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For severa l  years the a c t i v i t i e s  of the  Regional Development 
Task a t  the I n te rna t iona l  I n s t i t u t e  f o r  Applied Systems Analysis 
(IIASA) have been d i rec ted  towards the  development of a system 
of regional  models, the  elements of which were e laborated ove r .  
t he  per iod 1977-1979. The f i n a l  s tage of the  work, which involves 
the  coordinat ion of these  ind iv idua l ly  developed models, i s  now 
near ing completion. However, before t h i s  system can become f u l l y  
opera t iona l ,  t h ree  major problems have t o  be overcome. They con- 
cern the  modeling approach, l e v e l  of  aggregat ion, and method of 
coordinat ion t o  be used. The l inkage problem is  examined i n  t h i s  
paper. 



LINKAGE OF REGIONAL MODELS 

Murat Alhegov * 
Alexander Umnov 

INTRODUCTION 

Regions-have complex economic s t r u c t u r e s  and, i n  most cases ,  

a s p e c i f i c  set  of  f u t u re  development problems. The number o f  

aggregated s e c t o r s  o f  a reg iona l  economy can inc lude 10 upwards. 

I f  s e c t o r a l  development is  considered i n  mult id imensional  t e r m s ,  

it requ i res  t he  so lu t i on  of  numerous problems. It is,  t he re fo re ,  

impossible t o  descr ibe  a system of models t h a t  embracesal l  pro- 

blems and is  appropr ia te  f o r  a l l  reg ions.  However, i n  genera l  

on ly  a small number of  key s e c t o r s  of t h e  reg iona l  economy i n f l u -  

ence i ts  f u t u r e  development. 

An approach t h a t  seems t o  be s u i t a b l e  f o r  dea l i ng  wi th  a l l  

t ypes  of  reg ions is one t h a t  inc ludes  module-type desc r i p t i ons  

o f  a l l  t h e  more important  s e c t o r s  of a reg iona l  economy. A 

l im i t ed  number of  t hese  modules can then be se lec ted ,  adapted, 

and l i nked  t o  form a system of models t h a t  r e f l e c t s  the  urgent  

development problems o f  the  reg ion under ana l ys i s .  Th is  approach 

imp l ies  t h a t  each module should be s u f f i c i e n t l y  genera l  t o  be 

widely app l i cab le  and y e t  a t  t he  same t i m e  f l e x i b l e  enough f o r  

adapta t ion  t o  t he  s p e c i f i c  problems of d i f f e r e n t  reg ions.  

*Professor Murat Albegov l e d  the  Regional Development Task a t  
IIASA from 1977 t o  1980. H e  is cu r ren t l y  a t  t he  Cent ra l  Economics 
and Mathematics I n s t i t u t e ,  Moscow. 

**In t h i s  paper t he  reg ion is  t r e a t e d  a s  a un i f i ed  t e r r i t o r y ,  
which is  homogeneous wi th respect  t o  economic, s o c i a l ,  environ- 
mental,  and i n s t i t u t i o n a l  problems. 



The advantage of adopt ing t h e  approach descr ibed above 

i s  c lea r :  the  genera l  s e c t o r a l  modules serve a s  a bas i s  f o r  

developing widely app l icab le  models. The model system should 

then be formed only from those modules t h a t  a re  e s s e n t i a l  f o r  

so lv ing  the  problems of t he  given region. 

GENERAL APPROACH 

There a r e  many approaches t o  reg iona l  development modeling. 

One poss ib le  method of  c l ass i f y i ng  these approaches i s  to.  examine 

the'  sequence of ana l ys i s  adopted. External  o r  i n t e r n a l  problems 

a r e  genera l ly  t h e  s t a r t i n g  po in ts  f o r  an i t e r a t i v e  procedure. 

Thereaf ter ,  the  'bottom-up' approach i s  used ( f o r  d e t a i l s ,  see 

Andersson and Phi l ipov 1979, pp. 33-69) . 
This approach is based on t h e  assumption t h a t  t he  marginal 

cos t s  f o r  commodities produced and resources used' a s  we l l  a s  the  

da ta  f o r  determining reg iona l  in-  and out-migration flows (average 

na t iona l  sa la r y ,  dwell ing space per  cap i t a ,  e t c . )  i s  known (Figure 

1 ) .  The s t a r t i n g  po in t  i s  t he  ana lys is  of the  reg iona l  spec ia l i za -  

t i o n  problem. A t  l e v e l  2 ,  i n t r a reg iona l  l oca t ion  problems a r e  

solved, followed by an ana lys is  of  l abor  and f i n a n c i a l  balance 

problems a t  l e v e l  3. F ina l l y ,  a t  l e v e l  4 ,  problems connected with 

environmental q u a l i t y  con t ro l  as  we l l  a s  se t t lements  and se rv ice  

prov is ion a r e  considered. In  t h i s  scheme, coord inat ion between 

l e v e l s  I and I1 and l e v e l s  I11 and I V  i s  e s s e n t i a l l y  t h a t  of  

es t imat ing  fu tu re  reg iona l  economic growth and the  s i z e  of t he  

labor  force.  

A s  can be seen from Figure 1, t he  scheme inc ludes many blocks 

(models) and i s  r a t h e r  complicated t o  compute. However, the  

number of  urgent problems t o  be solved i n  a given region is  

usua l ly  f a i r l y  small. For example, a d iscussion between IIASA 

members and l oca l  decis ion makers f o r  t he  S i l i s t r a  region (Bulgar ia)  

revealed t h a t  t he re  a r e  only s i x  ob jec t i ves  f o r  t h i s  region: 

1. To maximize reg iona l  a g r i c u l t u r a l  production. This 

should involve no t  only the  maximization of  meat and 

gra in  product ion, f o r  which t h e  a rea  is p a r t i c u l a r l y  

we l l  su i t ed ,  b u t  a l s o  t h e  increase of l o c a l  crop pro- 

duct ion (ap r i co t s ,  grapes, and vegetables) . 
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Figure 1 .  T h e  bottom-up approach. 



2 .  To develop an i r r i g a t i o n  system t h a t  w i l l  enable 

l o c a l  ag r i cu l t u re  t o  achieve optimal production 

e f f i c iency  . 
3 .  To develop l o c a l  industry t o  complement l oca l  agr i -  

cu l tu re .  This should include the  developnent of some 

branches of  industry t h a t  have the po ten t i a l  f o r  growth 

i n  the  region and t h a t  would help t o  balance labor  

demand and supply. 

4 .  To maximize the  productive use of labor  resources i n  

l o c a l  agr i cu l tu re ,  thereby r e s t r i c t i n g  rural-urban 

migration. 

5. To develop a system of set t lements and pub l ic  serv ices.  

Above a l l ,  the  e x i s t i n g  stock of r u r a l  dwell ings should 

be f u l l y  u t i l i z e d  and the  road network, the  hea l th  

care  system, e t c .  should be improved. 

6 .  To develop l o c a l  agr i cu l tu re  and industry such t h a t  no 

ser ious environmental problems r e s u l t  and t o  c r e a t e  a 

rec rea t iona l  a rea  i n  t he  region. 

Thus, it is c l e a r  t h a t  f o r  the  S i l i s t r a  region it i s  essen- 

t i a l  t o  coordinate analyses of regional  agr i cu l tu re ,  indust ry ,  

water-supply, se rv ices ,  and migration. It should be remembered 

t h a t  t he  decis ion maker may wish t o  change the  d i s t r i b u t i o n  of 

some resources ( f o r  example, c a p i t a l  investments) i n  the  model 

o r  t o  assess (using the  computer) the  consequences of d i f f e r e n t  

po l i c i es ,  e t c .  

The scheme presented i n  Figure 2 shows the  ind iv idua l  regional  

models t h a t  were l inked t o  fo rn  a system. This scheme allows 

the  gain from i n d u s t r i a l  and ag r i cu l t u ra l  a c t i v i t i e s  t o  be maxi? 

mized a f t e r  d i f f e r e n t  types of resources ( inc luding ex te rna l  

investments) and productive a c t i v i t i e s  have been balanced. Three 

types of resources a r e  included: 

-- c a p i t a l  investments (which a r e  shared between production 

and serv ices;  

-- labor  resources ( f o r  which equi l ibr ium can be achieved 

by regu la t ing the  share of se rv i ces ) ;  
-- water resources, which should s a t i s f y  a g r i c u l t u r a l  and 

i n d u s t r i a l  demands (water consumption i n  the  set t lement  

system is  f i xed ) .  
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Figure 2 .  A s impl i f ied  system of regional models. 
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In t h i s  scheme, although the  ind iv idua l  blocks may be s u f f i -  

c i e n t l y  de ta i l ed  t o  descr ibe r e a l  s e c t o r a l  problems, it is  generally 

necessary t o  choose an appropr iate l e v e l  of  aggregat ion f o r  each 

one i n  order  t o  make the whole system operat iona l .  Both de ta i l ed  

and aggregated sec to ra l  models may be used t o  complement t h i s  

scheme. 

A s  can be seen from Figure 2 ,  it i s  necessary f o r  the  l o c a l  

decis ion maker t o  supply t he  models with in t ra reg iona l  da ta  on 

t he  d i s t r i b u t i o n  of c a p i t a l  investments, labor ,  water resources,  

production pa t te rns ,  e t c .  The d i s t r i b u t i o n  f o r  a given case 

obviously depends on the  na tu ra l  and economic condi t ions i n  t he  

region, but  i n  general  the  region should be div ided i n t o  10-20 

subregions. 

This scheme i s  r e l a t i v e l y  f l e x i b l e  because it permits changes 

t o  be made t o  t h e  resource a l l oca t i on ,  the  add i t ion  of cons t ra in t s ,  

o r  va r i a t i on  of t he  ob jec t ive  funct ion: 

1.  The shares of  t he  product ive and serv ice  sec to rs  may be 

changed by t he  decis ion maker. 

2. The ob jec t ive  funct ion coe f f i c i en t s  may be weighted i n  

accordance with the  decis ion maker's preferences.  

3 .  Constra ints  on resource consumption by c e r t a i n  sec to rs  

could be included. 

4.  The spec i f i ca t i on  of c e r t a i n  goods produced i n  

some sec to rs  can e a s i l y  be introduced ( f o r  example, t o  

a t t a i n  t h e  predetermined production t a r g e t s )  . 
5. The scheme and/or the  coordinat ion procedures could be 

changed t o  correspond t o  t he  s p e c i f i c  s e t  of problems 

of a given region. 

Requirement 5 impl ies t h a t  each module i n  t h e  s e t  represents  a 

general  desc r ip t ion  of  a p a r t i c u l a r  sec to r  of the  reg iona l  economy. 

COMPLETED MODULES 

Work on general ly  app l icab le  descr ip t ions  of  t he  most impor- 

t a n t  sec to rs  of the  reg iona l  economy began i n  1977.  Since t h i s  

work could n o t  be f u l f i l l e d  by IIASA's Regional Development Task 

(RD) alone,  Task members, while cont inuing t h e i r  own a c t i v i t i e s ,  



made an at tempt  t o  f i nd  s u i t a b l e  models completed by o the r  groups a t  

I I S A  o r  ou ts ide  t h e  I n s t i t u t e .  Themain c r i t e r i a  f o r  the  s e l e c t i o n  

was t h a t  t h e  models should be genera l l y  app l i cab le  and supp l ied  

wi th t he  necessary computer sof tware.  

A s  a r e s u l t  t h e  fo l lowing combination of  models was used: 

-- General ized Regional Agr i cu l tu ra l  Model (GRIIM) , elabo- 

r a t e d  i n  RD; 

-- Regional Water-Supply Model, e labora ted  j o i n t l y  i n  

RD and t h e  Resources and Environment Area (IIASA); 
-- Migration Model, e labora ted  j o i n t l y  i n  RD and t h e  

Human Set t lements  and Serv ices Area (IIASA) ; 
-- Model o f  Populat ion Growth, e labora ted  i n  HSS; 

-- General ized I n d u s t r i a l  Model, e labora ted  i n  Moscow 

a t  t he  Cen t ra l  Economics and Mathematics I n s t i t u t e  

(CEMI) . 
Although only these  f i v e  models were inc luded i n  t h e  system o f  

reg iona l  models, it is  poss ib le  t o  add o t h e r s  a s  requi red.  

General ized Regional Agr i cu l tu ra l  Model 

The General ized Regional Agr i cu l tu ra l  Model (GRAM) has a l ready  

been presented i n  d e t a i l  i n  Albegov ( 1979)  , t he re fo re  only i ts  main 

f ea tu res  a r e  d iscussed below. 

GRAM was o r i g i n a l l y  developed f o r  i n t r a r e g i o n a l  a g r i c u l t u r a l  

problem ana l ys i s  i n  R D ' s  S i l i s t r a  and Notec case s tud ies .  I t  i s  a 

genera l  model and is n o t  intended t o  rep lace  spec ia l i zed  a g r i c u l t u r a l  

models designed t o  so lve  s p e c i f i c  problems. Rather it should be 

t r e a t e d  a s  a t o o l  f o r  examining genera l  a g r i c u l t u r a l  problems i n  

t he  framework of  comprehensive reg iona l  ana lys i s .  The cha rac te r  

o f  t h i s  model is revealed i n  t h e  va r i ab l es  it con ta ins ,  a s  given 

below: 

'iprl = volume of  crop i purchased f o r  animal feed on 

market 1 by proper ty  p i n  subregion r;. 

Qiprl = volume of  crop i purchased f o r  human consumption 

on market 1 by proper ty  p i n  subregion r; 

Q m p r l  = volume of  l i ves tock  product m purchased f o r  

human consumption on market 1 by proper ty  p 

i n  subregion r;  



R i p r l  
= volume of  crop i so ld  on market 1 by proper ty  

- 
p i n  subregion r; 

R m p r l  = volume of  l i ves tock  product m so ld  on market 

1 by proper ty  p  i n  subregion r; 

'ipr = human consumption of crop i on proper ty  p  i n  

subregion r; 

W = human consumption of  l i ves tock  product m on 
mpr 

proper ty  p  i n  subregion r; 

' iprsa = volume of  f i r s t  ha rves t  o f  crop i on proper ty  

p  on l and  a i n  subregion r ,  when technology s 

i s  used; 

' jkprsl = number of l i v e s t o c k j  of s p e c i a l i z a t i o n  k  on 

proper ty  p  i n  subregion r ,  when technology s'  

i s  used; 

'iprscr = volume of  second ha rves t  of  crop i on proper ty  

p  on land a i n  subregion r ,  when technology s 

i s  used; 

'ipr = consumption by l i ves tock  of  crop i on proper ty  

p  i n  subregion r; 

Z = consumption by l i ves tock  of  l i ves tock  product rn 
mpr 

on proper ty  p  i n  subregion r. 

The set of c o n s t r a i n t s  conta ined i n  GRAM r e l a t e s  t o  land-use 

cond i t ions ,  t h e  forage balance,  human consumption, product ion l i m i t s ,  

etc.  (Table 1 )  . Each group of  c o n s t r a i n t s  c o n s i s t s  i n  seve ra l  

i n e q u a l i t i e s ;  t ake ,  f o r  example, land use ( a ,  b ,  c ,  d l  e )  : 

-- c o n s t r a i n t  on a rab le  land f o r  t he  reg ion a s  a  whole; 
-- c o n s t r a i n t  on a rab le  land accord ing t o  types o f  pro- 

pe r t y ;  
-- c o n s t r a i n t  on area of land occupied by p l an t s ;  

-- c o n s t r a i n t  on a rea  of  land t h a t  can be improved by 

i r r i g a t i o n ,  t e r r a c i n g ,  etc. ; 
-- c o n s t r a i n t  on a r e a  o f  pas tu res  and meadows. 

The model can be used t o  analyze the  fo l lowing problems: 

-- reg iona l  a g r i c u l t u r a l  spec ia l i za t i on ;  

-- d i f f e r e n t  types of  product ion (c rop ,  l i ves tock ,  market 

gardening, e t c  . ) i n  d isaggregated f  o m ;  



Table 1 .  L i s t  of c o n s t r a i n t s  inc luded i n  GRAM. 



Notation t o  Table 1.  

maximum amount of labor avai lable i n  the 
whole region; 

maximum amount of labor avai lable on property 
p i n  subregion r; 
t o t a l  (external  and in terna l )  cap i ta l  invest-  

ment avai lable fo r  regional agr icu l tu re ;  

t o t a l  (external  and in terna l )  c a p i t a l  invest- 

ment avai lable f o r  agr icu l tu re  fo r  property 

p i n  subregion r; 
maximum annual water supply avai lable i n  the 
whole region; 

maximum water supply avai lable a t  peak periods 
in the whole region; 

maximum annual water supply avai lable f o r  

property p i n  subregion r; 
maximum water supply avai lable a t  peak periods 

f o r  property p in subregion r; 
maximum amount of ag r i cu l tu ra l  machinery 

avai lable f o r  the whole region; 

consumption of crop i and l ivestock product m, 
respect ively,  i n  the whole region; 

production of crop i on property g in subregion 

r : 
maximum volume of f e r t i l i z e r  f avai lable i n  the  

whole region; 
maximum volume of f e r t i l i z e r  f avai lable f o r  

property p in subregion r; 
maximum volume of. ex terna l  purchases of crop 

i on market 1 f o r  l ivestock i n  the whole region; 

maximum volume of ex terna l  purchases of crop 

i and l ivestock product m, respect ively,  on 

market 1 f o r  human consumption in the whole 

region; 

s a l e  l im i ta t ion  of crop i and l ivestock product 

m, respect ively,  on market 1; 

L = area of land ( s t a t e ,  co l lec t ive ,  o r  pr iva te)  Liprl mpr 
t h a t ,  in accordance with crop ro ta t ion ,  could 

be used f o r  crop 'i and l ivestock product m, 
respect ively,  on property p i n  subregion r; 

= maximum area of arable land on property p i n  

subregion r; 
= area of land a avai lable on property p i n  

subregion r; 
= minimum and maximum area of land a on property 

p i n  subregion r t h a t  can be improved using 

technology s; 

= production of l ivestock j on property p i n  

subregion r; 
= minimum wage leve l  per cap i ta  on property p.  



-- land-use problems, w i th  re fe rence t o  i r r i g a t i o n ,  dra in-  

age, e t c . ;  
-- choice of animal-feed composit ions ( p ro te i n ,  rough and 

green fo rage,  etc. ) ; 
-- choice of  c rop- ro ta t ion  cond i t ions ;  

-- a v a i l a b i l i t y  o f  reg iona l  supp l i es  of l abo r ,  c a p i t a l  

investment,  f e r t i l i z e r s ,  water ,  e t c .  

Spec ia l l y  e labo ra ted  growth opera to rs  he lp  t o  genera te  GRAM'S 

matr ix ,  which inc ludes  hundreds of  i n e q u a l i t i e s .  

Regional I n d u s t r i a l  Model 

The model developed by teams a t  t h e  Cent ra l  I n s t i t u t e  of 

Economics and Mathematics i n  Moscow was used a s  a prototype f o r  

t h e  General ized I n d u s t r i a l  Model (Mednitsky 1 9 7 8 ) .  Descr ip t ions  of 

many resources  and f i n a l  products ,  nonl inear  dependencies of  c o s t s  

on product ion s c a l e ,  t r anspo r t a t i on  of d i f f e r e n t  products ,  e t c .  

may be inc luded i n  t h i s  model. 

To desc r ibe  t h e  main i deas  of  t h e i r  model, which is modif ied 

wi th  r espec t  t o  i n t r a r e g i o n a l  problems, t h e  fo l lowing no ta t i ons  

w e r e  in t roduced: 

i = index of  product ;  

1 = poss ib le  l oca t ion  of  product ion u n i t s  w i th in  t h e  

reg ion under ana lys i s ;  

s = po in t s  where demand is  concentrated (w i th in  t h e  

region and on t h e  boundar ies);  

r = v a r i a n t s  i n  product ion u n i t  capac i ty ;  

E = r a t e  of r e t u rn  on c a p i t a l  investment; 

I1 = set of  t r anspo r t ab l e  commodities; 

I2  = s e t  o f  nont ranspor tab le  commodities; 

0 
'i = f i n a l  demand (wi th in  and ou t s i de  t h e  reg ion)  

f o r  product  i; 

1 
ai = f i xed  demand f o r  t ranspor tab le  commodities i a t  

po in t  1; 



i 
C l r  = u n i t  c o s t  a t  po in t  1 f o r  production of commodity 

i under va r i an t  r; 

i 
Klr = c a p i t a l  investment pe r  u n i t  of  p a r t i c u l a r  commo- 

d i t y  i a t  po in t  1 under va r i an t  r; 

i 
l r  = l o c a l  resources ava i lab le  f o r  producing commodity 

i under va r i an t  r a t  po in t  1; 

i 
Tls = cos t  o f  t ranspor ta t ion  (of p a r t i c u l a r  commodity i) 

from po in t  1 t o  po in t  s; 

Z: 
= consumption of l o c a l  resources i a t  po in t  1; 

A i r  
= matrix of inpu ts  of t ranspor tab le  commodities; 

= matrix of inputs  of  nontransportable commodities; 

i 
" ~ r  = matr ix of  outputs of  co~mod i t i es ;  

i 
'lr = vector  of i n t e n s i t y  of production of commodity i 

under v a r i a n t  r a t  po in t  1; 

u i s  = vector  of  volume of t r anspo r t  of commodity i from 

po in t  1 t o  po in t  s; 

0 
i 
l r  = i n t ege r  va r iab les  t h a t  i nd ica te  whether va r i an t  r 

should be used a t  po in t  1 f o r  producing commodity i. 

The fol lowing cons t ra i n t s  a r e  included i n  t h e  model. Demand 

f o r  t ranspor tab le  resources wi th in o r  ou ts ide  the  region under 

ana lys is  should be s a t i s f i e d :  

Local demand f o r  nontranspor table resources should a l s o  be 

s a t i s f i e d :  

The t ranspor t  volume must correspond t o  the  amount of t rans-  

por tab le  commodities a t  each po in t  of production: 



Fixed demand f o r  t ranspor tab le  commodities and add i t i ona l  

demand from new e n t e r p r i s e s  a t  each po in t  should be s a t i s f i e d :  

Local consumption of nontranspor table resources should be 

conf ined t o  t h e  ava i l ab le  supply: 

Var iable a r e  nonnegative and some a r e  in tegers :  

I t  is poss ib le  t o  modify t h e  ob jec t i ve  funct ion;  the  modifi- 

ca t i on  most f requent ly  used w i l l  be minimization of production 

and t r anspo r ta t i on  cos t s :  

The model ( 1 )  - (7) may be usefu l  i n  seve ra l  cases.  But if 
. . . . . - - - - - . . 

it i s  inconvenient f o r  a p a r t i c u l a r  case,  a spec ia l  model may be 

developed f o r  i nc lus ion  i n  the  model system. 

Water-Supply Model 

The Water-Supply Model was descr ibed i n  d e t a i l  i n  Albegov 

and Chernyatin (1978),  the re fo re  only i ts main c h a r a c t e r i s t i c s  

a r e  presented below. The p r i nc i pa l  assumptions a r e  : 

1. The water requirements, which a r e  d i s t r i b u t e d  over t i m e  

(by seasons) and space, a r e  predetermined by t he  loca- 

t i o n  of  i n d u s t r i a l  and a g r i c u l t u r a l  a c t i v i t i e s .  

2 .  Water resources f o r  the water -d is t r ibu t ion  systems a r e  

unl imited (mainstream water regu la t ion  is  no t  analyzed 

here)  . 



3 .  ~ l l  water users  consume water resources i r r eve rs i b l y .  

4 .  Only within-year water-resource regu la t ion  i s  considered. 

5.  Time delays f o r  water t r a n s i t  a r e  not  taken i n t o  account. 

The main goal  of the  model i s  t o  meet water requirements 

f o r  a given per iod with minimum cos t s .  Water-qual i ty problems 

a r e  not  considered. The equat ions of t h i s  model a r e  der ived 

by applying a mass balance f o r  every node and every rese rvo i r ,  

upper and lower bounds f o r  nodes, r ese rvo i r s ,  pumping s t a t i o n s ,  

and canals  a r e  spec i f i ed .  The ob jec t i ve  funct ion i s  t o  minimize 

the sum of reduced cos t s  f o r  const ruc t ion  and operat ion.  

This model has the  fol lowing advantages: 

1.  Any conf igura t ions  of t he  system can be considered. 

2. Regional space may be represented by a number of sub- 

regions.  

3 .  The model takes i n t o  account seasonal i r r e g u l a r i t i e s  

i n  water consumption. 

4 .  The matr ix  growth opera tor  f a c i l i t a t e s  implementation of 

the  model. 

Pcpulation-Growth and Migration Models 

Because of the  in t ra reg iona l  charac te r  of t he  analysis,  sequen- 

t i a l  labor- force ana lys is  i s  requi red a t  a reg iona l  a s  w e l l  as  a t  a 

subregional  l eve l .  For this reason, the  fol lowing s e t  of ca lcu la-  
t i ons  should be performed, using the  populat ion and migrat ion models: 

-- ca lcu la t ion  of in-  and out-migration f o r  the  region a s  

a whole ; 
-- ca l cu la t i on  of  t h e  f u tu re  populat ion f o r  the  region a s  a 

whole; 
-- ca l cu la t i on  of the  fu tu re  populat ion f o r  the  mult isubre- 

g iona l  system; 
-- ca l cu la t i on  of fu tu re  reg iona l  and subregional  labor .  

The population-growth and migration models, e labora ted i n  

HSS (Willekens and Rogers 1978), a re  r a t h e r  genera l .  Never- 

t he less ,  the  migrat ion model may requ i re  c e r t a i n  modif ica- 

t i ons  depending on the  condi t ions of the  region under ana lys is .  



For example, a f t e r  some inves t iga t ions  (Andersson and Phi l ipov 
1979) it was decided t h a t  t h e  migrat ion model used f o r  the S i l i s t r a  
region i n  Bulgar ia  should take the form 

I - J - - P i j  - exp (vi) +exp ( v j  ) exp(v  -v ) + 1  I 

i j  

where 

j = probab i l i t y  of moves from region i t o  

region j ;  

vi tV j  = u t i l i t i e s  f o r  region i and j, respec t i ve ly .  

The form of t he  funct ion v suggested i s  

where 

*ik = c h a r a c t e r i s t i c s  of region i; 

aik I Bi  = coe f f i c i en t s  t o  be est imated by an 
econometric approach. 

The r e s u l t s  of the  reg iona l  migration model can be plugged 

i n t o  t h e  reg iona l  population-growth model t o  obta in  a fo recas t  of 

the  t o t a l  reg ional  populat ion. The reg iona l  migration r a t e  can 

be changed annual ly,  depending on the  r e s u l t s  of the  migrat ion model 

runs. The age and sex s t r u c t u r e  of migrants can be assumed t o  be 

the same a s  f o r  the  previously observed per iod. 

Taking the  da ta  on regional  populat ion growth as  given, 

i n t ra reg iona l  populat ion growth can be analyzed. The Willekens/ 

Rogers model (1978) can be used f o r  t h i s  purpose: 

where 

{ K t }  = age and subregional  d i s t r i b u t i o n  of the popula- - 
t i o n  a t  time t; 



G - = mul t i reg iona l  ( i n  t h i s  case ,  mu l t i subreg iona l  
mat r i x  growth opera tor  o r  genera l i zed  Les l i e  

mat r i x  ) ; 

t + l  = t i m e  per iod  fo l lowing t (usua l l y  5-year pe r iods  

a r e  analyzed) . 
From t h e  r e s u l t s  f o r  each time per iod  and each subregion,  

t h e  populat ion number and i ts  age s t r u c t u r e  (and i f  necessary,  

i ts  s e x  s t r u c t u r e )  can be obta ined.  

Regional and subreg iona l  populat ion and i t s  age/sex s t r uc -  

t u r e  forms t h e  b a s i s  f o r  assess i ng  t h e  l abo r  fo rce .  Subregional  

l abo r  can e a s i l y  be cazcu la ted  by account ing f o r  the poss i b l e  

changes i n  t he  propor t ion  of  t h e  t o t a l  popu la t ion  c o n s t i t u t e d  by 

t h e  l abo r  fo rce  and should be cons idered as a cons t r a i n t - ' on  

reg iona l  growth. 

MODEL LINKAGE 

The idea  of a model-l inkage procedure w a s  descr ibed i n  Umnov 

(1979) and, t h e r e f o r e ,  i t  w i l l  on ly  b r i e f l y  be d iscussed he re  t o  
aid  the r e a d e r ' s  gene ra l  understanding of  t h e  c a l c u l a t i o n  proce- 

dure and the  p o s s i b i l i t i e s  o f f e red  by the use of  this method. 

The l inkage models a r e  formal ly  descr ibed by two s e t s  of 

numbers. The f i r s t  set, ' v a r i ab l es ,  ' p resen t s  t h e  s t a t e  of  t h e  

s u b j e c t  t o  be modeled. The second set, ' pa rameters , '  g ives  t h e  

e x t e r n a l  cond i t i ons  o f  t h e  sub jec t ,  i .e .  t h e  state o f  i ts 'environ- 

ment. '  Only f in i te-dimensi .ona1 op t im iza t ion  models are consi -  

dered.  It i s  assumed t h a t  t h e r e  i s  a common c r i t e r i o n ,  which is 
expressed by t he  v a r i a b l e s  and parameters,  f o r  a l l  models. The 

a i m  is t o  f i n d  va lues  o f  the va r i ab l es  and parameters t h a t  are 

opt imal  f o r  t he  common ob jec t i ve ,  sub jec t  t o  t h e  models t h a t  a r e  

t o  be used as independent sof tware u n i t s .  

The main i dea  o f  the l inkage procedure may be formulated 

as fo l lows. Since t h e  opt imal  s t a t e  o f  the model ( i n  t h e  sense 

of  i ts  ob jec t i ve )  gene ra l l y  depends on t he  va lues of  its para- 

meters,  it i s  poss i b l e  t o  assume (wi th  some add i t i ona l  cond i t i ons )  

t h a t  t h e r e  e x i s t  parameter va lues  t h a t  w i l l  prov ide a l l  



t he  models wi th t h e  opt imal  s t a t e  f o r  t he  common ob jec t i ve ;  

f o r  example, when t he  common c r i t e r i o n  i s  a convex func t ion  

of  t h e  ob jec t i ves  o f  the  models. 

L e t  us assume t h a t  t he  l i nked  models can be w r i t t e n  i n  

t he  form: 

k  
Minimize wi th  r espec t  t o  xk E E" 

sub jec t  t o  

where 

xk = va r i ab l e  vec tor  of t he  model k: 

v  = l inkage parameter vec tor  (common f o r  a l l  models);  

rnk = number of c o n s t r a i n t s  of model k ;  
* *  

L = number of l inkage parameters. 

k k  
W e  s h a l l  a l s o  assume t h a t  a l l  func t ions  f k  (xk,v)  and Ys (x ,v )  

a r e  def ined and a r e  s u f f i c i e n t l y  t i m e  d i f f e r e n t i a b l e  wi th  r espec t  

t o  a l l  t h e i r  arguments. 

It i s  poss ib le  t h a t  a  set of c o n s t r a i n t s  f o r  components of 

the  l inkage vec tor  v e x i s t s .  Let i t be 

where M i s  t he  number of  c o n s t r a i n t s  t h a t  w e  r e f e r  t o  a s  common 

cons t ra i n t s .  

*The system of  c o n s t r a i n t s  may a l s o  conta in  e q u a l i t i e s ,  bu t  
t h i s  does no t  p resen t  any problems. 

**Vector v  conta ins  only parameters t h a t  a r e  used f o r  l inkage.  



A s  mentioned above, t he  common c r i t e r i o n  must be a convex 

func t ion  o f  the  models' ob jec t i ves .  However, wi thout  l os i ng  t he  

genera l  cha rac te r  of  t he  scheme, w e  can cons ider  t he  common objec- 

t i v e  a s  a l i n e a r  combinati.on of  a l l  t hese  ob jec t i ves ,  which has  

pos i t i ve  weight c o e f f i c i e n t s  i n  t he  form 

where N i s  t h e  number o f  l i nked  models. 

W e  can now formulate t he  mathematical programming problem. 

Minimize wi th  r espec t  t o  a l l  xk and v 

sub jec t  t o  

*k * 
t h e  so l u t i on  of which {x  , v  g ives  us t h e  des i r ab le  va lues of 

t h e  va r i ab l es  and parameters.  

N k  N k  Problem (15) has L + C n va r i ab l es  and M + C m con- 
k= 1 k= 1 

s t r a i n t s .  Thus, i t s  dimensions a r e  s u f f i c i e n t l y  l a r g e  even f o r  

t he  s imp les t  p r a c t i c a l  case.  O u r  aim is  t o  t r y  t o s i m p l i f y  problem 

( 15) a s  f a r  a s  poss ib le ,  us ing t he  so lu t i ons  t o  problems ( 1 1 ) f o r  

the  f i xed  va lues of  the  l inkage parameters. 

Let  t he  dependencies o f  t he  opt imal  xk o f  v be expressed by 

x * ~ ( v )  . Subs t i t u t i ng  them i n t o  (15) , w e  have a new problem. 

Minimize wi th  r espec t  v E E~ (only)  



sub jec t  t o  

k Const ra in ts  Ys ( x * ~  (v )  , v) 2 0 a r e  omi t ted here  because 

xtk (v)  a r e  the  so l u t i ons  of ( 1  1 )  and a l l  c o n s t r a i n t s  of  the  

problems a r e  t o  be s a t i s f i e d  by t h e i r  so l u t i ons .  
* 

A s  Geoffr ion (1970) has shown, v i s  t he  so l u t i on  of  problem 

(18) . I n  o the r  words, the  fo l lowing r e l a t i o n s  a r e  va l i d :  

Thus, w e  can independent ly ob ta in  a l l  opt imal  ( i n  t h e  usual  

sense) po in ts  f o r  models ( 1  1 )  , a s  soon a s  we f i n d  the  so lu t i on  

t o  problem ( 18) . 
Problem (18) i s  t h e  c e n t r a l  cons idera t ion .  The procedure 

f o r  so lv ing  t h i s  problem was prev ious ly  r e f e r r e d  t o  a s  the  

l inkage process.  Therefore,  t h e  method of  so l u t i on  w i l l  de f ine  

t he  content  and volume of in format ional  exchange between t h e  

l inked models. 

Although problem ( 18) has formal ly fewer dimensions than 

(15 ) ,  there a r e  d i f f i c u l t i e s  ( i n  add i t i on  t o  t h e  usua l  problems 

encountered) t h a t  prevent us from us ing s tandard  schemes f o r  

so lu t i on :  

1. I t  i s  impossible t o  f i nd  e x p l i c i t  express ions f o r  - 

x tk (v )  , except  perhaps i n  some cases  of  no p r a c t i c a l  

i n t e r e s t .  

2 .  Functions xtk (v)  a r e  not  def ined f o r  any v s a t i s f y i n g  

(12) , s i nce  problems ( 1  1) can have no f e a s i b l e  so l u t i on  

f o r  some v. 

3 .  Functions x * ~ ( v )  a r e  no t  d i f f e r e n t i a b l e  a t  some po in ts  
L of E . 

I t  i s  necessary t o  emphasize t h a t  a l l  t he  d i f f i c u l t i e s  

r e s u l t  from the  d i s t r i b u t e d  scheme. The s imp les t  way of avoiding 

them i s  t o  merge a l l  models ( 1  1) . However, w e  cons ider  a s i t u a -  

t i o n  i n  which t h i s  i s  unreasonable o r ,  simply, impossible.  There- 

fo re ,  w e  need t o  f i n d  another  approach t o  so lv ing  problem (18 ) .  



There have been at tempts t o  so lve such types of  problems, 

where each of the  d i f f i c u l t i e s  mentioned above was overcome by 

d i f f e r e n t  meL\ods (Geoffr ion 1970, Ermoliev 19 80) . Here another 
approach, which permits us t o  reso lve  a l l  t he  obs tac les  by 

-. 

means of  a s i n g l e  method, w i l l  be considered. 

The approach c o n s i s t s  i n  s u b s t i t u t i n g  i n t o  ( I S ) ,  i n s tead  

of x * ~  (v)  , new funct ions x - ~  (v) , which: 

-- L 
a r e  def ined a t  any v E E ; 

-- a r e  d i f f e r e n t i a b l e  f o r  a l l  v E EL; 

-- have values,  which a r e  c lose  t o  va lues o f  x * ~ ( v )  f o r  

a l l  v ,  where xik(v) e x i s t s .  

-k Ins tead of us ing func t ions  x (v) , w e  can use t he  so lu t i ons  of pro- 

blems ( 1  1 )  , which a r e  found by employing a 'smooth' vers ion  of  the  

Penal ty  Function Method, o r  the  SUMT (see, f o r  example, Fiacco and 

McCormick 1968) .  The method rep laces  problems (11) by an uncon- 

s t ra inedmin imizat ion of the  fol lowing a u x i l i a r y  funct ion:  

where P (T ta )  is  t he  pena l ty  func t ion ,  which s a t i s f i e s  t he  r e l a t i o n  

l i m  0, f o r  a > 0 

T-+O P(T,a) = 
+a, f o r  a < 0 

- 
I n  o the r  words, ~ ( v )  is  a po in t  a t  which funct ion ( 2 1 )  has a 

minimum. 

From t h e  p rope r t i es  of  t he  SUMT, ~ ~ ( v )  a r e  def ined f o r  a l l  

v E ELt  because the  a u x i l i a r y  func t ions  (21) have t h e  minimum both 

f o r  f e a s i b l e  and i n f e a s i b l e  problems ( 1 1 ) . 
For a l l  po in ts ,  where xik (v) e x i s t ,  t h e  fo l lowing e q u a l i t y  

is va l id :  

l i m  -k *k 
T++O x (T,v) = x (v) . 

-k Therefore,  va lues o f  x (v) and xik(v) a r e  c lose .  



The s t a t i o n a r y  cond i t ion  f o r  funct ion ( 2 1 )  i s  

k  -k grad E ( x , v )  = O  . . . k  

k k  k k  I f  a l l  func t ions  f  (x , v  , YS (X , V) , and P (T,a) a r e  s u f f i c i e n t l y  

smooth, it would be poss ib le  t o  apply t he  well-known i m p l i c i t  

f unc t i on ' s  theorem t o  equa t i on  ( 2 4 )  and t o  d iscover  t h a t  ~ ~ ( v )  

i s  d i f f e r e n t i a b l e  f o r  any v  E EL' 

It is a s  d i f f i c u l t  t o  f i n d  t h e  e x p l i c i t  form of  z k ( v )  a s  it 

i s  t o  f i nd  t he  e x p l i c i t  form o f  x l k ( v )  . Hence, w e  use a  numerical 

a lgor i thm t h a t  does no t  requ i re  x * ~ ( v )  t o  be s t a t e d  e x p l i c i t l y ,  

bu t  needs only  some numerical eva lua t ions  (such a s  va lues o f  func- 

t i o n s  and t h e i r  d e r i v a t i v e s ) ,  t o  so lve problem (18 ) .  F i na l l y ,  w e  

ob ta in  a  new problem. 

Minimize w i t h  respec t  t o  v  E E L 

sub jec t  t o  

where $(v )  a r e  t he  so l u t i ons  o f  (24 ) .  

The d i r e c t  so l u t i on  of  the  problem may requ i re  'know-how' 

t o  c a l c u l a t e  va lues of  the  f i r s t  (and perhaps t he  second) de r i -  
-k va t i ves  of  x  ( v ) .  It i s  a  d i f f i c u l t  computat ional problem, bu t  

t he re  i s  a way of  s imp l i f y ing  t h e  procedure s l i g h t l y .  

Let  us r e tu rn  t o  problem ( 15) , which w e  a l s o  so lve by t h e  

same 'smooth' vers ion  of  the  SUMT. The a u x i l i a r y  func t ion  i n  t h i s  

case w i l l  be w r i t t en  a s  

N k  N m 
E = *  c ; i k 8 ( x k t v )  + c ;ik L P ( T , % ( X ~ , V ) )  

k= 1 k=l s= l  

~ u l t i p l y i n g  t h e  pena l ty  terms of E~ by pos i t i ve  number ;iK does 

not  change the  s i t u a t i o n .  



-k 
Let us s u b s t i t u t e  x  (v)  i n t o  E t o  reduce i ts  dimensions: 

k  -k 
~ ( T , v )  = w ( T t v )  + Z AkE ( T ~ x  ( v ) ,  v) t 

k= 1 

and l e t  S(T) be a minimum po in t  of (28) . Then 

l i m  - 
T +O v(T) = V* , 

i. e .  , we can f i n d  t h e  optimum (with some small e r r o r s )  by mini- 

mizing funct ion (28 ) .  The problem of accuracy is  t h e o r e t i c a l l y  

i n t e r e s t i n g  and d i f f i c u l t  (see Umnov 1974, 1975, and 1979) , bu t  

has l i t t l e  p r a c t i c a l  value i n  the scheme. 

Now we g ive the  formula f o r  ca l cu la t i ng  t he  f i r s t  and second 

p a r t i a l  de r i va t i ves  of  Q i t h  respect  t o  components of v. 

For t he  f i r s t  de r i va t i ves :  

But tak ing ( 2 4 )  i n t o  considerat ion,  we ob ta in  simply 

aE - - - -  aE 

F r  f o r  a l l  r = 1,L . 
avr 

I n  an analogous way, f o r  t he  second p a r t i a l  de r i va t i ves :  

Once again using ( 2 4 )  and tak ing i n t o  account t h a t ,  a f t e r  

d i f f e r e n t i a t i o n  of (24) wi th respect  t o  v  w e  w i l l  have the 
P' 

r e l a t i o n  



k  n  a2Ek 5 3 2 ~ k  - 
= - , f o r  a l l  p = l , L  

k  k a v  k  - 
j = l  ax. ax 

1 j  P av axi and K = I , N  , P 

w e  then f i n d  t h a t  

- - 
f o r  a l l  r = 1,L and p  = l , L  

because 

The formulae (31) and (34) a l low us t o  minimize ( 2 8 )  by any o f  t h e  

s tandard  procedures,  us ing  p a r t i a l  d e r i v a t i v e s  o f  t h e  f i r s t  and 

second o r d e r  of E. However, t hese  procedure r e q u i r e  use o f  t h e  

f i r s t  o rde r  on ly  t o  o b t a i n  va lues  o f  components f o r  z k ( v )  and 

t h e  mat r i x  , which i s  c a l l e d  t h e  s e n s i t i v e  matr ix .  av 

The l i nkage  scheme c o n s i s t s  i n  t h e  fo l lowing procedure.  For 
L  -k a s t a r t i n g  p o i n t  v  E E , a l l  models inde endent ly  genera te  x  (v)  , 

k -k ax -R E (x  (v)  ,v )  , and t h e  s e n s i t i v e  ma t r i x  - av On t h e  b a s i s  o f  t h i s  

in format ion,  t h e  c e n t r a l  p rocessor  f i n d s  a  new p o i n t  i n  E 
L 

accord ing t o  t h e  op t im iza t i ona l  procedure s e l e c t e d .  Usual ly ,  t h e  

i t e r a t i o n  can be w r i t t e n  a s  

where 

vo = the s t a r t i n g  po in t ;  

v  = t h e  new ' b e t t e r '  po in t ;  

w = t h e  d i r e c t i o n  of  minimizat ion; 

s = t h e  l eng th  o f  t h e  s t e p  a long  w. 



s and w a r e  ca l cu l a ted  on t h e  b a s i s  of va lues of t h e  func t ion  

minimized, i ts g rad ien t ,  and perhaps even, i ts  gess ian .  I f  t h e  

te rminat ing  cond i t i on  i s  n o t  s a t i s f i e d  a t  po i n t  v ,  t h e  i t e r a t i o n  

is  repeated.  

Procedures such a s  (36) a r e  usua l  f o r  op t im iza t iona l  schemes. 

However, t h e  d i s t r i b u t e d  na tu re  of  t he  problem makes us re-evaluate 

some of  t h e  s tandard  views on these procedures.  W e  a l s o  have t o  

take  i n t o  account some of  t h e  s p e c i f i c  f e a t u r e s  o f t h e  l i nked  models. 

Let us  cons ider  t h e  scheme given f o r  t h e  case o f  l i n e a r  

op t im iza t iona l  models. W e  assume t h a t :  

1. The common c o n s t r a i n t s  a r e  l i n e a r  w i th  r e s p e c t  t o  v. 

2 .  The l inkage parameters a r e  inc luded only  i n  t h e  f r e e  

t e r m s  of  t h e  i n t e r n a l  c o n s t r a i n t s  o f  t h e  models. 

3. There i s  no sof tware t h a t  enables a ve rs ion  o f  the .  

SUMT t o  be used; on ly  s tandard  simplex procedures a r e  

ava i l ab l e .  

Then, each o f  t he  l i nked  models may be formulated as :  

k 
Minimize wi th  r espec t  t o  xk E E" 

sub jec t  t o  

where 

ak = cons tan ts  f o r  a l l  va lues  of  t h e i r  P i t  bst Cs' s j 
i nd i ces  ; 

P ( k , s )  = an index func t ion ,  which equa ls  t he  

index o f  t h e  component o f  v contained 

i n  t h e  s - th  c o n s t r a i n t  o f  model k ;  



The s e t  of common c o n s t r a i n t s  i s  

- - 
-F + ' 0  , I D  v - 9 =  1tM t q r = I  q r r  

where F and D a r e  given cons tan ts .  
9  q r 

It i s  then necessary t o  choose an a lgor i thm f o r  scheme ( 3 6 ) .  

L e t  it be a modi f icat ion o f  the  well-known Newton method, which 

requ i res  p a r t i a l  de r i va t i ves  of  t o  be ca l cu l a ted  f o r  the f i r s t  

and second o rde r .  

Formally, us ing formula (31 ) , w e  have 

where 6 i j  i s  equal  t o  1 ,  i f  i i s  equal  t o  j ,  and i s  zero otherwise.  
ap In  this express ion it i s  necessary t o  determine t he  terms - 

a;; 
since only they a r e  r e l a t e d  t o  the  'smooth' vers ion  of the  SUMT f o r  

problems (37)- (38)  . This may be done wi th t h e  he lp  of t he  Fiacco 

and McCormick theorem (1  968) . 
I f  g rad ien ts  of a c t i v e  cons t ra in ing  func t ions  ( i . e .  y:(xk,v)) 

a r e  l i n e a r l y  independent, then the  r e l a t i o n  

takes  p lace ,  where u i  i s  t he  Lagrangian mu l t i p l i e r  f o r  c o n s t r a i n t s  

s of  model k.  

I n  t he  oppos i te  case,  w e  should use seve ra l  i t e r a t i o n s  o f  t he  

Newton method t o  so lve  problems (24) , with the  s t a r t i n g  po in t s  
ap given by the  Simplex method, and t o  ca l cu l a te  7i d i r e c t l y .  W e  
ays 

w i l l  now descr ibe  how elements o f  t he  s e n s i t i v e  matr ix  can be 

found . 



I n  the  l i n e a r  case 

k 
a Ek m k  k a2p - C a  . a  k k -  axi ax S= 1 s i s j  k 2  ' 

j  a (yS) 

Taking i n t o  cons idera t ion  proved r e l a t i o n s  (Umnov 1975) : 

l i m  aLp = + m 
T++O k 2 f o r  ac t i ve  s , 

a(yS 

and 

lim = o , f o r  nonactive s , ~ + + O k 2  
3:(ys) 

we obta in  t h e  systems of l i n e a r  equat ions f o r  des i rab le  compo- 
a x k  . nents of . 

- 
k f o r  a l l  i = l , n  and r = , 

where Qk i s  the  s e t  of i nd ices  f o r  the ac t i ve  cons t ra i n t s  of  

model k. 

For the  p a r t i a l  de r i va t i ves  of  the  second o rder  we can use 

the  same ideas without any t h e o r e t i c a l  innovat ions. 

To complete our  considerat ion of t h e  d i s t r i b u t e d  system 

of l i n e a r  models, w e  have t o  so lve t h e  problem of how t o  choose 

t he  length of the  s t e p  along the  minimizing d i r ec t i on  w.  AS men- 

t ioned above, it i s  no t  reasonable t o  use methods t h a t  a r e  based 

on t e s t i n g  a  la rge  number of sample po in ts .  I t  i s  b e t t e r  t o  use 

no sample po in ts .  



In  the  proposed approach we only have the  p o s s i b i l i t y  of 

eva luat ing  t he  length on the  bas is  of information a l ready 

obtained. The des i rab le  evaluat ion i s  equal t o  the  minimum 

of t h e  fol lowing t h r e e  numbers: 

-- t he  norm of w ,  i . e .  ) I  w 1 1  ; 
-- t he  value of the  s t e p  x, by which a t  l e a s t  one of the  

nonactive common cons t ra i n t s  becomes ac t i ve ;  

-- t he  value of t he  s t e p  G ,  by which a t  l e a s t  one of 

the  nonactive cons t ra i n t s  belonging t o  the  l inked 

models becomes ac t i ve .  

This eva luat ion  ensures a decrease i n  the  value of a and, 

hence, the  convergence of  t he  whole procedure (Pshen i tshn i j  and 

Dani l in 1975) . 
The values of g and may be found i n  the  fol lowing way. 

Let v  = v + &A, then 
0 

Hence 

We consider  only those q f o r  which 

Rq(v0) > 0 and E D  w c 0 . 
r= 1 q r  r 

min R (v0) 8 =  q L 
E D  w 

\ r = l  q r  r 

In an analogous way, w e  can obta in  

where, f o r  example, i n  t he  case of independence, the  grad ients  

of ac t i ve  cons t ra i n t s  



In  o ther  cases @: can be evaluated by using a t e s t  point  along 

the d i rec t ion  w. 

This implies t h a t  

f o r  which 

k 
Yr(vo) > 0 and m k  T < 0 . 

TEST CASE 

A spec ia l  example supplied w i t h  good syn the t i c  data was pre- 

pared i n  order t o  t e s t  the model system. The region under ana lys is  

was divided i n t o  three subregions, which contained the following 

sectors :  agr icu l tu re ,  industry,  water supply, and labor.  

Coordination of the sec to rs  i s  shown i n  Figure 3 ,  which 

d i f f e r s  from Figure 2 i n  the fol lowing way. A labor  model 

replaces the population and migration models (which i n  Figure 2 

depend on. c a p i t a l  and labor  a l l o c a t i o n ) .  In  the labor model, the 

number of employees is dependent only on c a p i t a l  investments 

d i rec ted t o  the serv ice sector .  The cha rac te r i s t i cs  of each sec to r  

a re  discussed below. 

Agriculture 

For each of the three subregions four types of crop and two 

types of technology (with water-consumption var ian ts  per  crop un i t )  

a re  considered. The following cons t ra in ts  a re  a l so  assumed: 

-- cons t ra in t  on the land ava i lab le  f o r  agr icu l tu re ;  
-- cons t ra in t  on the  choice of technology; 

-- cons t ra in t  on water ava i lab le  f o r  bas ic  consumption; 

-- cons t ra in t  on water ava i lab le  f o r  peak-period consumption;. 



External 
investments (c) 

I Capital and I 

cA, EI, G, ES = vectors of  interregional distribution of  
capi ta l  investments t o  the agricultural ,  
industr ia l ,  water-supply, and service sectors;  

EA, EI, Q, LS = vectors of interregional distribution o f  labor 

t o  the agricultural ,  industr ia l ,  water-supply, 

and serv ice  sectors;  

%,GI = subregional water flows t o  agriculture and 
industry : 

E = vector of subregional labor; 

+ = information flows. 

Figure 3. The tested system of regional models. 



-- c o n s t r a i n t  on c a p i t a l  investments;  

-- c o n s t r a i n t  on l abo r .  

To ta l  product ion volume i s  no t  f i xed .  

GRAM i s  a s tandard  l i n e a r  model, which may be used i n  combi- 

na t i on  wi th o t h e r  models. Using a system of models, it i s  poss ib le  

t o  determine how changes i n  t he  a g r i c u l t u r a l  model (p roduc t i v i t y ,  

e f f i c i e n c y ,  technology,  e t c . )  cou ld change t h e  opt imal  s o l u t i o n  

f o r  t h e  reg ion  a s  a whole. 

Indus t ry  

Four types of i n d u s t r i a l  e n t e r p r i s e  and two types  of tech-  

nology (with water-consumption v a r i a n t s  pe r  product ion unit) a r e  

s p e c i f i e d  f o r  each of t h e  th ree  subregions.  To ta l  consumption of 

product ion by both poss i b l e  technolog ies i n  a l l  t h r e e  subregions 

i s  f i xed  on t h e  upper l e v e l .  The model 's ob j ec t i ve  func t i on  wi th  

r espec t  t o  each product  is :  

Minimize 

sub jec t  t o  

The no ta t i on  used f o r  t h e  model ( 5 4 )  - (57) i s  t h e  same a s  f o r  (1 )  - (7 )  

The mat r i x  o f  i npu ts  i nc ludes  d a t a  on water ,  l abo r ,  and c a p i t a l  

investment requ i red  pe r  u n i t  of product ion.  Index r i s  in t roduced 

t o  desc r ibe  t he  p o s s i b i l i t i e s  f o r  choosing t h e  product ion techno- 

logy * 

Water Supply 

The scheme presented  i n  Figure 4 was used t o  analyze reg iona l  

water-supply problems. This scheme was based on t h e  water-supply 



A water  i n t ake  

0 supply po in ts  - - cana ls  

poss ib le  s i t e  f o r  

SR-1 SR-3 

Figure 4 .  Water-supply scheme. 

system i n  one o f  the  case-study reg ions and it inc ludes :  one 

water i n take ,  f i v e  poss ib le  cana ls ,  t h r e e  supply po in t s ,  and 

one po in t  a t  which a r e s e r v o i r  can be const ructed.  

A sequen t ia l  desc r ip t i on  of t he  pumping s t a t i o n  and cana l  

c a p a c i t i e s  i s  used, and water  demand i s  considered a s  consumption. 

I n d u s t r i a l  consumption is assumed t o  be equa l ly  d i s t r i b u t e d  

throughout the  year .  Agr i cu l tu ra l  consumption is considered 

t o  be i r r e g u l a r  and is  thus c l a s s i f i e d  i n t o  t h r e e  per iods:  

April-May, June-September, October-March. During t h e  t h i r d  

per iod no i r r i g a t i o n  i s  necessary,  the  water-supply system can 

the re fo re  be used t o  f i l l  t h e  r ese rvo i r .  

The conf igura t ion  and loca t ion  of  t he  water-supply system 

should correspond t o  t h e  s c a l e  and l oca t i on  of  i n d u s t r i a l  and 

a g r i c u l t u r a l  a c t i v i t i e s .  However, t o  a  c e r t a i n  e x t e n t  it may 

a l s o  in f luence t h e i r  development and t he  technology they use. 



Labor 

A s impl i f ied  scheme f o r  determining the s i z e  of the labor 

force was adopted. In every subregion lower and upper limits 

were introduced f o r  labor use i n  the i n d u s t r i a l  and ag r i cu l t u ra l  

sectors .  The number of employees within these limits can be 

regulated by the s i z e  of c a p i t a l  investments i n  the  r u r a l  and 

urban serv ice sec to r  (it was assumed t h a t  the  number of employees 

i n  the serv ice sector  i s  mainly determined by the  sca le  of c a p i t a l  
investments).  A s  a r e s u l t ,  the t o t a l  s i z e  of the labor force of 

sec to r  s ( industry o r  agr icu l tu re )  i n  subregion 2 i s  

where 

O h  
L s 2 f  L s 2  = lower and upper l im i t s  f o r  labor i n  sec to r  s 

of subregion 2 ;  

Ls 2 = number of employees i n  sec to r  s of subregion 2 ;  

Ks2 = r a t e  of increase i n  the  number of employees per 

un i t  of c a p i t a l  investment i n  the r u r a l  o r  urban 

serv ice sec to r  of subregion 2 ;  

czZrv = volume of cap i ta  investments f o r  the  serv ice sec to r .  

RESULTS OF THE CALCULATIONS 

Several dozen ca lcu la t ions were made t o  prove t h a t  the model 

system can successfu l ly  cope with changes i n  the following data: 

-- coe f f i c i en t  of ob jec t ive  functions of a l l  included 

opt imizat ion models; 
-- matrix of condit ions of every optimization model; 

-- parameters of nonoptimization migration models. 

The main s e r i e s  of ca lcu la t ions was performed t o  obta in a 

p ic ture  of the changes i n  regional  a c t i v i t i e s  resu l t i ng  from 

changes i n  ex terna l  c a p i t a l  investments and the number of 

employees. 

The general ized r e s u l t s  of these ca lcu la t ions a r e  shown i n  

Figure 5,  where c a p i t a l  investments vary from 0 t o  350 (mi l l ions 





of cond i t i ona l  money u n i t s )  and labor  v a r i e s  from 0 t o  50x10 3 

persons. They i n d i c a t e  a r a t h e r  su rp r i s i ng  s i t u a t i o n :  only 

i n  r e l a t i v e l y  small a reas  a r e  the  r e s u l t s  dependent on both 

c a p i t a l  investments and labor .  There e x i s t s  a l a r g e  a rea  of  

s a t u r a t i o n  by l abo r  o r  by c a p i t a l  investments.  

An example of  t he  r e s u l t s  of the  ca l cu l a t i ons  is  presented 

i n  Table 2.  The r e s u l t s  a r e  a s  fo l lows:  t he  value of  the  objec- 

t i v e  func t ion  i s  59,695 u n i t s  (shown i n  t h e  middle of  Table 2 )  . 
Cap i ta l  investments a r e  d i r ec ted  only  t o  i n d u s t r i a l  a c t i v i t i e s  

i n  the  f i r s t  reg ion  (84,258 u n i t s )  and t o  suppor t ing water-supply 

s e c t o r s  (1,032 u n i t s )  , a s  i s  shown on the  upper l e f t  o f  Table 2.  

Thus, t h e r e  i s  i n d u s t r i a l  a c t i v i t y  i n  subregion 1 on ly ,  

where commodities1 and 2 a r e  produced (1,000 and 6.33 u n i t s ,  

respec t ive ly ) ,  and f o r  both commodities technology requ i r i ng  

heavy water  consumption i s  used (see t he  upper r i g h t  o f  Table 

2 ) .  In  the  bottom p a r t  of  Table 2 t he  da ta  on water-supply 

systems a r e  shown. Construct ion o f  Canal 2 only  i s  requ i red ,  

and t h i s  cana l  i s  used only  dur ing t h e  vegeta t ion  per iod .  No 

rese rvo i r  is needed. The system o f  dual  estimates i s  a l s o  pre- 

sented.  This  i s  taken from the  a g r i c u l t u r a l  model ( f o r  peak 

and bas i c  a g r i c u l t u r a l  water  demand), from the  i n d u s t r i a l  model- 

( f o r  i n d u s t r i a l  water  demand), and from the  genera l  b lock,  which 

inc ludes  t h e  c o n s t r a i n t s  on common resources.  

Below t he  r e s u l t s  o f  four  o the r  ca l cu l a t i ons  f o r  d i f f e r e n t  

combinations of in-stments and labor  a r e  shown (Tables 3, 4 ,  5 ,  

and 6 ) .  These combinations a re :  

3 Cap i ta l  investments (10 ) : 140, 160, 180, 350; 

Labor (10') : 20, 15, 32.5, 50. 

These r e s u l t s  i n d i c a t e  t h a t  an increase i n  c a p i t a l  investment 

(provided t h e r e  i s  s u f f i c i e n t  l abo r )  l eads  f i r s t  t o  an inc rease  

i n  i n d u s t r i a l  a c t i v i t i e s  i n  t he  f i r s t  subregion,  then t o  deploy- 

ment of a g r i c u l t u r a l  a c t i v i t i e s  i n  a l l  subregions.  

For products 1 and 2 t he  technology wi th  heavy water consump- 

t i o n  was e f f e c t i v e  when i r r i g a t i o n  appeared t o  be u n j u s t i f i e d  f o r  

a g r i c u l t u r a l  product ion.  



1 INDUSTRY 

Table  2 .  R e s u l t s  o f  t h e  c a l c u l a t i o n s  g i ven  inves tmen t  and l a b o r  r e s o u r c e s  o f  100,000 
monetary u n i t s  and 50,000 pe rsons .  

RESOURCES 
Subreg ion  

1 2 3 

P e r i o d  Cana l  1 Cana l  2 Cana l  3 Cana l  4 Cana l  5 R e s e r v o i r  

PRODUCTION* 
S u b r e g i o n  

1 2 3 

Inves tmen t :  
I n d u s t r y  84,257.92 0 0 
A g r i c u l t u r e  0 0 0 
Water s u p p l y  7,316.29 0 0 

Labor: 
I n d u s t r y  1,416.29 0 0 
A g r i c u l t u r e  0 0 0 

Water Supp ly :  
I n d u s t r y  1,031.63 0 0 
Base a g r i c u l t u r e  0 0 0 
Peak a g r i c u l t u r e  0 0 0 

O b j e c t i v e  F u n c t i o n  Va lue  59,695.00 

Maximum 
c a p a c i t y  

1 IAI 1,000 .OO 0 0 
o 0 0 0 

2 w  6.33 0 0 
+r o 0 0 0 
; 3 *  0 0 0 
ul 0 0 0 0 

4 w 0 0 0 
0 0 0 0 

AGRICULTURE 

1 w 0 0 0 
o  0 0 0 

2 2 w  0 0 0 
+ r o  u 0 0 0 

$ 3 w  0 0 0 
0 0 0 0 

4 w 0 0 0 
0 0 0 0 

DUAL ESTIMATES 

WATER-SUPPLY SYSTEM 

S u b r e g i o n  Peak w a t e r  Base w a t e r  I n d u s t r i a l  C e n t r a l l y  
p r i c e  p r i c e  w a t e r  p r i c e  d e t e r m i n e d  p r i c e  

+w r e f e r s  t o  t echno logy  r e q u i r i n g  heavy w a t e r  consumpt ion ;  0 r e f e r s  t o  t echno logy  
w i t h  l i g h t  w a t e r  c o n s u n ~ p t i o n .  



I nves tmen t  r 
I n d u s t r y  120,Q57.01 0 0 
A g r i c u l t u r e  0 0 0 
Water s u p p l y  7,497.29 0 0 .  

Table 3. Resu l ts  o f  t h e  c a l c u l a t i o n s  given investment and l a b o r  resources  o f  140,000 
monetary u n i t s  and 20,000 persons.  

Labor r 
I n d u s t r y  
A g r i c u l t u r e  

RESOURCES 
Subreg ion 

1 2 3 

Water Supply  r 
I n d u s t r y  1,049.73 0 0 
Base a g r i c u l t u r e  0 0 0 
Peak a g r i c u l t u r e  0 0 0 

PRODUCTION* 
Subreg ion  

1 2 3 

O b j e c t i v e  Func t ion  Value 79,602.00 

INDUSTRY 

AGRICULTURE 

1 w 0 0 0 

k O 
0 0 0 

0 2 w  0 0 0 * 0 0 0 0 0 
9, 3 Ill 
U1 

0 0 0 
0 0 0 0 

I 4 w 0 0 0 
0 0 0 0 

WATER-SUPPLY SYSTEM 

P e r i o d  Canal  1 Canal  2 Canal  3 Canal  4 Canal  5 R e s e r v o i r  

Maximum 
c a p a c i t y  

DUAL ESTIMATES 

Subreg ion  Peak w a t e r  Base w a t e r  I n d u s t r i a l  C e n t r a l l y  
p r i c e  p r i c e  w a t e r  p r l c e  de te rm ined  p r i c e  

*w r e f e r s  to  t echno logy  r e q u i r i n g  heavy w a t e r  consuny~ t ion ;  o r e f e r s  t o  techno logy 
w i t h  l i g h t  w a t e r  consumpt ion.  



Investment :  
I n d u s t r y  129,692.88 0 0 
A g r i c u l t u r e  75.00 4,080.00 2,515.75 
Water supp ly  10,000.00 0 0 

Table 4 .  Resu l ts  of  t h e  c a l c u l a t i o n s  given investment and l a b o r  resources  o f  l6O,OOO 
monetary u n i t s  and 15,000 persons.  

Labor : 
I n d u s t r y  1,754 - 4 9  0 0 
A g r i c u l t u r e  54.00 8,160.00 5,031.51 

RESOURCES 
Subreg ion 

1 2 3  

INDUSTRY 

1 111 1,000 .oo 0 0 
0 0 0 0 

2 W  4.57 0 0 
+, o 8.43 0 0 
2 3 w  0 0 0 
U) o 0.05 0 0 

4 w  0 0 0 
0 0 0 0 

PRODUCTION* 
Subreg ion  

1ndus t r y  1,270 - 0 0  0 0 
Base a g r i c u l t u r e  180.00 0 0 
Peak a g r i c u l t u r e  150.00 0 0 

Water Supply: 

O b j e c t i v e  Func t ion  84,859.00 
Value 

1 AGRICULTIJRE 

WATER-SUPPLY SYSTEM 

P e r i o d  Canal  1 Canal  2 Canal  3 Cana l  4 Canal  5 R e s e r v o i r  

Maximum 
c a p a c i t y  

DUAL ESTIMATES 

Subreg ion  Peak w a t e r  Base w a t e r  Industrial C e n t r a l l y  
p r i c e  p r i c e  w a t e r  p r i c e  de te rm ined  p r i c e  

* w  r e f e r s  t o  techno logy r e q u i r i n g  heavy w a t e r  c o ~ ~ s u r n p t i o n r  o r e f e r s  t o  techno logy 
w i t h  l i g h t  w a t e r  corlsumption. 



Investment :  
Indue t r y  131,103.99 0 0 
A g r i c u l t u r e  7,461.05 8,645.74 7,334.66 
Water supp ly  10,000.00 0 0 

Table 5.  Resu l ts  o f  t h e  c a l c u l a t i o n s  given investment and l a b o r  resources  of 180,000 
monetary u n i t s  and 32,500 persons.  

Labor: 
I n d u s t r y  1,660.00 0 0 
A g r i c u l t u r e  10,746.11 10,864.57 9,229.32 

RPISOURCES 
Subreg ion 

1 2 3  

INDUSTRY 

1 w  1,000.00 0 0 
0 0 0 0 

2 w  0 0 0 
c, 0 10.00 0 0 
0 
ol 3 w  0 0 0 
m 0 0 0 0 

4 w  0 .02  0 0 
0 0 0 0 

PRODUCTION* 
Subreg ion  

P e r i o d  Canal  1 Canal  2 Canal  3 Canal  4 Canal  5 R e s e r v o i r  

Water Supply 
I n d u s t r y  1,270.00 0 0 
Baee a g r i c u l t u r e  180 .OO 0 0 
Peak a g r i c u l t u r e  150.00 0 0 

O b j e c t i v e  Funct ion 89,815.00 
Va 1 ue 

Maxlmum 0 c a p a c i t y  

AGRICULTURE 

1 w  300.00 0 0 

LC O 
20,400.00 23,800.00 27,200.00 

0 2 w  0 0 0 
o u o 16,669.15 0 
QI 3 w  0 0 
U) 

0 
0 11,020.17. 7,396.10 6,315.53 

4 w  0 0 0 

0 0 0 0 

DUAL ESTIMATES 

WATER-SUPPLY SYSTEM 

Subreg ion  Peak w a t e r  Base water Indueitrial C e n t r a l l y  
p r i c e  p r i c e  w a t e r  p r l c e  de te rm ined  p r i c e  

*w r e f e r e  t o  techno logy r e q u i r i n g  heavy w a t e r  co r~sumpt ion t  o r e f e r s  t o  techno logy 
w l t h  l i g h t  w a t e r  consumpt ion.  



Investment :  
I n d u s t r y  131,103.99 0 0 
A g r i c u l t u r e  42,940.12 51,308.05 34,403,l 
Water supp ly  10,000.00 0 0 

Table 6 .  R e s u l t s  o f  t h e  c a l c u l a t i o n s  g i ven  investment  and l a b o r  f esou rces  o f  350,000 
monetary u n i t s  and 50,000 persons.  

Labor: 
I n d u s t r y  1,660.00 0 0 
A g r i c u l t u r e  14,294.01 15,130.88 15,160.4 

RESOURCES 
Subreg io r~  

Water Supply:  
I n d u s t r y  1,270.00 0 0 
Base a g r i c u l t u r e  180.00 0 0 
Peak a g r i c u l t u r e  150.00 0 0 

PRODUCTION* 
Subreg ion 

O b j e c t i v e  Func t ion  92,750.00 
Value 

1 2 3 

INDUSTRY 

AGRICULTURE 

1 w 300.00 0 0 

k O 
20,400.00 23,800.00 27,200.00 

0 2 w  0 0 0 

I 4 w 0 0 0 
0 0 0 0 

WATER-SUPPLY SYSTEM 

P e r i o d .  Canal  1 Canal  2 Canal  3 Canal  4 Canal  5 R e s e r v o i r  

Maximum 
c a p a c i t y  

DUAL ESTIMATES 

Subreg ion  Peak w a t e r  Base w a t e r  Industr ia l  C e n t r a l l y  
p r i c e  p r i c e  w a t e r  p r i c e  de te rm ined  p r i c e  

1 3.813 4.200 0.200 4.200 

2 3.813 3.189 4.200 4.200 

3 3.8 13 3.208 4.200 - 4.200 

+w r e f e r e  t o  techno logy r e q u i r i n g  heavy w a t e r  consurnptiotr; o r e f e r s  t o  techno logy  
w i t h  l i g h t  w a t e r  consumpt ion.  



I f  changes i n  the  system of dual  es t imates (DE) of water 

a r e  analyzed, then it should be emphasized t h a t ,  whereas f o r  

the  f i r s t  cap i ta l - labor  combination (140-20 )  t he  DE is 5.097 

(per u n i t )  , f o r  the more in tens ive  va r i an t  ( 160 -1 5)  , t he  water 

DE f a l l s  considerably from t h i s  l eve l .  The reason f o r  t h i s  

becomes c l e a r  i f  the  t e s t i n g  of the water-system capac i t i es  i s  

taken i n t o  account: i n  t h e  140-20 v a r i a n t  the  product iv i ty  

of Canal 2 i s  not  f u l l y  u t i l i z e d .  Af ter  t h a t ,  water DE a r e  

increased with t he  increase i n  reg iona l  a c t i v i t i e s .  

Because of  the  experimental charac te r  of the  da ta  used, discus- 

s ion of t he  r e s u l t s  was i n ten t i ona l l y  r e s t r i c t e d .  Nevertheless, 

even a shor t  descr ip t ion of  the  r e s u l t s  obtained c l e a r l y  shows the  

workab i l i ty  of t he  proposed model system. 
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