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1. INTRODUCTION 

Usual ly problems of  populat ion and economic growth a r e  so lved 

separa te l y .  I n  some cases  t h e r e  a r e  cons t ra i n i ng  l i nkages  between 

demography and economics. For i ns tance ,  t h e  popu la t ion  o f  a coun- 

t r y  is considered t o  be t h e  source o f  i t s  l abo r  f o r c e  and there-  

f o r e  a c t s  a s  a l i m i t a t i o n  on economic growth. I n  o t h e r  cases  eco- 

nomic growth i s  considered a c o n s t r a i n t  on va r ious  aspec t s  o f  t h e  

popu la t i on ' s  l i v i n g  cond i t i ons  o r  i ts  s i z e .  

I t  i s  obvious t h a t  economics and demography a r e  two p a r t s  o f  

t h e  whole. Therefore,  many scho la r s  a r e  i n t e r e s t e d  i n  formulat ing 

problems under which populat ion and economic growth a r e  in tercon-  

nected.  This  paper focuses  on t h e  cons t ruc t i on  o f  such a model. 

Although t h i s  paper i s  n o t  t h e  f i r s t ,  work i n  t h i s  a rea  has only  

been done i n  t h e  l a s t  10 or 15 years .  The papers o f  Kel ley and 

Williamson (1979) ,  Andersson and Ph i l i pov  (1980) ,  and Gordon and 

Ledent (1980) a r e  t h e  most r e c e n t  examples. These papers con ta in  

an ex tens ive  l i s t  of  works i n  which populat ion and economic growth 

a r e  connected. There a r e  a l s o  many pub l i ca t i ons  on t h i s  t o p i c  i n  

Russian. 

The i n t e r a c t i o n  between populat ion and economics can be de- 

sc r i bed  f o r  va r ious  l e v e l s  or p a r t s  of  a soc i e t y  o r  a country.  

-1- 



For i n s t a n c e ,  w e  can  c o n s i d e r  a  n a t i o n a l  economy and popu la t i on  

a s  a  whole and,  i n  t h e  c a s e  o f  a  c l o s e d  c o u n t r y ,  f o rmu la te  t h e  

problem o f  ba lanced  growth. W e  can c o n s i d e r  some p a r t  o f  t h e  

coun t r y  such a s  an a d m i n i s t r a t i v e  o r  economic sub reg ion  and e v a l -  

u a t e  t h e  causes  o f  o u t -  o r  i nm ig ra t i on  o f  peop le  and/or  commodi- 

t ies. W e  can a l s o  c o n s t r u c t  a model t h a t  d e s c r i b e s  some ba lanced  

i n t e r a c t i o n  between peop le  and t h e  economy and u s e  it a s  an ana- 

l y t i c a l  t o o l .  I n  some cases such a  model i s  n o t  o n l y  an a n a l y t i -  

cal t o o l ,  b u t  a l s o  is capab le  o f  s i m u l a t i n g  p a r t s  o f  o r  t h e  e n t i r e  

coun t ry .  

I n  t h e  f o l l o w i n g ,  I s h a l l  use  t h e  t e r m  " r e g i o n "  t o  mean some 

p a r t  o f  t h e  economy and t h e  popu la t i on  o r g a n i c a l l y  connected and 

i n t e r a c t i n g .  W e  w i l l  d e a l  w i t h  t h e  r u r a l  r e g i o n  c o n s i s t i n g  o f  

t h e  peop le  and t h e  a g r i c u l t u r a l ,  c o n s t r u c t i o n ,  and s e r v i c e s  sec- 

t o r s  o f  t h e  economy. A g r i c u l t u r a l  and c o n s t r u c t i o n  s e c t o r s  w i l l  

be named i n  some cases by i n d u s t r i e s .  The a g r i c u l t u r a l  s e c t o r  

p rov ides  food f o r  t h e  t o t a l  r e g i o n a l  p o p u l a t i o n  as w e l l  a s  t h e  

e x p o r t a t i o n  o f  food t o  o t h e r  r e g i o n s .  The c o n s t r u c t i o n  s e c t o r  

p rov ides  t h e  r u r a l  r e g i o n  ( i  .e. ,  t h e  t h r e e  s e c t o r s  o f  t h e  economy) 

w i t h  b u i l d i n g s .  S e r v i c e s  d e a l  o n l y  w i t h  peop le .  Each s e c t o r  

needs manpower o f  d e f i n i t e  q u a l i f i c a t i o n s .  The development o f  

each s e c t o r  depends on c a p i t a l  i nves tment  and manpower. 

Manpower demand depends on c a p i t a l  i nves tmen ts  and p a s t  

t r e n d s ,  b u t  manpower supp ly  i s  connected w i t h  popu la t i on - - i t s  

s i z e  and s t r u c t u r e ,  de te rmined  by p a s t  n a t u r a l  growth and migra- 

t i o n .  

Some c o n d i t i o n s  t h a t  w i l l  be  d i s c u s s e d  below a l l o w  u s  t o  

s t a t e  t h a t  t h e  ba lance  between i n d u s t r i e s  and se rv i ces - -o r  be- 

tween c a p i t a l  i nves tments  i n t o  i n d u s t r i e s  and s e r v i c e s - - s t r o n g l y  

i n f l u e n c e s  m ig ra t i on  f o r  a  r e g i o n ,  p a r t i c u l a r l y  f o r  a r u r a l  r eg ion .  

Hence, a  p a r t i c u l a r  d i s t r i b u t i o n  o f  i nves tments  between s e c t o r s  

o f  t h e  economy can  a f f e c t  m ig ra t i on  and c o n s t r a i n  t h e  develop-  

ment o f  t h e s e  s e c t o r s .  Thus w e  can fo rmu la te  t h e  f o l l o w i n g  prob- 

l e m s :  t o  d i s t r i b u t e  c a p i t a l  i nves tments  i n  such a way a s  t o  

gua ran tee  a  ba lance  between i n d u s t r i e s ,  s e r v i c e s ,  and p o p u l a t i o n ;  

o r  t o  e v a l u a t e  t h e  i n f l u e n c e  o f  an imbalance on m i g r a t i o n  and 

t h e r e f o r e  on t h e  development o f  i n d u s t r i e s  and s e r v i c e s .  



I n  o r d e r  t o  a n a l y z e  t h e s e  problems,  w e  have deve loped a model 

t h a t  d e a l s  w i t h  t h e  dynamics o f  t h e  l i n k s  between t h e  t h r e e  sec- 

t o r s  o f  t h e  economy, c a p i t a l  i nves tmen ts ,  and p o p u l a t i o n .  The 

model c o n s i s t s  o f  two p a r t s .  The f i r s t  p a r t  d e s c r i b e s  t h e  econ- 

omy us inq  t h e  t h r e e  sectors.  The second p a r t  connec ts  t h i s  s i t u a -  

t i o n  w i t h  popu la t i on  s i z e  th rough  t h e  c o r r e l a t i o n  between c a p i t a l  

i nves tments  i n  i n d u s t r i e s  a n d , s e r v i c e s .  The f i r s t  p a r t  w i l l  

"produce" jobs i n  t h e  t h r e e  s e c t o r s ;  t h e  second p a r t  l i n k s  t h e  

popu la t i on  and jobs  and "washes o u t "  a l l  t h e  s u r p l u s  o f  popu la t i on  

t h a t  i s  n o t  p rov ided  w i t h  jobs  because o f  an imbalance between t h e  

c a p i t a l  i nves tments  t o  i n d u s t r i e s  and s e r v i c e s .  

The main problem is a s  f o l l ows :  How can  one de te rmine  t h e  

r e a c t i o n  o f  t h e  m ig ran t  t o  t h i s  imbalance? A l s o ,  how does popu- 

l a t i o n  s i z e  a f f e c t  t h e  m i g r a n t ' s  r e a c t i o n ?  

W e  w i l l  b r i e f l y  d e s c r i b e  t h e  a n a l y t i c a l  p a r t  o f  t h e  model, 

which w e  have used t o  f o r e c a s t  W e s t  S i b e r i a n  r u r a l  development 

f o r  t h e  n e x t  20 v e a r s .  

2 .  THE FIRST PART OF THE MODEL 

The f i r s t  p a r t  o f  t h e  model "produces"  jobs on t h e  b a s i s  o f  

t h e  f o l l ow ing  assumpt ions:  

1 .  Inves tments  a r e  f u l l y  r e l a t e d  t o  p h y s i c a l  s t o c k s .  

2 .  The immovable p a r t *  o f  t h e  s t o c k s  i s  produced by t h e  

r u r a l  c o n s t r u c t i o n  i n d u s t r y  a l o n e .  

3 .  C a p i t a l  i nves tmen ts  i n  each  s p h e r e  a r e  d i v i d e d  i n t o  t w o  

f lows:  one  f o r  t h e  a c q u i s i t i o n  o f  equipment and machin- 

e r y ,  and t h e  o t h e r  f o r  t h e  f i n a n c i n g  o f  c a p i t a l  cons t ruc -  

t i o n .  The former c r e a t e s  a movable p a r t  o f  s t o c k s ,  and 

each  i n v e s t e d  r o u b l e  produces an i nc remen ta l  r oub le  o f  

s t o c k .  The o t h e r  f low c r e a t e s  an immovable p a r t ,  b u t  

*According t o  S o v i e t  te rm ino logy ,  t o t a l  s t o c k s  a r e  subd i -  
v i ded  i n t o  two p a r t s .  The t e r m  f o r  t h e  f i r s t  p a r t  is "movable 
s t o c k s " .  These c o n s i s t  o f  machines,  t r a c t o r s ,  and s o  on.  The 
second p a r t  i s  "immovable s t o c k s " .  These i n c l u d e  a l l  c a p i t a l  
c o n s t r u c t i o n s ,  such  a s  b u i l d i n g s .  Th i s  s u b d i v i s i o n  i s  h e l p f u l  
i n  many c a s e s  because immovable s t o c k s  a r e  c r e a t e d  by a s p e c i a l  
s e c t o r  o f  t h e  economy: c a p i t a l  c o n s t r u c t i o n .  



each  i n v e s t e d  r o u b l e  produces less t h a n  an i n c r e m e n t a l  

r o u b l e  o f  s t o c k  because  o f  c o n s t r u c t i o n  l a g ,  changed 

g r a d e s  o f  b u i l d i n g  materials, anld a r ise i n  t h e  c o s t  o f  

machinery.  

4 .  There e x i s t s  a p o s i t i v e  growth o f  immovable s t o c k s  i n  

a l l  t h r e e  s p h e r e s  a t  e a c h  g i v e n  t i m e  p o i n t .  

5. Dep le t i ng  s t o c k s  are immedia te ly  r ecove red  t o  t h e i r  f o r -  

m e r  amount, and t h e  means r e q u i r e d  f o r  r ecove ry  are n o t  

i n c l u d e d  i n  c a p i t a l  i nves tmen ts .  

Our model u s e s  t h e  f o l l o w i n g  n o t a t i o n s :  

K1 - i n ves tmen t  f l ow i n t o  p r o p e r  a g r i c u l t u r a l  
and c a p i t a l  c o n s t r u c t i o n  

K 2  - i n ves tmen t  f l ow i n t o  s e r v i c e s  

K1 + K2  = K - t o t a l  f low o f  c a p i t a l  i nves tmen ts  

R 1 ,  R 2 ,  R3 - number o f  j obs  i n  t h e  p r o p e r  a g r i c u l t u r a l  
s p h e r e ,  s e r v i c e s ,  and c a p i t a l  cons t ruc -  
t i o n ,  r e s p e c t i v e l y  

$ 1 ,  B 2 ,  3 - e x p e n d i t u r e s  p e r  one i n c r e m e n t a l  r o u b l e  
o f  immovable s t o c k  i n  each  o f  t h e  above- 
ment ioned s p h e r e s ,  r e s p e c t i v e l y  

F1 ' F2,  F3 - s t o c k s  i n  each  s p h e r e ,  r e s p e c t i v e l y  

W , ,  W 2 ,  W3 - t o t a l  s t o c k  p e r  one job  i n  each  s p h e r e  

@,, Q 2 ,  03 - s h a r e  o f  immovable s t o c k  i n  f i x e d  assets 
i n  e a c h  o f  t h e  t h r e e  above-mentioned 
s p h e r e s ,  r e s p e c t i v e l y  

I t  i s  assumed t h a t  a l l  t h e  a b o v e - l i s t e d  v a r i a b l e s  are con- 

t i n u o u s  and a t  l eas t  t w i c e - d i f f e r e n t i a b l e  o v e r  t i m e .  T i m e  d e r i v -  

a t i v e s  w i l l  b e  deno ted  as p o i n t s  above a p p r o p r i a t e  l e t t e r s  when 

t h e s e  canno t  l e a d  t o  m isunders tand ing .  

The f i r s t  t h r e e  assumpt ions  a l l o w  u s  t o  w r i t e  t h e  f o l l o w i n g  

e q u a t i o n  : 



o r ,  assuming a i  = 1 + - 1 ) .  

I n  t h e  s e r v i c e  s e c t o r  ( u n l i k e  a g r i c u l t u r e  and c o n s t r u c t i o n )  , 
a c o n s i d e r a b l e  p a r t  o f  t h e  s t o c k s  are a n  o b j e c t  o f  a c t i v i t y  r a t h e r  

t h a n  a n  i n s t r u m e n t .  T h i s  creates o n l y  a l i m i t e d  number o f  j o b s  

f o r  t h e i r  ma in tenance .  The rest o f  t h e  j o b s  are related t o  popu- 

l a t i o n  s i z e  and s t r u c t u r e .  However, c r e a t i n g  any j o b  vacancy  i n  

s e r v i c e s  c a l l s  f o r  c e r t a i n  i n v e s t m e n t s  a n d  t h e r e f o r e  i s  re lated 

q u a n t i t a t i v e l y  t h r o u g h  ne twork  i n d i c a t o r s  of t h e  s i z e  o f  t h e  

s t o c k s .  

The t h i r d  assumpt ion  c o n c e r n i n g  c a p i t a l  i n v e s t m e n t s  can  b e  

used i n  many ways. W e  u s e d  it i n  t h e  f o l l o w i n g  two ways. 

F i r s t ,  t h e  i n c r e m e n t  o f  immovable s t o c k s  i s  a p r o d u c t  o f  one  

c o n s t r u c t i o n  j o b  m u l t i p l i e d  by t h e  number o f  j o b s  used  f o r  t h e  

c r e a t i o n  o f  t h e  immovable p a r t  o f  t h e  s t o c k s  i n  t h i s  s p h e r e .  I t  

seems n a t u r a l  t o  assume t h a t :  

1 .  P r o d u c t i v i t y  o f  o n e  c o n s t r u c t i o n  j o b  i s  t h e  same f o r  a l l  

t h r e e  s p h e r e s .  

2 .  The s h a r e  o f  c o n s t r u c t i o n  j o b s  c r e a t i n g  t h e  immovable 

p a r t  o f  t h e  s t o c k s  o f  o n e  s p h e r e  e q u a l s  t h e  s h a r e  o f  i n -  

c r e m e n t a l  immovables i n  t h i s  s p h e r e  i n  t h e  t o t a l  g rowth  

o f  immovable s t o c k s .  

I f  w e  d e n o t e  t h e  p r o d u c t i v i t y  o f  o n e  c o n s t r u c t i o n  j o b  by a ,  t h e n  

Second,  t h e  i n c r e m e n t  o f  immovables i n  e a c h  s p h e r e  can  b e  

d e s c r i b e d  by a Cobb-Douglas f u n c t i o n  where t h e  c o n s t r u c t i o n  s t o c k s  



and number o f  j o b s  a r e  c o n s i d e r e d .  Then, t h e  f a c t  t h a t  one  p a r t  

o f  t h e  s t o c k s  and  t h e  c o n s t r u c t i o n  j o b s  a r e  common t o  a l l  s p h e r e s  

and t h e  o t h e r  p a r t  i s  meant  f o r  a  p a r t i c u l a r  s p h e r e  w i l l  b e  ac-  

c o u n t e d  f o r  i n  t h e  s t a n d a r d i z i n g  f a c t o r .  Then 

F 3  B u t  R3 = - , whence w 2 

C o n s e q u e n t l y ,  

Then, o b v i o u s l y ,  

and 

and 

Thus,  e q u a t i o n s  ( 1 )  and  ( 3 ) - ( 6 )  form t h e  f i r s t  p a r t  o f  t h e  
model. 



3 .  THE SECOND PART O F  THE MODEL 

This  p a r t ,  a s  p rev ious l y  mentioned, l i n k s  j obs ,  t h e  imbalance 

of  c a p i t a l  investment  i n t o  i n d u s t r i e s  and s e r v i c e s ,  and migra t ion .  

We use t h e  fo l low ing  assumption. Urban-rural  m ig ra t i on  i s  n e g l i -  

g i b l e  compared t o  ru ra l -u rban m ig ra t i on ,  and n e t  m igra t ion  i s  e s -  

s e n t i a l l y  a f low o f  c i ty-bound migrants .  Th is  f low q u a n t i t a t i v e l y  

c o n s i s t s  o f  two p a r t s .  The f i r s t  i s  equa l  t o  t h e  n a t u r a l  popula- 
t i o n  growth. - The second i s  formed by t h e  imbalance o f  changes i n  

working and l i v i n g  c o n d i t i o n s  i n  t h e  s e r v i c e s .  I n  t h e  s i m p l e s t  

case  t h i s  second p a r t  i s  a l i n e a r  f u n c t i o n  of  c a p i t a l  investments  

i n t o  r u r a l  i n d u s t r i e s  and s e r v i c e s .  

L e t  

P be popu la t ion  s i z e  

I be n a t u r a l  popu la t ion  growth 

h be t h e  s h a r e  o f  popu la t ion  t h a t  i s  employed 

a l ,  p 2 ,  p 3  be t h e  manpower demand o f  each job i n  t h e  
t h r e e  s e c t o r s ,  r e s p e c t i v e l y  

The r e l a t i o n s h i p  between popu la t ion  employment and a v a i l a b l e  jobs 

i s  w r i t t e n  s imply a s  

According t o  t h e  assumption f o r  t h e  s i m p l e s t  c a s e ,  

Q u a n t i t i e s  q 1  and n 2  a r e  unknown, b u t  w e  fo rmu la te  some cons idera-  

t i o n s  a l low ing  us  t o  determine t h e  s i g n s  o f  n 1  and q 2 .  Demograph- 

e r s  o f t e n  cons ider  t h a t  m igra t ion  t a k e s  p lace  because of  a d e s i r e  

f o r  an improvement of  working c o n d i t i o n s  adequate t o  l i v i n g  condi- 

t i o n s  i n  t h e  s e r v i c e  s e c t o r .  We t h i n k  t h i s  v iewpoint  i s  j u s t i -  

f i e d .  I n  f a c t ,  a s  i n d u s t r i e s  develop h ighe r  t e c h n i c a l  s o p h i s t i c a -  

tion-, a h i g h e r - s k i l l e d  l a b o r  f o r c e  i s  needed. S k i l l  upgrading i s  



connected w i t h  h i g h e r  e d u c a t i o n a l  a t t a i n m e n t s  and w i t h  a h i g h e r  

c u l t u r e  i n  g e n e r a l .  A h i g h e r  e d u c a t i o n  l e v e l  l e a d s  t o  a h i g h e r  

pay and a h i g h e r  c u l t u r e  and t h e r e f o r e  r e q u i r e s  growth i n  a l l  

s p h e r e s  o f  l i v i n g  a c t i v i t y ,  i n c l u d i n g  t h e  s e r v i c e  s e c t o r  o f  t h e  

economy. 

The s a t i s f a c t i o n  o f  a d d i t i o n a l  needs i s  p a r t l y  ach ieved  

through g e n e r a l  growth o f  s e r v i c e s  on r e g i o n a l  and n a t i o n a l  s c a l e s  

( b e t t e r  communicat ions,  mass media,  u rban s e r v i c e s ,  and t h e  l i k e ) ,  

and p a r t l y  t h rough  t h e  growth  o f  t h e  p a r t i c u l a r  s e c t o r ' s  s e r v i c e s .  

Rura l  s e r v i c e s  a r e  r i g i d l y  a t t a c h e d  t o  t h e  p l a c e  o f  r e s i d e n c e .  

T h e i r  growth,  t h e r e f o r e ,  p l a y s  more o f  a r i l e  i n  t h e  s a t i s f a c t i o n  

o f  i nc remen ta l  needs ,  t h e  less is t h e  a c c e s s i b i l i t y  o f  nonspec ia l -  

i z e d ,  n o n s e c t o r a l  s e r v i c e s .  

I n  S i b e r i a ,  t h e  F a r  E a s t ,  and i n  t h e  n o r t h  o f  t h e  European 

p a r t  o f  t h e  USSR t h i s  s i t u a t i o n  e x i s t s .  F o r  s i m i l a r  r e g i o n s ,  

t h e r e f o r e ,  5 - < 0.  And one can  suppose t h a t  t h e  more u rban i zed  

a r e g i o n  i s ,  t h e  more "wrong" i s  assumpt ion ( 4 )  and  t h e  more 

e f f i c i e n t  some o t h e r  f a c t o r s  become, f o r  example,  u rban  s e r v i c e s ,  

a v a i l a b i l i t y  o f  v a c a n c i e s  i n  c i t i es ,  etc.  I n  t h e  r o u g h e s t  ap- 

p rox imat ion  w e  s h a l l  c o n s i d e r  q1 = -9, and i n  t h e  f i n a l  form 

4 .  THE MODEL AS A WHOLE 

The d i f f e r e n t i a l  e q u a t i o n s  ( 1 ) , 3 - 6 , ( 7 )  and ( 9 )  form 

a system. I n  t h i s  sys tem K ,  p i ,  a ,  Wj, q ,  and I ,  a s  

0 w e l l  a s  t h e  i n i t i a l  v a l u e s  f o r  t = 0 ,  K O ,  Fi , and PO a r e  assumed 

t o  b e  known. The v a r i a b l e s  P ,  K 1 ,  K 2 ,  F ~ ,  R i ,  and h a r e  sough t .  

C e r t a i n l y ,  o t h e r  p o s s i b l e  combinat ions  a r e  p rede te rmined  and 

sough t  f o r  v a r i a b l e s  and f u n c t i o n s .  For  example,  i f  t h e  v a l u e  

h f o r  each  t i m e  p o i n t  i s  f i x e d ,  it i s  p o s s i b l e ,  a s  w i l l  be  seen  

l a t e r ,  t o  f i n d  t h e  v a l u e  o f  K .  An a n a l y t i c a l  s o l u t i o n  o f  t h e  

sys tem,  however, i s  ve ry  d i f f i c u l t  because  o f  t h e  c o e f f i c i e n t s  

be ing  f u n c t i o n s  o f  t i m e ,  a l t h o u g h  a numer ica l  s o l u t i o n  i s  i n  

f a c t  p o s s i b l e .  



With t h i s  i n  mind w e  s h a l l  p a s s  t o  t h e  s o l u t i o n  o f  t h e  sys-  

t e m  assuming t ime- independence o f  t h e  c o e f f i c i e n t s  a ,  W 3 ,  h ,  

and pi .  T h i s  assumpt ion i s  n o t  ve ry  a r t i f i c i a l  s i n c e  t h e  s o l u -  

t i o n  r e s u l t s  w i l l  be  ex tended  o n l y  t o  some s h o r t  t i m e  i n t e r v a l s .  

I n  e q u a t i o n  ( 9 )  w e  can  o m i t  i t e m  I i f  n a t u r a l  growth i s  known, 

and w e  deduc t  it be fo rehand  s i n c e  i n  t h i s  c a s e ,  change i n  popula-  

t i o n  s i z e  i s  o n l y  a  r e s u l t  o f  m i g r a t i o n .  I n  e q u a t i o n  ( 2 )  w e  as -  

s ume 

and i n  e q u a t i o n  ( 1 )  y i  = aiWi. I n  summary, w e  have t h e  f o l l ow ing  

sys tem o f  e q u a t i o n s :  

The s o l u t i o n  i s  s imp le .  F i r s t ,  f rom e q u a t i o n s  ( 1 0 )  and (11)  w e  

f i n d  v a l u e s  k l  and i2 a s  f u n c t i o n s  o f  R 3 ,  k3 ,  and  K .  From equa- 

t i o n s  (12 )  and ( 1  3 )  w e  exc lude  P ,  hav ing  f i r s t  i n t e g r a t e d  (1  3 )  

o v e r  t i m e .  A f t e r  f i n d i n g  t h e  i n t e g r a l  i1 and i2, w e  s u b s t i t u t e  

i t i n t o  a  sys tem o b t a i n e d  from ( 1  2)  and (1  3 )  . D i f f e r e n t i a t i n g  

a g a i n  t h e  s u b s t i t u t i o n  r e s u l t ,  w e  o b t a i n  t h e  f o l l o w i n g  d i f f e r e n -  

t i a l  e q u a t i o n :  

where 



The s o l u t i o n  o f  e q u a t i o n  (14 )  i s  obv ious :  

Assuming t h a t  c a p i t a l  i nves tmen ts  a r e  chang ing d u r i n g  t h e  t i m e  

i n t e r v a l  { o f t )  a t  a  c o n s t a n t  r a t e  C ,  w e  have 

The v a l u e s  o f  R1 and R2 can be  o b t a i n e d  by u s i n g  t h e  f o l l o w i n g  

formulas  : 

where 

Then, from r e l a t i o n s h i p  (13 )  p o p u l a t i o n  s i z e  i s  found:  



The b e h a v i o r  o f  p o p u l a t i o n  s i z e  a s  a  r e s p o n s e  t o  i n v e s t m e n t s  i s  

f u l l y  d e t e r m i n e d  by t h e  r e l a t i o n s h i p  be tween t h e  c o e f f i c i e n t s  o f  

t h e  e q u a t i o n s .  I n d e e d ,  

How c a n  w e  f i n d  o u t  how t h e  d i s t r i b u t i o n  o f  i n v e s t m e n t s  be tween 

t h e  i n d u s t r i e s  ( K 1 )  a n d  s e r v i c e s  ( K 2 )  depends  upon i n v e s t m e n t  

l e v e l s ?  S i n c e  

t h e n  

R e t u r n i n g  t o  t h e  i n i t i a l  n o t a t i o n ,  

O b v i o u s l y ,  t h e  p e r c e n t a g e  o f  mach ines  a n d  e q u i p m e n t ,  a s  w e l l  a s  

e x p e n d i t u r e s  p e r  i n c r e m e n t a l  u n i t  o f  immovable s t o c k s  i n  t h e  i n -  

d u s t r i e s  sector, i s  h i g h e r  t h a n  i n  t h e  s e r v i c e s  sector. I t  f o l -  

lows t h a t  t h e  s i g n  of t h i s  d e r i v a t i v e  i s  d e t e r m i n e d  by t h e  s i g n  

o f  t h e  r e l a t i o n s h i p  ( $ 1 ~ 1  - I $ ~ W ~ ) .  A t  p r e s e n t ,  t h e  s i t u a t i o n  i n  

t h e  r u r a l  s e r v i c e s  i s  s u c h  t h a t  o 2  z 1 .  C o n s e q u e n t l y ,  i f  W 2  2 
$lW1 t h e n  



since with investment growth, a predominant share of the invest- 

ments will be put into services. 

If the requirement is made that there will always be a rela- 

tionship between q - > 0 and K1 - K2 - > 0, it makes sense to pose a 

question about the maximum size of investments to be effectively 

used (i.e., turned into stocks provided with manpower) in the re- 

gion. This quantity will be referred to as maximum investments 

and denoted by Kmax. For fixed coefficients of the above system, 

it is obvious that investments achieve their maximum with K1 = K2. 

We will seek maximum investments with the help of the parameter 

Z, whose function will be investments and assets. Finding invest- 

ments in the system as a function of this parameter and system co- 

efficients, we will integrate them over the interval [o, a] and 

obtain optimal investments. Consider the following equations: 

From equations ( 17) - ( 19) we obtain a homogeneous differential 
equation for R (Z) and when solving it, we obtain 3 

where 



S ince  i n  t h e  s e r v i c e s  t h e  s h a r e  o f  immovable s t o c k s  is c l o s e  t o  

u n i t y ,  and i n  c o n s t r u c t i o n  i t i s  c l o s e  t o  z e r o ,  K1 - K 2  = 0 ,  A 
dR2 ( 2 )  

I 
> 0 .  F ind ing  v a l u e s  d Z  and s u b s t i t u t i n g  them i n t o  ( 1 6 ) ,  w e  

o b t a i n  

Hence 

Now w e  can  answer t h e  q u e s t i o n  o f  how t h e  d i s t r i b u t i o n  o f  i n v e s t -  

ments i n t o  i n d u s t r i e s  and s e r v i c e s  i s  a s s o c i a t e d  w i t h  t h e  d i f f e r -  

ence o f  a c t u a l  i nves tmen ts  from t h e  maximum. T h i s  d i f f e r e n c e  can 

be  e s t i m a t e d  e i t h e r  a s  t h e  r e l a t i o n s h i p  - o r  a s  t h e  d i f f e r e n c e  
Kmax 

(Kmax - K ) .  For  t h e  former e s t i m a t i o n  

d(K1 - K2) - 
- -  

d K c o n s t  

/~max Kmax 

For t h e  l a t t e r ,  

So f a r ,  w e  have supposed t h a t  s t o c k  d e p l e t i o n  i s  immediate ly  

r ep laced .  Th i s  assumpt ion i s  n o t  ve ry  r e a l i s t i c .  Now w e  s h a l l  

c o n s i d e r  a  model w i t h  t h e  r e a l  d e p l e t i o n  o f  s t o c k s .  W e  assume 

t h a t  t h e  amount o f  d e p l e t e d  s t o c k s  a t  a  t i m e  p o i n t  t is a p a r t  o f  

s t o c k s  a t  t h i s  ve ry  p o i n t  i n  t i m e .  Denote t h e  r e c e i p t  o f  s t o c k s  



+ 
by F  , and d e p l e t i o n  by F-. Obvious ly ,  

- 
and i f  Fi = giFi, 

m i m  m .im a r e  t h e  s h a r e s  o f  where gi = gi (1 - mi) + g i  O i  and gi , gl 
movable and immovable s t o c k s ,  r e s p e c t i v e l y .  

I t  i s  obv ious  now t h a t  e q u a t i o n s  (10)  , (1 1 )  , and (13)  a r e  
+ d e a l i n g  w i t h  i n c r e a s i n g  (new) jobs.  A f t e r  s u b s t i t u t i n g  Ri f o r  

ki i n  ( 1 0 ) .  (1 1 ) .  and ( 1 3 ) ,  a f t e r  s u b s t i t u t i n g  t h e  e x p r e s s i o n  i n  

(20)  f o r  R:, and a f t e r  exc lud ing  h from e q u a t i o n s  (1  2) and (1 3) , 
w e  o b t a i n  t h e  f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n s :  

I n  t h e  g e n e r a l  c a s e ,  depending on t h e  r e l a t i o n s h i p  o f  c o e f f i -  

c i e n t s  ci j  
and b i j  

, t h e  s o l u t i o n  o f  a  homogeneous sys tem d e s c r i b e s  

e i t h e r  t h e  e x p o n e n t i a l  o r  t h e  f l u c t u a t i o n a l  change o f  Ri. I n v e s t -  

ments t hen  a c t  a s  a  d i s t u r b i n g  f a c t o r  a b l e  t o  b o t h  i n t e n s i f y  and 

s l a c k e n  t h e  f l u c t u a t i o n s  depending on t h e  n a t u r e  o f  f u n c t i o n  K ( t ) .  

Thus i n  r e a l i t y  f l u c t u a t i o n s  i n  t h e  number o f  jobs c a n  t a k e  p l a c e  

and w i l l  be a s s o c i a t e d  w i t h  t h e s e  equa t i ons .  W e  can a l s o  show 

t h a t  t h e  v a r i a b l e  6, i. e. , n e t  m i g r a t i o n  change,  i s  l i a b l e  t o  

f l u c t u a t i o n s .  I t  i s  a l s o  i n t e r e s t i n g  t o  n o t e  t h a t  i f  a  s o l u t i o n  

w i t h  f l u c t u a t i o n s  f o r  one s p h e r e  i s  o b t a i n e d ,  and w e  a r t i f i c i a l l y  

( i . e . ,  n o t  acco rd ing  t o  t h e  s o l u t i o n )  t r a n s f e r  t o  it p a r t  o f  t h e  

inves tments  from o t h e r  s p h e r e s  t o  smooth t h e s e  f l u c t u a t i o n s ,  f  l uc -  

t u a t i o n s  w i l l  a r i s e  i n  o t h e r  sphe res .  A l l  t h e s e  e f f e c t s  can be 

observed  i n  a c t u a l  s t a t i s t i c s .  



5. CONCLUSION 

On the basis of this model in the Institute of Economics and 

Industrial Engineering (Novosibirsk, USSR), the problem of bal- 

anced capital investment distribution between agriculture, con- 

struction, and services for West Siberia was analyzed. The agri- 

cultural sphere was presented using nine food sectors. The model 

gave us the opportunity to determine the optimal number and struc- 

ture of jobs in each sector for the next 20 years. Fortunately, 

we were able to determine an adequate migrant reaction to changes 

in the economy and, therefore, the results of our forecasts and 

demographic forecast were nearly the same, On the other hand, the 

the second model--the demo-educational model--was used for solv- 

ing the supply-demand problem for manpower. A hypothetical demand 

structure was formed by the above-mentioned model and the supply 

needed was derived by the demo-educational model. Supply-demand 

imbalance was eliminated through special education programs. 

The next step in modeling will be the construction of a simi- 

lar model for the urban region in such a way that rural and urban 

regions will be linked through flows of migrants and commodities. 

The final step will be the construction of a multiregional 

two-sector model. Usually in all of these models, the demo- 

educational part is a demographic model. It will be necessary 

to use multiregional population projections (Rogers 1975). 
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