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PREFACE 

Management o f  env i ronmenta l  q u a l i t y  ve ry  o f t e n  has  t o  d e a l  
w i t h  t h e  a n a l y s i s  o f  t r a n s p o r t  and d i f f u s i o n  of  p o l l u t a n t s .  I n  
most c a s e s ,  t h e  p r o c e s s  is  n o n s t a t i o n a r y a n d  i ts  s i m u l a t i o n  re- 
q u i r e s  t h e  numer ica l  s o l u t i o n  o f  t h e  t i m e  dependent  c o n t i n u i t y  
equa t ion .  

The fundamental  problem o f  t h e  e r r o r  i n t r oduced  by t h e  
d i s c r e t i z a t i o n  on a computer o f  t i m e  dependent  p r o c e s s e s  o f  
t r a n s p o r t  and d i f f u s i o n  o f  p o l l u t a n t s  is addressed  i n  t h i s  s t u d y  
w i t h  s p e c i f i c  r e f e r e n c e  t o  d i s p e r s i o n  o f  a i r  p o l l u t a n t s  from a n  
e l e v a t e d  sou rce .  

Th i s  work is  p a r t  o f  t h e  a c t i v i t y  o f  t h e  Resources and 
Environment Area (Task 2 Environmental  Q u a l i t y  Con t ro l  and Manage- 
ment) on a p p l i c a t i o n  and e v a l u a t i o n  o f  a i r  p o l l u t i o n  models. It 
was conducted j o i n t l y  w i t h  t h e  IBM I t a l y  S c i e n t i f i c  Cex te r  o f  
Rome and t h e  Max Planck I n s t i t u t  f f l r  Plasmaphysik o f  Garching b e i  
Mflnchen. 





ABSTRACT 

A f i n i t e  d i f f e r e n c e  and a Galerk in  t ype  scheme a r e  compared 
wi th  re fe rence  t o  a very a c c u r a t e  s o l u t i o n  d e s c r i b i n g  t i m e  de- 
pendent advect ion and d i f f u s i o n  o f  a i r  p o l l u t a n t s  from a l i n e  
source i n  an  atmosphere v e r t i c a l l y  s t r a t i f i e d  and l i m i t e d  by an 
i nve rs ion  l a y e r .  

The accu ra te  s o l u t i o n  was achieved by apply ing t h e  f i n i t e  
d i f f e r e n c e  scheme on a very  r e f i n e d  g r i d  w i th  a very smal l  t ime 
s t e p .  Grid s i z e  and t i m e  s t e p  were de f ined  accord ing t o  s t a b i l i t y  
and accuracy c r i t e r i a  d iscussed i n  t h e  t e x t .  

I t  i s  found t h a t  f o r  t h e  problem cons idered,  t h e  two methods 
can be  cons idered equa l l y  accura te .  However, t h e  Galerk in  method 
g i v e s  l a r g e r  a r e a s  o f  small e r r o r s  c l o s e  t o  t h e  source,  Th is  was 
assumed t o  be p a r t l y  due t o  t h e  d i f f e r e n t  way t h e  source t e r m  i s  
taken i n t o  account by t h e  two methods. An improvement of  t h e  
accuracy of t h e  f i n i t e  d i f f e r e n c e  scheme w a s  achieved by approx- 
imat ing,  a t  every  s t e p ,  t h e  c o n t r i b u t i o n  of  t h e  source t e r m  by 
a Gaussian puff  moving and d i f f u s i n g  w i th  v e l o c i t y  and d i f f u s i v i t y  
o f  t h e  source l o c a t i o n ,  i n s t e a d  o f  u t i l i z i n g  a s tepwise  func t i on  
f o r  t h e  numerical approximation of  t h e  6 f unc t i on  r e p r e s e n t i n g  
t h e  source term, 
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AN ANALYSIS OF FINITE DIFFERENCE AND 
GALERKIN TTCHNIQUES APPLIED TO THE 
SIMULATION OF ADVECTION AND DIFFUSION 
OF A I R  POLLUTANTS FROM A LINE SOURCE 

E. Runca, P. M e l l i ,  and F. S a r d e i  

INTRODUCTION 

S i m u l a t i o n  o f  a d v e c t i o n  and d i f f u s i o n  of p o l l u t a n t s  i n  e n v i -  

ronmen ta l  media are r e q u i r e d  f o r  t h e  d e f i n i t i o n  o f  b o t h  p l a n n i n g  

and c o n t r o l  s t r a t e g i e s .  I n  many s i t u a t i o n s ,  t h e  p rob lem is 

t h e d i s p e r s i o n  o f  p o l l u t a n t s  from a p o i n t  s o u r c e  i n  a t u r b u l e n t  

f l ow .  A c l a s s i c a l  m a t h e m a t i c a l  model o f  t h i s  p r o c e s s  i s  p r o v i d e d  

by t h e  c o n t i n u i t y  e q u a t i o n  which,  n e g l e c t i n g  remova l  p r o c e s s e s ,  

t a k e s  t h e  form: 

I n  ( I ) ,  C i s  t h e  mean (ensemble  a v e r a g e )  c o n c e n t r a t i o n  o f  t h e  con- 
- 

s i d e r e d  p o l l u t a n t ,  - U i s  t h e  mean f l o w  v e l o c i t y  v e c t o r ,  R i s  t h e  

t u r b u l e n t  d i f f u s i v i t y  t e n s o r ,  Q i s  t he  e m i s s i o n  r a t e  o f  t h e  p o i n t  

s o u r c e  located a t  ( x S r  y S ,  zS)  and 6(.) i s  D i r a c ' s  f u n c t i o n .  

E q u a t i o n  ( 1 )  i s  b a s e d  o n  t he  mix ing  l e n g t h  o r  g r a d i e n t  t r a n s -  

p o r t  h y p o t h e s i s  (see L e s l i e ,  1 9 7 3 )  which, by a n a l o g y  w i t h  m o l e c u l a r  

d i f f u s i o n ,  assumes t h a t  t h e  t u r b u l e n t  f l u x  can  be e x p r e s s e d  a s  t h e  

-1- 



p r o d u c t  of  an eddy d i f f u s i v i t y  c o e f f i c i e n t  and t h e  g r a d i e n t  of  

t h e  mean c o n c e n t r a t i o n .  The g r a d i e n t  t r a n s f e r  h y p o t h e s i s  i m p l i e s  

t h a t  e q u a t i o n  ( 1 )  c a n  o n l y  r e s o l v e  s p a t i a l  and t e m p o r a l  v a r i a t i o n s  

o f  t h e  c o n c e n t r a t i o n  on  s c a l e s  l a r g e r  t h a n  t h e  r e s p e c t i v e  Lagrang- 

i a n  s c a l e s  of t h e  t u r b u l e n c e .  

Limitations o f  the g r a d i e n t  t r a n s f e r  h y p o t h e s e s  a r e  d i s c u s s z d  

by C o r r s i n  (1974)  , Lamb and S e i n f e l d  ( 1973) , and  o t h e r  r e s e a r c h -  

ers. The p r e s e n t  s t u d y  i s  concerned  w i t h  t h e  prob lem o f  s o l v i n g  

( 1 )  by numer i ca l  methods.  Both a  f i n i t e  d i f f e r e n c e  and a  G a l e r k i n  

scheme have been used  t o  s i m u l a t e  n u m e r i c a l l y  t h e  p r o c e s s e s  de- 

s c r i b e d  by ( 1 ) .  The schemes c o n s i d e r e d  a r e  compared w i t h  r e f e r -  

e n c e  t o  t h e i r  a p p l i c a t i o n  t o  t h e  c l a s s i c a l  two-d imensional  prob- 

, e m  o f  d i s p e r s i o n  o f  a i r  p o l l u t a n t s  from a n  e l e v a t e d  l i n e  s o u r c e  

i n  t h e  a t m o s p h e r i c  boundary l a y e r .  F o r  t h i s  s p e c i f i c  problem, 

t h e  f i n i t e  d i f f e r e n c e  scheme is used  t o  compute a  v e r y  a c c u r a t e  

s o l u t i o n  by s o l v i n g  ( 1 )  on a  h i g h l y  r e f i n e d  g r i d  and u s i n g  a n  

e x t r e m e l y  small i n t e g r a t i o n  t i m e  s t e p .  The f i n i t e  d i f f e r e n c e  and 

t h e  G a l e r k i n  schemes a r e  t h e n  a p p l i e d  t o  s o l v e  t h e  same problem 

on much c o a r s e r  g r i d s  w i t h  l a r g e r  t i m e  s t e p s ;  t h e n  t h e  r e s u l t s  

a r e  compared w i t h  t h e  r e f i n e d  s o l u t i o n .  F i n a l l y ,  a n  improved 

method o f  t r e a t i n g  t h e  s o u r c e  term o f  ( I ) ,  when f i n i t e  d i f f e r e n c e  

schemes a r e  a p p l i e d ,  i s  d i s c u s s e d .  

REFERENCE CASE 

The n u m e r i c a l  schemes i n  t h i s  s t u d y  have been a p p l i e d  t o  a 

problem which c a n  be c o n s i d e r e d  a  m a t h e m a t i c a l  d e s c r i p t i o n  o f  

t h e  d i s p e r s i o n o f  an  i n e r t  a i r  p o l l u t a n t  f rom a  c r o s s w i n d  l i n e  

s o u r c e  o f  i n f i n i t e  e x t e n t  and un i fo rm e m i s s i o n  i n  a n  a tmosphere  

v e r t i c a l l y  l i m i t e d  by an i n v e r s i o n  l a y e r .  For  t h i s  p r o b l e ~ ,  



i f  t h e  x -ax is  i s  t aken  a l ong  t h e  wind v e c t o r  (assumed t o  have 

components on l y  i n  t h e  h o r i z o n t a l  p l a n e ) ,  t h e  y-dependent t e r m s  

o f  ( 1 )  can be e l i m i n a t e d .  Assuming a l s o  t h a t  t h e  a x e s  o f  t h e  

chosen frame o f  r e f e r e n c e  are t h e  p r i n c i p a l  axes  o f  t h e  d i f -  

f u s i v i t y  t e n s o r  and t h a t  ground and i n v e r s i o n  l a y e r s  comple te ly  

r e f l e c t  t h e  d i f f u s i n g  m a t e r i a l ,  t h e  mathemat i ca l  f o rmu la t i on  o f  

t h e  problem can  be  s t a t e d  as: 

where H is t h e  h e i g h t  o f  t h e  i n v e r s i o n  l a y e r .  Equat ion  ( 2 )  i s  

d e r i v e d  from ( 1 )  w i t h  t h e  a d d i t i o n a l  assumpt ions  of  c o n s t a n t  

h o r i z o n t a l  d i f f u s i v i t y  and wind and v e r t i c a l  d i f f u s i v i t y  a s  func- 

t i o n s  o n l y  o f  t h e  v e r t i c a l  c o o r d i n a t e .  I n  f o r m u l a t i n g  t h e  boundary 

v a l u e  problem ( 2 ) - ( 2 c ) ,  t h e  r e g i o n  is cons ide red  u n p o l l u t e d  a t  

t i m e  t = 0 .  

To g e n e r a l i z e  r e s u l t s  g i v e n  by t h e  numer i ca l  s o l u t i o n  t o  

e q u a t i o n  ( 2 )  and r e l a t e d  boundary and i n i t i a l  c o n d i t i o n s  ( 2 a ) -  

( 2 c ) ,  t h e  va 

been e x p r e s s  

r i a b l e s  and paramete rs  

ed r e s p e c t i v e l y  i n  u n i  

Q 
( H )  ' U (H) - H  . U s e o f  

X I  Z ,  t ,  U, K X ,  K Z , C  have 
CI 

L L 

t h e s e  no rma l i z i ng  f a c t o r s  

l e a v e s  e q u a t i o n s  ( 2 ) -  ( 2 c )  f o r m a l l y  unchanged e x c e p t  f o r  t h e  

emiss ion  r a t e  and t h e  i n v e r s i o n  l a y e r  he igh t ,  which are bo th  

normal ized t o  u n i t y .  



An a c c u r a t e  s o l u t i o n  t o  t h e  problem d e s c r i b e d  by ( 2 ) -  ( 2c )  

(w i th  g i ven  wind and d i f f u s i v i t y )  has  been computed by means o f  

t h e  f i n i t e  d i f f e r e n c e  scheme d e s c r i b e d  below. 

F i n i t e  D i f f e rence  Scheme 

The f i n i t e  d i f f e r e n c e  scheme used is based on t h e  method 

o f  f r a c t i o n a l  s t e p s  (see, e.g., Yanenko, 1971 ) . According t o  t h i s  

procedure ,  ( 2 )  i s  s p l i t  i n t o  t h e  f o l l ow ing  sequence o f  one-dimen- 

s i o n a l  equa t i ons  : 

A t  each t i m e  s t e p ,  t h e  above e q u a t i o n s  are so l ved  s e q u e n t i a l l y  

by t a k i n g  as i n i t l a 1  c o n c e n t r a t i o n  t h e  one o b t a i n e d  by s o l v i n g  

t h e  p rev ious  equa t i on .  Each of t h e  above e q u a t i o n s  i s  numer i ca l l y  

i n t e g r a t e d  ove r  t h e  t i m e  s t e p  A t .  The c o n c e n t r a t i o n  f i e l d  o b t a i n e d  

a f t e r  t h e  i n t e g r a t i o n  of (3d)  is  t h e  numer ica l  s o l u t i o n  t o  t h e  

boundary v a l u e  problem ( 2 ) - ( 2 c )  a f t e r  t h e  cons ide red  t i m e  s t e p  

and p rov ides  t h e  i n i t i a l  c o n d i t i o n  t o  ( 3 a )  f o r  t h e  n e x t  t i m e  s t e p .  

I n  p r a c t i c e ,  t h e  p r o c e s s e s  d e s c r i b e d  by ( 3 a ) - ( 3 d )  a r e  cons ide red  

s e p a r a t e  occu r rences  a t  each t i m e  s t e p .  Reduct ion o f  t h e  in -  

t e g r a t i o n  t i m e  s t e p  d e c r e a s e s  t h e  error i n t r oduced  by t h i s  assump- 

t i o n .  



The f r a c t i o n a l  s t e p  procedure  has been e x t e n s i v e l y  a p p l i e d  

t o  a problem s i m i l a r  t o  t h a t  d i scussed  h e r e  ( S h i r  and Sh ieh (1974) ,  

Runca and S a r d e i  ( 1975 ) ,  and Runca e t  a l .  ( 1 9 7 9 ) ) .  A geometr ic  

i n t e r p r e t a t i o n  o f  t h e  procedure  d e s c r i b e d  above f o l l ows .  

The t r a j e c t o r y  o f  t h e  p o l l u t a n t  p a r t i c l e  ( F i g .  1 )  starts 

from a a t  t i m e  nAt and reaches  t h e  g r i d  p o i n t  b ( i , k )  a t  t i m e  

(n  + 1 )A t .  I ts  c o n c e n t r a t i o n  a t  p o i n t  b  can be expressed  as: 

where 0 is t h e  c o n t r i b u t i o n  due to  d i f f u s i o n  p rocesses .  (From 

h e r e  on it is assumed t o  o p e r a t e  over  p o i n t s  of  t h e  i n t e g r a t i o n  

g r i d  which do n o t  i n c l u d e  t h e  s o u r c e  t e r m . )  
* 

By d e f i n i n g  C a s  t h e  va lue  of  t h e  c o n c e n t r a t i o n  f i e l d  t h a t  

**  
would be found a t  t i m e  ( t  + A t )  i f  no d i f f u s i o n  o c c u r s ,  C a s  

t h e  f i e l d  o b t a i n e d  i f  no v e r t i c a l  d i f f u s i o n  o c c u r s ,  and A, 
Dx 

and DZ a s  t h e  f i n i t e  d i f f e r e n c e  e x p l i c i t  o p e r a t o r s  f o r  advec t i on ,  

h o r i z o n t a l ,  and v e r t i c a l  d i f f u s i o n  r e s p e c t i v e l y ,  ( 3 b ) - ( 3 d )  y i e l d  

a t ' p o i n t  b ( i ,  k )  : 

Equat ions ( 5 a ) - ( 5 c )  show t h a t  by v i r t u e  o f  t h e  f r a c t i o n a l  

s t e p  procedure ,  t h e  c o n t r i b u t i o n  0 g i ven  by t h e  d i f f u s i o n  p rocesses  

i s  eva lua ted  w i t h  r e s p e c t  t o  p o i n t  a,  which be longs  t o  t h e  t r a -  

j e c t o r y  o f  t h e  p o l l u t a n t  p a r t i c l e .  A s  po in ted  o u t  by S a r d e i  and 

Runca (1975) ,  t h i s  would n o t  have occu r red  i f  ( 2 )  had n o t  been 



F i g u r e  1 .  Geometric d e s c r i p t i o n  o f  t h e  f i n i t e  d i f f e r e n c e  scheme. 
a b  is t h e  t r a j e c t o r y  o f  t h e  p o l l u t a n t  p a r t i c l e  a t  
l e v e l  zk. 



d i v i d e d  i n t o  ( 3 a ) - ( 3 d ) .  T h i s  p r o p e r t y  o f  t h e  f r a c t i o n a l  s t e p  

p r o c e d u r e  ( t h a t  o f  e v a l u a t i n g  t h e  d i f f u s i o n  c o n t r i b u t i o n  O on  

p o i n t s  b e l o n g i n g  t o  t h e  t r a j e c t o r y  o f  t h e  p o l l u t a n t  p a r t i c l e ,  

t h u s  r e t a i n i n g  t h e  Lag rang ian  a s p e c t  o f  t h e  p r o c e s s e s  d e s c r i b e d  

by ( 1 ) )  i s  b e t t e r  e x p r e s s e d  i f  t h e  Crank-Nico lson scheme i s  

adop ted  f o r  t h e  a p p r o x i m a t i o n  o f  t h e  d i f f u s i o n  terms. I n  t h i s  

c a s e ,  ( 5 a )  - ( 5 c )  c a n  b e  combined t o  p roduce  t h e  e q u a t i o n :  

* - * - n Ca = Cb = AICik lhas  been used  t o  p o i n t  o u t  b e t t e r  a t  which l o c a -  

t i o n  o f  t h e  p o l l u t a n t  t r a j e c t o r y  t h e  n u m e r i c a l  scheme o p e r a t e s .  

N o t e  t h a t  t h e  terms D D [.I c a n  b e  i n t e r p r e t e d  as r e p r e s e n t a t i v e  
X z 

o f  t h e  i n t e r a c t i o n  between t h e  h o r i z o n t a l  and  t h e  ver t i ca l  d i f -  

f u s i o n s .  

Equa t i on  ( 6 )  i s  implemented i n  t h i s  s t u d y .  I n  o r d e r  t o  

program t h e  scheme e l u c i d a t e d  above,  t h e  o p e r a t o r s  U, Dx,  and DZ 

must  b e  d e f i n e d .  

Much a t t e n t i o n w a s  p a i d  t o  t h e  deve lopment  o f  a n u m e r i c a l  

scheme which c a n  a v o i d  t h e  a m p l i t u d e  and  p h a s e  e r r o r s  f rom t h e  

a p p r o x i m a t i o n  o f  t h e  a d v e c t i v e  t e r m s  o f  ( 1 )  ( e q u a t i o n  ( 3 b )  i n  

t h e  case c o n s i d e r e d  h e r e ) .  A summary o f  t h e  p roposed methods 

c a n  be  found i n  Berkowicz and Prahnl ( 1 9 7 9 ) .  I n  t h e  p r e s e n t  s t u d y ,  

t h e  c h o i c e  is  made t o  app rox ima te  e q u a t i o n  ( 3 b )  by t h e  Lax-Wendroff 

scheme (R ich tmyer  and Morton ( 1 9 6 7 ) ) .  By c h o o s i n g  t h e  Lax-Wendroff 
* * 

scheme, Ca : Cb i s  t h e  v a l u e  o b t a i n e d  i n  "a" t h r o u g h  p a r a b o l i c  

i n t e r p o l a t i o n  o v e r  t h e  p o i n t s  i - 1 ,  k ,  (i, k ) ,  and  (1 + 1,  k ) .  



The adopted d i f f u s i o n  o p e r a t o r s  were t h e  u s u a l  second-order  

cen te red  d i f f e r e n c e  o p e r a t o r s .  

Under t h e  s t a t e d  c o n d i t i o n s ,  t h e  f r a c t i o n a l  s t e p  procedure  

desc r i bed  by ( 3 a ) -  (3d)  i s  used t o  s o l v e  t h e  boundary v a l u e  prob- 

l e m  ( 2 )  - (2c )  . However, i n  o r d e r  t o  do  t h a t ,  a p p r o p r i a t e  boundary 

c o n d i t i o n s  must be chosen f o r  t h e  s i n g l e  s t e p s  ( 3 b ) - ( 3 d )  and s t e p  

(3a )  must be numer i ca l l y  approximated.  

I n  t h e  problem d e a l t  w i t h ,  t h e  boundary c o n d i t i o n s  f o r  

(3b)  - (3d)  a r e  e a s i l y  de te rm ined .  For  (3d )  , t h e  boundary cond i -  

t i o n s  a r e  g i ven  by ( 2 a ) ,  wh i l e  f o r  (3b)  - ( 3 c )  , t h e  e x t e n t  o f  t h e  

i n t e g r a t i o n  g r i d  is assumed t o  be such  t h a t  t h e  c o n c e n t r a t i o n  

can be cons ide red  e q u a l  t o  zero bo th  a t  t h e  downwind and a t  t h e  

upwind l a t e r a l  boundar ies .  

The numer ica l  approx imat ion  o f  ( 3a )  i s  o b t a i n e d ,  a s  u s u a l ,  

by add ing  a c o n t r i b u t i o n  a t  each t i m e  s t e p  t o  t h e  p o i n t s  c l o s e  

t o  t h e  sou rce  l o c a t i o n  so t h a t  t h e  t o t a l  matter i n  t h e  r e g i o n  in -  

c r e a s e s  by Q A t  ( A t  i n  normal ized u n i t s ) .  Th i s  method i n t r o d u c e s  

l a r g e  errors close t o  t h e  source .  An improved way o f  t r e a t i n g  

t h e  sou rce  te rm i s  t h e r e f o r e  shown la ter .  

The scheme d e s c r i b e d  above is used i n  o r d e r  t o  compute an 

a c c u r a t e  s o l u t i o n  t o  t h e  boundary va lue  problem ( 2 ) - ( 2 c )  f o r  

r e a l i s t i c  wind and d i f f u s i v i t y  p r o f i l e s  ( exp la i ned  i n  t h e  s e c t i o n  

"Ref ined s o l u t i o n " )  . 

Accuracy Cond i t i ons  

Here, accuracy  c o n d i t i o n s  t o  be m e t  i n  app l y i ng  t h e  d i s c u s s e d  

f i n i t e  d i f f e r e n c e  scheme a r e  rev iewed.  The a p p l i c a t i o n  o f  Von 

Neuman's s t a b i l i t y  a n a l y s i s  t o  t h e  above f r a c t i o n a l  s t e p  procedure  

shows t h a t  t h e  a m p l i f i c a t i o n  f a c t o r  o f  a F o u r i e r  c o n c e n t r a t i o n  



component i s  t h e  p r o d u c t o f t h e  a m p l i f i c a t i o n  f a c t o r s  o f  t h e  s i n g l e  

s t e p s  (Roache ( 1  972)  ) . The s t a b i l i t y  c o n d i t i o n  r e q u i r e d  by t h e  

scheme is ,  t h e r e f o r e ,  o n l y  t h e  Courant  c o n d i t i o n .  

T h i s  s t e m s  from t h e  u s e  o f  Lax-Wendroff 's  scheme f o r  t h e  a d v e c t i o n  

s t e p .  

:do c o n d i t i o n s  a r e  i n t r o d u c e d  by t h e  d i f f u s i o n  s t e p s  s i n c e  

Crank - i i i co l son ' s  scheme i s  u n c o n d i t i o n a l l y  s t a b l e .  However, i n  

o r d e r  t o  a v o i d  n e g a t i v e  a m p l i f i c a t i o n  f a c t o r s  o f  t h e  h i g h - o r d e r  

F o u r i e r  components i n  t h e  d e r i v a t i o n  o f  t h e  a c c u r a t e  numer i ca l  

s o l u t i o n ,  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  a l s o  r e q u i r e d :  

Another  c o n d i t i o n  i s  a l s o  imposed on  t h e  g r i d  geometry  and 

t i m e  s t e p s  t o  g u a r a n t e e  t h e  d e r i v a t i o n  o f  a n  a c c u r a t e  numer i ca l  

s o l u t i o n .  I n  o r d e r  t o  i l l u s t r a t e  t h i s  c o n d i t i o n ,  l e t  u s  c o n s i d e r  

t h e  one-d imens iona l  e q u a t i o n :  



App l i ca t i on  of t h e  Lax-Weridroff and Crank-Nicolson schemes t o  

t h i s  equat . ion qive :  

where 

and 

The above equa t i on  can be rea r ranged  a s  f o l l ows :  

t h a t  i s ,  as a l i n e a r  combinat ion o f  an  upwind d i f f e r e n c e  scheme 

and a Crank-Nicolson t y p e  o f  scheme i n  which t h e  c o e f f i c i e n t  o f  t h e  

second o r d e r  c e n t e r e d  d i f f e r e n c e  a t  t ime  nAt is  a l t e r e d  by t h e  

a a 
2 

f a c t o r  - - + - 2 2 On p u r e l y  p h y s i c a l  grounds,  it seems r easonab le  



t o  impose: 

i n  o r d e r  t o  a v o i d  s i m u l a t i o n  o f  d i s p e r s i o n  p r o c e s s e s  h a v i n g  nega- 

t i v e  d i f f u s i o n  c o e f f i c i e n t s .  C o n d i t i o n  ( l o ) ,  d e r i v e d  by r e d u c i n g  

Lax-Wendrof f 's  scheme t o  t h e  c l a s s i c a l  upwind d i f f e r e n c e  scheme, 

. c o u l d  a l s o  be  o b t a i n e d  by von Neumann's a n a l y s i s .  By r e d u c i n g  

Lax-Wendrof f 's  scheme t o  t h e  upwind scheme i n  ( 6 ) ,  t h e  c o e f f i c i e n t  

o f  t h e  c e n t e r e d  d i f f e r e n c e  a t  t i m e  nAt i s  a l t e r e d  a s  above ,  and 

c o n d i t i o n  ( 1 0 )  i s  t h e r e b y  c o n s i d e r e d  i n  t h e  d e f i n i t i o n  o f  t h e  

g r i d  geometry  and  t h e  t i m e  i n t e g r a t i o n  s t e p  a d o p t e d  f o r  t h e  com- 

p u t a t i o n  o f  t h e  a c c u r a t e  s o l u t i o n .  

Re f i ned  S o l u t i o n  

The boundary  v a l u e  p rob lem ( 2 )  - ( 2 c )  i s  s o l v e d  w i t h  t h e  above 

d e f i n e d  scheme f o r  ( i n  n o r m a l i z e d  u n i t s )  : 

-2 o v e r  t h e  r e g i o n  0  < x i 2.4 ' 10 and 0  < Z < 1 .  

The chosen  v e r t i c a l  eddy d i f f u s i v i t y  i s  t h e  same a s  t h a t  

adop ted  by S h i r  and  S h i e h  ( 1 9 7 4 ) ;  it c a n  be  c o n s i d e r e d  r e p r e s e n -  

t a t i v e  o f  d i f f u s i o n  i n  a n e u t r a l  a tmosphere  ( S h i r  ( 1 9 7 3 ) ,  Wyngard 

e t  a l .  ( 1 9 7 4 ) ,  Rob ins  ( 1 9 7 8 ) ) .  

The i n t e g r a t i o n  r e g i o n  h a s  been d e s c r i b e d  by 481 p o i n t s  i n  

t h e  h o r i z o n t a l  a x i s  end 97 i n  t h e  v e r t i c a l  a x i s ,  c o r r e s p o n d i n g  

t o  A X  = 0.00005 and Az z 0.0104 r e s p e c t i v e l y .  Us ing  A t  = 0.0000125, 



t h e  fo l low ing  v a l u e s  a r e  ob ta ined  f o r  c o n d i t i o n s  ( 7 )  - ( 1  0 )  . 

K z  a t  
max 

'7 r 0 . 5 8  

K ~ A  t U A  t ua t 
- ~ - > [ ~ ( 1 - ~ ) ]  = 0 . 1 8 7 5  

max 

Of c o n d i t i o n s  ( 7 ) - ( l o ) ,  on l y  t h e  c o n d i t i o n  on t h e  v e r t i c a l  

d i f f u s i o n  i s  v i o l a t e d  i n  a  sma l l  r eg ion  around t h e  maximum of  

2-  

With t h e  above parameters  and g r i d  geometry,  t h e  i n t e g r a t i o n  

i s  c a r r i e d  o u t  f o r  3072  t i m e  s t e p s  f o r  two d i f f e r e n t  source  h e i g h t s  

equa l  t o  0 . 2 5  and 0 . 5  r e s p e c t i v e l y .  I n  both  c a s e s ,  t h e  sou rce  

-4 is l o c a t e d  a t  x s =  3 8  - 1 0  . 
A s  mentioned above,  t h e  boundary c o n d i t i o n s  a t  bo th  t h e  up- 

wind and downwind l a t e r a l  extremes o f  t h e  reg ion  assume t h a t  t h e  

c o n c e n t r a t i o n  is zero. To avo id  t h e  i n f l u e n c e  o f  errors i n t r o -  

duced by t h i s  approx imat ion,  t h e  r e s u l t s  d i s c u s s e d  l a t e r  r e f e r  

t o  t h e  subdomain R o f  t h e  i n t e g r a t i o n  r e g i o n  d e f i n e d  by: 



COMPARISON WIT11 REFINED SOLUTION 

The boundary v a l u e  pl.oblem ( 2 )  - ( 2 r )  i s  s o l v e d  o v e r  t h e  s a n e  

r e g i o n  w i t h  t h e  same p a r a m e t e r s  a s  s p e c i f i e d  i n  t h e  s e c t i o n  

"Ref ined  S o l u t i o n " ,  b u t  on  c o a r s e r  g r i d s  w i t h  l a r g e r  t i m e  s t e p s .  

The same f i n i t e  d i f f e r e n c e  scheme d e l i n e a t e d  above and a  G a l e r k i n  

t y p e  o f  scheme a r e  u s e d .  The G a l e r k i n  scheme i s  i n t r o d u c e d  pri .-  

m a r i l y  b e c a u s e  o f  t h e  e a s e  o f  a p p l i c a t i o n  when t r e a t i n g  complex 

g e o m e t r i e s  o f  t h e  b o u n d a r i e s .  

G a l e r k i n  Scheme 

The G a l e r k i n  scheme employed i n  t h i s  s t u d y  is  programmed 

on t h e  same g r i d  geomet ry  used f o r  t h e  f i n i t e  d i f f e r e n c e  scheme. 

A G a l e r k i n  scheme s i m i l a r  t o  t h e  one  d i s c u s s e d  h e r e  h a s  been 

a p p l i e d  by  M e l l i  ( 1 9 7 6 ) .  

The e l e m e n t s  o f  t h e  r e c t a n g u l a r  g r i d  r e p r e s e n t i n g  t h e  r e g i o n  

s p e c i f i e d  i n  " R e c t a n g u l a r  S o l u t i o n "  a r e  d i v i d e d  i n t o  t r i a n g l e s  by 

means o f  d i a g o n a l s .  On t h e  t r i a n g u l a r  e l e m e n t s  t h u s  o b t a i n e d  t h e  

s e t  o f  pyramida l  f u n c t i o n s  @ i s  d e f i n e d .  The c o n c e n t r a t i o n  i s  

e x p r e s s e d  a s  a l i n e a r  comb ina t i on  o f  t h i s  s e t  of f u n c t i o n s :  

where N i s  t h e  t o t a l  number o f  g r i d  p o i n t s  used  and C is  t h e  
j 

v a l u e  o f  t h e  c o n c e n t r a t i o n  i n  t h e  g r i d  p o i n t s .  



By a p p l y i n g  t n e  G a l e r k i n  p r i n c i p l e  ( M i t c h e l l  and Wai t  ( 1 9 7 7 ) ) ,  

t h e  f o l l o w i n g  sys tem o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  i s  o b t a i n e d :  

where R i s  t h e  r e g i o n  o f  i n t e g r a t i o n ,  r i s  i t s  boundary ,  s i s  

t h e  c u r v i l i n e a r  c o o r d i n a t e  a l o n g  r and - n  i s  t h e  inward  u n i t  

v e c t o r  normal  t o  T. I t  must  be  n o t e d  t h a t  boundary  c o n d i t i o n s  

( 2 a )  have  a l r e a d y  been used  i n  d e r i v i n g  e q u a t i o n  ( 1 2 ) ,  l e a d i n g  

t o  c a n c e l l a t i o n  o f  i n t e g r a l s  a l o n g  r c o n t a i n i n g  v e r t i c a l  d i f f u s i o n  

terms. As f a r  as t h e  i n t e g r a l s  

are conce rned ,  t h e y  a r e  computed i n  a c c o r d a n c e  w i t h  t h e  assumpt ion  

t h a t  c o n c e n t r a t i o n  v a n i s h e s  on l a t e r a l  b o u n d a r i e s  ( t h e  same a s -  

sumpt ion  a s  used  f o r  t h e  f i n i t e  d i f f e r e n c e  scheme) .  

D i s c r e t i z a t i o n  o f  t h e  t i m e  d e r i v a t i v e  by means o f  t h e  Crank- 

N ico l son  scheme l e a d s  t o  a  s y s t e m  o f  l i n e a r  a l g e b r a i c  e q u a t i o n s  

which is solved by means o f  t h e  S e i d e l  i t e r a t i v e  t e c h n i q u e  

(F robe rg ,  (1966)  ) . No s t a b i l i t y  c o n d i t i o n  is r e q u i r e d  by t h i s  

scheme. 



R e s u  1 ts 

I n  t h i s  s e c t i o n ,  t h e  s o l u t . i o n s  computed by t h e  G a l e r k i n  

and t h e  f i n i t e  d i f f e r e n c e  schemes on  c o a r s e r  g r i d s  w i t h  l a r g e r  

t i m e  s t e p s  a r e  compared w i t h  t h e  o n e  d i s c u s s e d  i n  t h e  s e c t i o n  

"Re f i ned  S o l u t i o n " .  T h i s  compar ison  i s  c a r r i e d  o u t  i n  terms of 

root -mean-square d e v i a t i o n s  o f  t h e  s o l u t i o n s  g i v e n  by t h e  t w o  

schemes f rom t h e  r e f i n e d  s o l u t i o n .  S p e c i f i c a l l y ,  t h e  f o l l o w i n g  

n o r m a l i z e d  v a l u e  o f  t h e  root -mean-square o f  t h e  d e v i a t i o n s  i s  

used:  

( x , z , t )  dxdz 

where A i s  t h e  a r e a  o f  t h e  c o n s i d e r e d  subdomain o f  t h e  i n t e g r a t ~ o n  

r e g i o n .  Note t h a t  t h e  roo t -nean-square  o f  t h e  d e v i a t i o n s  i s  nor -  

m a l i z e d , a t  a  g ive i l  t i m e , t o  t h e  mean c o n c e n t r a t i o n  o f  t h e  r e f i n e d  

s o l u t i o n , i n  o r d e r  t o  o b t a i n  e r r o r  e s t i m a t e s  a c c o u n t i n g  f o r  t h e  in -  

c r e a s i n g  q u a n t i t y  o f  t h e  t o t a l  e m i t t e d  p o l l u t a n t  i n  t h e  r e g i o n  

c o n s i d e r e d .  

The same r e g i o n  o v e r  which t h e  r e f i n e d  s o l u t i o n  i s  ccrn;xted 

is  d e s c r i b e d  s u c c e s s i v e l y  by 61 x 13 p o i n t s  and 31 x 7 p o i n t s .  

Namely, t h e  i n t e g r a t i o n  is  per fo rmed w i t h  g r i d  s p a c i n g  r e s p e c -  

t i v e l y  8 and 16 t i m e s  l a r g e r  t h a n  t h e  o n e  used  i n  t h e  r e f i n e d  

s o l u t i o n .  The t i m e  s t e p s  a r e  made a s  l a r g e  a s  p o s s i b l e  w i t h o u t  

v i o l a t i n g  t h e  Couran t  c o n d i t i o n ,  which i n  t h e  n o r m a l i z e d  sys tem 

used ,  i m p l i e s  G t  - < Ax. Thus,  t h e  t i m e  s t e p s  a r e  r e s p e c t i v e l y  

32 and 64 t i m e s  l a r g e r  t h a n  t h e  o n e  used f o r  t h e  r e f i n e d  s o l u t i o n .  



Cons ider ing  o n l y  t h e  subdomain R a s  d e f i n e d  i n  "Ref ined S o l u t i o n "  

(which co r responds  t o  49 x  13 and 25 x 7 p o i n t s ,  r e s p e c t i v e l y ) ,  

F i gu re  2  d e p i c t s  t h e  normal ized root-mean-square o f  t h e  dev ia-  

t i o n s  d e f i n e d  by equa t i on  (13)  f o r  t h e  sou rce  l o c a t e d  a t  zs = 0.5. 

F i gu re  2  is c o n s t r u c t e d  by e x t r a c t i n g  t h e  m a t r i c e s  c o r r e s -  

ponding t o  (25 x 7 )  p o i n t s  from bo th  t h e  r e f i n e d  s o l u t i o n  and 

t h e  one ob ta i ned  w i t h  61 x 13 p o i n t s .  I t  shows t h e  behav io r  w i t h  

i n c r e a s i n g  t i m e  o f  t h e  normal ized root-mean-square o f  t h e  dev ia-  

t i o n s  computed on (25 x 7 )  p o i n t s  f o r  bo th  t h e  f i n i t e  d i f f e r e n c e  

( s o l i d  l i n e s  ) and t h e  Ga le r k i n  schemes (dashed l i n e s ) .  

The Ga le rk in  scheme r e s u l t s  are s l i g h t l y  b e t t e r  t han  t h e  

ones  g iven  by t h e  f i n i t e  d i f f e r e n c e  method. However, i f  t h e  

source h e i g h t  is changed t o  z  = 0.25, t h e  t w o  schemes g i v e  approx- 
S 

ima te ly  t h e  same r e s u l t ,  a s  shown i n  F igu re  3 ,  which a l s o  i n d i c a t e s  

a r e v e r s e  s i t u a t i o n  w i t h  r e s p e c t  t o  F igu re  2 ,  i . e . ,  t h e  Ga le rk in  

method i s  n o t  q u i t e  a s  good a s  t h e  f i n i t e  d i f f e r e n c e  method. 

Both F igu res  2  and 3  show t h a t  d e c r e a s e s  w i t h  t i m e ,  

which i n d i c a t e s  a  d e c r e a s i n g  l e v e l  o f  errors i n  t h e  downwind 

d i r e c t i o n .  Th i s  is n o t  s u r p r i s i n g ,  s i n c e  t h e  g r a d i e n t s  o f  t h e  

c o n c e n t r a t i o n  become s m a l l e r  a s  t h e  p o l l u t a n t  f r o n t  moves away 

from t h e  source .  The s i t u a t i o n  i s  c l e a r l y  d e p i c t e d  i n  F igu re  4 ,  

which d i s p l a y s  t h e  i s o l i n e s  o f  t h e  p e r c e n t  e r r o r  

E = J C  - C I X 100/Cref 
P  r e f  

f o r  t h e  sou rce  l o c a t e d  a t  zs = 0.25 and a  g r i d  o f  61 x 13 p o i n t s .  

I n  F igu re  4 ,  t h e  l e f t  s i d e  r e f e r s  to  t h e  Ga le r k i n  scheme and t h e  

r i g h t  s i d e  t o  t h e  f i n i t e  d i f f e r e n c e .  Note t h a t  i n  accordance 

w i t h  t h e  above, o n l y  t h e  subdomain o f  (48 x 13) p o i n t s  i s  u t i l i z e d .  



Time (X 10-9 

F igure  2 .  T h e  e v o l u t i o n  o f  <,e,, f o r  t h e  f i n i t e  d i f f e r e n c e  
and t h e  S a l e r k i n  scheme f o r  g r i d s  o f  (31 x 7) p o i n t s  
and (61 x 13) p o i n t s .  I n  b o t h  c a s e s ,  t h e  t i m e  s t e p  
was taken  equa l  t o  Ax. Source h e i g h t  = 0 . 5 .  



E mean 

2 

360 
Time ( X  1 o - ~ )  

F i g u r e  3 .  A s  for F i g u r e  2, except that zs = 0.25. 





The i s o l i n e s  o f  F i g u r e  U i n d i c a t e  t h a t  t h e  a r e a  a£ s m a l l  

e r r o r s  increases w i t h  j .ncreasj .ng s imu1at io : l  t i m e .  The C a l e r k i n  

method shows a r e a s  o f  s m a l l  e r r o r s  w i d e r  t h a n  t h e  o n e s  g i v e n  by 

t h e  f i n i t e  d i f f e r e n c e  scheme. However, it a l s o  p r e s e n t s  w i d e r  

areas o f  l a r g e r  errors close t o  t h e  b o u n d a r i e s  o f  t h e  i n t e g r a t i o n  

r e g i o n .  T h i s  e x p l a i n s  t h e  r e s u l t s  o f  F i g u r e  3  and t h e  r e v e r s e  

s i t u a t i o n  w i t h  r e s p e c t  t o  F i g u r e  2. Reducing t h e  s o u r c e  h e i g h t  

i n c r e a s e s  t h e  error i nduced  by t h e  b o u n d a r i e s  o f  t h e  r e g i o n  i n  t h e  

G a l e r k i n  method. 

The r e s u l t s  o f  F i g u r e s  2 ,  3, and 4 show t h a t  a r e a s o n a b l e  

app rox ima t ion  o f  t h e  s o l u t i o n  o f  t h e  boundary v a l u e  problem ( 2 ) -  

( 2 c )  c a n  b e  a c h i e v e d  w i t h  a  l i m i t e d  number o f  p o i n t s  and a l a r g e  

t i m e  s t e p  for  a s u f f i c i e n t l y  l a r g e  s i m u l a t i o n  t i m e .  I n  o r d e r  t o  

g u a r a n t e e  a s u f f i c i e n t l y  a c c u r a t e  s o l u t i o n  f o r  a s m a l l  s i m u l a t i o n  

t i m e ,  e s p e c i a l i y  a t  p o i n t s  f a r  f rom t h e  s o u r c e ,  t h e  number o f  g r l d  

p o i n t s  must  be  i n c r e a s e d  and t h e  t i m e  s t e p  s h o r t e n e d .  I t  a p p e a r s  

f rom t h e  p r e s e n t e d  r e s u l t s  t h a t  i n  o r d e r  t o  a v o i d  errors n o t  much 

l a r g e r  t h a n  10% a t  ground l e v e l ,  t h e  number o f  g r i d  p o i n t s  s h o u l d  

b e  o f  t h e  o r d e r  o f  (61 x  13 )  and t h e  t i m e  s t e p  chosen a c c o r d i n g l y .  

I n  r e a l i t y ,  t h i s  i s  t h e  l e v e l  o f  d i s c r e t i z a t i o n  used i n  a p p l i c a -  

t i o n s  r e p o r t e d  i n  t h e  l i t e r a t u r e  ( S h i r  and S h i e h  ( 1 9 7 4 ) ,  Runca 

e t  a l .  ( 1 9 7 9 ) ) .  

On t h e  b a s i s  o f  t h e  above r e s u l t s , t h e  G a l e r k i n  method c a n n o t  

b e  c o n s i d e r e d  s u p e r i o r  t o  t h e  f i n i t e  d i f f e r e n c e  scheme. I t  a l s o  

r e q u i r e s  more computer  t i m e  s i n c e  t h e  l i n e a r  sys tem d e r i v e d  from 

e q u a t i o n  (12) must  b e  s o l v e d  a t  e v e r y  t i m e  s t e p .  T h i s  p o i n t  i s  

n o t  q u a n t i f i e d  i n  t h i s  s t u d y .  By o p t i m i z i n g  t h e  s o l u t i o n  o f  t h e  

sys tem,  t h e  geometry  o f  t h e  g r i d ,  and t h e  t i m e  s t e p ,  t h e  computer 

t i m e  r e q u i r e d  by t h e  G a l e r k i n  method c a n  b e  k e p t  a t  an  a c c e p t a b l e  



l e v e l .  Th is  method can be  e s p e c i a l l y  u s e f u l  i n  t h o s e  a p p l i c a t i o n s  

where t h e  boundar ies  have a  complex geometry.  

Ana l ys i s  o f  F i gu re  4 a l s o  i n d i c a t e s  t h a t  t h e  Ga le r k i n  method 

approx imates ,  b e t t e r  t han  t h e  f i n i t e  d i f f e r e n c e  scheme, t h e  con- 

c e n t r a t i o n  f i e l d  i n  t h e  reg ion  c l o s e  t o  t h e  s o u r c e ,  where t h e  

maximum g r a d i e n t s  o f  c o n c e n t r a t i o n  occu r .  Th i s  i s  because t h e  

d i s c o n t i n u i t y  i n t r oduced  by t h e  s o u r c e  term is somewhat smoothed 

by t h e  Ga le r k i n  method through t h e  i n t e g r a t i o n  p rocess  l e a d i n g  

t o  equa t i on  (12). I n  t h e  f i n i t e  d i f f e r e n c e  scheme, t h e  s o u r c e  t e r m  

is t r e a t e d  " e m p i r i c a l l y "  by add ing  a  c o n t r i b u t i o n  t o  t h e  concen- 

t r a t i o n  i n  t h e  p o i n t s  o f  t h e  g r i d  c l o s e  t o  t h e  s o u r c e  i n  such a  

way t h a t  a t  every  t i m e  s t e p ,  t h e  q u a n t i t y  A t  is i n j e c t e d  i n  t h e  

r e g i o n .  Th i s  approach i n t r o d u c e s  l a r g e  e r r o r s  c l o s e  t o  t h e  sou rce  

which, by v i r t u e  o f  t h e  d i f f u s i o n  o p e r a t o r ,  a r e  smoothed o u t  

downwind o f  t h e  sou rce .  The re fo re ,  an improved method o f  t r e a t i n g  

t h e  sou rce  term t o  reduce  t h e  e r r o r s  c l o s e  t o  t h e  sou rce  is d i s -  

cussed  n e x t .  

Source Term Approximation 

Due t o  t h e  l i n e a r i t y  o f  equa t i on  ( I ) ,  t h e  d i f f u s i o n  p rocess  

from a  p o i n t  s o u r c e  can be seen  a t  t i m e  n h t  a s  t h e  r e s u l t  o f  two 

p rocesses .  One i s  t h e  d i f f u s i o n  p rocess  o f  t h e  c o n c e n t r a t i o n  

f i e l d  C ,  t h e  o t h e r  i s  t h e  d i f f u s i o n  p rocess  of  t h e  amount of  pol -  
na t 

Q i t '  d t '  r e l e a s e d  by t h e  sou rce  i n  t h e  t ime in -  

t e r v a l  A t .  



The above c o n s i d e r a t i o n s u g g e s t s  t r e a t i n g  t h e  problem a s  f o l -  

lows. L e t  u s  examins, f o r  t h e  purpose of  simplicity, t he  one- 

d imens iona l  c a s e :  

Then, g i ven  t h e  e q u a t i o n s  

ac act n- 1  n- 1 - = -u - w i t h  C '  a t  ax + K~ 7 = C 
ax 

and 

w i th  

it i s  shown t h a t  

where c ' "  and c"" a r e  t h e  r e s p e c t i v e  s o l u t i o n s  t o  (1 5 )  and ( 1  6)  a t  

t i m e  nAt. The sum of  c'"  + c"" by v i r t u e  o f  (17)  p rov ides  an  ap- 

n  prox imat ion  o f  C . 
N o t  combining (1 5 )  and (16)  may appear  a r t i f i c i a l  a t  t h i s  

p o i n t .  But s e p a r a t i o n  of  t h e s e  e q u a t i o n s  a l l o w s  one t o  s o l v e  

(16 )  by a  method d i f f e r e n t  f rom t h a t  used f o r  (15 )  and f u r t h e r -  

more, e n a b l e s  one t o  exper iment  w i t h  t h e  accuracy  o f  approx imat ion  

n  
t o  C ob ta ined  through i n t e g r a t i n g  (16)  on l y  up t o  a  t i m e  d i f f e r e n t  

by nAt. Th i s  w i l l  be  p resen ted  l a t e r  i n  g r e a t e r  d e t a i l .  



To prove r e l a t i o n  ( 1 7 ) ,  it is convenient  t o  ope ra te  i n  t h e  
* -, 

Four ie r  space . I f  C is t h e  Four ie r  t ransform of  C i n  x ,  r e l a t i o n  

(17) t akes  t h e  form: 

Re la t ion  (18) can now be proved by cons ider ing  t h e  fo l lowing 

Taylor expansions.  

By making use of eq. ( 1 4 - 1 6 ) ,  t h e  t ime d e r i v a t i v e s  of  (19 ) -  

( 2 1 )  can be rep laced by space d e r i v a t i v e s .  Reca l l ing  t h a t  - 9- - aLc 241 = ikC, - = -k C e t c . ,  ( 1 9 ) -  ( 2 1 )  can be w r i t t e n  a s  fo l lows:  ax 2x 
2 

n t '  2 2 2 4 3 + - (-U k + 2UKxk3 + K k )? 'n - l  + O(3 t  ) (19a) 2 X 

* 
I n  t h e  Four ie r  space,  t h e  t ransform of D i rac ' s  func t ion  and a l s o  

I ts d e r i v a t i v e s  a r e  de f ined .  



-n- 1  .-. 
Reca l l i ng  t h a t  = C and ~ " n - 1  = a n m i 4 t 6 ,  t h e  sub t rac -  

t i o n  o f  equa t i on  (21a)  from t h e  sum o f  (19a)  and (20a)  g i v e s :  

S ince  it i s :  

r e l a t i o n  ( 1 8 )  and consequen t l y  (17 )  a r e  proved.  

Equat ions  (22)  and (23)  a l s o  i n d i c a t e  t h a t  

A t  However, expans ion o f  t h e  pu f f  i n  (16)  o f  j u s t  T i m p l i e s  

t h a t  t h e  b a r y c e n t e r  o f  t h e  pu f f  is moved o n l y  hal fway t o  i t s  

r e a l  l o c a t i o n .  Equat ion  (17)  i s  t h e r e f o r e  p r e f e r a b l e  t o  equa t i on  

( '24) .  The numer ica l  tests performed a l s o  prove t h a t  (17 )  l e a d s  

t o  more a c c u r a t e  r e s u l t s  t han  equa t i on  ( 2 4 ) .  

Equat ions  (15 ) -  (16)  and (17)  p rov ide  an a l t e r n a t i v e  way t o  

t r e a t  t h e  sou rce  t e r m  o f  equa t i on  ( 1 ) .  I n  f a c t ,  assuming t h a t  



an approximate s o l u t i o n  t o  equa t i on  (16)  can  be ob ta ined  by r e -  

p l ac ing  wind and d i f f u s i v i t y  w i t h  t h e i r  va lues  a t  t h e  source  lo -  

c a t i o n ,  C V n  can be p u t  i n  t h e  form ( f o r  a  g e n e r a l  t r i - d imens iona l  

s i t u a t i o n )  : 

( X  - U S A t  - 2  
Q n-1/2 A t  

c ~ n  = Xs ) 

8 ( ~ r A t ) ~ / ~  Kx Ky Kz 4K x A t  
S S S  S 

i f  t h e  a d d i t i o n a l  assumpt ion i s  t h a t  t h e  boundar ies  have no e f f e c t  
* 

on t h e  d i s p e r s i o n  o f  t h e  puf f  f o r  t h e  t i m e  i n t e r v a l  A t  . (The 

s u b s c r i p t  s i n  (25)  i n d i c a t e s  v a l u e s  taken  a t  t h e  sou rce  l o c a t i o n  

Equat ion (25)  p rov ides  t h e  c o n t r i b u t i o n s  t o  be added t o  t h e  

g r i d  p o i n t s  a t  every  t i m e  s t e p .  Values g iven  by (25)  must be 

normal ized t o  gua ran tee  t h a t  a t  every  t i m e  s t e p  t h e  amount 

Q ( t l )  d t '  i s  i n j e c t e d  i n t o  t h e  reg ion .  

Resu l t s  from t h e  a p p l i c a t i o n  o f  t h e  above a l g o r i t h m  a r e  shown 

i n  F igu res  5 and 6 ,  which compare t h e  r o o t  mean squa re  o f  t h e  de- 

v i a t i o n s  g i ven  by t h e  f i n i t e  d i f f e r e n c e  scheme a s  a p p l i e d  i n  Fig- 

u r e s  2  and 3 wi th  t h a t  ob ta ined  by t r e a t i n g  t h e  sou rce  t e r m  a s  

i l l u s t r a t e d  above. F igu res  5  and 6  r e f e r  t o  a  g r i d  o f  (31 x 7 )  

p o i n t s  and t o  a  sou rce  l o c a t e d  a t  z = 0.5 and 0.25 r e s p e c t i v e l y .  
S 

The reduc t i on  o f  i s  g r e a t e r  f o r  s h o r t  s i m u l a t i o n  t i m e s  and 

becomes n e g l i g i b l e  f o r  l ong  s i m u l a t i o n  t imes ,  t h u s  con f i rm ing  

t h a t  e r r o r s  i n  t h e  t r ea tmen t  o f . t h e  sou rce  t e r m  a r e  smoothed o u t  -------- 
* 
Equat ion (25)  can e a s i l y  be modi f ied  t o  account  f o r  r e f l e c t i v e  
boundar ies .  
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---- Sourceterm approximated by 
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Finite Difference: 

F igu re  5. Comparison of  cmean g iven  by t h e  f i n i t e  d i f f e r e n c e  
( s o l i d  l i n e )  f o r  a g r i d  o f  (31 x 7 )  p o i n t s  and source  
h e i g h t  = 0.5  (same as i n  F igu re  2 )  w i t h  t h e  Ernean 
achieved by t r e a t i n g  t h e  sou rce  i t e m  as proposed i n  
t h e  t e x t  (broken l i n e )  . 



- Source term approximated by 
a step function 

e mean 

---a Source term approximated by 
a pseudo-analytical solution 
to equation (1  6) (see text) 

Finite Difference: 

Source height = 0.25 

Time ( X  1 o - ~ )  

Figure 6. Same a s  f o r  F igure 5, except t h a t  z s  = 0.25. 



By t h e  d i f f u s i o n  o p e r a t o r  downwind o f  t h e  source .  

The proposed method r a t i o n a l i z e s  t h e  t r e a t m e n t  o f  t h e  sou rce  

term o f  (1 ) . I n  o t h e r  words, it d e s c r i b e s  t h e  mathemat i ca l l y  

c o r r e c t  p rocedure  to  b e  fo l lowed i n  o r d e r  t o  accoun t  f o r  t h e  

sou rce  term i n  a f i n i t e  d i f f e r e n c e  a lgo r i t hm.  The errors i n t r o -  

duced by t h e  approx imat ion  o f  t h e  c o n t r i b u t i o n  g i ven  by t h e  in -  

s t an taneous  puf f  Q n-1'2~t 6 (xs - x )  (see ( 1 6 ) )  can b e  f u r t h e r  

reduced by l ook ing  f o r  a more a c c u r a t e  s o l u t i o n  t h a n  t h e  one  

g iven  by ( 2 5 ) .  However, improvement i n  t h e  accuracy  i s  p r i m a r i l y  

t o  b e  expec ted  c l o s e  t o  t h e  source .  The method c a n  t h e r e f o r e  

s u b s t a n t i a l l y  i n c r e a s e  t h e  accuracy  o f  t h e  s o l u t i o n  i n  m u l t i p l e  

sou rce  s i t u a t i o n s .  

CONCLUSION 

A f i n i t e  d i f f e r e n c e  and a Ga le rk i n  scheme are used i n  o r d e r  

t o  s o l v e  numer i ca l l y  a boundary v a l u e  problem d e s c r i b i n g  advec t i on  

and d i f f u s i o n  o f  a i r p o l l u t a n t s  from a n  e l e v a t e d  l i n e  sou rce  i n  a n  

atmosphere v e r t i c a l l y  l i m i t e d  by a n  i n v e r s i o n  l a y e r .  

Comparison o f  t h e  r e s u l t s  g i ven  by t h e  two schemes w i t h  a n  

a c c u r a t e  s o l u t i o n  i n d i c a t e  t h a t  f o r  bo th  methods t h e  g r i d  spac ing  

and i n t e g r a t i o n  t i m e  s t e p  canno t  exceed t h e  l i m i t s  d i s c u s s e d  i n  

t h e  tex t ,  i n  o r d e r  t o  o b t a i n  a s u f f i c i e n t l y  a c c u r a t e  numer ica l  

s o l u t i o n ,  i.e., i n  o r d e r  t o  avo id  p e r c e n t  e r r o r  much l a r g e r  t h a n  

10% f o r  s i g n i f i c a n t  v a l u e s  o f  t h e  s o l u t i o n .  

The Ga le r k i n  method d e s c r i b e s  b e t t e r  t h a n  t h e  f i n i t e  d i f -  

f e r e n c e  scheme t h e  r e g i o n  close t o  t h e  s o u r c e  f o r  s h o r t  s i m u l a t i o n  

t imes.  However, l a r g e r  d e v i a t i o n s  i n  accuracy  r e s u l t  from t h e  

Ga le r k i n  s o l u t i o n  t han  f rom t h e  f i n i t e  d i f f e r e n c e  scheme a t  p o i n t s  

f a r  from t h e  sou rce ,  p a r t i c u l a r l y  a t  t h e  boundar ies .  The two 



schemes prove equivalent for simulation time approaching the 

steady-state. 

The errors presented by the finite difference scheme in 

points close to the source can be ascribed to the inaccurate 

estimation of the contribution given at every time step by the 

source term. By improving such an estimation deviation of the 

finite difference solution from the accurate one could be re- 

duced. The proposed treatment of the source term by increasing 

the accuracy of the solution close to the source appears relevant 

to multiple source situations. 

Considering that the Galerkin method requires more computer 

time, for cases similar to the one discussed in this study, the 

finite difference scheme is preferable. The Galerkin method, 

however, offers a valid alternative for those situations which 

require a complex grid geometry. 
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