E K~~ t h i s  g i v e s  

S ince  t h i s  h o l d s  f o r  a l l  v ,  t a k i n g  l i m  sup on bo th  s i d e s  y i e l d s :  

l i m  sup Tv ( K )  - < T ( E K )  
V*rn 

a s  fo l lows  from convergence i n  p r o b a b i l i t y ,  i n  p a r t i c u l a r  

( 1 . 1 1 ) .  The above ho lds  f o r  a l l  (E > 0 and s i n c e  T is a  d i s t r i b u -  

t i o n  f u n c t i o n  w e  have t h a t  l i m  T ( E K )  = T ( K )  from which t h e  re- 
& +  0 

l a t i o n  l i v+gup TV ( K )  - < T ( K )  fo l l ows  d i r e c t l y .  

ub There remains on ly  t o  snow t h a t  f o r  K  E CT 

l i m  i n £  Tv  ( K )  - > T ( K )  
v j m  



S ince  K E K~~ w e  can w r i t e  it a s  

w i t h  q f i n i t e .  Le t  

w i t h  0 < E < min { r l , r 2 ,  ..., r 1 .  A s  E J. 0 we have t h a t  &KE f K .  
9 

I f  T E C? we have t h a t  

Thus g iven  any 6 > 0 t h e r e  e x i s t s  € 6  such t h a t  f o r  a l l  0 < E < & 6  

We now a g a i n  use  (1.19)  w i t h  A l  = I' and A 2  = r V  t o  g e t  

Taking l i m  i n f  on bo th  s i d e s ,  us i ng  (1.17)  and t h e  f a c t  t h a t  6 

i s  a r b i t r a r y  y i e l d s  t h e  d e s i r e d  r e l a t i o n .  



2 .  CLOSZD-VALUED MEASURABLE MULTIFUNCTIONS AND ASSOCIATED 
STOCHASTIC PROCESSES 

A closed-valued m u l t i f u n c t i o n  r is  complete ly desc r i bed  by 

any one o f  t h e  fo l low ing  a s s o c i a t e d  p rocesses :  

( 2 . 1 )  t h e  i n d i c a t o r  ( f u n c t i o n )  p rocess  l r  d e f i n e d  on E X R 
w i t h  

1 i f  x E r ( w )  , 
l r ( x , w )  = 

0 otherw ise  I 

( 2 . 2 )  t h e  extended i n d i c a t o r  ( f u n c t i o n )  p rocess  $Jr de f i ned  

on E x S1 w i t h  

0 i f  x E r ( w )  I 

$Jr(x,w) = 

+a otherw ise  I 

( 2 . 3 )  t h e  d i s t a n c e  ( f u n c t i o n )  p rocess  d r  = d ( *  , I') de f i ned  
on E x R w i t h  

d r (x ,w)  = d ( x , r ( w ) )  = min d ( x , y )  
YET (0) 

I n  t h i s  s e c t i o n ,  w e  a n a l y s e  t h e  r e l a t i o n s h i p  between t h e  con- 

vergence o f  a sequence o f  mu l t i f unc t i ons  and t h e  convergence of 

t h e  a s s o c i a t e d  s t o c h a s t i c  p rocesses ,  by which is meant, a s  u s u a l ,  

t h e  convergence i n  d i s t r i b u t i o n  of t h e  f i n i t e  d imens iona l  sec- 

t i o n s  of t h e  s t o c h a s t i c  p rocess .  

I t  i s  remarkable t h a t  t h e  convergence i n  d i s t r i b u t i o n  of t h e  

T v  t o  r i s  e q u i v a l e n t  t o  t h e  convergence i n  d i s t r i b u t i o n  o f  t h e  

cor responding d i s t a n c e  p rocesses  d r v  t o  d r ,  wnereas it does n o t  

imply, nor  does it f o l l ow  from, t h e  convergence o f  t h e  i n d i c a t o r  

p rocesses .  W e  s t a r t  w i t h  an example, invo lv ing  nonempty convex 

sets, t h a t  i l l u s t r a t e s  some of  t h e  problems t h a t  may a r i s e .  



2 . 4  EXAMPLE. For a l l  LU E R ,  l e t  

- 1 r v ( w )  = { ( x ,  ,x,)  = h ( 1 , ~  ) , h - > 01 V E N  

r ( ~ )  = I ( O , O ) I  

and 

Note t h a t  f o r  a l l  w E 9 ,  l i m v  T V ( w )  = I" ( w )  and consequent ly  t h e  

sequence o f  c losed-va lued measurable m u l t i f u n c t i o n s  {Tv v E N} 

converge i n  d i s t r i b u t i o n  t o  r ' .  However, t h e  p rocesses  

{ l r U , v  E N}  and { I ) r v f v  E N }  c o n v e r g e , a s  p rocesses ,  t o  t h e  

s t o c h a s t i c  p rocesses  1 and I)r r e s p e c t i v e l y ,  i . e . .  f o r  every  

f i n i t e  c o l l e c t i o n  of  Rr-vectors 

t h e  random v e c t o r s  

converge i n  d i s t r i b u t i o n  t o  t h e  (random) vec to r  

and s i m i l a r l y  f o r  q r v  and y r .  To s e e  t h i s ,  s imply observe t h a t  
1 q 

(i) t h e  v a r i a b l e s  1 r v  ( x  ) , . . . , 1 r V  (x  ) a r e  independent ,  (ii) 
i f  x  # ( 0 , 0 ) ,  then  f o r  v s u f f i c i e n t l y  l a r g e  t h e  d i s t r i b u t i o n  

f unc t i on  of  lr (x)  i s  g iven  by 
V 



which i s  a l s o  t h e  form of t h e  d i s t r i b u t i o n  func t i on  of  l r ( x ) ,  

and (iii) f o r  a l l  v ,  t h e  d i s t r i b u t i o n  func t i on  of 1 ( 0 , O )  and 
v 

t h a t  of  1 (0,O) is t h e  same, v i z .  , 

H ( z )  = 
0,v  

1 i f z > 1  

But t h e  T v  do no t  converge i n  d i s t r i b u t i o n  t o  T .  Simply l e t  K 

be t h e  b a l l  w i th  cen te r  ( I l l )  and of r a d i u s  1 .  Then 

does n o t  converge t o  

and moreover c l e a r l y  K i s  a  c o n t i n u i t y  s e t  of T s i n c e  f o r  any 

K '  c K we have t h a t  T ( K 1 )  = 0 .  I n  f a c t  we a l ready  knew t h a t  

t h e  T V  do n o t  converge i n  d i s t r i b u t i o n  t o  T I  s i n c e  they a c t u a l l y  

converge t o  T I .  I t  i s  a l s o  easy t o  v e r i f y  t h a t  t h e  p rocesses  d  
v 

converge t o  t h e  process dy , . For every x  = (x l  , x2) , t h e  func t i ons  

converge, f o r  a l l  w ,  t o  

d ( ( x 1 t x 2 )  t ( O t 0 ) )  i f x  < O  1 - 

and from t h i s  it fo l lows t h a t  f o r  any q > 1 ,  we have t h a t  t h e  - 
vec to rs  



converge in distribution to the vector 

2.5 THEOREM. Suppose t h a t  {I';I'V,v E N }  a r e  c l o s e d - v a l u e d  measur- 

a b l e  m u l t i f u n c t i o n s .  Then, t h e  Tv  converge i n  d i s t r i b u t i o n  t o  r 
i f  and o n l y  i f  t h e  s t o c h a s t i c  p rocesses  {(dr(x,*) ,x E E) ,v E N }  

converge i n  d i s t r i b u t i o n  t o  t h e  s t o c h a s t i c  p rocess  (dr (x, * )  ,x E E) . 
We give two separate proofs of this assertion, the first one 

providing a simple direct argument, whereas the second proof 

relies on a general result and yields some insight in the struc- 

tural relation between the two types of convergence. The second 

proof is given in Section 3, it follows Example 3.17. 

PROOF. We first show that the distribution function of a closed- 

valued measurable multifunction A determines and is completely 

determined by the distribution of the process dA. For a l l  ..., a 
q' 

any finite collection of positive real numbers and xl E E l  ..., x E E l  
q 

we have tnat 

This in turn can be (uniquely) expressed as the sum and difference 

of probabilities associated with sets of the type {w(A(w) fi K # 8 )  
with K E K ~ ~ .  We do this for q = 2, the generalization is immediate 

The result now follows directly from the above, because if 

(zl,zZ) is a continuity point of the distribution function of the 

random vector (d (xl , . d (x2 , ) ) , then the sets Bz (x, ) , BZ2 (x2) 

and BZ (xl ) U Bz2 (x2) are continuity sets for Tr--the distribu- 

tion function of A--and vice versa. 



3 .  CONVERGENCE OF INTEGRANDS 

Any f u n c t i o n  f:E x R + R w i l l  be c a l l e d  an  integrand, wi th  
- 
R = R U{+a}  deno t i ng  t h e  extended r e a l s .  The f u n c t i o n  f  i s  

comple te ly  determined by i t s  epigraph multifunction 

W e  say  t h a t  f  i s  a  normal integrand i f  i t s  e p i g r a p h , m u l t i f u n c t i o n  

i s  c losed-va lued and measurable.  The theo ry  o f  normal i n t e g r a n d s  

was in t roduced  and developed by Rocka fe l la r  [ 7 ] ,  [8 ]  t o  s tudy  

v a r i a t i o n a l  problems i nvo l v i ng  c o n s t r a i n t s .  I t  a l s o  p rov ides  t h e  

n a t u r a l  framework t o  ana lyze  t h e  convergence o f  s t o c h a s t i c  o p t i -  

m iza t ion  problems, a s  i s  ske tched  o u t  i n  S e c t i o n  8. Vervaat  [26]  

who a l s o  saw t h e  concep t  o f  normal i n teg rands  emerge i n  h i s  s tudy  

o f  ex t rema l  p rocesses  r e f e r s  t o  them a s  random lower semicontinuous 

functions. 

Every normal i n t e g r a n d  can  be viewed a s  a  s t o c h a s t i c  p rocess  

w i t h  lower semicont inuous (1.sc.) r e a l i z a t i o n s ;  t h e  f u n c t i o n s  

x 1-i f  (x,  w )  a r e  ' lower semicont inuous s i n c e  t h e i r  ep ig raphs  a r e  

c l osed .  On t h e  o t h e r  hand, any f i n i t e - v a l u e d  s t o c h a s t i c  p rocess  

w i th  l . s c .  r e a l i z a t i o n s  i s  a  normal i n teg rand .  Th i s  fo l l ows  

immediately from [8 ,  Co ro l l a r y  2E]. W e  g i v e  a  d i r e c t  proof  o f  

t h i s  f a c t  f o r  t h e  r e a d e r  un fam i l i a r  w i th  t h e  g e n e r a l  t heo ry .  

3.1 PROPOSITION. Suppose f :E x R + R is a stochastic process 

with lower semicontinuous realizations, in other words f  is a 

finite-valued integrand with w l f ( w , x )  measurable for all 

x  E R~ and x f ( w , x )  2. sc. for all w E R .  Then f  is a normal 

integrand. 

PROOF. We need t o  show t h a t  t h e  c losed-va lued m u l t i f u n c t i o n  

w w e p i  f ( 0 ,  w )  = A ( w )  i s  measurable.  To do s o  it su f  f i c e s  t o  

show t h a t  A admi ts  a  Castaing representation, i . e . ,  t h a t  dom A 

= { U ~ A ( L J )  # E A and t h e r e  e x i s t s  a  coun tab le  c o l l e c t i o n  

{vk,k E N }  of  measurable f u n c t i o n s  from dom A 

i n t o  E such t h a t  f o r  a l l  U E  dom A ,  



c f .  [8, Theorem I B ] .  Since f  i s  f i n i t e ,  dom A = R E A .  Now l e t  

be a  countab le  dense subse t  of E x R ,  and f o r  k = 1 ,  ... d e f i n e  

t h e  func t i ons  

max 

They c l e a r l y  determine a  Casta ing r e p r e s e n t a t i o n  f o r  A .  

A t  f i r s t  it might appear t h a t ,  a t  l e a s t  i n  terms of t h e  

c l a s s i c a l  a n a l y s i s  of s t o c h a s t i c  p rocess ,  t h e  requirement t h a t  

t h e  processes have l . s c .  r e a l i z a t i o n s  i s  r a t h e r  l i m i t i n g .  That 

i s  t r u e ,  i n  some sense,  and i n  Sec t ion  7 we suggest  ano ther  

approach which overcomes t h e  d i f f i c u l t i e s  one might have w i th  

t h i s  r e s t r i c t i o n .  However, no te  t h a t  any ~ 6 d - 2 6 ~  process (whose 

r e a l i z a t i o n s  a r e  r i g h t  cont inuous and nave a t  a l l  p o i n t s  l e f t  

l i m i t s )  admits t r i v i a l l y  a  m o d i f i c a t i o n  wi th  l . s c .  r e a l i z a t i o n s .  

Thus t h e  c l a s s  of normal in tegrands  inc ludes  no t  on ly  s t o c h a s t i c  

processes w i th  extended r e a l  va lues ,  a  form i n  which they  a r i s e  

i n  s t o c h a s t i c  op t im iza t i on  f o r  example, bu t  a l s o  a  very  wide 

c l a s s  of t h e  "s tandard"  rea l -va lued processes .  

C ruc ia l  t o  t h e  development is t h e  f a c t  t h a t  f o r  s t o c h a s t i c  

processes r e p r e s e n t a b l e  by normal i n teg rands ,  we can in t roduce 

a  no t ion  of convergence which n o t  on ly  i s  t h e  app rop r ia te  one 

i f  w e  a r e  i n t e r e s t e d  i n  extremal p r o p e r t i e s  of t h e  processes,  

b u t  a l s o  i n  many s i t u a t i o n s  prov ides us w i th  a  more s a t i s f a c t o r y  

approach t o  convergence ques t ions  a s  t h e  c l a s s i c a l  f u n c t i o n a l  

approach. We s t a r t  w i th  a  s h o r t  d e s c r i p t i o n  of t h e  epi- topology 

on t h e  space of  lower semicontinuous func t ions .  



A collection of lower semicontinuous functions 
.k, 

{f ,):E + , v E N )  is said to epi-converge ' to the function 

f :~ "  + L a t  t h e  p o i n t  x if 

(3. 2 )  given any subsequence of functions {fvk,k E N }  and 

any sequence {x k E N )  converging to x, we have that k' 

lim in£ f (xk) 2 f (x) I 

k+* Vk 

and 

(3.3) there exist a sequence {xv,v E N }  converging to x 

such that 

lim sup fv (xu) - < f (x) 
v+=' 

If the above holds at every point x in R ~ ,  we say that the 

collection ep i - converges  to f. This type of convergence, 

introduced by Wijsman [11], is closely related to the notion of 

pointwise convergence but it is neither implied nor does it 

imply pointwise convergence. Simply note that (3.2) implies 

but does not follow from 

(3.4) lim in£ fv (x) - < f (x) I 

Y+=' 

whereas (3.3) follows from but does not imply 

(3 5 )  lim sup fv(x) - > f(x) 

Consider for example the sequence {f :R  + R , v E N )  with 
- 1 v 

fV(v ) = 0 and 1 otherwise, which epi-converges to f with 

f (0) = 0 and 1 otherwise, but pointwise converges to the function 

identically 1.  The terminology epi-convergence comes from the 

- 

71n the context of the Calculus of Variations, this type 
of convergence is sometimes called r-convergence, cf. [9] , [ 101 , 
for example; in [261 Vervaat refers to it as the in£-vague convergence. 



f a c t  t h a t  a  c o l l e c t i o n  of func t ions  epi-converges i f  and on ly  

i f  t h e  ep igraphs of t h e  func t ions  converge a s  s e t s  a s  was a l -  

ready observed by Mosco [ 1 2 ] .  Fur ther  d e t a i l s  can be found i n  

[ I31 [ 1 4 1 ,  [ I51 [ I 6 1  t [171. 

Epi-convergence engenders a  topology E on t h e  space SC(E) 

of lower semicontinuous func t ions  de f ined  on E and w i th  va lues  i n  

t h e  extended r e a l s  [ 171 ; note  t h a t  SC ( E )  i s  a  convex cone. I n  

view of t h e  preceding comments, it can be i d e n t i f i e d  w i th  t h e  

r e s t r i c t i o n  of  t h e  topology T on t h e  c losed s u b s e t s  of E x R t o  

t h e  space of  ep igraphs.  I t  can be v e r i f i e d  [17, Sec t i on  I V ] ,  

[I 8 ,  Theorem 41 t h a t  t h i s  topology E on SC(E) can be generated 

by t h e  subbase c o n s i s t i n g  of t h e  s e t s  of t h e  type 

E~~~ = { f  E S C ( E )  1 i n f K  f  > a}  K E K ,  a E R  I 

and 

'G, a  = { f  E S C ( E )  l i n f G  f  < a}  G E G ,  ~ E R  

Reca l l  t h a t  K and G denote t h e  space o f  compact and open s u b s e t s  

of E r e s p e c t i v e l y .  For obvious reasons we r e f e r  t o  t h i s  topology 

E a s  t h e  epi-topology on S C ( E ) .  The topo log i ca l  space ( S C ( E )  , E )  

i s  r e g u l a r  and compact [17, Coro l la ry  4.31. I n  p a r t i c u l a r  

t h i s  means t h a t  every sequence of  lower semicontinuous func t i ons  

con ta ins  a  convergent subsequence. Moreover, t h e  p r o p e r t i e s  of 

E al low us t o  rep lace ,  i n  t h e  cons t ruc t i on  of  a  subbase f o r  E ,  

t h e  c l a s s  of sets K and G by 

and 

r e s p e c t i v e l y ,  and r e s t r i c t  a  t o  Q and x t o  D ,  where D i s  a  count- 

a b l e  dense subse t  of E ,  c f .  t h e  In t roduc t ion .  Thus t h e  topo log i ca l  

space ( S C ( E ) , E )  has a  countab le  base,  and hence i s  met r i zab le  

and separab le .  



A s  a l r e a d y  po in ted  o u t  a t  t h e  beg inn ing o f  t h i s  S e c t i o n ,  

a l though  po in tw i se  and epi -convergence a r e  i n t i m a t e l y  r e l a t e d ,  

i n  g e n e r a l  t h e y  do n o t  imply each o t h e r .  I n  o t h e r  words, t h i s  

means t h a t  t h e  ep i - topo logy E and t h e  p roduc t  topo logy P ( t h a t  

co r responds  t o  po in tw i se  convergence) do n o t  c o i n c i d e  on SC(E) .  

However t hey  do on epi - lower semicont inuous s u b s e t s  of SC(E) 

[17,  Theorem 2.18 and Theorem 4.61 . A set  2 C SC ( E )  i s  equi- 

lower semicontinuous, i f  t o  a l l  x  E E and E > 0 s u f f i c i e n t l y  

sma l l  t n e r e  co r responds  V E N ( x ) ,  a  neighborhood o f  x ,  such t h a t  

f o r  a l l  f  E 2. 

> min - 

L e t  us  now r e t u r n  t o  normal i n t e g r a n d s  and t h e i r  convergence. 

3.7 DEFINITION. We say that the sequence of normal integrands 

{ f v : ~  x R + ii . v E N) epi-converge almost surely [in probability, 

in distribution respectivelyl to the normal integrand 

f :E x R + R, if the corresponding epigraph multifunctions 
{ e p i  fv:R 3 E x R , v E N) converge almost surely [in probability, 

in distribution respectivelyl to the epigraph multifunction 

e p i  f :R$E  x R. 

W e  n o t e  t h a t  a s  a  consequence of [ I ,  C o r o l l a r y  3.21 and t h e  

d e f i n i t i o n  o f  a lmost  s u r e  convergence o f  normal i n teg rands ,  it 

fo l l ows  t h a t  i f  { f v , v  E N) i s  a sequence o f  normal i n t e g r a n d s  

and they  nave a lmos t  s u r e l y  an e p i - l i m i t ,  t h e n  this limit is 

also a normal integrand, i gno r i ng  p o s s i b l y  a  set  o f  measure 0. 

3.8 PROPOSITION. Suppose { f v :E  x R - , v E N) is a sequence 

of normal integrands. They epi-converge almost surely to the 

normal integrand f:E x R' -+ R if and only if for all o E R, except 

possibly on a set of measure 0,  we have that for all x  E E 

(3.9) for any subsequence { f v k , k  E HI a n d  any sequence 
{xk f  k E N )  converging to x  we have that 

l i m  i n £  f v  (xk,w) ) f ( x , w )  I 

k+-J k  



and 

(3.10) t h e r e  e z i s t  a sequence  {x v E N) c o n v e r g i n g  t o  x v 
s u c h  t h a t  

lim sup fV (xV , W) - < f ( x , ~ )  
v+* 

PROOF. It really suffices to observe that conditions (3.9) and 

(3.10) are nothing more than the conditions for epi-convergence 

and that they hold if and only if the epigraph converge [I 7, 

Proposition 1.91. Thus the epigraph multifunctions converge al- 

most surely if and only if (3.9) and (3.10) hold for almost all 

w. 

To characterize the convergence in probability of normal 

integrands it is useful to introduce some perturbations of the 

given integrands. Let g denote an arbitrary function defined on 

E and with values in the extended reals. For any positive nun- 

ber a, we denote by ga the function defined by 

where aB = Ba(0) is the closed ball of radius a. It is not 

difficult to verify that 

epi ga = epi g + {(x,a)lx E aB , Is1 2 a) 

If epi g is closed, i. e. , if g is 1. sc. , then so is epi ga since 

the second term of the (Minkowski) sum is compact. Suppose 

f:E x R + R is a normal integrand then so is fa. To see this 

simply observe that the epigraph multifunction 

w e  epi fa(*,w) = epi f(*,w) + { (x,a) lx E aB , la1 5 a) 

is closed-valued and measurable, since for each w it is the sum 
of a closed-valuea measurable multifunction and a compact-valued 

constant (measurable) multifunction [ 8 ,  Proposition 111. 



3.11 PROPOSITION. Suppose {fv:E x R + ii , v E N} i s  a  sequence 

o f  normal i n t e g r a n d s .  They ep i -converge i n  p r o b a b i l i t y  t o  t h e  

normal i n teg rand  f:E x R + R i f  and o n l y  i f  fo r  a l l  E > 0, r > 0 

and x E E 

lim y {w 1 y such that d (x,y) - < r, and either 
v+a' 

PROOF. It really suffices to observe that there exist y satis- 

fying the conditions laid out if and only if 

[(epi f,(*,w)\c-epi f(*,w)) u (epi f(*,w)\~-epi fv(*,w)] n Br(x) # 0 . 

This is exactly the definition of convergence in probability of 

the multifunctions {epi fv ( -  , w) , v E N} to epi f ( 0  ,w)  1 , Section 51 . 
In parallel to the development in Section 1, it is possible 

to associate to eacn normal integrand a distribution function 

defined on K~~ x R, cf. Section 1 and the expressions given for 

the subbase of the epi-topology. The epi-convergence in distri- 

bution of normal integrands can thus be given a characterization 

similar to tnat given by Theorem 1.2 for closed-valued measurable 

multifunctions. It is an excellent exercise that the conscientious 

reader would not want to bypass. As a consequence of [I, Sec- 

tion 51 and Proposition 1.18 we can conclude the following: 

3.12 PROPOSITION. Suppose {f;fv:E x C2 + E,v E N} i s  a  c o l l e c t i o n  

o f  normal i n t eg rands  and y i s  a  p r o b a b i l i t y  measure. Then t h e  

f ep i -converge a . s .  t o  f i f  and o n l y  i f  t h e y  ep i -converge P-a l -  v 
most un i f o rm ly  t o  f. Moreover a lmost  sure  epi -convergence i m p l i e s  

epi -convergence i n  p r o b a b i l i t y  which i n  t u r n  i m p l i e s  e p i -  

convergence i n  d i s t r i b u t i o n .  

As already indicated at the beginning of this Section 

normal integrands can be viewed as stochastic processes with 

1-sc. realizations albeit with values in the extended reals. 



The main r e s u l t  o f  t h e  S e c t i o n  i s  a c h a r a c t e r i z a t i o n  o f  t h e  

normal i n t e g r a n d s  f o r  which epi -convergence i n  d i s t r i b u t i o n  

and convergence i n  t h e  c l a s s i c a l  sense  (Kolmogorov) f o r  s t o c h a s t i c  

p rocesses  c o i n c i d e .  The key i n g r e d i e n t  i s  t h e  concept  o f  equ i -  

lower sem icon t i nu i t y  de f i ned  by r e l a t i o n  (3 .6 )  . 

3.13 THEOREM. Suppose  t h a t  { f v :E  x L! -+ E f v  E L!} i s  a  c o l l e c t i o n  

o f  a .  s .  e q u i - l o w e r  s e m i c o n t i n u o u s ,  normal  i n t e g r a n d s ,  i .  e . ,  t h e r e  

e x i s t s  L!' E A w i t h  p(L ! ' )  = 1 s u c h  t h a t  f o r  a l l  w E a ' ,  t h e  

c o Z Z e c t i o n  o f  f u n c t i o n s  

i s  equ i -Zower  s e m i c o n t i n u o u s .  Then t h e  f V  e p i - c o n v e r g e  i n  

d i s t r i b u t i o n  t o  a  normal  i n t e g r a n d  f :E x L! -+ R i f  and onZy i f  

t h e  s t o c h a s t i c  p r o c e s s e s  

c o n v e r g e  i n  ( t h e  cZass i caZ  s e n s e )  t o  t h e  p r o c e s s  ( f ( x ,  * )  , x  E E )  . 
PROOF. The p roduc t  topo logy P on SC(E) can be gene ra ted  by t h e  

base  o f  open neighborhoods o f  t h e  t ype  

w i t h  E > 0, q E N and x l , . . . , x  a c o l l e c t i o n  o f  p o i n t s  i n  E .  The 
9 

t o p o l o g i c a l  space  (SC(E) , P)  i s  compact and r e g u l a r  b u t  n o t  sep- 

a r a b l e .  However any equi - lower semicont inuous s u b s e t  2 o f  SC(E) 

equipped w i t h  t h e  r e l a t i v e  P-topology i s  a s e p a r a b l e  metric space  

s i n c e  on Q t h e  ep i - topo logy and t h e  p roduc t  topo logy c o i n c i d e  

[17,  Theorem 2.18 and Theorem 4 . 6 1 .  T h i s  a l s o  imp l i es  t h a t  t h e  

Bore1 f i e l d s  on Q gene ra ted  by t h e  E-open o r  P-open sets are 

t h e  same. 



Le t   IT^ denote t h e  n a t u r a l  p r o j e c t i o n  wi th  respec t  . . r X  

t o  x l  , . . . , x l  ' i a l l  'in E) from Q t o  Rq,  where 
q  

The f i n i t e  d imens iona l  s e t s  

- 1 
= ~ n x l l . . . ' x  

H I H  E .Sq;xi E E , i = 1 . .  . . , q  and q  E N} 
q 

where .Sq denotes t h e  Borel  s igma-f ie ld on Rq,  con ta in  t h e  open 

neighborhoods VE (g )  t h a t  determine a  base f o r  P.  ;xi,. .. ' Xq 
Moreover, s i n c e  ( 2 , P  = E )  i s  separab le  it fo l lows t h a t  U 

genera tes  t h e  Borel  f i e l d  on 2. This i s  of c r u c i a i  importance 

t o  t h e  proof of t h i s  theorem, s i n c e  it fo l lows t h a t  f o r  p robab i l -  

i t y  measures de f ined  on (Q,So) ,  t h e  c l a s s  U i s  a convergence-  
\ 

d e t e r m i n i n g  c l a s s  [3 ,  p. 151. To s e e  t h i s  we r e l y  on a  theorem 

of Kolmogorov and Prohorov [3 ,  Theorem 2 . 2 1  and observe t h a t  U 

is c losed under f i n i t e  i n t e r s e c t i o n s  and every open set i s  a 

countab le  union of e lements of  U ;  r e c a l l  t h a t  t h e  open s e t s  

V belong t o  U and t h a t  ( 2 , P  = E )  i s  ~ i n d e l o f .  
& ; X I  I . .  . , X  

q 
The p r o j e c t i o n s  rx from (SC(E) , E )  t o  R~ a r e  i n  

1 r . . . r X  
genera l  n o t  cont inuous,  epi-co8vergence would then  imply po in t -  

wise convergence. But on Q, an equi-lower semicontinuous sub- 

s e t ,  t h e s e  p r o j e c t i o n s  a r e  cont inuous.  I n  t u r n ,  t h i s  imp l ies  * 
t h a t  weak -convergence of  p r o b a b i l i t y  measures de f ined  on * (2,s ) y i e l d s  t h e  weak -convergence of t h e i r  p r o j e c t i o n s  [3 ,  2 
Sect ion  51. The nex t  lemma encapsu la tes  what w e  have shown 

so  f a r .  

3.14 LEMMA. Suppose 2 i s  an equ i - lower  semicon t inuous  s u b s e t  

o f  (SC ( E )  , E )  and {pu t  v = 1 , . . . i s  a  sequence o f  p r o b a b i l i t y  

measures d e f i n e d  on t h e  Bore2 f i e l d  genera ted  by t h e  E-open s e t s  * 
o f  2. Then t h e  Pv weak -converge t o  a  p r o b a b i l i t y  measure P 

( d e f i n e d  on  t h e  Bore2 f i e l d  genera ted  by t h e  E-open s e t s  o f  

SC(E) ) i f  and o n l y  i f  f o r  a l l  f i n i t e  d imens iona l  s e t s  A E U .  



V 
PROOF OF THEOREM 3.13 (Cont inued) . We now c o n s i d e r  {Q , \J = 1 , . . . I  
and Q t h e  p r o b a b i l i t y  measures induced by t h e  normal i n t e g r a n d s  

{ f v , v  = 1 . .  and f  on t h e  measure space  ( S C ( E ) , S E )  where S E  

deno tes  t h e  Bore1 s igma- f ie ld  gene ra ted  by t h e  E-open sets. The * 
Theorem w i l l  be  proved i f  w e  show t h a t  t h e  Qv weak -.convergence 

t o  Q i f  and o n l y  i f  t h e y  converge on U--the c l a s s  o f  f i n i t e  

d imens iona l  sets--when t h e  { f v ( = , w ) ; v  = 1 ,  ..., w € a ' )  de te rmine  

an  equi- lower semicont inuous s u b s e t  o f  SC(E) .  But t h i s  i s  

p r e c i s e l y  t h e  c o n t e n t  o f  Lemma 3.14. 17 

Before  w e  con t i nue ,  w e  n o t e  t h a t  a l l  t h e  r e s u l t s  o b t a i n e d  

f o r  ep i -convergence,  t h e  space  o f  lower semicont inuous f u n c t i o n s ,  

and normal i n t e g r a n d s  w i t h  lower semicont inuous s e c t i o n s  have 

t h e i r  c o u n t e r p a r t  i n  t h e  m i r r o r - s e t t i n g :  hypo-convergence, t h e  

space  o f  upper semicont inuous f u n c t i o n s  and normal i n t e g r a n d s  

w i t h  upper semicont inuous s e c t i o n s .  R e c a l l  t h a t  t h e  hypograph of  

a f u n c t i o n  f  i s  d e f i n e d  by 

For  t h e  r e c o r d ,  w e  g i v e  h e r e  t h e  d e f i n i t i o n  of  equ i -upper  s e m i -  

c o n t i n u i t y  and t h e  co r respond ing  v e r s i o n  o f  Theorem 3.13. L e t  

-SC(E) deno te  t h e  space  o f  upper semicont inuous f u n c t i o n s .  A 

s u b s e t  2 C -SC(E) i s  equ i -upper  semicon t inuous ,  i f  t o  a l l  x  E E 

and E > 0 s u f f i c i e n t l y  sma l l  t h e r e  co r responds  V E N(x) such 

t h a t  f o r  a l l  f  E 2 

3.16 TBEOREM. Suppose t h a t  { fv :E x Sl + E,v E Sl} i s  a  sequence 

o f  a .  s .  equ i -upper  semicon t inuous  normal i n t e g r a n d s  ( w i t h  upper  

semicon t inuous  s e c t i o n s ) .  Then t h e  f v  nypo-converge i n  d i s t r i -  

h u t i o n  t o  a  normal i n t e g r a n d  ( w i t h  upper semicon t inuous  s e c t i o n s )  

f :E x Sl + i f  and o n l y  i f  t h e  s t o c h a s t i c  p rocesses  

converge ( a s  s t o c h a s t i c  p r o c e s s e s )  t o  ( f  (x,.) , x E E ) .  



We could now define a concept of a.s. equi-continuity and 

combining Theorems 3.13 and 3.16, obtain limit results for 

processes with continuous paths but defined on E not as usual on 

a compact subset of E. We do not work out those results, cf. 

[17, Section 41 for how this program could be carried out. 

The equi-semicontinuity with probability 1 is, as we have 

seen sufficient to ensure the equivalence of these two types of 

convergence for sequences of normal integrands. But in fact it 

is nearZy necessary. From [17, Theorem 2.181 it follows that if 

for all w E fl' with p(Q') = 1, the functions { x ~ f v ( x , w ) . v  = I,...} 

both epi- and pointwise converge to x -pf(x,w) > -=', then the 

collection is equi-lower semicontinuous with probability 1. On 

the otner hand, if for some x, tnere is some subset A C 2 of positive 

probability such that for all w E A, either the fv(*.w) epi- 

converge to f(*,w) at x but do not pointwise converge at x, or 

vice-versa, then convergence in distribution of the finite 

dimensional sections never implies epi-convergence in distribu- 

tion, as can easily be verified. However, tne sequence may fail 

to be equi-lower semicontinuous with probability 1 and still it 

may converge in distribution, ,in both the epi- and the pointwise 

sense, to limit processes that are distribution-equivalent. The 

following example illustrates such a situation. 

3.17 EXAMPLE. Consider the sequence of normal integrands, for 

v = I,..., let fv(x,w) = -v(x - W) i f w < x < w + v d l  - - 
+=' otherwise 

with (Q,A,p) = ([0,1],810,11, uniformmeasure). Then for all w, 

tne f ( 0  , W) epi-converge to 

f(-,w) = - 1  if x = w, 

+a otherwise, 

and they pointwise converge to 

f'(*,w) = 0 if x = w, 

+a otnerwise. 



Let Fv (x. ) :E  + [O ,I] be the distribution functions associated 

to the random variables fV(x,=). They are given by the expres- 

sion: for x E )0,1] and V-I - < x 

that converge (as distribution functions) to F (x, * )  with 

This is the distribution function (on g)  of both f(x, - )  and 

f'(x,*), again ta~ing x E )0,1]. For x )3,1] the expressions 

for Fv(x.*) are a little more involved but the limit distribu- 

tion function is again the same. Since for all w, there is some 

x at which the pointwise limit and the epi-limit are different, 

we have 

p{wlfv(-,w) , v = 1 ,... are equi-l.sc.1 = 0 

but the normal integrands both epi-converge in distribution and 

in the (classical) sense of stochastic processes to f, or f' 

for that matter. U 

Theorem 3.13 and the comments that follow also enable us to 

return with gained insight to the questions raised in Section 2 

in connection with the convergence of stochastic processes 

associated to multifunctions. We start with a new proof of 

Theorem 2.5, which shows that it is actually a Corollary to 

Theorem 3.13. 

SECOND PROOF OF THEOREM 2.5. Let D = {dF:E + ~ T I F  E F} be the 

space of distance functions. There is a natural bijection re- 

lating the elements of F and D. Let us observe that the topology 

T on F corresponds to that generated on D by the subbase consist- 

ing of tne sets of type 



DK = {dF(O $2 dF(K)} K E K  I 

DG = {dFl 0 E dF(G) 1 G E G  I 

where for any set Q. dF (Q) = {a = dp(x) ,x E Q}. This is in fact 

the epi-topology on D. To see this, recall that the epi-topology 

is generated by tile subbase 

and 

it is sufficient to consider a E R+ because the functions d are F 
nonnegative. Since for every a E R+--the nonnegative reals--the 

sets aK are compact and a0 G are open, it follows that DK = 

ana DG - - 'G,a* 

The set V C SC(E) is equi-lower senicontinuous. To prove 

this it certainly suffices to show that: 

to every x E E and E > 0, there corresponds V E N(x) such that 

for all F E F. 

Simply take V = {yld(xly) < E } = B;(X), then for any y E B;(X) 

we have that 

Now consider {r;r v E ill a collection of closed-valued measurable v 
multifunctions. The multifunctions { r v l v  E N converge in dis- 

tribution to r if and only if the distance processes {drv,v E N) 

epi-converge in distribution to the distance process d r l  as 



fo l lows d i r e c t l y  from t h e  r e l a t i o n s h i p  between ( F ,  T )  and ( D l  E )  . 
Since U i s  equi-lowersemicontinuous, we simply appeal  t o  Theorem 

3.13 t o  complete t h e  proof .  

Contrary t o  t h e  s e t  of d i s t a n c e  func t i ons ,  t h e  space of 

i n d i c a t o r  f unc t i ons  of c losed subse ts  of E i s  n o t  an equi-lower 

semicontinuous subse t  of SC(E) .  Thus it i s  p o s s i b l e  t o  f i n d  

sequences whose e p i - l i m i t  and po in twise l i m i t  d i f f e r  on a  subse t  

wi th  p o s i t i v e  measure. Th is  observa t ion  was c e r t a i n l y  i n s t r u -  

mental i n  t h e  cons t ruc t i on  of Example 2 . 4 .  W e  g ive  here a  

necessary  and s u f f i c i e n t  cond i t i on  f o r  equi-lower semicont inu i ty  

f o r  a  sequence of i n d i c a t o r  f unc t i ons  which can then  be app l i ed  

t o  sequences of mu l t i f unc t i ons .  

3 .18  PROPOSITION. Suppose that { F : F ~ , v  E N} is a collection o f  

closed subsets o f  E with F = l imvFv.  Then the collection o f  

indicator functions v E N} is equi-2. SC. if and only if to 

every x  E F there corresponds vx  such that x  E FV for all v - > v x .  

PROOF. By hypothes is ,  x  E F imp l ies  t h a t  f o r  a l l  v - > v x ,  x E Fv 

and thus  f o r  a l l  y  E E .  

For a l l  v < v x ,  t h e  l . s c .  of  t h e  $Fv imp l ies  t h a t  f o r  a l l  E > 0 

t h e r e  e x i s t  a  neighborhood V sucn t h a t  f o r  a l l  y  E V 

f o r  a l l  v > v x ,  s i n c e  t h e r e  a r e  only a  f i n i t e  number of  v .  The 
two preceding i n e q u a l i t i e s  y i e l d  ( 3 . 6 ) .  

Now suppose t h a t  t h e  c o l l e c t i o n  { I ) ~ , , v  E N} is e q u i - l . s c .  

and t h a t  F = l i m  F v ,  o r  equ iva len t l y  t h a t  t h e  { $  v E N} ep i -  
F v  

converge t o  $ 
F'  

I f  f o r  some x ,  t h e r e  i s  no v x  sucn t h a t  x  E Fv 

f o r  a l l  v - > v x ,  it means t h a t  t h e r e  e x i s t s  a  subsequence 

{F,,,P E M C N} of sets such t h a t  x  F . Condi t ions ( 3 . 6 )  y i e l d s  
P 

f o r  a l l  E > 0 s u f f i c i e n t l y  sma l l ,  a  neighborhood V of x  such t h a t  

f o r  a l l  y  E V 



f o r  IJ s u f f i c i e n t l y  l a r g e ,  o r  equ iva len t l y  t h e r e  i s  a neighborhood 

V of x  such t h a t  f o r  a l l  p s u f f i c i e n t l y  l a r g e  

This imp l ies  t h a t  x  l i m  F and thus  c o n t r a d i c t s  t h e  
P 

assumption t h a t  F = l i m  Fv, s e e . f o r  example, [ I ,  Theorem 2 . 2 . i a ] .  

3.19 COROLLARY. Suppose that {T;Tv,v E N} is a collection o f  

closed-valued measurable multifunctions w i t h  domain S1. Suppose 

moreover that for every w E S1\A with p ( A )  = 0 ,  we have 

x E T ( w )  implies x E T v ( w )  for v sufficiently large. 

Then the multifunctions T converge in distribution to r if a n d  v 
only if the stochastic processes { q r v ( x 1 * ) , x  E E ;  v = 1 ,  . . . I  
converge to the stochastic process ( q r  ( x , * )  , x  E E ) .  

A s i m i l a r  r e s u l t  a l s o  ho lds f o r  t h e  i n d i c a t o r  p rocesses  I F .  

One passes  t h i s  t ime through hypo-converge and equi-upper semi- 

c o n t i n u i t y .  I n  f a c t ,  we can o b t a i n  t h e  r e s u l t s  d i r e c t l y  from 

t h e  above i f  one observes t h a t  f o r  any c losed s e t  F 

2 l F = l  --f a r c t a n  qF I 

and now a l l  t h e  arguments can j u s t  be repeated  w i th  t h e  obvious 

ad justments  f o r  s i g n s .  

We c l o s e  t h i s  Sec t ion  wi th  an observa t ion  concerning cont in-  

uous convergence and lower semicontinuous convergence, convergence 

concepts t h a t  have sur faced i n  t h e  con tex t  of approximation 

schemes f o r  s t o c h a s t i c  dynamic programming problems [ 1 9 ] ,  [ 2 0 ] .  

A c o l l e c t i o n  of f unc t i ons  { fv:E + E,v E R}  i s  s a i d  t o  continuous- 

ly converge t o  f:E + R i f  a t  a l l  x  E E cond i t ions  (3 .2 )  and (3.20) 

a r e  s a t i s f i e d ,  where 



(3.20) g iven any sequence {xv ,v  E N} converging t o  x we have 

l i m  sup f v ( x v )  - < f ( x )  
v-fw 

They lower-semicontinuously converge t o  f  i f  a t  a l l  x E E condi- 

t i o n s  (3 .2)  and (3 .5 )  a r e  s a t i s f i e d .  

Continuous convergence imp l ies  lower semicontinuous convergence 

and c l e a r l y  both types  of convergence imply po in twise and  ep i -  

convergence. Thus, any sequence of normal in tegrands  t h a t  e i t h e r  

cont inuous ly  o r  lower semicontinuously converge forms an equi-  

lower semicontinuous s e t .  Hence Theorem 3.13 informs us t h a t  

f o r  normal i n teg rands  lower semicontinuous-convergence i n  d i s -  

t r i b u t i o n  t a k e s  p l a c e  on ly  i f  t h e i r  f i n i t e  dimensional s e c t i o n s  

converge i n  d i s t r i b u t i o n .  



4 .  EQUI-LOWER SEMICONTINUITY I N  PROBABILITY 

Theorem 3.13 was proved by r e l y i n g  a lmos t  e x c l u s i v e l y  on 

t o p o l o g i c a l  arguments i i ~ v o l v i n g  t h e  r e l a t i o n s h i p  between t h e  e p i -  

topo logy and t h e  p roduc t  topo logy on t h e  space  o f  lower s e m i -  

con t inuous  f u n c t i o n s .  Here w e  a c t u a l l y  r e f i n e  Theorem 3.13 by 

pay ing more a t t e n t i o n  t o  p r o b a b i l i s t i c  s t r u c t u r e s ,  i n  p a r t i c u l a r  

w e  r e l y  on t h e  r e s u l t s  o b t a i n e d  i n  S e c t i o n  1. A s  i n  S e c t i o n  3 ,  

w e  s h a l l  be working w i t h  sequences o f  normal i n t e g r a n d s  and w i l l  

be concerned w i t h  t h e  r e l a t i o n s h i p  between t h e i r  ep i -convergence 

i n  d i s t r i b u t i o n  and t h e i r  convergence when viewed a s  s t o c h a s t i c  

p rocesses .  

L e t  { f ; f v : E  x Q + E,v E d l  be a c o l l e c t i o n  o f  normal i n t e -  

g rands ,  {Q;Q,,v E N} t h e  induced p r o b a b i l i t y  measures on (SC(E) ,S ) E 
and {T;T, , ,v  E N l  t h e  a s s o c i a t e d  d i s t r i b u t i o n  f u n c t i o n s ,  c f .  

S e c t i o n  1 .  Rely ing on t h e  c h a r a c t e r i z a t i o n  o f  t h e  ep i - topo logy  

g i ven  i n  S e c t i o n  3 ,  w e  see t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  T 

a s s o c i a t e d  t o  a normal i n t e g r a n d  f can be  d e f i n e d  on K U b  x R by 

where K E K U b ,  a E R and a s  b e f o r e  KUb deno tes  t h e  compact sub- 

sets o f  E ob ta ined  a s  t h e  f i n i t e  union o f  c l o s e d  b a l l s .  By 

abuse o f  n o t a t i o n  w e  s h a l l  u s e  T t o  deno te  a d i s t r i b u t i o n  func- 

t i o n  on K U b  x R a s  w e l l  a s  on a r b i t r a r y  compact s u b s e t s  o f  E x R. 

I n  Sec t i on  2 and 3 w e  have s t r e s s e d  t h e  f a c t  t h a t  f o r  lower 

semicont inuous f u n c t i o n s  epi -convergence and po in tw i se  convergence 

a r e  n o t  comparable. I n  view of  t h i s  t h e  nex t  theorem i s  some- 

what remarkable.  A t  t h e  concep tua l  l e v e l ,  t h e  v a l i d i t y  o f  t h i s  

theorem rests on t h e  f a c t  t h a t  t h e  Bore1 s i gma- f i e l d  3 c o n t a i n s  E 
t h a t  gene ra ted  by t h e  s u b s e t s  o f  SC(E) w i t h  r e s p e c t  t o  which 

t h e  p r o j e c t i o n  maps o f  f  .rr f  = f ( x )  a r e  measurable.  
X 

4.2 THEOREM. Suppose { f ; f v : E  x Q + R,v E i'Jl is a collection of 

normal integrands. Then epi-convergence in distribution of the 



f t o  f i m p l i e s  t h e  c o n v e r g e n c e  i n  d i s t r i b u t i o n  o f  t h e  s t o c h a s t i c  v 
p r o c e s s e s  {fv(*,x),x E Eiv E N } t o  t h e  p r o c e s s  {f(*,x) ,x E E}. 

PROOF. From Theorem 1.9, it follows that epi-convergence in 

distribution implies that for any finite collection x l f . . . f ~  of 
P 

points in i3 and reals alf...,a 
P 

= ~ {w l  (x l fa l )  E epi fv(-,w) ,.... (xpfap) E epi fV(*,w)) 

,a 1 n epi fV(*,u) # 0) = 1 - P w x l f l f . . . f  x p  

converge to 

provided that { (xl , a1 ) , . . . , ,a ) )  is a E-continuity set. But 
(XP P 

here that means that 

= lim 
E- I +O ~{wlf(x~,w) > al - c l - ,  1 = l,...,p} 

where c 1  > O,...,E > 0, which fails only if the point (alf...,ap) 
P 

is not a continuity point of the p-dimensional distribution 

function of the random vector 

In order to prepare the tools necessary to derive a converse 

of the preceding theorem, we obtain a sufficient condition that 

allows us to determine the distribution function of a normal 

integrand from the distribution of its finite dimensional sections. 

To do so it is useful to introduce a class of normal integrands 

whose sections x W f ( x , w )  have uniform semicontinuity properties. 



4.3 DEFINITION. A f u n c t i o n  f :E +- R i s  t o t a l l y  lower  s e m i c o n t i n -  

uous ( t o t a l l y  I .  s c .  1 i f  g i v e n  any bounded s e t  D c E and E > 0 

s u f f i c i e n t l y  s m a l l ,  one can f i n d  a  f i n i t e  c o l l e c t i o n  x l ,  ... , x  
P  

i n  D and a s s o c i a t e d  ne ighborhoods v E N ( x , ) ,  . . . ,vp E N ( x  ) 1 P  
such t h a t  

( 4 . 4 )  U P  v c o v e r s  D 1=1 1 I 

and f o r  1 = 1,  ..., k I 

- 1  (4 .5 )  i n £  f  ( y )  - > min [ E  , f ( x l )  - & I  
Y E V ~  

A normal i n t e g r a n d  f :E x R R i s  i n  p r o b a b i l i t y  t o t a l l y  l . s c .  i f  

g i v e n  any q > 0,  any bounded s e t  D c E and V1 E N ( x l )  ,. . . , V  E N(xp) 
P  

such t h a t  t h e  V1 cover  D and 

( 4 .6 )  p{w E Q l i n f  YEVl f ( y , w )  - > min [E- l  , f ( x l , w )  - E I  , l  = I , .  . . , P I  > 1-1 

A s t o c h a s t i c  p rocess  ( X t  ( 0 )  , t E  T )  wi th  con t inuous  p a t h s  

t ( w )  i s  t o t a l l y  l . s c .  i n  p r o b a b i l i t y  a s  can  e a s i l y  be t 
v e r i f i e d .  Th i s  i s  a l s o  t h e  c a s e  i f  ( X t ( * )  , t  E T )  i s  a  l .sc .  

mod i f i ca t i on  o f  a  s t o c h a s t i c  p rocess  w i t h  c i d - l i g  p a t h s ,  i . e . ,  

i n  t h e  space  D [TI . 

4.7 PROPOSITION. Suppose f :E x R -+ i s  i n  p r o b a b i l i t y  a  

t o t a l l y  l . s c .  normal i n t e g r a n d .  Then t h e  d i s t r i b u t i o n  f u n c t i o n  T 

o f  f  i s  c o m p l e t e l y  de te rm ined  by i t s  v a l u e s  on f i n i t e  s e t s ,  i . e . ,  

w i t h  xl E E ,  1 = 1 ,  . . . , p  and a  E  R. 

PROOF. Le t  a  E R and K E  E be compact. Now, s i n c e  f  i s  a  t o t a l l y  

l . s c .  i n  p r o b a b i l i t y  i n teg rand ,  f o r  any q > 0  and E < 0  
- 1  s u f f i c i e n t l y  sma l l ,  i n  p a r t i c u l a r '  w i th  E > a  + E ,  w e  can f i n d  

x1 , .- . ,  x and V1 E  N ( x l )  ,..., V E N(x ) such t h a t  c o n d i t i o n s  ( 4 . 4 )  
P  P  P  

and (4 .6 )  a r e  s a t i s f i e d .  Tn i s  means t h a t  p ( R E )  > 1 - q where 

- 1  a €  = {wl in f  f ( y , w )  > min [ E  , f ( x l , w )  - E ]  , 1 = 1 , - . . ,  P I  . 
y-1 

- 



We nave 

< ~ { w  E ~lf(ytw) > a for all y E ulV1} + q 

wnere the last inequality follows from the lower semicontinuity 

of f and the compactness of K. 

On the other hand for any choice x l ,  ..., x in K, we always have 
P 

Thus for any q > 0 and any E > 0 sufficiently small, we can find 

xl,...,x such that 
P 

from which the assertion directly follows because as E tends to 0, 

T(K,a + E) goes to T(K,a) as follows from (1.1). 

We now consider sequences of normal integrands and we are 

led to the following concept: 

4.9 DZFINITION. Let D = { f : ~  x Q + El be a  fam i l y  o f  normal 

i n t e g r a n d s .  We say t h a t  t h e y  a r e  e q u i - t o t a l l y  lower  s e m i c o n t i n -  

uous i n  p r o b a b i l i t y  i f  g i v e n  any q > 0, any bounded s e t  D C E 

and E > 0 s u f f i c i e n t l y  s m a l l ,  t h e r e  e x i s t  x l ,  ..., x i n  D and 
P 

V1 E N (xl) , .. . ,V E i4 (x ) such t h a t  t h e  vl cover  D and (4.6) 
P P 

i s  s a t i s f i e d  fo r  a l l  v E W. 

4.10 THEOREM. Suppose {f;fv:E x Q + R,u E N} i s  a  c o l l e c t i o n  o f  

e q u i - t o t a l l y  l . s c .  normal i n t e g r a n d s  i n  p r o b a b i l i t y .    hen t h e y  



ep i -converge i n  d i s t r i b u t i o n  i f  and o n l y  i f  t h e  s t o c h a s t i c  process 

{ f v ( x ,  = )  . x  E E ; v  E 1 0  converge f i n  d i s t r i b u t i o n )  t o  t h e  process 

{ f ( x ,  * )  , x  E E}.  

PROOF. Theorem 4.2 y i e l d s  t h e  a s s e r t i o n  i n  t h e  "on ly  i f "  d i r e c -  

t i o n ,  w e  o n l y  need t o  prove t h e  " i f "  p a r t .  F i r s t  n o t e  t h a t  

and t h u s  i f  [{xl,,x } , a ]  i s  a  c o n t i n u i t y  p o i n t  o f  T ,  t h e  p o i n t  
P  

( a l  = a  , a 2  = a , .  . . , a  = a )  i s  a  c o n t i n u i t y  p o i n t  o f  t h e  d i s -  
P  

t r i b u t i o n  f u n c t i o n  o f  t h e  random v e c t o r  

Th i s  means t h a t  convergence o f  t h e  normal i n t e g r a n d s  i n  t h e  

c l a s s i c a l  s e n s e  of  s t o c h a s t i c  p r o c e s s e s  i m p l i e s  t h a t  f o r  any 

f i n i t e  set  [ { x l ,  ..., xp} ,a ]  w e  have 

wilenever [ { x l ,  ..., x  } , a ]  be longs  t o  CT.  But s i n c e  t h e  normal 
P 

i n t e g r a n d s  a r e  t o t a l l y  lower semicont inuous t h e  d i s t r i b u t i o n  

f u n c t i o n s  on KUb o r  K a r e  comple te ly  determined by t h e  v a l u e s  o f  

t h e  T o r  T on t h e  s u b s e t s  o f  t y p e  [ {x  . . , x  ) , a ]  c f .  P r o p o s i t i o n  1  ' P 
4.7. Moreover t h e  e q u i ( - t o t a l l y  lower sem icon t i nu i t y  i n  

p r o b a b i l i t y )  c o n d i t i o n  gua ran tees  t h e  convergence o f  { T ~ ( K ) , v  E N} 

t o  T ( K )  f o r  eve ry  K E K C T .  Th i s  i s  more t han  what w e  need,  

s i n c e  i n  view of  Theorem 1 .9 ,  it would have been s u f f i c i e n t  t o  

prove t h e  convergence o f  Tw t o  T  on KUb 1.1 CT.  



5. COMPACTNESS THEOREMS 

The fact that every sequence of closed-valued measurable 

multifunctions contains a subsequence converging in distribution 

has many consequences, in particular in the study of limit prob- 

lems associated to a sequence of stochastic optimization problems 

but also in the convergence theory for stochastic processes, see 

Section 6. This section is devoted to proving this assertion 

and deriving a few elementary implications. 

5.1 THEOREM. Every c o l l e c t i o n  o f  c losed-va lued measurable m u l t i -  

f unc t i ons  i s  pre-compact w i t h  r e s p e c t  t o  t h e  topo logy  induced by 

convergence i n  d i s t r i b u t i o n .  I n  p a r t i c u l a r  t h i s  i m p l i e s  t h a t  

eve ry  sequence o f  c losed-va lued measurable m u l t i f u n c t i o n s  con- 

t a i n s  a  subsequence converg ing i n  d i s t r i b u t i o n  t o  a  c losed-va lued  

measurable m u l t i f u n c t i o n  ( p o s s i b l y  tize empty-valued m u l t i f u n c t i o n ) .  

PROOF. Recall that (FIT) is a compact separable metric space. 

Let {~,,a E I} be the distributions defined on the sigma-field 

S induced by the multifunctions {ra,a E I} where I is an arbi- T 
trary index set. Since F is separable it follows that the space 

of distributions on ST is separable and also metrizable by the 

Pronorov metric [3, Appendix 1111. Since F is compact, the 

collection of probability measures {Q a E 11 is tight and hence a t  
it follows from the Theorem of Prohorov and Varadarajan [3, 

Theorems 6.1 and 6.21 that they form a pre-compact set of prob- 

ability measures on ST. To complete the proof it now suffices 

to appeal to the Theorem of Engl and Wakolbinger [21]; they 

prove that the set of distributions of multifunctions defined on * 
R and with values in F (a Polish space) is weak closed. 

5.2 COROLLARY. Any c o l l e c t i o n  o f  normal i n t eg rands  i s  pre- 

compact w i t h  r e s p e c t  t o  epi -convergence i n  d i s t r i b u t i o n .  I n  

p a r t i c u l a r  t h i s  i m p l i e s  t h a t  any sequence o f  normal i n t eg rands  

c o n t a i n s  a  subsequence ep i -converg ing i n  d i s t r i b u t i o n  t o  a  

normal i n t eg rand .  

PROOF. Simply apply the Theorem to the epigraph multifunction. 



To know which mu l t i f unc t i on  (normal in tegrand r e s p e c t i v e l y ) ,  

de f ined  on ( R I G l p )  corresponds t o  t h i s  l i m i t  must usua l l y  be 

determined through o t h e r  means. I n  t h e  s p e c i a l  case  when 

R = [ 0 1 1 ]  and p i s  t h e  uniform measure t h e r e  i s  always t h e  

Prohorov cons t ruc t i on  [22] t h a t  y i e l d s  a  mu l t i f unc t i on  (normal 

in tegrand r e s p e c t i v e l y )  w i th  t h e  given p r o b a b i l i t y .  I n  t h e  case  

of normal in tegrands  t h e  a . s .  equi-lower semicont inu i ty  cond i t ion  

o r  i t s  equ iva len t  o f t e n  p lays  a  use fu l  r o l e  i n  c h a r a c t e r i z i n g  a  

l i m i t  normal i n teg rand ,  a s  can e a s i l y  be surmised. 

A s  a  t r i v i a l  a p p l i c a t i o n  of t h i s  Theorem, we prove H e l l y ' s  

Theorem f o r  random v e c t o r s .  L e t  

P  be a  random vec to r  de f ined  on ( R , A , p )  and w i th  va lues  i n  R . 
To each va lue ( ( w )  w e  a s s o c i a t e  t h e  s e t  

where I = {1 ,2 , .  . . ,n}  . The mul t i func t ion  T :  R 3 I x RP i s  c losed- 

valued and measurable. L e t  P  denote t h e  d i s t r i b u t i o n  induced by 

r and F  t h e  ( u s u a l )  d i s t r i b u t i o n  func t ion  of t h e  random vec to r  

S,  i . e . ,  

We no te  t h a t  t h e r e  i s  a  one-to-one correspondence between F and 

P  de f ined  through t h e  r e l a t i o n  

on a  c l a s s  of open sets t h a t  determine P. Moreover, t h e  con t i -  

n u i t y  p o i n t s  of F  correspond t o  P-cont inu i ty  sets i n  t h i s  c l a s s .  

Let T be t h e  d i s t r i b u t i o n  func t ion  of r def ined  a s  i n  Theorem 1.3.  

5 .4  COROLLARY ( H e l l y ' s  Theorem). I f  { F ~ : R '  + [O.l ]  . v  E N} is a 

sequence o f  distribution functions associated w i t h  a sequence o f  



random v e c t o r s  (6' Q -+ RP,v E N), t h e n  t h e r e  e x i s t s  a  subsequence  

{ F V ~ , ~  = 1 , .  . . )  and a  f u n c t i o n  F:R' -+ [ O ,  1 1  t h a t  has  a l l  t h e  prop- 

e r t i e s  o f  a  d i s t r i b u t i o n  f u n c t i o n  e x c e p t  p o s s i b l y  t h a . t  F ( a )  does  

n o t  n e c e s s a r i L y  go t o  1 a s  al t e n d s  t o  +a f o r  1 = 1 , .  . . , p  and 

such  t h a t  

l i m  FV ( a l , .  . . , ap)  = F ( a l , .  . . , a  
k-+w k  P  

f o r  a22 c o n t i n u i t y  p o i n t s  o f  F. 

PROOF. Le t  PV be t h e  d i s t r i b u t i o n  and t h e  TV be t h e  d i s t r i b u t i o n  

func t i ons  a s s o c i a t e d  t o  t h e  mu l t i f unc t i ons  rV  def ined  a s  be fo re  
P  V 

by r,, (0)  = { (1, t i w )  . Theorem 5.1 y i e l d s  a  subsequence 

{ ~ , ~ , k  = 1 ,  . . . I  converging t o  a  d i s t r i b u t i o n  func t i on  T on CT o r  

equ iva len t l y  t h e  subsequence {pVk,k = 1 ,  . . . I  converge t o  a  prob- 

a b i l i t y  measure P with  

f o r  a l l  P-cont inu i ty  s e t  of t h i s  type .  Th is  completes t h e  p roo f .  

The func t i on  F de f ined  through r e l a t i o n  (5 .3 )  may f a i l  t o  tend  

t o  1 a s  t h e  ai tend  t o  t h i s  comes from t h e  f a c t  t h a t  P ( I  x RP)  

could be s t r i c t l y  l e s s  than 1 ,  s i n c e  p o s i t i v e  p r o b a b i l i t y  may be 

ass igned t o  t h e  empty s e t .  This happens when t h e  T V ( w )  tend  t o  

t h e  empty s e t  on a  s e t  of  p o s i t i v e  p r o b a b i l i t y  which occurs  i f  
V and on ly  i f  t h e  (6  ( w ) , ~  = 1 ,  . . . I  a r e  unbounded on a  s e t  of  

p o s i t i v e  p r o b a b i l i t y  [ I ,  Lemma 2 .11  . Cl 

I n  connect ion w i th  H e l l y ' s  Theorem it i s  worth no t i ng  t h a t  

it can be de r i ved  d i r e c t l y  from t h e  compactness of t h e  space of  

ep igraphs.  W e  ske tch  o u t  t h e  argument. Le t  us  accept  t h e  con- 

vent ion t h a t  t h e  d i s t r i b u t i o n  func t i ons  on Rk a r e  everywhere 

cont inuous from below. Thus t h e s e  a r e  l . s c .  f unc t i ons  de f ined  

on R~ and w i th  va lues  i n  [ O , 1 ]  . Given any sequence of d i s t r i b u -  

t i o n  func t i ons ,  a  subsequence epi-converges t o  an everywhere 

cont inuous from below func t ion  bounded by 0  and 1 [ 1 7 ,  Theorem 

4 . 6 1 .  One then shows t h a t  t h i s  l i m i t  possesses t h e  d e s i r e d  

"monotonici ty" p roper ty  on each rec tang le .  



Compactness f o r  p rocesses  whose pa ths  a r e  i n  ~ [ 0 , 1 1  o r  

Dsc[O,l] can  be d e r i v e d  us ing  Co ro l l a r y  5.2: h e r e  Dsc[OI l l  i s  

t h e  space o f  l .sc .  rea l -va lued  f u n c t i o n s  de f i ned  on [0,11 which 

w e  view a s  a  l .sc.  mod i f i ca t i on  o f  D [0 ,1 ] ,  t h e  space  o f  r e a l -  

va lued r i gh t - con t i nuous  f u n c t i o n s  w i t h  l e f t - hand  l i m i t s  (chd- 

1 6 9 ) .  I n  g e n e r a l ,  however, t h e r e  i s  no guaran tee  t h a t  t h e  l i m i t  

p r o b a b i l i t y  measure, o r  e q u i v a l e n t l y  t h e  l i m i t  d i s t r i b u t i o n  

f u n c t i o n ,  i s  t h a t  o f  a  p rocess  whose p a t h s  a r e  o f  t ype  C[0 ,1 ]  

o r  D [ 0 , 1 ] .  
S C  

W e  l i k e  t o  p o i n t  o u t  ano the r  approach t o  o b t a i n i n g  compact- 

n e s s  c r i t e r i a  very  much i n  keeping w i th  t h e  i d e a s  developed here .  

I t  i s  p o s s i b l e  t o  a s s o c i a t e  t o  every  measure on ( F I B T )  induced 

by c losed-va lued measurable m u l t i f u n c t i o n  T ,  a  f u n c t i o n  

V: F + [O, 11 , which has t h e  same p r o p e r t i e s  a s  a  d i s t r i b u t i o n  

f u n c t i o n  p l u s  some " f i n i t e  a d d i t i v e  p r o p e r t y ,  and which i s  upper * 
semicont inuous on F wi th  r e s p e c t  t o  t h e  topology T.  The weak - 
convergence o f  measures on ( F I B T )  can be i d e n t i f i e d  w i t h  t h e  

hypo-convergence o f  f u n c t i o n s  o f  t ype  V on F [23] . (For  d i s t r i -  

b u t i o n  f u n c t i o n s  de f i ned  on R' Vervaat  [25] has  a l s o  observed 

t h a t  weak convergence o f  t h e  d i s t r i b u t i o n  f unc t i on  corresponded 

t o  t h e i r  hypo-convergence.) 



6 .  COiQVERGENCE OF SELECTIONS 

A measurable f u n c t i o n  v from R t o  E i s  c a l l e d  a measurable 

s e l e c t i o n  of  r i f  v ( w )  E r ( w )  f o r  a l l  w E dom r = {wl r ( w )  # 01.  
The b a s i c  theorem on measurable s e l e c t i o n s  a s s e r t s  t h a t  a c losed-  

va lued m u l t i f u n c t i o n  i s  measurable i f  and on ly  i f  i t admi ts  a 

Casta ing r e p r e s e n t a t i o n ,  i . e . ,  dom r E Q and t h e r e  e x i s t s  a 

coun tab le  c o l l e c t i o n  of  measurable s e l e c t i o n s  { v k f k  E N} such 

t h a t  f o r  a l l  w E dom r 

c l  {ukvk(w) 1 = r ( w )  

6.1 THZOREM. Suppose { r v , R ~ E , v  E N} i s  a  c o l l e c t i o n  o f  c l osed -  

convex-valued measurable m u l t i f u n c t i o n s  converg ing i n  d i s t r i b u -  

t i o n  t o  t h e  c losed-convex-va lued measurable m u l t i f u n c t i o n  ~ : R % E  

w i t h  ~ ( d o m  r v  = dom r )  = 1 .  Then t h e r e  e x i s t  Casta ing  rep resen ta -  

t i o n s  {vvk f  v E id } ,  o f  t h e  r v  such t h a t  fo r  eve ry  k ,  t h e  { v v k f v  E N} 

converge i n  norm i n .  d i s t r i b u t i o n  t o  a  measurable f u n c t i o n  v such k 
t h a t  {vk,k E N}  i s  a  Cas ta ing  r e p r e s e n t a t i o n  o f  r .  

PROOF. F i r s t  observe  t h a t  i f  t h e  {Tv,v = 1 ,  . . . I  converge i n  

d i s t r i b u t i o n  t o  r ,  then  f o r  a l l  z E E t h e  m u l t i f u n c t i o n s  

{ z  + r , V  = 1 ,  . . . I  converge i n  d i s t r i b u t i o n  t o  r .  Le t  d be t h e  
V 

Eucl idean d i s t a n c e  on E and f i x  D a coun tab le  dense s u b s e t  of E 

whose elements a r e  denoted by {ak ,k  E N}. For each k E N and 

w E R ,  l e t  xvk(w) E r ( w )  [ X  ( w )  E r(w) r e s p ]  be such t h a t  f o r  v k 
V = 1 , .  .. 

and 

S ince  t h e  mu l t i f  unc t ions  a r e  convex-valued, t h e  xvk ( w )  and xk ( w )  

are unique. Moreover t h e  f u n c t i o n s  

and w H~~ ( w )  



a r e  measurab le  [ 8 ] .  The a s s e r t i o n  now fo l l ow  d i r e c t l y  from 

Theorem 2 . 5  a p p l i e d  t o  t h e  m u l t i f u n c t i o n s  T - ak  ( t h a t  converge v 
i n  d i s t r i b u t i o n  t o  r - a k )  and t h e  d i s t a n c e  f u n c t i o n s  d(O,Tv - ak )  

which converge i n  d i s t r i b u t i o n  t o  d(O,T - ak )  

6 . 2  COROLLARY. Suppose { T , , : f i % ~ , v  = 1 ,  . . . I  i s  a  sequence o f  

c losed-convex-va lued measurable m u l t i f u n c t i o n s  converg ing  i n  

d i s t r i b u t i o n  t o  a  c losed-convex-va lued ,neasurabZe m u l t i p u n c t i o n  
4 I ' :a,E. Then t h e r e  e x i s t  measurable s e l e c t i o n s  o f  t h e  T v  t h a t  

i n  norm converge i n  d i s t r i b u t i o n  t o  a  measurable s e l e c t i o n  o f  T .  

I t  i s  e a s y  t o  f i n d  a  sequence o f  random v e c t o r s  C v , v  = 1 ,  ... 
t h a t  i n  norm converge i n  d i s t r i b u t i o n  t o  a  v e c t o r  5 b u t  such 

t h a t  t h e  v e c t o r s  do n o t  converge i n  d i s t r i b u t i o n .  Simply f o r  

each  v l e t  S V ( w )  = -1  f o r  a l l  w and < ( a )  = 1 f o r  a l l  w .  But 

such a  s i t u a t i o n  canno t  a r i s e  i f  t h e  v e c t o r s  <v a r e  viewed a s  

m u l t i f  u n c t i o n s  and when t n e s e  m u l t i f u n c t i o n s  SV : R converge 

i n  d i s t r i b u t i o n .  



7 .  STOCHASTIC PROCESSES - THE WIENER PROCESS 

W e  cons ide r  s t o c h a s t i c  p rocesses  ( X t ( * ) , t  E T )  wi th  va lues  

i n  R'. The l i m i t  a s s o c i a t e d  w i t h  a  sequence o f  s t o c h a s t i c  pro- 

cesses i s  u s u a l l y  ob ta ined  i n  t h e  fo l low ing  manner: a  f u n c t i o n  

space Y i s  s e l e c t e d  i n  terms of  t h e  expected p r o p e r t i e s  o f  t h e  

pa tns  o f  t h e  l i m i t  p rocess ,  ( s a y  t h e  space  o f  con t inuous  func- 

t i o n s ) ,  t h e  approx imat ing p rocesses  a r e  r e d e f i n e d  s o  t h a t  t h e i r  

pa tns  a r e  i n  Y ( f o r  example, random walk p a t h s  a r e  " f i l l e d  i n "  

by i n t e r p o l a t i o n ) ,  and some compactness c r i t e r i o n  ( t h e  Arzela-  

A s c o l i  equ i - con t i nu i t y  c o n d i t i o n ,  f o r  example) i s  invoked t o  ob- 

t a i n  t h e  r e l a t i v e  compactness o f  t h e  p r o b a b i l i t y  measures in -  

duced on Y by t h e  s t o c h a s t i c  p rocesses  o f  t h e  sequence.  I n  

Sec t i on  3 w e  have a l r e a d y  sugges ted  ano the r  approach f o r  pro- 

cesses t h a t  a r e  (ex tended)  rea l -va lued .  I t  i d e n t i f i e s  t h e  p a t h s  

o f  a  p rocess  w i t h  normal i n t e g r a n d s  and cons ide r  convergence i n  

terms of  t h e i r  a s s o c i a t e d  ep ig raphs ;  t h i s  i s  p a r t i c u l a r  u s e f u l  

i f  one i s  i n t e r e s t e d  i n  ex t rema l  p r o p e r t i e s  a s  w e  s h a l l  see i n  

S e c t i o n  8. I n  t h a t  s e t t i n g  w e  always have a  " l i m i t "  i n  d i s t r i -  

bu t i on  (Co ro l l a r y  5 . 2 )  and i n  f a v o r a b l e  c i r cumstances ,  such a s  

under equ i -semicon t inu i t y  c o n d i t i o n s ,  t h e  l i m i t  can be c a l c u l a t e d  

e x p l i c i t l y .  I n  t h i s  s e c t i o n  w e  sugges t  ano the r  approach which 

more n a t u r a l l y  f i t s  t h e  s tudy  o f  vector -va lued p rocesses .  To 

i i l u s t r a t e  t h i s  approach,  w e  conc lude w i t h  a  d e r i v a t i o n  o f  

d o n s k e r ' s  Theorem. 

By t h e  cZosure o f  a  ( vec to r -va lued)  s t o c h a s t i c  p rocess  w e  

mean t h e  p rocess  ob ta ined  by t a k i n g  the upper semicont inuous 

r e g u l a r i z a t i o n  o f  i t s  p a t h s  (viewed a s  m u l t i f u n c t i o n s ) .  More 

p r e c i s e l y  t h e  c l o s u r e  o f  ( X t ( - )  , t  E T )  denoted by 

( ( c l  X )  ( 0  ) , t  E T )  i s  d e f i n e d  a s  fo l lows :  

c l  Xt ( w )  = {y = l i m  y k ( y k  = X ( w )  f o r  some  tk - t }  
tk 

Th is  i s  a mu l t i va lued  p rocess ,  i n  gene ra l .  The n e x t  f i g u r e  

i l l u s t r a t e s  t h i s  c l o s u r e  ope ra t i on .  



7.1 F igure :  C losure  o f  ( X t  ( ) , t E T )  

To each p a t h  t- c l  X t ( w )  w e  a s s o c i a t e  t h e  c l o s e d  set  

i? ( w )  d e f i n e d  by 

i?(u)  = { ( t , y )  E T x R P l y  E c1 Xt (u ) }  = graph c l  X.(u)  

C l e a r l y  r i s  c losed-va lued,  it i s  a l s o  measurable a s  f o l l ows  

from [ I ,  Theorem 3.11 s i n c e  r = 1s r;, where f o r  a l l  v ,  T k ( w )  = 
. , 

graph X . ( u ) .  Now l e t  { ( ~ ; , t  E T ) , v  E N} be a sequence o f  

s t o c h a s t i c  p rocesses ,  and f o r  a l l  v ,  l. : QZ RP t h e  m u l t i f u n c t i o n  v 
de f i ned  by 

V r v  ( w )  = graph c l  X .  ( u )  

W e  can now s tudy  t h e  l i m i t  p rocess  a s s o c i a t e d  t o  t h e  
v sequence { ( x  ) , v  E iq} th rough t h e  convergence i n  d i s t r i b u t i o n  o f  t 

t h e  m u l t i f u n c t i o n s  { r V , v  E N}. One of  t h e  advantages o f  pro- 

ceed ing i n  t h i s  f ash ion ,  i n  p re fe rence  t o  t h e  more t r a d i t i o n a l  

f u n c t i o n a l  approach,  i s  t h e  au tomat i c  e x i s t e n c e  o f  a l i m i t  

d i s t r i b u t i o n  a s  guaran teed  by Theorem 5.1 even when t h e  ( i ndex )  



s e t  T i s  no t  compact. But a l s o ,  t h e  f a c t  t h a t  t h e  space of  c losed 

subse ts  of  T x R' is r i c h e r  than t h e  c l a s s  o f  s u b s e t s  correspond- 

ing  t o  t h e  graph of  f unc t i ons  wi th  p resc r ibed  p r o p e r t i e s  

( c o n t i n u i t y ,  ...) might enable  us t o  s tudy p rocesses  whose 

pa ths  do no t  convenient ly  f i t  i n  a n e a t  c l a s s ,  such a s  when t h e  

pa ths  of t h e  l i m i t  process do no t  have t h e  same p r o p e r t i e s  a s  
V those  of t h e  p rocesses  { ( x t )  , v E N) . 

We have used c l  X . ,  t h e  c l o s u r e  of X . ,  r a t h e r  than  

( X  ( - ) , t  E T )  t o  d e f i n e  t h e  assoc ia ted  mu l t i f unc t i on  T' because t 
t h e  theory  of  convergence i n  d i s t r i b u t i o n  f o r  mu l t i f unc t i on  has 

been developed f o r  c losed-valued measurable mu l t i f unc t i ons  and 

thus  f o r  pure ly  t e c h n i c a l  reasons we need t h e  graph of  t h e  pa ths  

of  t h e  random v a r i a b l e s  t o  be c losed.  I t  would be p o s s i b l e  t o  

work o u t  a theory  f o r  mu l t i func t ions  de f ined  by t h e  graphs of  X., 

not n e c e s s a r i l y  c losed-valued,  however, s i n c e  l i m i t s  of sequences 

o f  s e t s  a r e  always c losed,  t h e  mu l t i func t ions  a s s o c i a t e d  wi th 

l i m i t  p rocesses w i l l  always be closed-valued and thus  t h e  

a s s o c i a t e d  processes w i l l  a l s o  be c losed.  I t  appears t h a t  

noth ing of substance would be gained by tak ing  such an approach 

and thus  w i l l  no t  be pursued here .  

W. Vervaat [ 2 4 ,  25, 261, whose work has progressed inde- 

pendent ly of  o u r s ,  has suggested a c l o s e l y  r e l a t e d  approach f o r  

t h e  convergence of s t o c h a s t i c  processes.  He was a l s o  l e d  t o  t h i s  

by h i s  pene t ra t i ng  a n a l y s i s  of extremal p rocesses ,  a l though h i s  

mot ivat ion i s  not  q u i t e  of  t h e  same na tu re  a s  ou rs .  B r i e f l y ,  t o  

each pa th  

of  a p rocess ,  he a s s o c i a t e s  a c losed subse t  r '  ( w )  of  I' x R 1 

1 obta ined  a s  fo l lows:  l e t  X;(U) and X. ( w )  be t h e  sma l les t  upper 

semicontinuous func t i on  majoring X , ( w )  and t h e  l a r g e s t  lower 

semicontinuous func t ion  major ized by X . ( w )  r e s p e c t i v e l y .  Then 



Convergence o f  a sequence of  p rocesses  can t h u s  be s t u d i e d  

i n  t h e  framework of t h e  convergence of t h e  a s s o c i a t e d  

mu l t i f unc t i ons  of  t ype  r ' .  Theorem 5 .1  aga in  p rov id ing  t h e  

needed compactness o f  t h e  a s s o c i a t e d  p r o b a b i l i t y  measures. H i s  

approach works w e l l  f o r  R-valued p rocesses ,  bu t  i t i s  n o t  c l e a r  

how t o  handle  i n  such a framework  va valued processes .  I n  f a c t ,  

he i s  more immediately concerned w i th  c l a s s e s  o f  p rocesses  t h a t  

w e  would handle  i n  t h e  s t r u c t u r e  provided by normal i n t e g r a n d s .  

A s  i n d i c a t e d  a t  t h e  o u t s e t  of  t h i s  s e c t i o n  w e  conclude w i t h  

a d e r i v a t i o n  of  Donsker 's  Theorem. W e  do n o t  seek  t o  o b t a i n  t h e  

r e s u l t s  i n  t h e  f u l l e s t  g e n e r a l i t y ,  s i n c e  o u r  aim i s  t o  i l l u s t r a t e  

t h e  use of  m u l t i f u n c t i o n  techn iques .  L e t  6 , j  = I , . . .  be a 
j 

sequence of  i . i . d .  ( independent  i d e n t i c a l l y  d i s t r i b u t e d )  r e a l -  

valued random v a r i a b l e s  w i t h  mean 0 and v a r i a n c e  o 2  and d e f i n e  

by 

t h e  a s s o c i a t e d  random walkf w i t h  So(w) = 0. W e  g i v e  an argument 

l ead ing  t o  Brownian motion on bounded i n t e r v a l s .  F i r s t ,  l e t  

us d e f i n e  f o r  v = 1 , .  . . , t h e  p rocesses  ( X v  ( t ,  0 )  , t E [ O f  11 ) a s  

fo l lows 

where [ v t ]  d e s i g n a t e s  t h e  l a r g e s t  i n t e g e r  less t han  o r  equa l  

t o  v t .  

Assoc ia ted t o  each X V ( * . w )  w e  have t h e  c losed  set  r v ( u )  

determined by t h e i r  graphs:  

7 . 3  Figure.  r v ( * )  a s s o c i a t e d  t o  t - X v ( t f 0 ) .  



C l e a r l y  t h e  T v  a r e  c losed-valued measurable m u l t i f u n c t i o n s  and 

each one induces a p r o b a b i l i t y  measure on t h e  c losed  sub- 
* 

sets of  [ 0 ,1 ]  x R. Theorem 5.1 guaran tees  of  a weak -convergent  

subsequence o f  t h e  induced p r o b a b i l i t y  measures, however, p o s s i b l y  

t o  a measure cor responding t o  t h e  empty-valued mu l t i f unc t i on .  

A c t u a l l y ,  t h i s  does no t  occur  a s  i s  argued he re  below. 

7.4 PROPOSITION. Let  K '  = K\{%) be t h e  space o f  nonempty compact 

s u b s e t s  o f  E and D a s u b s e t  o f  K ' .  Suppose 

D = u- 
K E D  

K C E  

i s  bounded. Then 

PROOF. Suppose F E clTV, then s i n c e  every sequence of  (nonempty) 

compact s e t s  converging t o  F i s  con ta ined  i n  D it fo l lows  t h a t  

F C c l  D and hence F E K .  Now F # % because any sequence con- 

t a i n e d  i n  D can never  s a t i s f y  t h e  c r i t e r i o n  f o r  convergence t o  

t h e  empty set given by Lemma 2 . 1  of  [ I ]  . 
There i s  a l s o  a converse t o  t h i s  P ropos i t i on  b u t  n o t  w i t h  

c lT  b u t  w i t h  T rep laced  by a topology r e l a t e d  t o  T by f i n e r ,  

namely by Th t h e  topology on K '  genera ted  by t h e  Hausdorff  d i s -  

t ance .  The above s ta tement  then  becomes: D i s  Th-precompact i f  

and on l y  i f  D i s  precompact. 

7 .5  PROPOSITION. The p r o b a b i l i t y  measures P v , v  E N i nduced by 

t h e  measurable m u l t i f u n c t i o n s  r : R ~ [ o ,  11 x R on K '  a r e  t i g h t .  v 

PROOF. Tne measures P v , v  = 1 ,  ... a r e  t i g h t  [ 3 ]  on K '  i f  t o  

every  E > 0 t h e r e  cor responds a compact DE E K t  such t h a t  f o r  

a l l  v 

I n  view of  t h e  c h a r a c t e r i z a t i o n  prov ided by P ropos i t i on  7.4 and 

t h e  d e f i n i t i o n  of  P V ,  it s u f f i c e s  t h a t  t o  every E > 0,  t h e r e  



corresponds q  > 0 such t h a t  f o r  a l l  v ,  

s i n c e  c e r t a i n l y  [ O ,  1 I x - 0 ,  q] i s  a  bounded s u b s e t  of [ O ,  11 x R .  

Using t h e  d e f i n i t i o n  ( 7 . 2 )  of T V  we see t h a t  t h i s  i s  equ iva len t  

t o  having f o r  a l l  E > 0 a  corresponding 0 such t h a t  

p{wI Max I s k ( w )  I - < u - > 1 - E 

O<k<v 

f o r  a l l  v E iq. But t h i s  i n e q u a l i t y  fo l lows d i r e c t l y  from 

Kolmogorov's i n e q u a l i t y  [ 2 7 ,  p. 2471  i f  we choose q  = l/\C. 

We have thus  shown t h a t  t h e  {pv,v  E N }  a r e  r e l a t i v e l y  * 
weak -compact on K ' .  We now need t o  e x h i b i t  t h e  l i m i t  t o  complete 

t h e  argument. Using t h e  p r o p e r t i e s  of t h e  symmetric random walk 

( a  = I ) ,  it appears p o s s i b l e  t o  c a l c u l a t e  e x p l i c i t l y  t h e  d i s t r i -  

bu t i on  func t ions  {TV: KUb + [ 0 ,  1 ]  , v  E N} of t h e  mu l t i f unc t i ons  
v + {A : , [ 0 ,1 ]  x R 1 , v  E N )  where 

and then ob ta in  t h e  d i s t r i b u t i o n  func t ion  T:  KUb + [ 0 , 1 ]  of t h e  

mu l t i f unc t i on  corresponding t o  t h e  graph of  t h e  Wiener process 

a s  t h e  l i m i t  of t h e  sequence of t h e  d i s t r i b u t i o n  func t i ons  

{Tv,v E N}. The ca r ry ing  o u t  of those  c a l c u l a t i o n s  a r e  beyond 

t h e  scope of t h e  a r t i c l e ,  bu t  it is easy t o  s e e  what needs t o  be 

done. S ince t h e  c losed b a l l s  i n  [ 0 , 1 ]  x R can be taken t o  be 

c losed r e c t a n g l e s ,  t h e  union of f i n i t e  b a l l s  i s  then  t h e  union 

of a  f i n i t e  number of  r e c t a n g l e s .  Let  R = [ a ,  B1 x [ a l b ]  be such 

a  rec tang le .  To f i n d  

we need t o  f i n d  t h e  p r o b a b i l i t y  t h a t  t h e  random walk 

{Sk , k  = 0 , .  . . , v} w i l l  pass  through t h e  bounds [ a  Jv , b  v';] 
when k  E [av ,Bv] ,  i . e .  



T ( R )  =  for some k E [au ,  @ v ]  v sk E [ a d v , b d u I  . 

Thus w e  need t o  count  t h e  number o f  (symmetr ic)  random walk 

pa ths  t h a t  pass  through g iven a "window", o r  more g e n e r a l l y  

th rough a f i n i t e  number o f  such "windows", o b t a i n  l i m i t i n g  ex- 

p r e s s i o n s  and show t h a t  they  y i e l d  t h e  formulas  f o r  t h e  d i s t r i b u -  

t i o n  f u n c t i o n  T o f  t h e  Wiener p rocess .  

There i s  an a l t e r n a t i v e  approach which i s  c l o s e r  t o  t h e  

s tanda rd  proof o f  Donsker 's  Theorem. I t  c o n s i s t s  i n  i d e n t i f y i n g  

t h e  random walks through i n t e r p o l a t i o n  such a s  done i n  ( 7 . 2 ) ,  

wi th  normal i n t e g r a n d s  and show t h a t  t h e  c o l l e c t i o n  

{ x v ( * , * ) , v  E N} i s  e q u i - t o t a l l y  lower semicont inuous.  Th is  

a l lows  us t o  app ly  Theorem 4.10 and complete t h e  proof  by show- 

i n g  t h a t  t h e  f i n i t e  d imens iona l  d i s t r i b u t i o n  o f  t h e  {x,,v E N} 

converge t o  t h o s e  o f  t h e  Wiener p rocess ,  such a s  done i n  t h e  

f i r s t  p a r t  o f  t h e  proof  of  Donsker 's  Theorem [ 3 ,  Theorem 10.11. 



8. CONVERGENCE OF STOCHASTIC INFILYA 

I n  t h i s  s e c t i o n ,  our purpose i s  t o  suggest  t h e  p o t e n t i a l  

a p p l i c a t i o n s  of t h e  preceding r e s u l t s  t o  s t o c h a s t i c  op t im iza t i on  

problems. Here we d e a l  on ly  wi th  t h e  inf-compact case  t h a t  a l lows 

f o r  a  se l f -con ta ined  ana lys i s .  A more comprehensive t rea tment  i s  

fo reseen [28] . 
Many s t o c h a s t i c  op t im iza t ion  problems can be c a s t  i n  t h e  

fo l lowing ( a b s t r a c t )  form: 

(8 .1)  f i n d  x l  E E l  t h a t  minimize l u [ Q ( x , w ) ] p ( d w )  

where u  i s  a sca l in ; ,  e .  g . ,  u t i l i t y  f unc t i on ,  and 

wi th  g: ( E l  x E 2 )  x R + i s  a  normal in tegrand and p ,  a s  be fo re ,  

i s  a p r o b a b i l i t y  measure. Models t h a t  f i t  (8 .1 )  a r e  s t o c h a s t i c  

programs w i th  recourse ,  c e r t a i n  c l a s s e s  of Markov d e c i s i o n  pro- 

cesses ,  s t o c h a s t i c  c o n t r o l  problems i n  d i s c r e t e  t ime, s t a t i s t i c a l  

es t ima t ion  problems, and so  on. Typ ica l l y  g  i s  def ined  a s  fo l lows:  

(8.  2 )  g ( x l  , x 2 , u )  = f o  (x l  . x ~ , w )  i f  f o r  i = 1 , .  . . , m  f i ( x l  ~ x ~ ~ w )  5 0 1 
+m otherwise,  

where f o r  i = O , l , .  . . , m ,  t h e  func t ions  f i :  ( E l  x E 2 )  x R + R a r e  

cont inuous i n  (x l  , x 2 )  and measurable i n  x. The proof t h a t  g ,  a s  

w e l l  a s  Q by t h e  way, i s  aga in  a  normal in tegrand fo l lows from 

b a s i c  properties [81. Th is  i s  worked o u t  i n  d e t a i l  i n  

[29,30] f o r  s t o c h a s t i c  programs wi th  recourse  and [31] f o r  

s t o c h a s t i c  c o n t r o l  problems i n  d i s c r e t e  t ime, c f .  a l s o  [32] f o r  

s t o c h a s t i c  op t im iza t ion  problems of  Bolza type.  

I f  u [ * ]  i s  l i n e a r ,  w e  may r e s t r i c t  ou r  a t t e n t i o n  t o  compar- 

i n g  t h e  expec ta t ions  of  t h e  random v a r i a b l e s  { Q ( X ~ , * ) , X ~  E Z 1 l ,  
but  more genera l l y  it is  t h e  whole d i s t r i b u t i o n  of  Q ( x l I e )  which 

is  of i n t e r e s t .  Unless g  is very p a r t i c u l a r ,  t h e  on ly  p o s s i b l e  



approach t o  s o l v i n g  (8 .1 )  i s  v i a  approx imat ions ,  i n  which c a s e  w e  are 

i n t e r e s t e d  i n  t h e  convergence i n  d i s t r i b u t i o n  o f  a  sequence of  t h e  t ype  

V v  
{Q ( x l  I * )  = i n f x  €- g  (x1 ,x2 ,w)  , v  = 1 . .  . . I  

2 2 

Th i s  and r e l a t e d  q u e s t i o n s  [33,  Chapter  111, [ 3 4 ] ,  [35]  l e a d  t o  

t h e  s t u d y  o f  t n e  f o l l ow ing  q u e s t i o n ,  known a s  t h e  d i s t r i b u t i o n  

problem i n  s t o c h a s t i c  o p t i m i z a t i o n :  

( 8 . 3 )  Given { f v : ~  x S2 + E , v  = 1 ,  ...) a  sequence o f  normal 

i n t eg rands  and an a s s o c i a t e d  l i m i t  normal i n t eg rand  f .  

Find minimal c o n d i t i o n s  t h a t  guarantee t h e  convergence 

i n  d i s t r i b u t i o n  o f  t h e  random v a r i a b l e s  
v  {z ( * )  = i n f xa  f v ( x , * )  , v  = I , . . . }  t o  z ( * )  = i n f X a f ( x I = ) .  

The remainder o f  t h i s  s e c t i o n  d e a l s  w i t h  t h i s  q u e s t i o n ,  

n a i n i y  when t h e  normal i n t e g r a n d s  a r e  a l s o  in£-compact,  a  

r e s t r i c t i v e  s i t u a t i o n  t h a t  a l r e a d y  cove rs  a  l a r g e  number o f  

a p p l i c a t i o n s .  However, w e  s t a r t  w i t h  a  g e n e r a l  r e s u l t  t h a t  does 
v  n o t  r e q u i r e  any a d d i t i o n a l  assumpt ions abou t  t h e  f  . 

L e t  H ' : R +  [ O , l ] , v  = 1 ,  ...I and H : E +  [ 0 , 1 ]  deno te  t h e  

d i s t r i b u t i o n  f u n c t i o n s  o f  t h e  random v a r i a b l e s  { z V ,  v = 1 , .  . . ) 
and z  r e s p e c t i v e l y ,  i . e .  

v  and s i m i l a r l y  f o r  t h e  H , V  = 1 ,  . . .  . To show t h e  convergence i n  

d i s t r i b u t i o n  of  t h e  { z v ,  v  = 1 , .  . . } t o  z ,  w e  need t o  show t h a t  

(8 .5 )  H(5)  = l i m  H ' ( ~ )  f o r  a l l  5 E CH 
v+w 

where CH i s  t h e  set  o f  c o n t i n u i t y  p o i n t  o f  H .  I n  g e n e r a l  eve ry  

c o n t i n u i t y  p o i n t  o f  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  random 

(measurab le)  m u l t i f u n c t i o n  w I->epi f  ( , w )  i s  a  c o n t i n u i t y  p o i n t  

o f  H b u t  no t  conve rse l y .  T h i s  i s  a t  t h e  c rux  o f  t h e  d i f f i c u l t i e s .  

W e  always have t h e  fo l l ow ing :  



v 
8.6 THEOREM. Suppose { f  :E  x R + R , v = 1 ,... ) i s  a  sequence 

o f  normal i n t e g r a n d s  e p i - c o n v e r g i n g  i n  d i s t r i b u t i o n  t o  ( t h e  normal 

i n t e g r a n d )  f :E x R + R. Then, fo r  a l l  5 E R 

(8 .7 )  H(5)  - < l i m  i n f  ~ ' ( 5 )  
v+O3 

v 
PROOF. A s  i n  t h e  proof  of  Theorem 3.13, l e t  {Q , V  = 1 ,  . . . I  
and Q be t h e  p r o b a b i l i t y  measures induced by t h e  normal i n t e g r a n d s  

on (SC ( E )  , S E )  . W e  have t h a t  

and 

where 

and t h u s  E = {g E SC(E) l i n f  g < 5)  is  an open s u b s e t  o f  SC(E) . 
5 

S ince  t h e  epi -convergence i n  d i s t r i b u t i o n  o f  t h e  f v  t o  f i s  * 
t h e  weak -convergence o f  t h e  QV t o  Q ,  it f o l l ows  t h a t  f o r  every  

open s u b s e t  L) o f  SC ( E )  , w e  have [3 ,  Theorem 2.1 1 

The i n e q u a l i t y  ( 8 .7 )  i s  ob ta ined  w i t h  L) = E 5 .  

Unfor tuna te ly ,  t h e  i n e q u a l i t y  

l i m  sup ~ " ( 5 )  - < H ( < )  
v+=' 

does n o t  ho ld  f o r  every  5 E R. To o b t a i n  t h i s  i n e q u a l i t y  w e  need 

t o  impose a c e r t a i n  t y p e  o f  compactness c o n d i t i o n s ,  s u f f i c i e n t  

c o n d i t i o n s  a r e  prov ided by Theorems 8.8  and 8.11.  



8.8 THEOREM. Suppose { f " : ~  x $2 + , v = 1 , .  . . ) i s  a  sequence 

o f  normal i n t e g r a n d s  ep i - converg ing  i n  d i s t r i b u t i o n  t o  t h e  normal 

i n t e g r a n d  f :E x R + E. Suppose moreover t h a t  for  a l l  5 E R and 

E > 0 t h e r e  e x i s t  compact s e t s  K and K '  such t h a t  fo r  a l l  v E N 

and 

Then { z v , v  = 1 , .  . .)  converge i n  d i s t r i b u t i o n  t o  z .  

PROOF. Hypothesis (8 .9)  imp l ies  t h a t  f o r  a l l  E > 0 

v l i m  sup H ( 5 )  - < l i m  sup p{w( in fK f V ( * , w )  - < 5 + E )  + E 
x+m v+=' 

v = E + l i r n  sup Q ( E -  
, 5 + E  1 

V*=' 

where 

is  a  c losed subse t  of  S C ( E ) ,  a s  fo l lows from t h e  d e f i n i t i o n  of  
v t h e  epi- topology.  Again {Q , V  = 1 ,  ...) and Q w i l l  denote t h e  

p r o b a b i l i t y  measures induced on S C ( E )  by t h e  normal i n teg rands  

{ f V , v  = 1 ,  . . . I  and f  r e s p e c t i v e l y .  The convergence i n  d i s t r i b u -  

t i o n  imp l ies  [ 3 ,  Theorem 2 . 1 1  t h a t  

v l i m  sup Q 5 Q ( E K I I + E  1 
v+=' 

from which it fo l lows t h a t  f o r  a l l  E > 0  

v 
l i m  sup H ( j )  - < E + p{wlinfK f ( - , w )  - < 5 + E )  

v+=' 

Nothing i s  l o s t  i f  K i s  en larged t o  con ta in  t h e  s e t  K '  used t o  

ob ta in  (8.10) , t h u s  we have 



A t  every c o n t i n u i t y  p o i n t  5 E C we have t h a t  H 

This  w i ~ h  what precedes,  imp l ies  t h a t  f o r  a l l  5 E C H  

Combining t h i s  w i th  t h e  l i m  i n £  i n e q u a l i t y  ( 8 . 7 )  g i ves  us t h e  

convergence i n  d i s t r i b u t i o n  of t h e  random v a r i a b l e s  
v 

{ Z  , V  = I , . . . )  t o  z .  U 

I t  might no t  always be easy t o  v e r i f y  t h e  hypotheses of 

Theorem 8.8,  a more approachable s e t  of  cond i t i ons  i s  given by 

t h e  next  theorem. 

A normal in tegrand f :E x R + R w i l l  be c a l l e d  i n f - c o m p a c t  i f  

f o r  every w E R ,  t h e  func t ion  x H f (x,w) i s  in£-compact, i . e . ,  

f o r  a l l  a E R t h e  l e v e l  s e t s  

l e v  f ( * , w )  = { x l f ( x , w )  < a 1 a - 

a r e  compact. For example, i f  g i s  def ined  by (8.2)  it i s  

in£-compact i f  t h e  func t i on  ( x l  , x 2 )  f O  ( x l  , x 2 ,  w )  i s  i n f -  

compact o r  i f  t h e  s e t  

i s  compact, o r  t h e  func t ion  f ( , , w )  tends  t o  * on every un- 

bounded a r c  conta ined i n  S ( w )  . A sequence { f V : ~  x R + TI v E N} 

i s  e q u i - i n f - c o m p a c t  i f  they a r e  in£-compact and f o r  every  w E $2, 
V 

t h e  s e t s  lev,  f ( 0 , ~ )  a r e  equi -bounded f o r  a l l  a E R ,  i . e . ,  t o  

a l l  w E R and a E R t h e r e  corresponds D C E such t h a t  

D 3 lev, f V ( * , w )  f o r  a l l  v E H. 

8.11 THEOREM. Suppose X R + , v = l , . . . }  i s  a  sequence  

o f  e q u i - i n f - c o m p a c t  normal  i n t e g r a n d s  t h a t  a l m o s t  s u r e l y  e p i -  

c o n v e r g e  t o  t h e  normal  i n t e g r a n d  f:E x R + R. Then t h e  sequence  
v o f  random v a r i a b l e s  {z , V  = 1 ,  . . . I  c o n v e r g e s  a l m o s t  s u r e l y  t o  z ,  



i n  p a r t i c u l a r  t h i s  i m p l i e s  t h a t  o n  CH 

PROOF. I gno r i ng  a  set  of  measure 0 ,  w e  need t o  prove t h a t  f o r  

e v e r  w ,  

l i r n  ( i n £  f v ( - , w ) )  = i n £  f ( * , w )  
V+O5 

W e  a r e  t h u s  e s s e n t i a l l y  i n  t h e  d e t e r m i n i s t i c  c a s e  and can  r e l y  

on [36,  P r o p o s i t i o n  121 t o  o b t a i n  t h e  p reced ing  e q u a l i t y  f o r  
v  sequences of  equi- in£-compact f u n c t i o n s  { f  ( 0 ,  w )  , v  = 1 ,  . . . 1 . 

The l a s t  a s s e r t i o n  s imply  f o l l ows  from t h e  f a c t  t h a t  a . s .  con- 

vergence imp l i es  convergence i n  d i s t r i b u t i o n .  

One a p p l i c a t i o n  o f  t h i s  theorem i s  t o  random l i n e a r  programs 

[33]  , [34] , more d e t a i l e d  a p p l i c a t i o n s  appear  i n  [28] . 

v  8.12 PROPOSITION. Suppose  {Av, b V , c  , v  = 1 , . . . 1 i s  a  sequence  

o f  random m a t r i c e s  ( m  x  n) and v e c t o r s  ( m  x  1 )  and ( 1  x  n  ) 

r e s p e c t i v e l y ,  such  t h a t  I 

I - - 
(1) A - < A V ( * )  - < A+ and b  - < b v ( * )  - < bC f o r  a l l  v 1 
(ii) + t h e  i n t e r i o r  o f  {x - > 0 I A -  x  > b  1 i s  nonempty  and a .  s .  - I 

( A i (  ) , b i (  ) )  # 0 f o r  i = 1, ..., m , 

(iii) { x > o I A + x > o ~ = { o ~  - - , 

and a l m o s t  s u r e l y  

v  l i r n  A ' ( * )  = A ( * )  . l i r n  b v ( * )  = b ( - )  , l i r n  c  ( )  = c ( * )  
v+m V'O0 V'* 

Then t h e  

v 
z ( 0 )  = i n f x  [ C ~ ( * ) X ~ A ~ ( * ) X  - > b v ( * )  , x  - > 0 1  I 

c o n v e r g e  a l m o s t  s u r e l y  t o  



z ( * )  = i n f x  [ c ( * ) x  A ( = ) x  - > b ( * )  , x - > 01 

PROOF. C l e a r l y  f o r  a l l  v ,  and f o r  a l l  w 

{ X  - > O I A '  ( U ) X  - > b V ( u )  I c { X  - > O / A + X  - > b-I  

and t h i s  l a t e r  set i s  compact a s  f o l l ows  from c o n d i t i o n s  (i i i). 

For v = 1 ,  ..., l e t  

+== o t h e r w i s e ,  

and 

+== o the rw i se .  

I t  i s  easy  t o  v e r i f y  t h a t  t h e s e  f u n c t i o n s  a r e  normal i n t e g r a n d s  
V 

and i n  view o f  t h e  above t h e  sequence { f  :E x R + R U {+==},v = 1 ,  . . . I  
i s  equi- in£-compact .  The a lmos t  s u r e  ep i -convergence o f  t h e  

f v  ( *  , w )  t o  f  ( 0  , w )  f o l l o w s  from c o n d i t i o n  (ii) . To see t h i s  

s imply 2bserve t h a t  (i) and (ii) imply t h a t  

i n t  {x  > 0 I ~ ( w )  x > b ( w )  i s  nonempty f o r  a lmos t  a l l  w .  Thus t o  - - 
prove epi -convergence it s u f f i c e s  t o  prove p o i n t w i s e  convergence 

o f  t h e  f V  t o  f  a s  f o l l ows  from 1 3 7 ,  C o r o l l a r y  2Al . I n  t u r n ,  

t h i s  f o l l ows  from t h e  a lmos t  s u r e  convergence o f  t h e  pa ramete rs  

o f  t h e  random l i n e a r  program and t h e  f a c t  t h a t  f o r  a lmos t  a l l  w ,  

no row o f  ( A ( w )  , b ( w )  ) i s  i d e n t i c a l l y  0 .  



APPEijDIX: PROOF OF THEOREM 1 .3  

Th i s  new proof  o f  Choquet 's  Theorem h e l p s  c l a r i f y  i t s  r e l a -  

t i o n s h i p  t o  t h e  c l a s s i c a l  Correspondence theorem which shows 

t h a t  t h e r e  i s  a  n a t u r a l  b i j e c t i o n  between p r o b a b i l i t y  measures 

and d i s t r i b u t i o n  f u n c t i o n s  d e f i n e d  on R1 ( o r  more g e n e r a l l y  R n ) .  

I t  shows t h a t  m u l t i f u n c t i o n s  can and shou ld  be viewed a s  " t h i c k "  

f u n c t i o n s  and a l l  t n a t  i s  r e q u i r e d  i s  an a p p r o p r i a t e  a d a p t a t i o n  

o f  t h e  d e f i n i t i o n s .  

W e  s t a r t  by showing t h a t  every  p r o b a b i l i t y  measure P on S 

dete rmines  a  d i s t r i b u t i o n  T on K wi th  T ( K )  = p ( F K )  f o r  a l l  K E K .  

C l e a r l y  T ( B )  = 0 and T ( K )  E [O, 11 , t h u s  w e  need t o  show t h a t  T 

s a t i s f i e s  c o n d i t i o n s  (1 .1 )  and ( 1 . 2 )  . 
L e t  {Kv E K,v  E N} be a  sequence t h a t  dec reases  monoton ica l ly  

t o  K E K .  I f  K i s  empty, t hen  t h e  K must be empty f o r  a l l  b u t  v 
f i n i t e l y  many v ;  tnis fo l l ows  from [ I ,  Lemma 2.11 and t h e  f a c t  

t n a t  { K ~ , v  E N} i s  a  dec reas ing  sequence.  The cor respond ing  

sets FK a r e  themselves empty and t h u s  obv ious ly  
v 

0  = l i m  T ( K V )  = l i m  P ( F K  ) = p ( F g )  = T ( g )  = 0  
v v v 

I f  K # g ,  t h e n  

To see t n i s ,  f i r s t  n o t e  t h a t  K = nKv, because t h e  K v  a r e  decreas-  

i n g  t o  K ,  c f .  [ 6 ,  P r o p o s i t i o n  21 and t h u s  F = F , ~ K ,  c 1"FKv. On 
K 

t n e  o t h e r  hand i f  F  E ( IFKv ,  t hen  f o r  a l l  v E N ,  t h e  e lements  o f  

t h e  dec reas ing  sequence {F 1-1 K v , v  E N} of compact sets a r e  non- 

empty. From t h i s  it fo l l ows  t h a t  F  E FK i .e .  F  (1 K # 9,  s i n c e  

F  n K = 9 would imply t h a t  F  1 )  K = 9 f o r  a l l  v s u f f i c i e n t l y  
V 

l a r g e  [ I ,  Lemma 2.1 ]  i n  view of  t h e  f a c t  t h a t  F  n K 3 n (F 1-1 K v )  . v 
And t h u s  

l i m  T ( K V )  = l i m  P ( F  ) = P 0 v=1 F~ = P ( F K )  = T ( K )  
V v K V  v 

A s  f a r  a s  (1 .2 )  i s  concerned w e  have immediately t h a t  
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with D v  3 D v + l  f o r  v = 1 , .  . . , we have t h a t  

l i m  P ( D v )  = 0 I 

v 

c f .  f o r  example [ 3 8 ,  Theorem 9 . F ] .  This w i l l  fo l low, 

i f  we can exh ib i t  f o r  every E > 0 a  co l l ec t i on  of s e t s  

{D; E S U , v  E N} such t h a t  f o r  every v E N ,  

and 

The s e t s  c l  D; a r e  compact, F being compact. Also s ince  
nm 

v=1 D V  = g and (A. 1 ) holds then a l so  

from which it fo l lows,  by the  f i n i t e  i n te r sec t i on  proper ty ,  t h a t  - 
V 

f o r  7 s u f f i c i e n t l y  l a r g e  1 3 ~ - ~  - c l  D b  = 8. In  view of (A.  1 )  we 

a l so  have t h a t  

Since t h e  D v  a r e  monotonically decreasing, f o r  every p > 7, we - 
nave t h a t  

where DV\D;  E So. Thus 

By ( A . 2 )  t h i s  impl ies t h a t  l i m  P ( D v )  = 0 .  



To comp le te  t h e  p roo f  it t h u s  s u f f i c e s  t o  p roduce t h e  sets 

{D; E S,,v E N} t h a t  s a t i s f y  ( A . l )  and ( A . 2 ) .  R e c a l l  t h a t  So i s  

t h e  f i e l d  c o n s i s t i n g  o f  t h e  f i n i t e  un ions  o f  p a i r w i s e  d i s j o i n t  
1; 0  

sets o f  t h e  t y p e  F K 1 , . . .  ' Kh 
and t h u s  i n  p a r t i c u l a r .  t h e  D v  a r e  

u n i o n s  o f  s u c h  sets. Hence it w i l l  be s u f f i c i e n t  t o  show t h a t  

e a c h  s e t  o f  t h e  t y p e  F K 1 , . . . , ~ h  - used t o  c o n s t r u c t  V v  - a d m i t s  

an  approx ima t ion  t h a t  s a t i s f i e s  (A. 1 ) and (A.  2 )  . Given any 

compact KO t h e r e  a lways  e x i s t s  a sequence o f  open r e l a t i v e l y  

compact sets {G i ,a  E N} d e c r e a s i n g  s t r i c t l y  t o  K O  s u c h  t h a t  

w i t h  K i  = c l  G i .  Hence 

The sets 

a r e  c l o s e d  and t h u s  a l s ?  compact ,  s i n c e  F i s  compact. S i n c e  
K O  (1 .1 )  i m p l i e s  t h a t  P ( F ~ ' )  t P ( F  ) ,  it f o l l o w s  t h a t  

 nus g i v e n  any E > 0  w e  can  f i n d  a  s u f f i c i e n t l y  l a r g e  s o  t h a t  

T h i s  combined w i t h  (A.  3 )  y i e l d s  (A. 1 ) and (A.  2 )  , and t h u s  
I 

comp le tes  t h e  p r o o f .  
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