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PREFACE 

A n a l y s i s  conce rned  w i t h  p rob lems o f  t h e  r a t i o n a l  u s e  o f  
n a t u r a l  r e s o u r c e s  a l m o s t  i n v a r i a b l y  d e a l s  w i t h  u n c e r t a i n t i e s  w i t h  
r e g a r d  t o  t h e  f u t u r e  b e h a v i o u r  o f  t h e  sys tem i n  q u e s t i o n  and w i t h  
m u l t i p l e  o b j e c t i v e s  r e f l e c t i n g  c o n f l i c t i n g  g o a l s  o f  t h e  u s e r s  o f  
t h e  r e s o u r c e s .  U n c e r t a i n t y  means t h a t  t h e  i n f o r m a t i o n  a v a i l a b l e  
is  n o t  s u f f i c i e n t  t o  unambiguously  p r e d i c t  t h e  f u t u r e  o f  t h e  sys -  
t e m ,  and t h e  m u l t i p l i c i t y  o f  t h e  o b j e c t i v e s ,  on t h e  o t h e r  hand,  
c a l l s  f o r  e s t a b l i s h i n g  r a t i o n a l  t r a d e - o f f s  among them. The r a -  
t i o n a l i t y  o f  t h e  t r a d e - o f f s  is  q u i t e  o f t e n  o f  s u b j e c t i v e  n a t u r e  
and c a n n o t  be  f o r m a l l y  i n c o r p o r a t e d  i n t o  m a t h e m a t i c a l  models  sup- 
p o r t i n g  t h e  a n a l y s i s ,  and  t h e  i n f o r m a t i o n  w i t h  r e g a r d  t o  t h e  fu -  
t u r e  may v a r y  w i t h  t i m e .  Then t h e  c h a l l e n g e  t o  t h e  a n a l y s t  i s  t o  
e l a b o r a t e  a  m a t h e m a t i c a l  and  computer  implemented sys tem t h a t  c a n  
b e  used t o  pe r fo rm t h e  a n a l y s i s  r e c o g n i z i n g  b o t h  t h e  above a s p e c t s  
o f  r e a l  wo r ld  p rob lems .  

These were t h e  i s s u e s  a d d r e s s e d  d u r i n g  t h e  summer s t u d y  
"Real-Time F o r e c a s t  v e r s u s  Real-Time Management o f  Hydrosys tems, "  
o r g a n i z e d  by t h e  Resources  and Environment Area o f  IIASA i n  1981 .  
The g e n e r a l  l i n e  of  r e s e a r c h  was t h e  e l a b o r a t i o n  o f  new a p p r o a c h e s  
t o  a n a l y z i n g  r e s e r v o i r  r e g u l a t i o n  p rob lems and  t o  e s t i m a t i n g  t h e  
v a l u e  o f  t h e  i n f o r m a t i o n  r e d u c i n g  t h e  u n c e r t a i n t i e s .  Computat ion- 
a l l y ,  t h e  r e s e a r c h  was b a s e d  on  t h e  hydrosys tem o f  Lake Como, 
Nor the rn  I t a l y .  T h i s  p a p e r  is  conce rned  w i t h  t h e  p r o p e r t i e s  o f  
p e r i o d i c  s t o c h a s t i c  l i n e a r  r e s e r v o i r s  which can  b e  o f  c o n s i d e r a b l e  
h e l p  i n  u n d e r s t a n d i n g  t h e  b e h a v i o u r  o f  r e g u l a t e d  l a k e s  o r  s t o r a g e  
r e s e r v o i r s .  The a n a l y s i s  d e m o n s t r a t i n g  t h e  app roach  was c a r r i e d  
o u t  f o r  l a k e s  Maggiore,  Como, and I s e o  i n  Nor the rn  I t a l y .  

J a n u s z  K i n d l e r  
Chairman 
Resources  & Envi ronment  Area 



ABSTRACT 

Very simple properties of stochastic linear reservoirs are 
derived for the case of cyclostationary stochastic inflows and 
seasonally varying operating rules. Although real reservoirs 
are fairly non-linear, these properties have proved to be helpful 
in understanding the seasonal pattern of releases and the long- 
term variations occurring in some of the regulated lakes of 
Northern Italy. 
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SOME REMARKS ON PERIODIC 
STOCHASTIC L I N E A R  RESERVOIRS 

Se rg io  R i n a l d i  

1.  INTRODUCTION 

The t h e o r y  of l i n e a r  s t o c h a s t i c  r e s e r v o i r s  has  long s i n c e  

been developed and has  been proved t o  be q u i t e  powerfu l  f o r  i n t e r -  

p r e t i n g  t h e  r e a l  behav io r  of complex hydrosystems.  Impor tant  

c o n t r i b u t i o n s  can be found i n  Moran (1959 ) ,  and i n  numerous 

t e c h n i c a l  pape rs ,  (see f o r  example, Kaczmarek 1963; Lloyd 1963,1377; 

Klemes 1974; Pha ta r f od  1976; Troutman 1973; and Anis e t  a l . ,  1979 ) .  

Some of t h e s e  c o n t r i b u t i o n s  cons ide r  t h e  c a s e  of p e r i o d i c  ( sea -  

s o n a l l y  va ry i ng )  s t o c h a s t i c  i n f l ows ,  b u t  do n o t  d e a l  (w i th  t h e  

excep t i on  o f  Lloyd 1977) w i t h  t h e  most g e n e r a l  c a s e  c h a r a c t e r i z e d  

by p e r i o d i c a l l y  va ry i ng  o p e r a t i n g  r u l e s .  On t h e  c o n t r a r y ,  i n  

t h i s  paper  we e x p l i c i t l y  c o n s i d e r  s t o c h a s t i c  p e r i o d i c  l i n e a r  

r e s e r v o i r s  and d e r i v e  a  few and ve ry  s imple  p r o p e r t i e s  o f  such 

r e s e r v o i r s .  Some o f  t h e s e  p r o p e r t i e s  a r e  l a t e r  used f o r  i n t e r -  

p r e t i n g  t h e  seasona l  and long- term v a r i a t i o n s  o f  t h e  o p e r a t i n g  

r u l e s  of  t h r e e  r e g u l a t e d  l a k e s  i n  Northern I t a l y .  



2. THE LINEAR PERIODIC RESERVOIR 

Let us consider a linear reservoir described by the following 

difference equation 

where st is storage at the beginning of period t ,  and it and rt 

are inflow and release during period t. Moreover, let 

the inflow be a cyclostationary stochastic process 

i i i with given mean LI variance Ct, and lag-1 correlation pt, i.e., t' 

and a s s u ~ ~  that iligh,r order auto-correlations are nc.,-lic;ibic. 

The process is called cyclostationary since 

where T is the number of considered periods in one year. 

Finally, let us suppose that the operating rule is linear and 

periodic, i. e. , 

with 

and 3 periodic. Thus, from equations (1) and (2) , we obtain t 



t h e  f o l l o w i n g  d i f f e r e n c e  e q u a t i o n  f o r  t h e  s t o r a g e  c a p a c i t y  st 

and from e q u a t i o n  ( 3 )  it f o l l o w s  t h a t  so 2 0  and it 1 0 ,  t = 0 ,  1 , .  . . 
imply  s > 0,  t = 1 , 2 ,  ... . t 

E q u a t i o n  ( 4 )  c a n  b e  r e - w r i t t e n  i n  t e r m s  o f  mean v a l u e s  a s  

s o  t h a t  

s s 2  s i 2  
C t + l  = E [ (s t+ . , -u t+ ,  ) 1 = E  [ a  s t t  + i t t  1 I 

2  s 2  i 2  s i 
= (1 -a t )  E [  ( s t - u t )  I + E [  ( i t - u t )  I + ~ ( ~ - c x ~ ) E [ ( s ~ - F ~ ~ )  ( i t - u t ) l  

2  s i s i 
= (1 -a t )  C + Ct 

t + 2 ( 1 - a t ) E [ ( s t - u t )  ( i t - u t ) l  I 

b u t  

and t h e  f i r s t  t e r m  i s  z e r o  because  s depends  upon i t - 2  
and 

t - 1  

t h e  l a g - 2  a u t o - c o r r e l a t i o n  o f  t h e  i n f l o w s  h a s  been assumed t o  be  

n e g l i g i b l e .  Thus,  i n  c o n c l u s i o n  

3 .  SOME SIMPLE REMARKS 

E q u a t i o n s  ( 5 )  and ( 6 )  show t h a t  t h e  mean and v a r i a n c e  o f  

t h e  s t o c h a s t i c  p r o c e s s  { s t }  c a n  e a s i l y  b e  computed by s o l v i n g  

two l i n e a r  d i f f e r e n c e  e q u a t i o n s  w i t h  p e r i o d i c  p a r a m e t e r s  and 

p e r i o d i c  f o r c i n g  t e r m s .  The most i n t e r e s t i n g  s o l u t i o n  o f  e q u a t i o n s  



(5), and (6) is, of course, the periodic solution, because it is 

the one needed to describe the storage and the release of the 

reservoir as cyclostationary stochastic processes. Closed-form 

expressions of the periodic solution of equations (5) and (6) 

are not too simple, but numerical solutions can easily be ob- 

tained. In fact, the eigenvalues of equations (5) and (6) 

[ (1-at) and (1-at) respectively] are both smaller than one, and 

this implies that the periodic solution is unique and that all 

solutions of equations (5) and (6) asymptotically tend (for 

t--a) to the periodic one. This fact allows one to simply inte- 

grate equations (5) and (6), (note that the two equations are de- 

coupled), starting from any initial condition, until the conver- 

gence to the periodic solution has been obtained. Obviously, 

S this procedure for finding ps and Ct is much more simple and t 

effective than any Monte-Carlo approach. 

Equations (5) and (6) also constitute the basis for trans- 

forming many stochastic optimal management reservoir problems 

into an "equivalent" deterministic problem. To illustrate this, 

assume that the objective function J of the stochastic optimal 

control problem is specified in terms of mean and variance of 

storage and/or release during the year, i.e., 

s r s  
J = f Pt(vt, pt, Ct, c:) , 

t=l 

and suppose that one is interested in finding the operating rules, 

(i.e., the values of a t = 0,1, ..., T-I), which minimize the t' 

objective J under the constraint that the distributions of the 

storage capacity at the beginning and at the end of the year 

are the same. This implies that the optimal solution must satisfy 



equations (5) and (6) with the periodicity constraint 

Thus, the problem is reduced to a "deterministic" periodic 

optimal control problem: equations (5) and (6) are the state 

S equations; equation (7) with '' = atpt t and C: = a:~: is the ob- 

jective function: at, t = 0,1, ..., T-1, are the control variables 

subject to constraint (3) (or any other equivalent constraint); 

and equation (8) is the periodicity constraint imposed on the 

state variables. Such a problem can be solved by the Maximum 

Principle or by any other equivalent technique, such as Dynamic 

Programming; it is worthwhile to note that a certain number of 

specific results are available for periodic optimal control 

problems (see Guardabassi et al., 1974 for a survey). 

From equations (5) and (6) one can easily derive lower and 

upper bounds for the mean and variance of the storage st. In 

fact, by recursively using equation (5), one obtains 

so that 

i 
s i 2 'MAX 

't [l+(1-amin) + (1-amin) + " ' I  = - a. I 

min 

s i u1 
min [l+(l-aMAX) + (1-aMAX12 + . . . I  = - 't ' 'min 

I 

a. MAX 

where 

i - - rnin i 
'min 1ltlT 't 

- - min a rnin 1ltlT t 

i - - max i 
'IJIAX IltlT I-'t 

a - - max a 
MAX 1ltlT t . 



S i m i l a r l y ,  equa t i on  ( 6 )  g i v e s  r i s e  t o  t h e  exp ress ion  

i i 2 i i 
C: = [1+2(1-at-1 P ~ - ~  l C t - l  + [ 1 + 2  (1-ate2)  P ~ - ~ ~ C ~ - ~  

2 2 i i + - a t 2  [1+2 Pt-31Ct-3 + ... I 

from which it f o l l ows  t h a t  

s i i 2 ct i cMAX [ 1 +2 (1 -amin) PmX1 [ I +  ( 1  -amin) + ( 1 -amin) + . . . I 

i 
= 'MAX 

a min [1+2pi 
MAX(l-amin) I 

a 2  
rnin 

2-amin 

where 

i - - rnin i 
'min 1 I t l T  't 

i - - rnin i 
'min l < t<T  't 

By i n t r o d u c i n g  t h e  f u n c t i o n  

i - - max i 
'MAX 1 5 t I T  't 

i - - max i 
'MAX I l t I T  't . 

t h e  preced ing r e s u l t s  can be summarized a s  f o l l ows  

i i 
'min I p t I a  s 'MAX 
a I 

MAX min 

I 
iCl ( a  

I 
iCl (aMAX' Pmin)  i S 

I Ct  5 
mint  'MAX) i 

2 'min 2 C _ ~ ~  (11 )  
a  

MAX Cr rnin 



i - i i In the case of stationary stochastic inflows, (pmin - UMAX = 1-' , 
1 -  i i i - - i i 

'min - C~~ 'min P~~ = C ,  = p ) ,  and constant operating rules, 

(amin = a MAX = a) , equations ( 10) and ( 1 1 ) degenerate to the well- 

known expressions 

which show that higher values of a imply lower values of us and 

i cS (the function $(a, p ) /a2 decreases with a [see equation (9) 1 ) . 
It might be worthwhile noticing that equations (10) and (11) 

can be given a particularly meaningful interpretation. In fact, 

S the lower bounds of u: and Ct are the values of us and CS of a 

stochastic reservoir characterized by stationary inflows with 

ui = i ci = i p i  = i 
m i  'min 'min , and by a constant 

linear operating rule with a = a MAX ' while, on the contrary, the 
S 

upper bounds are the values of u and CS of another reservoir with 

ui - i ci - i = i 
- C m x  , Lux , and cl = amin 

- %AX , 

In other words, the behayior of any periodic stochastic linear 

reservoir can be bound by the behavior of two time-invariant 

stochastic linear reservoirs; one obtained by freezing mean, 

variance, and correlation of the inflows at their minimum 

seasonal values and discharging at maximum rate, and the other 

by freezing mean, variance, and correlation of the inflows at 

their maximum seasonal values and discharging at minimum rate. 

Expressions similar to equations ( 10) and ( 1 1 ) can be 

derived for mean (ur) and variance (c:) of the release r from t t 

the reservoir. In fact, since: 



2 s r - 2 s a  C ' C t  rnin t cS - atCt ' aMAx t I 

f rom e q u a t i o n s  ( 1  0)  and ( 1  1 ) , w e  immedia te ly  o b t a i n  

a  a  min i r MAX i 
'min I u t 5 -  

I 

a  
MAX 

a  min 'MAX 

a  2 i i a  m x 2 $ ( a  
i mini 

I- " ! ' ( a ~ ~ '  ~ m i n ) ~ m i n  ' 't - (- ) mint  OMAX MAX . (15 )  
) ci 

U min 

E q u a t i o n s  ( 1 4 )  and ( 15)  c l e a r l y  p o i n t  o u t  t h a t  l a r g e  s e a s o n a l  

v a r i a t i o n s  o f  t h e  o p e r a t i n g  r u l e  ( i . e . ,  h i g h  v a l u e s  o f  aMAX/amin) 

c o u l d  g e n e r a t e  l a r g e  v a r i a t i o n s  i n  t h e  s e a s o n a l  p a t t e r n  o f  r e l e a s e s .  

Obv ious l y ,  t h i s  migh t  happen p a r t i c u l a r l y  when t h e  v a r i a t i o n s  

i i 
o f  a t  a r e  s u i t a b l y  tuned  w i t h  t h e  v a r i a t i o n s  o f  p t ,  C t ,  and 

i 
p t .  Converse ly ,  o n e  migh t  u s e  t h e  p o s s i b i l i t y  o f  v a r y i n g  a  t o  t 

S r e d u c e  o v e r l y  l a r g e  s e a s o n a l  v a r i a t i o n s  o f  u and/or  C: a s  t 

p o i n t e d  o u t  i n  t h e  f o l l o w i n g .  

L e t  u s  now d i s c u s s  t h e  s e n s i t i v i t y  o f  t h e  p e r i o d i c  s o l u t i o n  

o f  e q u a t i o n s  ( 5 )  and ( 6 )  t o  a  change o f  t h e  o p e r a t i n g  r u l e  d u r i n g  

any  t i m e  p e r i o d  t ,  s a y  t = O .  Obv ious l y ,  t h i s  can b e  done by d i r e c t  

compar ison  o f  t h e  s o l u t i o n s  o f  e q u a t i o n s  ( 5 )  and ( 6 )  f o r  t h e  

- - 
nominal  v a l u e s  IZ a ; , . . . ,  a  T- 1 1 o f  t h e  p a r a m e t e r s  and f o r  t h e  

- - 
p e r t u r b e d  v a l u e s  { a o ,  a l l . . . ,  a  1 w i t h  a o + a 0 .  N e v e r t h e l e s s ,  

T- 1 

g e n e r a l  and s i m p l e  c o n c l u s i o n s  can  b e  drawn i f  t h e  a n a l y s i s  i s  

c a r r i e d  o u t  f o r  s m a l l  v a r i a t i o n s  o f  t h e  p a r a m e t e r s .  I n  s u c h  a  

c a s e ,  w e  a r e  i ndeed  o n l y  i n t e r e s t e d  i n  d e t e r m i n i n g  t h e  d e r i v a t i v e s  

S 
du: and dCt o f  t h e  p e r i o d i c  s o l u t i o n  o f  e q u a t i o n s  ( 5 )  and ( 6 )  . 
- - 
da 

0  



S s S 
For this, express pS t = pt(ao) and Ct = Ct(ao) and let 

be the periodic solution of equations (5) and ( 6 ) ,  corresponding 

to the nominal value (") of the parameter. Thus, from equation 

(5) , it follows that 

Since these equations are linear difference equations of the form 

Yt+ 1 = Bt yt - u t (1 8 )  

with 0 <at< 1 and ut 2 0, the periodic solution is non-positive, 

i.e., 

14oreover, from equation (17) it follows that 

is non-increasing with t. 

In conclusion, a small positive perturbation of the parameter 

S a generates a decrease of the mean value (pt) of the storage 0 

in all the periods of the year, and this decrease is higher for 



t h e  p e r i o d s  immedia te ly  a f t e r  t h e  t i m e  a t  which t h e  p e r t u r b a t i o n  

o c c u r r e d .  

S i m i l a r l y ,  f rom e q u a t i o n  ( 6 ) ,  w e  o b t a i n  

which a r e  a g a i n  o f  t h e  form ( 1 8 ) ,  w i t h  0 < O t  < 1  and ut 2 0 .  
S 

T h e r e f o r e ,  t h e  same c o n c l u s i o n  a s  above can  b e  drawn f o r  5 , 
which i s  i ndeed  n e g a t i v e  f o r  a l l  v a l u e s  o f  t, w i t h  t i n  da!l 

a b s o l u t e  v a l u e .  

4 .  THE ANALYSIS O F  THREE REGULATED LAKES 

The above s e n s i t i v i t y  p r o p e r t i e s  a r e  q u i t e  i m p o r t a n t  f o r  

u n d e r s t a n d i n g  some o f  t h e  b a s i c  f e a t u r e s  o f  r e a l - t i m e  r e s e r v o i r  

o p e r a t i o n .  I n  r e a l - w o r l d  t e r m s ,  t h e  o p + = r a t i n g  r u l e  is  o f t e n  

s e a s o n a l l y  v a r i e d  i n  o r d e r  t o  s a t i s f y  p e r i o d i c a l l y  v a r y i n g  demands 

and r e d u c e  t h e  p o t e n t i a l  o f  f l o o d s ;  i ndeed ,  i n  n.any c a s e s  t h e  

" g a i n "  a  o f  t h e  o p e r a t i n g  r u l e  i s  p a r t i c u l a r l y  h i g h  d u r i n g  t h e  t 

f l o o d  s e a s o n  o r ,  more p r e c i s e l y ,  d u r i n g  t h o s e  p e r i o d s  charac-  

t e r i z e d  by h i g h  mean and v a r i a n c e  o f  t h e  i n f l o w s .  

A d e t a i l e d  a n a l y s i s  h a s  been c a r r i e d  o u t  on  t h r e e  l a k e s  i n  

Nor the rn  I t a l y ,  (Maggiore,  Como, and I s e o ) ,  and is  now b r i e f l y  

r e p o r t e d .  D a i l y  d a t a  f o r  t h e  t h r e e  l a k e s  w e r e  a v a i l a b l e  f o r  d i f -  

f e r e n t  p e r i o d s  ( a t  l e a s t  15 y e a r s ) ,  and it was p o s s i b l e  t o  v e r i f y  

t h a t  t h e  " t o t a l  d e c a d i c  i n f l o w s "  were c y c l o s t a t i o n a r y  weekly c o r r e -  

l a t e d  s t o c h a s t i c  p r o c e s s e s  (see f o r  example,  Anbros ino e t  a l . ,  1 3 7 9 ) .  



The major d i sc repancy  w i t h  t h e  p reced ing  a n a l y s i s  i s  t h a t  t h e  

o p e r a t i n g  r u l e  of such l a k e s  i s  non- l i near .  Tn f a c t ,  an agreement 

between a l l  c o u n t e r p a r t s  i n t e r e s t e d  i n  t h e  o p e r a t i o n  of t h e  l a k e  

s t a t e s  t h a t  t h e  manager of  t h e  l a k e  can  f i x  t h e  d i s c h a r g e  only 

when t h e  s t o r a g e  i s  between a  minimum va lue  - s and a  maximum va lue  
- 
s .  On t h e  c o n t r a r y ,  i f  st = - s t h e  r e l e a s e  must be  equa l  o r  

2 s )  , and i f  st 2 E t h e  s m a l l e r  t han  t h e  i n f l ow  ( s o  t h a t  - 

r e l e a s e  must be e q u a l  t o  t h e  maximum p o s s i b l e  r e l e a s e ,  i . e . ,  

r = N ( s t )  where N ( s )  r e p r e s e n t s  t h e  "open g a t e s "  s tage -d i scha rge  
t 

f u n c t i o n .  I n  p r a c t i c e ,  t h e  manager u s e s  a  p e r i o d i c a l l y  va ry ing  

o p e r a t i n g  r u l e  

which can be  i d e n t i f i e d  by s u i t a b l y  f i t t i n g  i n  t h e  space  ( s f  r )  

t h e  d a i l y  p a i r s  (s t ,  r t )  o f  a l l  t h e  days t o f  t h e  same decade.  

F igu re  1 shows how t h e  p a i r s  (s t ,  r t )  d i s p l a y  f o r  a  p a r t i c u l a r  
- 

decade: f o r  - s < st < s '  and f o r  st 2 s f  t h e  p o i n t s  a r e  on t h e  

open-gates  s tage -d i scha rge  cu rve ,  f o r  s '  < st 5 s "  t h e  r e l e a s e  

i s  approx imate ly  c o n s t a n t  and equa l  t o  t h e  a g r i c u l t u r a l  demand 
- 

d  c h a r a c t e r i z i n g  t h a t  decade,  wh i l e  f o r  s "  < st 5 s f  t h e  p o i n t s  

c l e a r l y  i n d i c a t e  t h a t  t h e  o p e r a t i n g  r u l e  is  i n c r e a s i n g  and con- 

vex w i th  r e s p e c t  t o  st. For a l l  t h e  t h r e e  l a k e s ,  t h e  o p e r a t i n g  

p o l i c y  (19 )  has been i d e n t i f i e d  among t h e  c l a s s  of  p iecew ise  

l i n e a r  f u n c t i o n s  by a  s p e c i a l  b e s t - f i t t i n g  t echn ique ,  and t h e  

r e s u l t s  a r e  i n  good agreement w i th  t h e  a n a l y s i s  c a r r i e d  o u t  i n  

t h e  p reced ing  s e c t i o n .  The seasona l  v a r i a t i o n s  o f  t h e  s l o p e  

o f  t h e  o p e r a t i n g  r u l e  j u s t  b e f o r e  t h e  maximum s t o r a g e  s have 

been found p a r t i c u l a r l y  s i g n i f i c a n t  s i n c e  t hey  a r e  p e r f e c t l y  i n  

i i 
phase w i t h  t h e  seasona l  v a r i a t i o n s  of  

'It 
and a t .  F i gu re  2 shows 



F i g u r e  1 .  D a i l y  v a l u e s  o f  s t o r a g e  (s t )  and r e l e a s e  ( r t )  f o r  a  

g i v e n  decade and f o r  a  c e r t a i n  number of  y e a r s .  
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F i g u r e  2a .  The p l o t s  o f  (fit + a t )  and B t  f o r  t h e  t h r e e  l a k e s .  
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Lake Como 

i i 
F i g u r e  2b. The p l o t s  o f  ( g t  + a t )  and st f o r  t h e  t h r e e  l a k e s .  

F i g u r e  2c. The p l o t s  o f  (3: + B i )  and 5 f o r  t h e  t h r e e  l a k e s .  t t 



( i n  s u i t a b l e  u n i t s ) ,  t h e  y e a r l y  g raph  o f  t h a t  s l o p e  ( c a l l e d  S t )  

and t h e  estimates, (9: + 8 : )  (mean p l u s  s t a n d a r d  d e v i a t i o n s )  o r  

t h e  i n f l o w s  f o r  t h e  t h r e e  l a k e s .  The c o r r e l a t i o n  between t h e  

two g raphs  i s  0.70 f o r  Lake Maggiore,  0.65 f o r  Lake Como, and 

0.89 f o r  Lake I s e o .  

Moreover, a t r e n d  a n a l y s i s  was c a r r i e d  o u t  f o r  Lake Como 

t o  d e t e c t  t h e  r e a c t i o n  o f  t h e  manager t o  t h e  p r o g r e s s i v e  s i n k i n g  

o f  t h e  town, which,  s i n c e  1965, h a s  been t h e  cause  o f  h i g h e r  

and h i g h e r  f l o o d  damages. From t h e  s e n s i t i v i t y  a n a l y s i s  c a r r i e d  

o u t  i n  t h e  p r e c e d i n g  s e c t i o n ,  one shou ld  e x p e c t  t h a t  p r o g r e s s i v e l y  

h i g h e r  v a l u e s  o f  Cit might  have compensated t h e  s i n k i n g  p r o c e s s  by 

lower ing  t h e  mean and v a r i a n c e  o f  t h e  s t o r a g e .  From t h e  sane 

a n a l y s i s ,  one shou ld  a l s o  e x p e c t  t h a t  t h e  long- te rm t r e n d s  o f  

& shou ld  b e  more d e t e c t a b l e  d u r i n g  t h e  f l o o d i n g  season .  Indeed,  t 

t h e  i d e n t i f i c a t i o n  o f  t h e  o p e r a t i n g  p o l i c y ,  R ( t ,  st)  and o f  t h e  

s l o p e  & c a r r i e d  o u t  f o r  d i f f e r e n t  p e r i o d s  a l l owed  an a p o s t e r i o r i  t 

conc lus i on  t h a t  t h e  manager d i d  e x a c t l y  what t h e  t h e o r y  s u g g e s t s .  

F i g u r e  3 shows t h e  g raph  o f  E t  (measured i n  s u i t a b l e  u n i t s )  du r i ng  

t h e  snowmelt f l o o d i n g  season  f o r  t h e  t h r e e  p e r i o d s  i n d i c a t e d  i n  

t h e  f i g u r e .  The i n c r e a s e  o f  C t  i s  v e r y  r e l e v a n t  b u t  n o t  s u r -  

p r i s i n g  i f  one t a k e s  i n t o  accoun t  t h a t  t h e  main s q u a r e  of  Como 

h a s  sunk a lmos t  one  meter d u r i n g  t h e  l a s t  15-20 y e a r s .  

5. CONCLUDING EiEMAFXS 

The r e s u l t s  o b t a i n e d  i n  t h i s  paper  show t h a t  t h e  a n a l y s i s  

o f  t h e  ve r y  s imp le  l i n e a r  p e r i o d i c  r e s e r v o i r  can b e  o f  h e l p  i n  

unde rs tand ing  t h e  behav io r  o f  r e a l  r e s e r v o i r s  o r  r e g u l a t e d  l a k e s .  

The remarks deve loped i n  t h e  paper  are based  on t h e  assumpt ion  

t h a t  h i gh  o r d e r  c o r r e l a t i o n s  o f  t h e  i n f l o w s  a r e  n e g l i g i b l e ,  and t h a t  
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F i g u r e  3 .  The l ong - te rm v a r i a t i o n s  of 6 i n  Lake Como. 
t 



t h e  o p e r a t i n g  r u l e  i s  l i n e a r .  The main p r o p e r t i e s  o f  such a  

s t o c h a s t i c  r e s e r v o i r  a r e  t h e  fo l l ow ing .  F i r s t ,  mean and var -  

i a n c e  o f  t h e  s t o r a g e  c a p a c i t y  s a t i s f y  l i n e a r  d i f f e r e n c e  e q u a t i o n s  

which have a  un ique p e r i o d i c  s o l u t i o n .  Second, t h i s  p e r i o d i c  

s o l u t i o n  can e a s i l y  be ob ta i ned  numer i ca l l y ,  because t h e  d i f -  

f e r e n c e  e q u a t i o n s  a r e  a s y m p t o t i c a l l y  s t a b l e .  Th i rd ,  a lmost  any 

s t o c h a s t i c  op t ima l  f o rmu la t i on  o f  r e a l - t i m e  management problems 

o f  such r e s e r v o i r s  can be t ransformed i n t o  an  e q u i v a l e n t  d e t e r -  

m i n i s t i c  f o rmu la t i on  which c a l l s  f o r  t h e  p e r i o d i c  op t ima l  con- 

t r o l  t h e o r y .  Four th ,  t h e  mean and va r i ance  of  t h e  s t o r a g e  of  

t h e  r e s e r v o i r  can  be  g i ven  ve ry  s imp le  lower and upper bounds 

which can be i n t e r p r e t e d  a s  mean and v a r i a n c e  o f  two t i m e -  

i n v a r i a n t  l i n e a r  r e s e r v o i r s .  F i n a l l y ,  a  s imp le  s e n s i t i v i t y  

a n a l y s i s  shows t h a t  r e d u c t i o n s  o f  mean and v a r i a n c e  of  t h e  

s t o r a g e  i n  any p e r i o d  o f  t h e  year  can  be ach ieved  by s t r e n t h e n i n g  

t h e  o p e r a t i n g  r u l e  i n  t h e  p reced ing  pe r i ods .  P r a c t i t i o n e r s  a r e  

probab ly  aware of  a l l ,  o r  a t  l e a s t  some, o f  t h e s e  f a c t s ,  which 

a r e  anyway s imp le  e x t e n s i o n s  o f  well-known r e s u l t s  o f  t i m e -  

i n v a r i a n t  l i n e a r  s t o c h a s t i c  r e s e r v o i r  t heo ry .  
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