
On the Continuity of the Value of a 
Linear Program

Wets, R.J.-B.

IIASA Working Paper

WP-82-106

October 1982 

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by International Institute for Applied Systems Analysis (IIASA)

https://core.ac.uk/display/33893381?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


Wets, R.J.-B. (1982) On the Continuity of the Value of a Linear Program. IIASA Working Paper. WP-82-106 Copyright © 

1982 by the author(s). http://pure.iiasa.ac.at/1910/ 

Working Papers on work of the International Institute for Applied Systems Analysis receive only limited review. Views or 

opinions expressed herein do not necessarily represent those of the Institute, its National Member Organizations, or other 

organizations supporting the work. All rights reserved. Permission to make digital or hard copies of all or part of this work 

for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial 

advantage. All copies must bear this notice and the full citation on the first page. For other purposes, to republish, to post on 

servers or to redistribute to lists, permission must be sought by contacting repository@iiasa.ac.at 

mailto:repository@iiasa.ac.at


NOT FOR QUOTATION 
WITHOUT PERMISS ION 
OF THE AUTHOR 

ON THE CONTINUITY OF THE VALUE 
O F  A LINEAR PROGRAM 

R o g e r  J . - B .  W e t s  

O c t o b e r  1 9 8 2  
WP-82-106  

Working Papers  are i n t e r i m  r epo r t s  on w o r k  of t he  
I n t e r n a t i o n a l  I n s t i t u t e  fo r  A p p l i e d  S y s t e m s  A n a l y s i s  
and have received o n l y  l i m i t e d  r e v i e w .  V i e w s  or  
o p i n i o n s  expressed h e r e i n  do n o t  n e c e s s a r i l y  repre- 
s e n t  those of the  I n s t i t u t e  o r  of i t s  N a t i o n a l  M e m b e r  
O r g a n i z a t i o n s .  

INTERNATIONAL I N S T I T U T E  FOR A P P L I E D  SYSTEMS ANALYSIS 
A - 2 3 6 1  L a x e n b u r g ,  A u s t r i a  



ABSTRACT 

R e s u l t s  abou t  t h e  c o n t i n u i t y  o f  t h e  v a l u e  o f  a l i n e a r  
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ON THE CONTINUITY OF THE VALUE 
OF A LIiqEAR PR0GW.I 

Roger J.-B. Wets 

We are interested in the following function: 

Q(t) = infxERn [CX(AX - > b x - > 01 

where 

- 
Thus Q: R" + R = [ - m  +a] with N = (n + 1 ) (m + 1 ) - 1 . The two 

following closed-convex-polyhedron-valued multifunctions 

and 

play an important role in what follows; they correspond respec- 

tively to the set of primal and dual feasible solutions associated 



with  t h e  l i n e a r  program de f i n ing  Q. The func t ion  Q i s  f i n i t e  

when both K and D a r e  nonempty, i f  K ( t )  = pl but  D ( t )  $ pl then 

Q(t)  = and i f  D ( t )  = pl but  K ( t )  # pl then Q(t )  = -a; i f  both  

K ( t )  = D ( t )  = pl then l e t  us accept  t h e  convent ion t h a t  Q ( t )  = a. 

Let 

denote t h e  s e t  on which Q i s  f i n i t e .  

1 .  PROPOSITION. The m u Z t i f u n c t i o n s  K and D are  upper semi-  

c o n t i n u o u s ,  i . e . ,  i f  

V V t = l i m t  , x =  l i m x V  a n d x  E K ( ~ ' )  
v+=J V+O0 

t h e n  x  E K ( t)  , and i f  

V V V t = l i m t  , y = l i m y  a n d y   ED(^') 
v+* V'=' 

t h e n  y  E D ( t)  . 
PROOF. I t  c l e a r l y  s u f f i c e s  t o  prove t h e  a s s e r t i o n  f o r  e i t h e r  

V 
K o r  D. Suppose t h a t  f o r  v = 1 , .  . . , K ( t  ) # pl and t = l i m V t v .  

Then xv E ~ ( t ' )  imp l ies  t h a t  A"X' - > bV and xV - > 0. S ince by 

hypothes is  (A' - A )  . 0 , (bv - b) +ll.li V 0 and x  - x  11  0 , 
it fo l lows t h a t  A x  - > b and x  - > 0, which y i e l d s  x  E K ( t )  # pl. 

do te  t h a t  t h e  above shows a l s o  t h a t  T i s  c losed.  In  genera l ,  

K and D a r e  no t  c o n t i n u o u s ,  i . e . ,  they a r e  no t  Zower semicon t inuous ,  

by which one means t h a t  i f  t = l i m  tV and i f  x  E K ( t )  , t h e r e  
V 

V 
e x i s t  xV E K ( t  ) such t h a t  x  = l imVxV,  and i f  y  E D ( t ) ,  t h e r e  

V e x i s t  yV  E ~ ( t ' )  such t h a t  y  = l imvy . For example, cons ider  

tV = (c ,  = v , bV = V - I )  w i th  t = (c ,  A = 0, b  = 0 ) .  Then 

K ( t )  = R+ but  f o r  a l l  v ,  ~ ( t ' )  = [ l , m ( ;  t h e  p o i n t  1 / 2  E K ( t )  can 
V no t  be reached by any sequence (x , v = 1 ,  . . . ) with  xv E [ 1 , m ( .  

Later  we s h a l l  g i ve  s u f f i c i e n t  cond i t i ons  f o r  t h e  lower semi- 

c o n t i n u i t y  of K and D l  t h a t  i n  view of  t h e  next  theorem a l s o  

y i e l d  s u f f i c i e n t  cond i t i ons  f o r  t h e  c o n t i n u i t y  of Q .  



2 .  THEOREM. Suppose t h e  m u l t i f u n c t i o n s  K and D a r e  c o n t i n u o u s  

on  T C T. Then Q i s  c o n t i n u o u s  on T.  

PROOF. I f  (c ,A,b)  = t E T C T ,  t hen  both  R ( t )  and D ( t )  a r e  non- 

empty, and t h e r e  e x i s t  x  E K ( t)  and y  E D ( t )  such t h a t  

a s  fo l lows  from t h e  d u a l i t y  theorem f o r  l i n e a r  programs. S ince  

K and D a r e  lower semicont inuous a t  t ,  f o r  any sequence 

v i n  T wi th  t = l i m  t , t h e r e  e x i s t  {xV E K ( t V )  , v = 1 , .  . . )  and v 
V v {YV E D ( tV) , v = 1 , .  . . 1  such t h a t  x  = l i r n  x  and y  = l i r n  y  . 

V v 
Moreover, w e  have t h a t  f o r  a11 v ,  

From t h i s  it fo l lows  t h a t  

V v ~ ( t )  = cx  = l i m  c  x  < l i m  sup ~ ( t ' )  1 - 
V'O0 V'Oo 

and 

Q (t) = yb = l i m  yVbV - z l i m  i n £  Q ( tv) 
V'C" V'C" 

which t o g e t h e r  y i e l d  t h e  c o n t i n u i t y  of Q a t  t. 

I n  t h e  remainder of t h i s  s h o r t  n o t e  w e  g i ve  some s u f f i c i e n t  

c o n d i t i o n s  f o r  t h e  lower semicon t inu i t y  o f  t h e  convex-polyhedron- 

va lued m u l t i f u n c t i o n s  K and D. 

3 .  PROPOSITIOI\ I .  The m u l t i f u n c t i o n  t D ( t )  -is c o n t i n u o u s  on 

T C T i f  and o n l y  i f  t h e  convex -cone -va lued  m u l t i f u n c t i o n  



m+ 1 
= { ( u )  E R I U  5 I .ri 2 Cx I x - > 01 

is upper semicontinuous on T. 

Simi Zar Z y t K(t) is continuous on  T C T if and only if the 

convex-cone-valued multifunction 

is upper continuous o n  T. 

PROOF. For reason of symmetry, it really suffices to prove the 

assertions involving D. We first note that 

is upper semicontinuous if and only if the polar multifunction 

is lower semicontinuous [I, Proposition 1 1 .  In turn this multi- 

function pol C is lower semicontinuous if and only if D is lower 

semicontinuous as follows from the identity 

( 4 )  pol C(t) = cl{h(y,l)ly E D(t) I E R+} 

where cl denotes closure. The inclusion 3 follows directly from 

the fact that pol C (t) is a closed cone that contains (D (t) 1) . 
For the converse, let (y, (3 )  E pol C(t) . If B > 0, then O-ly E D(t) 

and (y,O) = h((3-ly,l) with h = (3, If (3 = 0 then 

YA 2 0 and Y 1 0  



Take any y E D ( t ) ;  r e c a l l  t h a t  D ( t )  # % s i n c e  t E T .  F o r  any 

v = 1 , 2 , . . . ,  w e  have  

and t h u s  ( y  + vy)  E  D ( t)  f o r  a l l  v  = 1 , .  . . , and  hence t h e  sequence  

o f  p o i n t s  

i s  i n  t h e  set  { A ( y ' , l ) l y l E  D ( t )  , A E R+} which i m p l i e s  t h a t  

(y ,O)  b e l o n g s  t o  i t s  c l o s u r e .  T h i s  c o m p l e t e s  t h e  p roo f  o f  ( 4 ) .  

Now suppose  t h a t  D i s  lower  s e m i c o n t i n u o u s  a t  t E T C T .  

'1'0 snow t h a t  p o l  C ( t )  i s  a l s o  lower  s e m i c o n t i n u o u s  a t  t ,  f o r  any 

(y  , B )  E p o l  C ( t)  and I tv, v  = 1 , . . . any  s e q u e n c e  i n  T w e  have  t o  

e x h i b i t  a  s e q u e n c e  I ( y V ,  B V )  E p o l  C ( tv)  , v  = 1 , .  . . I  c o n v e r g i n g  

t o  ( y ,  B )  . F i r s t  assume t h a t  6 > 0. Then f3-ly E  D ( t )  and by 

l ower  s e m i c o n t i n u i t y  o f  D a t  t t h e r e  e x i s t  {yV E D ( tV) , v  = 1 , .  . . I  
- 1 c o n v e r g i n g  t o  B y .  The d e s i r e d  sequence  i s  o b t a i n e d  by s e t t i n g  

yv = P? and  B V  = 6 f o r  a l l  v.  Next i f  B = 0 ,  t h e  p r e v i o u s  

argument  h a s  shown t h a t  t h e n  t h e r e  e x i s t  yk E D ( t )  s u c h  t h a t  

Again by l ower  s e m i c o n t i n u i t y  o f  D a t  t ,  w e  know t h a t  

yk = l i m  y  kv w i t h  ykv E ~ ( t ' )  , v  = 1 ,  ... 
v+rn 

The d e s i r e d  sequence  i s  now o b t a i n e d  by a s t a n d a r d  d i a g o n a l i z a -  

t i o n  s e l e c t i o n  p r o c e d u r e .  

I f  p o l  C i s  l o w e r  s e m i c o n t i n u o u s  a t  t E T C T I  l e t  y  E D ( t )  

and  { t V  , v  = 1 , .  . . I  b e  any sequence  o f  p o i n t s  i n  T .  From ( 4 )  

w e  know t h a t  ( y ,  1 )  E p o l  C ( t )  and  t h u s  t h e r e  e x i s t  a sequence  

{ ( y V ,  B V )  E p o l  C (tV) , v  = 1 , .  . . I  c o n v e r g i n g  t o  y  1 ) . For  v  
V v  v  s u f f i c i e n t l y  l a r g e  B > 0 ,  i n  which case ( ( l / ~ ~ ) ~  , I )  E p o l  C ( t  ) , 

- 1  v  
e .  , ) y  E ~ ( t ' )  and y  = l i m  

-1 v  
V+rn 

( B v )  Y .  



5 .  PROPOSITION. Suppose  T C T and f o r  a l l  t E T I  i n t  K ( t )  # a ,  
i . e .  K ( t )  h a s  nonempty  i n t e r i o r ,  and no row o f  (A,b) i s  i d e n t i c a l -  

l y  0 .  Then  K i s  c o n t i n u o u s  on T.  S i m i l a r l y ,  i f  f o r  a l l  t E T I  

i n t  D ( t )  # and no co lumn o f  i s  i d e n t i c a l l y  0 ,  t h e n  D i s  

c o n t i n u o u s  on  T.  

A -I 0  
PROOF. L e t  C (t) : = pos ( a s  i n  t h e  proof  o f  P r o p o s i t i o n  3 .  

I f  i n t  D ( t )  # a t h e n  a s  f o l l ows  from ( 4 ) ,  i n t  p o l  C ( t )  # a .  But 

t h i s  i n  t u r n  i m p l i e s  t h a t  C ( t )  i s  po in ted ,  i . e . ,  t h a t  

C ( t )  ( - C ( t )  ) = {O}. Because suppose o t h e r w i s e ,  t h e n  t h e r e  

e x i s t s  0  # v  E C ( t )  such  t h a t  f o r  a l l  z  E p o l  C ( t )  

vz < 0 - and -vz < 0  - 

Th is  means t h a t  p o l  C ( t )  i s  con ta ined  i n  t h e  subspace 

{ z l v z  = 0 )  and i n t  p o l  C ( t )  would be empty. The assumpt ions t h u s  

imply t h a t  f o r  a l l  t ,  C ( t )  i s  po in ted  cone and t h a t  no column o f  (z) i s  i d e n t i c a l l y  0 .  C o r o l l a r y  1 o f  [ I ]  now y i e l d s  t h e  upper 

sem icon t i nu i t y  o f  C on  T which i n  view o f  P r o p o s i t i o n s  3 and 1 

y i e l d s  t h e  c o n t i n u i t y  of  D on T.  

N a t u r a l l y  t h e  same argument a l s o  a p p l i e s  t o  K.  

Theorem 2 of  [ I ]  g i v e s  a  weaker c o n d i t i o n  f o r  t h e  upper 

sem icon t i nu i t y  o f  t h e  pos map t h a n  t h a t  used i n  t h e  proof  o f  

P r o p o s i t i o n  5.  I n  o u r  c o n t e x t ,  t h e s e  c o n d i t i o n s  can be used t o  

o b t a i n  t h e  f o l l ow ing  s t r o n g e r  v e r s i o n  o f  P r o p o s i t i o n  5 .  

6 .  PROPOSITION. Suppose  T C T and f o r  a l l  t E T 

(ia) t h e  d i m e n s i o n  o f  K ( t )  i s  c o n s t a n t  on TI 

(ib) t h e r e  e x i s t s  a  n e i g h b o r h o o d  V o f  t s u c h  t h a t  whenever  

f o r  i n d s x  s u b s a 6 s  I and J o f  { i  = 1 ,  ..., m) and { j  = I , . . . , n }  

r e s p e c t i v e l y ,  t h e n  f o r  a l l  t E T V 

Then  K i s  c o n t i n u o u s  on T .  



S imiZarZy  i f  f o r  aZZ t E T c T 

(ii,) t h e  d i m e n s i o n  o f  D ( t )  i s  c o n s t a n t  o n  T 

(iib) t h e r e  e x i s t  a  ne ighborhood  W o f  t s u c h  t h a t  whenever  

f o r  J and I i n d e x  s u b s e t s  o f  (1,  ..., n)  and { I ,  ..., m), r e s p e c t i u e -  

Z y ,  t h e n  f o r  aZZ t '  E T W 

Then D i s  c o n t i n u o u s  on  T.  

A -I O I f  dim D i s  cons tan t  on PROOF. Again l e t  C ( t )  : = pos (c  

T ,  then t h e  dimension of  po l  C i s  a l s o  cons tan t  on T which i n  

t u r n  i n p l i e s  t h a t  t h e  dimension of  t h e  l i n e a l i t y  space o f  C i s  

cons tan t  on T.  This  i s  cond i t ion  ( a )  of Theorem 2 of [ I ] .  

Condi t ion (b )  o f  t h i s  Theorem 2 r e q u i r e s  t h a t  t h e r e  e x i s t  a  neigh- 

borhooa W of t ,  such t h a t  whenever t h e  l i n e a r  systems 

f o r  some ind i ces  j E ( 1 , .  . . , n ) ,  and f o r  f i xed  k E ( 1 , .  - ~ m )  

1 - < A k x ,  O < A . x  - f o r  i f k ,  O > c x , x > O  - - I 
1 

a r e  c o n s i s t e n t ,  then  they remain c o n s i s t e n t  f o r  a l l  t '  E W n T .  

From t h e s e  r e l a t i o n s  we o b t a i n  cond i t ion  (iib) through a  s t r a i g h t -  

forward a p p l i c a t i o n  of  Farkas Lemma (Theorem of  t h e  A l t e r n a t i v e s  

f o r  L inear  I n e q u a l i t i e s )  us ing t h e  f a c t  t h a t  D i s  nonempty on 

T C T.  The a s s e r t i o n s  invo lv ing  K a r e  proved s i m i l a r l y .  

Fur ther  s u f f i c i e n t  cond i t i ons  f o r  t h e  lower semicont inu i ty  

of D and K a r e  provided by t h e  nex t  r e s u l t .  

7 .  PROPOSITIOIi. Suppose  t h a t  f o r  aZZ t E T C T ,  



t h e n  D i s  c o n t i n u o u s  on T. S i m i l a r l y  i f  f o r  a l l  t E T C T ,  

t h e n  K i s  c o n t i n u o u s  on T.  

PROOF. Again f o r  reasons o f  symmetry it r e a l l y  s u f f i c e s  t o  prove 

t h e  f i r s t  p a r t  of  t h e  p ropos i t ion .  Again l e t  

We show t h a t  i f  R ( t )  = (0 )  on T ,  then  C (t) i s  po in ted  and no 
A column of  ( C )  can be i d e n t i c a l l y  0 on T .  Suppose C ( t )  i s  no t  

po in ted ,  i . e . ,  t h e r e  e x i s t s  (u ,q )  # 0 such t h a t  

1 
U < A X  t q > c x  1 

I - - f o r  some x1 > 0 - 

and 

2 
-U < AX -q > CX - - f o r  some x2 > O - 

This  imp l ies  t h a t  f o r  (x l  + x2 )  - > 0 ,  

2 
0 - < A ( X '  + x  ) and 0 - > c ( x l  + x  ) 

2 

But then  x1 + x2 = 0 = x1 = x2 i f  t = (c,A,b)  E T  s i n c e  

R ( t )  = i 0 ) .    his i n  t u r n  y i e l d s  (u ,q )  = 0 ,  which c o n t r a d i c t s  

t h e  working assumption t h a t  C ( t )  i s  not  po in ted.  Also, i f  some 

column ( A ~ )  i s  i d e n t i c a l l y  0 ,  then  R ( t )  # 0 s i n c e  then  any 
c i  

nonnegati$e mu l t i p le  of  t h e  j - th  u n i t  vec to r  u  (wi th  ul = 0 i f  

1 # j  and u  = 1 )  s a t i s f i e s  t h e  i n e q u a l i t i e s  
j  

This imp l ies  t h e  upper semicont inu i ty  of  C on T [ I ,  Coro l la ry  1 1  

which g i ves  us t h e  c o n t i n u i t y  of  D v i a  Propos i t ions  3 and 1 .  Cl 

There a r e  a  number of  equ iva len t  ways t o  express t h e  condi- 

t i o n s  of  Propos i t ion  7 .  For example: R ( t )  = (0 )  i f  and only i f  



(8 if 0 f 2 E {x - > 0 1 ~ x 1 0 )  then c2  > 0 , 

or still 

( 8 '  
T 

c E int pos (A ,I) 

where int denotes interior. 

Similarly S(t) = (0) if and only if 

(9) if 0 f G E {y - > OlyA - < 0) then ŷb < 0 , 

or still 

(9') b E int pos (A,-I) 

10. COROLLARY. Suppose  t h a t  f o r  a t 2  t E T c T I  K(t) i s  bounded ,  

t h e n  D i s  c o n t i n ~ o u s  on  T. S i r n i t a r t y  i f  a t t  t E T C T I  K(t) i s  

bounded t h e n  D i s  c o n t i n u o u s  on T. 

PROOF. The convex polyhedron K(t) is bounded if and only if 

{ X I A X  - > b , x - > 0) = (0). This implies that R(t) = (0) with R(t) 

as defined in Proposition 7. The lower semicontinuity of R now 

follows from Proposition 7. One argues similarly for K using 

this time the boundedness of K to conclude that S(t) = (0). 

1 1 .  COROLLARY. Suppose  t h a t  f o r  a22 t E T (I T, e i t h e r  a22 

coturnns A' o f  A a r e  n o n p o s i t i v e  and A' f 0 o r  c < 0. Then D i s  

c o n t i n u o u s  on  T. S i r n i t a r t y  i f  f o r  a t 2  t E T I  e i t h e r  a t 2  rows Ai 

o f  A a r e  n o n n e g a t i v e  and Ai f 0 o r  b < 0, t h e n  K i s  c o n t i n u o u s  on  

T. Hence, i f  f o r  a t 2  t E T I  A < 0 and b < 0 o r  A > 0 and b > 0, 

t h e n  Q i s  c o n t i n u o u s  on T. 

PROOF. If A' - < 0 and A' f 0 then {x - > O ~ A X  - > 0) = {O} and thus 

K(t) is bounded for all t E T. The lower semicontinuity of D 

then follows from Corollary 10. If c > O then for every 0 f x, 

cx > 0 and from (8) it follows that R(t) = (0) and in turn the 

lower semicontinuity of D follows from ~roposition 7. Again, the 

lower semicontinuity of K is obtained by arguing similarly using 

Ai 2 0 and b < 0. The assertions about Q now follow from the 

above using naturally Theorem 2. 



There i s  another  way t o  prove Coro l la ry  1 1 ,  which a l s o  shows 

how t o  genera l i ze  it. The proof of Propos i t ion  5 shows t h a t  

many of t h e  s u f f i c i e n t  cond i t ions  f o r  t h e  lower semicont inu i ty  of  

D b o i l  down t o  checking i f  

-I 0 i s  pointed.  The l a s t  m + 1 columns ( of t h e  mat r i x  t h a t  

genera te  C ( t )  determine an o r t h a n t  and t h i s  cone w i l l  c e r t a i n l y  

be po in ted i f  t h e  remaining columns { (e l ) ,  j = 1 , .  . . .n} belong 
3 -I 0 

t o  t h i s  o r t h a n t  o r  a r e  such t h a t  when added t o  ( , ) they keep 

t h e  cone pointed.  S u f f i c i e n t  cond i t i ons  of t h i s  type a r e  pro- 

vided by Coro l la ry  1 1 ,  bu t  they c l e a r l y  do no t  exhaust  t h e  realm 

of  p o s s i b i l i t i e s .  For example, i f  t h e r e  e x i s t  a  vec to r  n E Rm 

wi th  ni > O f o r  a l l  i = 1 ,  ..., m such t h a t  nA < c  then  C ( t )  i s  

pointed s i n c e  then  a l l  t h e  columns of  ( A -I O )  have s t r i c t l y  c  0 1  
p o s i t i v e  i n n e r  product  wi th  t h e  vec to r  - 1 ) E Rrn+'. Here we 

a r e  n a t u r a l l y  very c l o s e  t o  t h e  cond i t ions  of Propos i t ion  5 and 8. 

This s h o r t  no te  was e s s e n t i a l l y  an at tempt  a t  o rgan iz ing  

t h e  a v a i l a b l e  r e s u l t s  about t h e  c o n t i n u i t y  of Q ;  we conclude by 

g iv ing  t h e  p e r t i n e n t  re fe rences .  Theorem 2 and Propos i t ion  3  * 
come from [ 2 ,  Theorem 21 . The c o n t i n u i t y  of Q with t h e  s p e c i a l  
cond i t i ons  given by Propos i t ion  7 ,  more e x a c t l y  w i th  r e l a t i o n s  (8 )  

and ( 9 ) ,  is  proved by Bereanu [3 ,  Theorem 2 . 2 1 .  He a l s o  e x h i b i t s  

t h e  s u f f i c i e n t  cond i t i ons  of  Coro l la ry  1 1 .  Condi t ions ( 8 ' )  and 

( 9 ' )  a r e  those  of Robinson [ 4 ]  when app l ied  t o  l i n e a r  programs i n  

t h e  form cons idered here .  He a l s o  shows t h a t  t hese  cond i t i ons  a r e  

equ iva len t  t o  having t h e  s e t  o f  opt imal  s o l u t i o n s  of t h e  pr imal  

and t h e  dual  bounded. Propos i t ions  5 and 6 can be t r a c e d  back t o  

[ I ]  and t o  Dantzig, Folknan and Shapiro [5]  and have been used by 

S a l i n e t t i  [ 6 ]  i n  t h e  s tudy  of  t h e  d i s t r i b u t i o n  of t h e  opt imal  

* 
This  paper was submit ted i n  1 9 7 4  f o r  pub l i ca t i on  i n  t h e  

Proceedings of t h e  1 9 7 4  Oxford Conference on S tochas t i c  Program- 
ming. Pub l i ca t i on  was delayed f o r  a  number of t e c h n i c a l  reasons.  



va lue  o f  random l i n e a r  programs. The g e n e r a l  c o n t i n u i t y  r e s u l t s  

f o r  t h e  op t ima l  va lue  f u n c t i o n  (of  an op t im i za t i on  problem depend- 

i n g  on paranieters)  p rov ide  us w i t h  t h e  fo l low ing  r e s u l t s  [ 7 ]  : 

1 2 .  THEOREM. L e t  T C T. Suppose  t h a t  K i s  l o w e r  s e m i c o n t i n u o u s  

on  T; t h e n  Q i s  upper  s e m i c o n t i n u o u s .  I f  K i s  u n i f o r m l y  compact 

on  T, t h e n  Q i s  l o w e r  s e m i c o n t i n u o u s  on T. 

Tke f i r s t  hypo thes i s  i s  one of t h e  two used t o  prove Theorem 2. 

The uniform compactness i s  s t r o n g e r  t h a n  needed s i n c e  s imply K 

bounded on T y i e l d s  t h e  lower sem icon t i nu i t y  o f  D ,  c f .  C o r o l l a r y  

10, and t h a t  i s  what w e  used t o  prove t h e  lower sem icon t i nu i t y  o f  

Q i n  Theorem 2. 

I f  t h e  c o e f f i c i e n t  o f  A a r e  n o t  v a r i a b l e ,  t hen  Q i s  always 

cont inuous.  I n  p a r t i c u l a r  w e  g e t  

13. THEOREM. Suppose  t h a t  f o r  a l l  t E T c T t h e  m a t r i x  A i s  

c o n s t a n t .  Then Q i s  c o n t i n u o u s  on  T .  

PROOF. I n  t h i s  c a s e ,  t h e  m u l t i f u n c t i o n s  K and D a r e  n o t  on ly  

cont inuous on T b u t  i n  f a c t  L i p s c h i t z  cont inuous on T a s  fo l lows  

from [ 8 ,  Theorem 1 1 .  The c o n t i n u i t y  of Q r e s u l t i n g  aga in  from 

Theorem 2. 

I n  f a c t  i n  t h i s  c a s e  Q i s  a c t u a l l y  L i p s c h i t z  con t inuous .  

Th is  can be demonst ra ted us ing  t h e  L i p s c h i t z  c o n t i n u i t y  o f  K 

and D ,  o r  a s  i s  more usua l  by us ing  t h e  f a c t  t h a t  on T ( f o r  f i x e d  

A ) ,  t h e  va lue  o f  a  l i n e a r  program i s  a p iecewise l i n e a r  f u n c t i o n  

o f  ( c , b ) ,  convex i n  b  and concave i n  c [ 9 ,  Bas is  Decomposit ion 

Theorem]. I f  on l y  b  v a r i e s ,  t hen  c l e a r l y  Q i s  con t inuous  b u t  i n  * 
t h i s  c a s e  t h e r e  a l s o  e x i s t  a  cont inuous f u n c t i o n  t w x  ( t )  :T + R~ * * 
such t h a t  f o r  a l l  t ,  x  ( t )  E K ( t )  and cx  ( t )  = Q ( t )  [ l a ,  Theorem], 

[ I l l .  I f  on l y  c v a r i e s  a  s i m i l a r  s ta tement  can  be made, v i z . ,  * * 
t h e r e  e x i s t s  y  ( ) : T  + R ~ ,  cont inuous such t h a t  y  ( t)  € D ( t )  and 

jl 

~ i o t e :  Robinson [4 ]  fo rmu la tes  h i s  p a i r  o f  dua l  l i n e a r  programs 

t o  t a k e  i n t o  account  problems i nvo l v i ng  both  e q u a l i t i e s  and con- 

s t r a i n t s .  For such c a s e s  t h e r e  a r e  a l s o  a p p r o p r i a t e  v e r s i o n s  o f  

Theorem 2  and P r o p o s i t i o n s  1 and 3 .  For example, i f  



then we should study the continuity of the maps 

Continuity results of a similar nature are then readily available. 



SUMMARY 

1. K = {x  - > O ~ A X  - > b )  con t inuous  

Q con t inuous .  

D = {y - > 0lyA - < c )  con t inuous  

2 .  D con t .  * C = pos con t .  ( = u . s . c . )  

dim.D = c o n s t a n t  + 
li' } * Cim C TI(-C) = c o n s t a n t  

a c t i v e  c o n s t r a i n t s  cond. on columns 

cond. (Prop.  6 )  

* {x  > O ~ A X  > 0 , c x  < 0 )  = {O) - - - 
T equ iv .  c  E i n t  pos ( A  ,I) 

3 .  K c o n t .  

* K bounded 

w p o s ( b T O  AT I ) c o n t .  ( = u . s . c . )  
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