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FOREWORD 

Dec l in ing  r a t e s  o f  n a t i o n a l  p o p u l a t i o n  growth,  c o n t i n u i n g  
d i f f e r e n t i a l  l e v e l s  o f  r e g i o n a l  economic a c t i v i t y ,  and s h i f t s  
i n  t h e  m i g r a t i o n  p a t t e r n s  o f  peop le  and jobs  a r e  c h a r a c t e r i s t i c  
e m p i r i c a l  a s p e c t s  o f  many deve loped c o u n t r i e s .  I n  some r e g i o n s  
t hey  have combined t o  b r i n g  abou t  r e l a t i v e  (and i n  some cases 
a b s o l u t e )  p o p u l a t i o n  d e c l i n e  o f  h i g h l y  u rban ized  areas; i n  
o t h e r s  they  have b rough t  abou t  r a p i d  m e t r o p o l i t a n  growth. 

The o b j e c t i v e  o f  t h e  Urban Change Task i n  IIASA's Human 
S e t t l e m e n t s  and S e r v i c e s  Area i s  t o  b r i n g  t o g e t h e r  and synthe-  
s i z e  a v a i l a b l e  e m p i r i c a l  and t h e o r e t i c a l  i n f o r m a t i o n  o n  t h e  
p r i n c i p a l  de te rm inan ts  and consequences o f  such  u rban  growth 
and d e c l i n e .  

The s tudy  o f  t h e  r e d i s t r i b x t i o n a l  demographic consequences 
o f  d e c l i n i n g  r a t e s  o f  n a t u r a l  i n c r e a s e  is compl ica ted by t h e  
f a c t  t h a t  v i r t u a l l y  a l l  of  t h e  mathemat ica l  t h e o r y  o f  s t a b l e  
popu la t i on  growth i s  founded on a n  assumpt ion o f  f i x e d  rates o f  
f e r t i l i t y ,  m o r t a l i t y ,  and m ig ra t i on .  D r .  K i m  s u g g e s t s  i n  t h i s  
paper  how t h e  r e l a x a t i o n  o f  such a n  assumpt ion r e v e a l s  new i n -  
s i g h t s  abou t  m u l t i r e g i o n a l  popu la t i on  dynamics. 

A l i s t  o f  p u b l i c a t i o n s  i n  t h e  Urban Change Series appea rs  
a t  t h e  end o f  t h i s  paper .  

Andrei  Rogers 
Chairman 
Human S e t t l e m e n t s  
and S e r v i c e s  Area 
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ABSTRACT 

The theory  of s t a b l e  popu la t ion  dynamics i s  r e l a t i v e l y  w e l l  
developed i n  t h e  demographic l i t e r a t u r e ,  bu t  v i r t u a l l y  a l l  of  it 
i s  founded on t h e  assumption o f  unchanging r a t e s  of f e r t i l i t y ,  
m o r t a l i t y ,  and migrat ion.  The case of changing r a t e s  i s  r e l a t i v e l y  
underdeveloped and l i t t l e  i s  known about  t h e  i n f l uence  o f  changing 
r a t e s  on age composit ion and r e g i o n a l  d i s t r i b u t i o n .  Th is  paper 
cons ide rs  how mu l t i r eg iona l  zero  growth popu la t ions  evolve over  
t i m e  when exposed t o  changing b i r t h ,  dea th ,  and migra t ion  r a t e s .  
I t  i l l u m i n a t e s  t h e  ways i n  which a n  age-by-region composit ion i s  
in f luenced by t h e  p a t t e r n  of  r e c e n t  r a t e s  and how t h e  i n f l uence  
of  an  i n i t i a l  composit ion i s  l o s t  over  t ime. 

- v i i  - 
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MULTIREGIONAL ZERO GROWTH POPULATIONS 
WITH CHANGING RATES 

INTRODUCTION 

I n  r e c e n t  y e a r s ,  f e r t i l i t y  i n  most developed c o u n t r i e s  seems. 

t o  be reaching o r  have a l ready  reached near-replacement l e v e l s ,  

w i th  p e r t u r b a t i o n s  from t ime t o  t ime r e s u l t i n g  from s o c i a l  and 

economic cond i t ions .  We a r e  i n t e r e s t e d  i n  desc r ib ing  mathemati- 

c a l l y  t h e  dynamics of  such populat ions.  Todo t h i s  we begin  w i th  

t h e  r e s u l t  of  t h e  weak ergodic  theorem, which s t a t e s  t h a t  t h e  

age s t r u c t u r e  o f  a  popula t ion s u b j e c t  t o  an  a r b i t r a r y  sequence 

of f e r t i l i t y  and m o r t a l i t y  schedules over t ime even tua l l y  l o s e s  

i t s  dependence on t h e  i n i t i a l  age d i s t r i b u t i o n  and comes t o  be 

a func t i on  on ly  of i t s  r e l a t i v e l y  r e c e n t  h i s t o r y  of  f e r t i l i t y  

and m o r t a l i t y  r a t e s  (e .g . ,  Lopez, 1961).  Nothing i s  s a i d  i n  

t h i s  theorem, however, about how age s t r u c t u r e  i s  determined by 

r e c e n t  v i t a l  r a t e s  o r  how t h e  e f f e c t  of  an  i n i t i a l  age s t r u c t u r e  

i s  l o s t .  Th is  has l e d  us t o  examine t h e  dynamics of popu la t ions  

w i th  a r b i t r a r i l y  changing v i t a l  r a t e s  b u t  r e s t r i c t e d  t o  have a 

n e t  reproduc t ion  r a t e  (NRR) of u n i t y  ( K i m  and Sykes, 1978) .  

A s  l e v e l s  and changes i n  l e v e l s  o f  f e r t i l i t y  and m o r t a l i t y  

d imin ish,  in-  and outmigrat ion p lay  an i nc reas ing l y  impor tant  

r o l e  i n  determin ing t h e  dynamics of  reg iona l  popula t ions.  Rogers 

(1975) has developed a model of  mu l t i r eg iona l  popula t ion dynamics 

i n  which migra t ion  s c h e d u l e s a s  we l l  a s  m o r t a l i t y  and f e r t i l i t y  



schedules p lay  an impor tant  r o l e .  He thereby has extended s t a b l e  

popu la t ion  theory t o  inc lude rnu l t i reg ional  populat ions.  Analo- 

gous t o  s t a b l e  popu la t ion  theory ,  mu l t i reg iona l  s t a b l e  populat ion 

theory s t a t e s  t h a t  i f  reg iona l  age-spec i f i c  schedules of f e r t i l -  

i t y ,  mo r ta l i t y ,  and migra t ion  a r e  f i xed  f o r  a  long t i m e ,  t h e  pop- 

u l a t i o n  evolves i n t o  a  mu l t i reg iona l  s t a b l e  populat ion w i th  f i xed  

reg iona l  sha res  and reg iona l  age composit ions. 

S tab le  theory f o r  popu la t ions  w i th  f i xed  r a t e s  does no t  ex- 

tend t o  popu la t ions  wi th  a r b i t r a r i l y  changing r a t e s  over t i m e  i n  

a  p red i c t ab le  way. W e  can, however, o b t a i n  s p e c i f i c  formulas f o r  

d i f f e r e n t  a t t r i b u t e s  o f  such popu la t ions  and see  how weak ergo- 

d i c i t y  works e x p l i c i t l y  f o r  popu la t ions  c l o s e  t o  s t a t i o n a r i t y  bu t  

w i th  otherwise a r b i t r a r y  r a t e s .  To do . t h i s  w e  r e s t r i c t  t h e  number 

o f  age groups t o  two f o r  a  c losed popu la t ion  and t h e  number of  

reg ions  t o  two f o r  a  mu l t i reg iona l  popu la t ion  w i thout  age s t r uc -  

t u r e .  The r e s u l t s  ob ta ined a r e  t r u e  qualitatively f o r  popu la t ions  

w i th  an a r b i t r a r y  number of age groups and reg ions.  W e  a l s o  f o l -  

low t h e  usual  r e s t r i c t i o n  o f  a  one-sex model when age s t r u c t u r e  

i s  cons idered . 
I n  t h e  nex t  s e c t i o n  w e  review t h e  dynamics of  c losed popula- 

t i o n s  w i th  changing r a t e s  and NRR = 1.  W e  then show how t h e  

argument can be app l ied  t o  two-regional  popu la t ions  and, a f t e r  

formulat ing a  model o f  b i r eg i ona l  popu la t ion  dynamics w i th  

changing r a t e s  i n  t h e  t h i r d  sec t i on ,  w e  d i scuss  t h e  dynamics of 

popu la t ions  w i th  age groups and reg ions  i n  t h e  f o u r t h  s e c t i o n ,  

and conclude w i th  a  b r i e f  d i scuss ion  of  s e v e r a l  new i n t e r p r e t a -  

t i o n s  of o l d  concepts .  

11. DYNAMICS OF CLOSED ZERO GROWTH POPULATIONS 

I n  t h i s  s e c t i o n  w e  summarize t h e  r e s u l t s  of K i m  and Sykes 

( 1 9 7 8 ) .  However, t h e  vec to r s  and mat r i ces  desc r ib ing  popu la t ion  

dynamics a r e  he re  t ransposed back t o  t h e  more convent ional  forms. 

This  change makes t h e  gene ra l i za t i on  t o  mu l t i reg iona l  dynamics 

e a s i e r  a l lowing one t o  r e t a i n  t h e  r ep resen ta t i on  usua l l y  used by 

demographers. 



W e  c o n s i d e r  a  c l o s e d  popu la t i on  w i t h  two age  groups expres-  

sed  i n  v e c t o r  form 

and i n t r o d u c e  t h e  2 x  2 p o p u l a t i o n  p r o j e c t i o n  m a t r i x  (ppm) 

(See K i m  and Sykes,  1978, f o r  a  more d e t a i l e d  e x p l a n a t i o n  o f  t h e  

n o t a t i o n  used . )  S ince  t h e  dynamics 0 f . a  p o p u l a t i o n  w i t h  age s t r u c -  

t u r e  gt a t  t i m e  t i s  g i v e n  by: 

i t  f o l l ows  t h a t  t h e  age  d i s t r i b u t i o n  a t  t i m e  t i s  

where w e  have w r i t t e n  t h e  backward p roduc t  o f  t ppm's a s  M t o  
-.t 

avo id  w r i t i n g  a  long  s t r i n g  o f  m a t r i c e s  f r e q u e n t l y .  

W e  f i r s t  c o n s i d e r  t h e  dynamics o f  p o p u l a t i o n s  when t h e  ppm 

i s  r ow-s tochas t i c ,  

i n  which f e r t i l i t y  i s  s p l i t  a r b i t r a r i l y  between t h e  two age  groups 

and w i t h  m o r t a l i t y  se t  equa l  t o  ze ro .  No t i ce  t h a t  t h e  p e r i o d  

NRRt = 1 f o r  a l l  t ,  b u t  t h a t  t h e  c o h o r t  NRRt = 1 - bt + bt+l  # 1.  

By d i r e c t l y  m u l t i p l y i n g  t h e  m a t r i c e s ,  it can  be shown t h a t  



where 

and 

I f  t h e  sequence of  b i r t h  r a t e s ' i b t }  i s  bounded below 1  (it i s  a 

s u f f i c i e n t ,  b u t  n o t  a  necessa ry  cond , i t i on )  t h e n  

l i m  yt = 0 
t j W  

and 

l i m  Gt = G 
t + r n  

e x i s t .  Hence t h e  p roduc t  ma t r i x  Mt converges t o  a c o n s t a n t  mat- - 
r i x  o f  rank  1 ,  i .e . ,  

l i m  M t =  G 1 - G  
t + r n  

-a 

[ G  1 - G I  

where G s a t i s f i e s  

and t h u s  i s  complete ly  determined by e a r l y  f e r t i l i t y ' r a t e s .  The 

age d i s t r i b u t i o n  a t  t i m e  t i s  g iven  by, from e q u a t i o n s  ( 2 . 4 )  and 

(2 .9)  

f o r  l a r g e  t. The e v e n t u a l  popu la t i on  s i z e  i s  a weighted average 

of  t h e  i n i t i a l  p o p u l a t i o n  i n  t h e  two age  groups,  w i t h  t h e  weight  

determined by e a r l y  v i t a l  r a t e s ,  and t h e  r e l a t i v e  age  d i s t r i b u t i o n  

i s  uni form. W e  have s e e n  t h a t  even w i t h  a  changing f e r t i l i t y  pa t -  

t e r n  ove r  t i m e ,  s t r o n g  e r g o d i c i t y  ho lds  and t h a t  a l l  of t h e  usua l  

measuresdescr ib ing  t h e  p o p u l a t i o n  e v e n t u a l l y  become c o n s t a n t .  



We n e x t  c o n s i d e r  t h e  dynamics o f  p o p u l a t i o n s  w i t h  column- 

s t o c h a s t i c  ppms, i .e . ,  A now i s  o f  t h e  form N t  

I n  t h i s  c a s e  f e r t i l i t y  i n  t h e  second a g e  group i s  c o n s t a n t ,  w h i l e  

t h a t  i n  t h e  f i r s t  age  group v a r i e s  w i t h  m o r t a l i t y .  Fo r  t h i s  

ppm, b o t h  p e r i o d  and c o h o r t  NRR a r e  u n i t y .  By d i r e c t l y  mu l t i p l y -  

i n g  t h e  ppms, it can  be  shown t h a t  

where 

and 

Al though t h e  form o f  Ht is  s u ~ e r f i c i a l l y  s i m i l a r  t o  t h e  e x p r e s s i o n  

f o r  Gt g i v e n  i n  e q u a t i o n  ( 2 . 7 ) ,  i t d i f f e r s  c r u c i a l l y  i n  t h a t  h e r e  

t h e  r e c e n t  e lements  o f  t h e  sequence { s t )  de te rm ine  Ht.  Because 

o f  t h i s ,  t h e  sequence {Ht} h a s  no l i m i t  a s  t i n c r e a s e s ,  a l t hough ,  

The v a l u e  can  be c a l c u l a t e d  t o  an  a r b i t r a r y  deg ree  of  accuracy  

u s i n g  more terms. The sequence o f  p roduc t  m a t r i c e s  {PIt} s a t i s f i e s  



I n  o t h e r  words, t h e  popu la t ion  a t  t ime t ,  f o r  Large t ,  i s  given 

by, from equat ions  (2.4) and ( 2 . 1 6 ) ,  

i .e . ,  a l though t h e  t o t a l  popu la t ion  s i z e  i s  f i xed  a t  a l l  t imes ,  

t h e  number of  b i r t h s  and t h e  age d i s t r i b u t i o n  keep c o n s t a n t l y  

changing over  t i m e  and a r e  determined by t h e  r e c e n t  v i t a l  r a t e s .  

See K i m  and Sykes (1978) f o r  more d e t a i l e d  d i s c u s s i o n  and gener- 

a l i z a t i o n .  

111. DYNAMICS OF BIREGIONAL ZERO GROWTH POPULATIONS 

We now cons ide r  popu la t i ons  w i thou t  age s t r u c t u r e  l o c a t e d  i n  

two reg ions .  A major formal  d i f f e r e n c e  between t h i s  popu la t ion  

and t h e  "c losed"  popu la t ion  w i th  two age groups i s  t h a t  now a l l  

f o u r  t r a n s i t i o n s  a r e  p o s ~ i b l e ~ w h e r e a s  t h e  c o n t r i b u t i o n  from t h e  

second age group t o  i t s e l f  was zero  f o r  t h e  c losed  popu la t ion .  

When t h i s  i s  t r a n s l a t e d  i n t o  a  t r a n s i t i o n  ma t r i x  ( a l s o  a  ppm) a l l  

f o u r  cel ls of t h e  ppm have non-zero e n t r i e s  f o r  t h e  two-region 

( b i r e g i o n a l )  dynamics. 

We can fo rmu la te  t h e  dynamics o f  r e g i o n a l  popu la t i ons  i n  two 

a l t e r n a t i v e  ways. F i r s t ,  we may t a k e  a  pe r iod  approach by us ing  

t h e  two-region account ing r e l a t i o n s h i p  (Rogers, 1968):  



where Pi (t) , i = 1,2, is the population size in region i at 

time t and bi(t) , di(t) , and Oi(t) , i = 1 2  are the crude 

rates of birth, death, and outmigration for region i at time t. 

If the rates given are the usual single year rates, the time 

unit of equation (3.1) is also one year. If we denote the matrix 

in equation (3.1) as C(t), i-e., - 

then the dynamics of regional populations at time tare given by, 

An alternative way of describing the dynamics of a two- 

region population is through a generational approach. The birth 

sequence in two regions satisfies the expression 

where Bi(t), i = 1,2, is the number of births in region i at time 

t, and Rij (t), it j = 1,2, is t h z  s p a t i a l  n e t  r e p r o d u c t i o n  r a t e  

(SNRR) in region j of women born in region i at time t-1. The 

Ri j (t) is given by 

where pt (x) is the probability of surviving to age x in region j 
i j t 

for those born in region i at time t, and mi(x) is the age-specific 
J 

fertility rate for age x in region j at time t. Note that al- 

though Rogers and Willekens (1976a, equation 4.2; 1976b, equation 

3) have expressions similar to equation (3.4) , they restricted 



themselves t o  t h e  l i m i t i n g  s t a t i o n a r y  b i r t h  sequence of popula- 

t i o n s  w i t h  c o n s t a n t  r a t e s  o f  no growth.  A lso n o t e  t h a t  R (t)  
i j  

i n  e q u a t i o n s  (3 .4 )  and ( 3 . 5 )  i s  R . ( O )  a t  t i m e  t i n  t h e  n o t a t i o n  
i 7 

of  Rogers and Wi l lekens .  The t o t a l  p o p u l a t i o n  a t  t i m e  t may be 

expressed  a s  

where Y i ( t ) ,  i = 1 , 2 ,  i s  t h e  p o p u l a t i o n  s i z e  i n  r e g i o n  i a t  t i m e  

t ,  and 'e i j  ( t )  , i, j  = 1 , 2 ,  r e p r e s e n t s  t h e  number o f  y e a r s  l i v e d  

i n  r e g i o n  j ,  on t h e  ave rage ,  by i n d i v i d u a l s  born  i n  r e g i o n  i a t  

t i m e  t. Note t h a t  e i j ( t )  i s  e. (O)  a t  t i m e  t i n  t h e  n o t a t i o n  o f  
i I 

Rogers (1975 ) .  From e q u a t i o n s  (3 .4)  and (3 .6 )  t h e  dynamics o f  

t o t a l  p o p u l a t i o n s  i s  g i ven  by 

and hence by w r i t i n g  

which may be  c a l l e d  t h e  s p a t i a l  n e t  r e p r ~ d u c t i o n  r a t e  f o r  a  popu- 

l a t i o n  (SNRRP) , w e  rewri te equa t i on  (3 .7 )  a s  

I t  f o l l ows  t h a t  t h e  r e g i o n a l  p o p u l a t i o n  d i s t r i b u t i o n  a t  t i m e  t i s  

g i ven  by 



Hence, the dynamics of total populations is formally identical to 

that of the birth sequence in the generational model, and also to 

the dynamics of populations in the period model. 

Before exploring the dynamics of regional populations with 

changing rates, let us briefly summarize the dynamics of stable 

stationary populations (e.g., Rogers and Willekens, 1976b). When 

the rates are constant over time,the limiting distribution is de- 

termined by the maximal eigenvalue and the corresponding eigen- 

vectors of the ppm. A stationary multiregional population results 

if the maximal eigenvalue is unity, i.e., in a case of a 2 x 2 

if the elements-satisfy the relationship 

A special case of equation (3.11) is a row-stochastic matrix, 

which may be written as 

An example of this form is given by Rogers and Willekens (1976b:R). 

The limiting stationary distributian becomes 

which states that the two regions will have an equal number of 

persons, and the ultimate population size will be determined by 

a weighted average of the initial populations in the two regions. 

Another sp >cia1 case of equation (3.11) is a column- 

stochastic matrix (Rogers and Willekens, 1976b:7) 



When t h e  m a t r i x  i s  o f  t h i s  form, t h e  l i m i t i n g  s t a t i o n a r y  d i s t r i -  

b u t i o n  i s  g i v e n  by 

s o  t h a t  t h e  r a t i o  o f  r e g i o n a l  s h a r e s  i n  two r e g i o n s  w i l l  be  b/c.  

Now w e  c o n s i d e r  dynamics o f  p o p u l a t i o n s  i n  two r e g i o n s  w i t h  

changing r a t e s  s p e c i f i e d  by e i t h e r  e q u a t i o n  ( 3 . 1 )  o r  ( 3 . 9 ) .  Before  

go ing i n t o  t h e  d e t a i l s ,  w e  f i r s t  summarize and i n t e r p r e t  u s e f u l  

theorems on  backward p r o d u c t s  o f  r ow-s tochas t i c  m a t r i c e s  g i ven  

by C h a t t e r j e e  and Sene ta  (1977 ) .  For  backward p r o d u c t s  

o f  row-s tochas t i c  m a t r i c e s  { A ~ ] ,  weak and s t r o n g  e r g o d i c i t y  a r e  
w 

e q u i v a l e n t ,  i . e . ,  

l i m  Mt = 1 P' 
w - - 

t + a  

where - P' i s  n e c e s s a r i l y  a  p r o b a b i l i t y  v e c t o r  t h a t  depends on t h e  

e lements  of e a r l y  m a t r i c e s  (Theorem 1 ) .  A s u f f i c i e n t  c o n d i t i o n  

f o r  e r g o d i c i t y  i s  

where E~ i s  t h e  minimum e lement  o f  t h e  m a t r i x  Nt ( C o r o l l a r y  o f  
w 

Theorem 4 )  . 
Although t h e  l i m i t  theorem g i ven  i n  e q u a t i o n  (3.16)  i s  

known, i t does  n o t  t e l l  u s  any th ing  abou t  how t h e  sequence con- 

ve rges ,  o r  what t h e  e lements  o f  t h e  l i m i t i n g  m a t r i x  a r e .  To 

see t h e  s p e c i f i c s  o f  t h e  convergence,  w e  proceed d i r e c t l y ,  a s  

i n  t h e  p r e v i o u s  s e c t i o n .  



When t h e  chang ing m a t r i c e s  i n  e q u a t i o n s  (3.1 ) o r  ( 3 .9 )  a r e  

o f  t h e  form 

row e lements  sum t o  one.  Th i s  c o n d i t i o n  i s  e q u i v a l e n t  t o  

f o r  tile p e r i o d  model o f  e q u a t i o n  (3.1 ) , and t o  

N i p )  + N . .  ( t )  = 1  
3 1  

f o r  t h e  g e n e r a t i o n a l  model o f  e q u a t i o n  ( 3 . 9 ) .  By d i r e c t l y  mu l t i -  

p l y i n g  t h e  matrices, we o b t a i n  

= - (a, + a2 

C1 + C 2  [I - 

I t  c a n  be shown t h a t  t h e  upper - r igh thand  c o r n e r  e lement  o f  Mt is  - 
g i ven  by 

(3 :21)  

f o r  a l l  t. S i n c e  0 < / 1  - (at + ct)  I < 1  , f o r  a l l  t ,  t h e  sequence 

{Gt} converges  t o  some v a l u e  G ,  i . e . ,  



l i m  G t  = G 
t - + r n  

e x i s t s  and,  hence,  w e  have t h a t  

l i m  Et = 
t + [: I H HI 

The v a l u e  o f  G can  be  c a l c u l a t e d  e x p l i c i t l y  t o  any a r b i t r a r y  de-  

g r e e  o f  accu racy  by e q u a t i o n  (3.21)  u s i n g  o n l y  t h e  e a r l y  r a t e s .  

The speed o f  convergence depends on t h e  v a l u e s  o f  a t  and ct; 

more s p e c i f i c a l l y ,  w e  see from e q u a t i o n  (3.21)  t h a t  t h e  s m a l l e r  

t h e  v a l u e  o f  11 - ( a t  + c t )  1 , t = 1 , 2 ,  .. . t h e  f a s t e r  i s  t h e  con- 

ve rgence .  Consequent ly  t h e  r e g i o n a l  p o p u l a t i o n  i s  , g i ven  by 

The r e s u l t  o f  e q u a t i o n  (3 .23)  shou ld  be i n t e r p r e t e d  w i t h  

y i  ( t )  , a t  and ct r e p l a c e d  by Pi ( t )  , 0 (t)  and o ( t )  i n  t h e  p e r i o d  
1  

model, and by Y i  ( t )  , N 2 1  ( t )  and N1 ( t )  i n  t h e  g e n e r a t i o n a l  model. 

W e  have j u s t  seen  t h a t  d e s p i t e  c o n s t a n t l y  chang ing  r a t e s  o v e r  

t i m e ,  t h e  r e g i o n a l  p o p u l a t i o n  w i l l  come t o  have a  c o n s t a n t  ( s t a -  

t i o n a r y )  d i s t r i b u t i o n :  t h e  p o p u l a t i o n  w i l l  have e o u a l  r e g i o n a l  

s h a r e s  and t h e  s i z e  o f  t h e  p o p u l a t i o n  w i l l  be a  we ighted ave rage  

o f  t h e  i n i t i a l  p o p u l a t i o n  d i s t r i b u t i o n ,  where t h e  we igh t s  (spa-  

t i a l  r e p r o d u c t i v e  v a l u e s )  a r e  g i ven  by e q u a t i o n  (3 .22)  . 
The c o n d i t i o n  o f  r ow-s tochas t i c  ppm's merits some d i s c u s -  

s i o n .  I n  t h e  p e r i o d  m o d e l r e q u a t i o n  (3 .19)  shows t h a t  a s  l ong  a s  

t h e  number l e a v i n g  a  r e g i o n  by d e a t h  and o u t m i g r a t i o n  i s  e q u a l  

t o  t h e  number a r r i v i n g  i n  t h e  r e g i o n  by b i r t h  and i n m i g r a t i o n ,  

s t r o n g  e r g o d i c i t y  r e s u l t s .  I n  t h e  g e n e r a t i o n a l  model,  e q u a t i o n  

(3 .20)  shows t h a t  i f ,  r e g a r d l e s s  o f  o r i g i n ,  t h e  SNgRP a t  t h e  des -  

t i n a t i o n  i s  u n i t y ,  s t r o n g  e r g o d i c i t y  r e s u l t s .  

W e  nex t  c o n s i d e r t h e  dynamics o f  p o p u l a t i o n s  when t h e  ppm 

i s  co lumn-s tochas t i c ,  i . e . ,  



T h i s  c o n d i t i o n  i s  e q u i v a l e n t  t o  

w i t h  a r b i t r a r y  Oi ( t )  f o r  t h e  p e r i o d  model, and t o  

f o r  t h e  g e n e r a t i o n a l  model. ~ e t t i n g  Ht d e n o t e  t h e  upper- r igh thand 

e lement  o f  t h e  p roduc t  m a t r i x ,  M t ,  and m u l t i p l y i n g  d i r e c t l y ,  w e  

o b t a i n  

and ,  i n  g e n e r a l  

f o r  a l l  t. 

S i n c e  0 < 11 - ( a t  + ct)l < 1 ,  f o r  a l l  t, t h e  va lue  o f  Ht de- 

pends o n l y  on t h e  most r e c e n t  r a t e s .  Al though H t  has  no l i m i t ,  

t h e  p r o d u c t  m a t r i x  Mt s a t i s f i e s  - 



( I n  f a c t ,  it i s  a  t r a n s p o s e  o f  a  non-homogeneous Markov c h a i n . )  

For  l a r g e  t ,  t h e  p o p u l a t i o n  i n  t w o  r e g i o n s  i s  g i ven  by,  

The s i z e  o f  t h e  t o t a l  p o p u l a t i o n  i s  f i x e d  w i t h  un i fo rm s p a t i a l  

r e p r o d u c t i v e  v a l u e s ,  b u t  r e g i o n a l  s h a r e s  keep chang ing c o n s t a n t l y  

o v e r  t i m e .  T h i s  o c c u r s  when t h e  p e r i o d  r a t e  o f  n a t u r a l  i n c r e a s e  

i n  each  r e g i o n  i s  z e r o  w i t h  a n  a r b i t r a r y  i n t e r r e g i o n a l  m i g r a t i o n  

r a t e  i n  t h e  p e r i o d  model, and when t h e  SNRRP i n  t h e  o r i g i n  r e g i o n  

i s  u n i t y ,  where Nii i s  g i v e n  i n  t h e  r e g i o n  o f o r i g i n  and N = 
i j 

1 - Nii i s  g i v e n  i n  t h e  o t h e r  r e g i o n  i n  t h e  g e n e r a t i o n a l  model. 

I V .  DYNAMICS OF ZERO GROWTH MULTIREGIONAL POPULATIONS 

The dynamics o f  m u l t i r e g i o n a l  p o p u l a t i o n s  w i t h  a  r e c o g n i t i o n  

o f  age  s t r u c t u r e  may be  w r i t t e n  a s  Rogers (1975:122-123) 

where t h e  m u l t i r e g i o n a l  ppm's now depend o n  t i m e  t ,  i n  c o n t r a s t  

t o  t h e  f i x e d  m u l t i r e g i o n a l  ppm's o f  Rogers. (See Rogers,  1975, 

f o r  a  d e s c r i p t i o n  o f  t h e  e l emen ts  o f  t h e  v e c t o r s  and m a t r i c e s . )  

When w e  c o n s i d e r  p o p u l a t i o n s  w i t h  t w o  a g e  g roups  and two r e g i o n s ,  

e q u a t i o n s  ( 4 . 1 )  and, ( 4 . 2 )  become 



and 

( 4 . 4 )  
t r e s p e c t i v e l y ,  where K; ( j )  d e n o t e s  t h e  number o f  p e r s o n s  i n  r e g i o n  
J. t 

i t  i n  age  group j a t  t i m e  t ,  b i j  ( k )  i s  t h e  number o f  pe rsons  i n  

t h e  f i r s t  age group i n  r e g i o n  j a t  t i m e  t,. p e r  person  i n  r e g i o n  i t  i n  

age  group k a t  t i m e  t-1 , and sr j  i s  t h e  p r o p o r t i o n  s u r v i v i n g  i n  t h e  

second age  group i n  r e g i o n  j a t  t i m e  t p e r  person  i n  t h e  f i r s t  age  

group i n  r e g i o n  i a t  t i m e  t -1 .  S i n c e  t h e  ar rangement  o f  e q u a t i o n  

(4 .1)  seems t o  be s imp le r  t o  man ipu la te  w e  s h a l l  u s e  i t hence fo r th .  

The dynamics o f  m u l t i r e g i o n a l  p o p u l a t i o n  a t  t i m e  t i s  g i v e n  by 

and hence t h e  dynamics a r e  comp le te ly  determined by t h e  backward 

p roduc t  M ( t )  o f  n u l t i r e g i o n a l  ppm' s' I G (t)  1 .  
N N 

A s  a s p e c i a l  c a s e  o f  z e r o  growth dynamics, w e  f i r s t  c o n s i d e r  

t h e  c a s e  o f  row s t o c h a s t i c  m u l t i r e g i o n a l  ppm's. S i n c e  t h e  mu l t i -  

r e g i o n a l  ppm G ( t )  i s  r e g u i a r ,  from t h e  theoreins o f  C h a t t e r j e e  and 
w 

Sene ta  g iven  by e q u a t i o n  ( 3 . 1 6 ) ,  w e  conc lude  t h a t  

l i m  M ( t )  = 1 p '  
w - - 

t + r n  

h o l d s ,  s o  t h a t  

l i m  K - 
t j m  



where ( p , ~  ('I) r e p r e s e n t s  t h e  i n n e r  p roduc t  o f  t h e  v e c t o r s  p  - and 
( 0 )  K . Not i ce  t h a t  t h e  e l emen ts  o f  t h e  v e c t o r  p  r e p r e s e n t  s p a t i a l  - - 

r e p r o d u c t i v e  v a l u e s .  Thus when f e r t i l i t y ,  m o r t a l i t y ,  and migra- 

t i o n  r a t e s  change o v e r  t i m e  wi th  t h e  c o n s t r a i n t s  

m n t  
1 1 b j i ( k )  = 1 

j = l  k=l  

f o r  p o p u l a t i o n s  w i t h  n  a g e  g roups  and m r e g i o n s ,  t h e  p o p u l a t i o n  

evo l ves  i n t o  a  m u l t i r e g i o n a l  s t a t i o n a r y  p o p u l a t i o n  w i t h  c o n s t a n t  

age  d i s t r i b u t i o n  and r e g i o n a l  s h a r e s .  

Next when t h e  m u l t i r e g i o n a l  ppm G ( t ) ,  i s  co lumn-s tochas t i c ,  .., 
f o r  a l l  t ,  t h e  sequence o f  p roduc t  m a t r i c e s ' { ~ ( t ) )  i s  a t r a n s p o s e  .., 
o f  a  non-homogeneous Markov c h a i n ,  s o  t h a t  

h o l d s  and hence,  f o r  l a r g e  t ,  t h e  m u l t i r e g i o n a l  p o p u l a t i o n  be- 

comes 

where t h e  i n n e r  p roduc t  ( - 1 , - K ('I) g i v e s  t h e  i n i t i a l  t o t a l  p o p u l a t i o n  

s i z e ,  and t h e  v e c t o r  kt s a t i s f i e s  ( I  - ,k t )  = 1 .  Here t h e  v e c t o r  Qt 

i s  de te rmined  by r e c e n t  rates. The r e s u l t  o f  e q u a t i o n  (4 .9 )  ho lds  

when, f o r  a l l  t ,  

f o r  p o p u l a t i o n s  w i t h  n  age  g roups  and m r e g i o n s .  



V. DISCUSSION 

W e  have seen  t h a t  t h e  dynamics o f  p o p u l a t i o n s  ( b o t h  s i n g l e -  

r e g i o n a l  and m u l t i r e g i o n a l )  w i t h  a  sequence o f  r ow-s tochas t i c  

ppm's r e s u l t s  i n  s t r o n g  e r g o d i c i t y ,  w h i l e  t h a t  o f  p o p u l a t i o n s  w i t h  

a  sequence o f  co lumn-s tochas t i c  pprn's r e s u l t s  i n  o n l y  weak ergo-  

d i c i t y .  S p e c i f i c  e x p r e s s i o n s  o r i g i n a l l y  o b t a i n e d  f o r  p o p u l a t i o n s  

w i t h  two age  g roups  i n  a  s i n g l e  r e g i o n  w e r e  f i r s t  ex tended t o  

p o p u l a t i o n s  w i t h o u t  a g e  s t r u c t u r e  i n  two r e g i o n s .  With t h e s e  ex- 

p r e s s i o n s  w e  can  see e x p l i c i t l y  how s t r o n g  and weak e r g o d i c i t y  

work. The dynamics of  p o p u l a t i o n s  w i t h  n  a g e  g roups  and m re- 

g i o n s  i s  q u a l i t a t i v e l y  t h e  same, a l t hough  w e  c a n n o t  g i v e  e x p l i c i t  

f o rmu las  i n  such g e n e r a l  c a s e s .  

P o p u l a t i o n s  w i t h o u t  age  s t r u c t u r e  i n  two r e g i o n s  w e r e  formu- 

l a t e d  i n  t w o  a l t e r n a t i v e  ways: a  p e r i o d  f o r m u l a t i o n  which i n v o l v e s  

c r u d e  r a t e s  o f  b i r t h ,  d e a t h ,  and m i g r a t i o n  i n  e a c h  p e r i o d ,  and 

a  g e n e r a t i o n a l  f o r m u l a t i o n  which i n v o l v e s  SNRRPs. For  t h e  gen- 

e r a t i o n a l  model, t h e  dynamics o f  p o p u l a t i o n  change a r e  f o r m a l l y  

i d e n t i c a l  t o  t h e  dynamics o f  b i r t h  sequences ,  a l t h o u g h  due t o  

c o n s t a n t l y  chang ing m o r t a l i t y  and m i g r a t i o n  s c h e d u l e s  t h e y  have 

t o  be  t r e a t e d  s e p a r a t e l y  when t h e  r a t e s  change o v e r  t i m e .  

Demographic i n t e r p r e t a t i o n s  o f  row- and co lumn-s tochas t i c  

ppm's m e r i t  some more d i s c u s s i o n .  For  p o p u l a t i o n s  w i t h  two a g e  

g roups  i n  a  s i n g l e  r e g i o n ,  i f  m o r t a l i t y  i s  f i x e d ,  and i f  a  l i f e -  

t i m e  f e r t i l i t y  o f  u n i t y  is s p l i t  a r b i t r a r i l y  i n t o  two age  g roups  

( o n l y  p e r i o d  NRR = I ) ,  a l l  measures o f  i n t e r e s t  a b o u t  t h e  popula-  

t i o n  e v e n t u a l l y  become cons t ,a t .  When f e r t i l i t y  i n  t h e  f i r s t  a g e  

group and s u r v i v o r s h i p  a d j u s t  themse lves  f o r  t h e  sum t o  be  u n i t y ,  

w i t h  f e r t i l i t y  i n  t h e  secend  age  g roup  be ing  u n i t y  ( b o t h  p e r i o d  

and c o h o r t  NlZR = I ) ,  t h e n  t h e  b i r t h  sequence and t h e  a g e  s t r u c -  

t u r e  keep c h a n g i n g o v e r t i m e .  

I n  t h e  p e r i o d  f o rmu la t i on  o f  t h e  e v o l u t i o n  o f  two- reg iona l  

p o p u l a t i o n s  w i t hou t  a g e  s t r u c t u r e ,  when t h e  number l e a v i n g  a  re- 

g i o n  by d e a t h  and o u t n i g r a t i o n  is t h e  same a s  t h a t  a r r i v i n g  i n  

t h e  r e g i o n  by b i r t h  and i n m i g r a t i o n ,  t hen  s t r o n g  e r g o d i c i t y  ho lds  

w i t h  c o n s t a n t  r e g i o n a l  s h a r e s .  I n  t h e  g e n e r a t i o n a l  f o r m u l a t i o n ,  

i f  t h e  SNRPS a t  t h e  d e s t i n a t i o n  is  u n i t y  ( t h i s  may be  s t a t e d  a s  



" l o c a t i o n  SNRRP = 1  " ,  o r  t h e  " l o c a t i o n  rep lacement  a l t e r n a t i v e " )  , 
t h e n  s t r o n g  e r g o d i c i t y  ho lds .  On t h e  o t h e r  hand,  i n  t h e  p e r i o d  

f o rmu la t i on ,  i f  t h e  r a t e  o f  n a t u r a l  growth i n  each  r e g i o n  i s  z e r o ,  

w i t h  a r b i t r a r y  i n t e r r e g i o n a l  m i g r a t i o n  r a t e s ,  o n l y  weak e r g o d i c i t y  

h o l d s  and,  hence,  r e g i o n a l  s h a r e s  keep chang ing c o n s t a n t l y  t o  re- 

f l e c t  r e c e n t  m i g r a t i o n  p a t t e r n s .  I n  t h e  g e n e r a t i o n a l  model,  when 

t h e  SNRRP a t  t h e  o r i g i n i s u n i t y f t h i s  may be d e f i n e d  t o  be  " c o h o r t  

SNRRP = I " ,  or  t h e  " c o h o r t  rep lacement  a l t e r n a t i v e "  (Rogers and 

Wi l lekens,  1976b:6) ) ,  t h e n  weak e r g o d i c i t y  r e s u l t s .  The c o n d i t i o n s  

(4 .7 )  and (4.10)  f o r  p o p u l a t i o n s  w i t h  n  a g e  g roups  i n  m r e g i o n s  

may be  i n t e r p r e t e d  s i m i l a r l y .  

F i n a l l y ,  t h e  main advan tage  of  hav ing  s p e c i f i c  fo rmu las  f o r  

t h e  2  x 2 ppm's, i n  a d d i t i o n  t o  t h e  l i m i t  theorems,  i s  t h a t  w e  

c a n  see t h e  p a r t i c u l a r  work ings o f  s t r o n g  and weak e r g o d i c i t y ,  

and see how t h e y  s p e c i a l i z e  t o  t h e  s t a b l e  s t a t i o n a r y  c a s e .  For  

example, i n  e q u a t i o n s  (3.21) and ( 3 . 2 7 ) ,  i f  a t  = a  and ct = c f o r  

a l l  t ,  Gt f o r  l a r g e  t r e d u c e s  t o  

and Ht ,  f o r  l a r g e  t ,  r e d u c e s  t o  

t h u s  g i v i n g  t h e  r e s u l t s  of e q u a t i o n s  (3 .13)  and (3.15)  . 
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