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FOREWORD 

I n t e r e s t  i n  human se t t l emen t  systems and p o l i c i e s  has been a 
c e n t r a l  p a r t  o f  urban-related work a t  IIASA s i n c e  i t s  i ncep t ion .  
From 1975  through 1 9 7 8  t h i s  i n t e r e s t  was mani fested i n  t h e  work of  
t h e  Migrat ion and Se t t l emen t  Task, which was formal ly  concluded i n  
November 1 9 7 8 .  Since then,  a t t e n t i o n  has tu rned t o  d isseminat ion 
of  t h e  Task 's  r e s u l t s  and t o  t h e  conclus ion of  i t s  comparative 
s tudy which, under t h e  l eade rsh ip  of  Frans Wi l lekens, is car ry ing  
o u t  a  comparative q u a n t i t a t i v e  assessment o f  r e c e n t  migra t ion  pa t -  
t e r n s  and s p a t i a l  popu la t ion  dynamics i n  a l l  of IIASA's 17 NMO 
coun t r i es .  

A s  p a r t  o f  i ts  work on migra t ion  and se t t l emen t ,  IIASA has 
concluded research  on ent ropy maximization and b i -  and mul t ipro-  
p o r t i o n a l  ad justment  techniques t o  i n f e r  d e t a i l e d  migra t ion  f lows 
from aggregate da ta .  Th is  paper r e p o r t s  on some of  t h i s  research ,  
which was c a r r i e d  o u t  by Per  Forslund and Juergen Schoet tner  work- 
ing under t h e  d i r e c t i o n  of  Frans Wi l lekens i n  t h e  IIASA Summer 
S tuden ts '  Program i n  1 9 7 8 .  M r .  Fors lund i s  from t h e  Un ivers i ty  o f  
Stockholm, Sweden, and M r .  Schoet tner  i s  from t h e  Un ivers i ty  of  
Mannheim, Federa l  Republ ic of Germany. The paper focuses  on ways 
t o  tes t  t h e  v a l i d i t y  o f  ent ropy maximization a s  an es t ima t ion  pro- 
cedure i n  migra t ion  s t u d i e s  and i l l u s t r a t e s  t h e  r e s u l t s  us ing d a t a  
from Sweden and Aus t r i a .  

Se lec ted  papers summarizing prev ious work on migra t ion  and 
se t t l emen t  a t  IIASA a r e  l i s t e d  a t  t h e  back o f  t h i s  paper.  

Andrei Rogers 
Chairman 
Human Set t lements  
and Serv i ces  Area 





ABSTRACT 

The c o l l e c t i o n  of disaggregated d a t a  is  i n  most economic 
areas an expensive a s  w e l l  a s  a time-consuming procedure. I f  
r e a l  da ta  could be replaced by es t imat ions  from d a t a  on a 
highly aggregated l e v e l ,  much e f f o r t  could be saved, 

The entropy maximizing method can be used t o  es t ima te  
i n te r reg iona l  migrat ion f low mat r ices  f o r  t h e  whole popula- 
t i o n  o r  subgroups of t h e  populat ion,  when t h e  ava i l ab le  da ta  
a r e  i n  an aggregated form. This means es t imat ing  t h e  elements 
of  mat r ices  i n  which ind iv idua ls  a r e  c l a s s i f i e d  according t o  
two o r  more d i s c r e t e  va r iab les .  Matr ices of t h i s  form a r e  
c a l l e d  contingency t ab les .  

I n  t h i s  paper we p resen t  t h e  entropy-maximizing method and 
t e s t  i ts  v a l i d i t y  f o r  d i f f e r e n t  l e v e l s  of da ta  aggregat ion. 
The t e s t s  a r e  c a r r i e d  ou t  by means of informat ion theory and 
t he  chi-square d i s t r i b u t i o n .  For t h e  t e s t s  we have used da ta  
from two of t h e  coun t r i es  t h a t  produce d isaggregated d a t a ,  
Sweden and Aus t r ia .  

ACKNOWLEDGEMENTS 

The idea f o r  t h i s  paper,  a s  w e l l  a s  a l l  t h e  da ta  used, 
was provided by D r .  F. Willekens. 

W e  a r e  a l s o  indebted t o  A. Por f o r  h i s  he lp  w i th  t h e  
s t a t i s t i c a l  p a r t  of t h e  paper. 





Tabie of Contents 

1 .  SPATIAL POPULATION ANALYSIS 

1 . 1  Introduction 

1.2 Available Statistical Data 

2. THE, ENTROPY MAXIMIZING METHOD 

2.1 A Thermodynamic Analogy 

2.2 An Information Theoretical Explanation 

3. FORMULATION OF THE HYPOTHESES 

3.1 The Basic Hypothesis 

3.2 The Hypotheses to be Tested 

3.2.1 Three Edges Given (3E) 

3.2.2 One Face and One Edge Given (FE) 

3.2.3 Two Faces Given (2F) 

3.2.4 Three Faces Given (3F) 

4. TESTS OF THE HYPOTHESES 

4.1 Computation of the Highest Level of 
Significance 

4.2 Results 

4.2.1 Three Edges Given 

4.2.2 One Face and One Edge Given 

4.2.3 Two Faces Given 

4.2.4 Three Faces Given 

5. CONCLUSIONS 

REFERENCES 

APPENDIX a 

SELECTED PAPERS ON MIGRATION AND SETTLEMENT AT IIASA 





Estimation of Miaration Flows: A Validation 
of Entropy Solutions 

1 .  SPATIAL POPULATION ANALYSIS 

1.1 Introduction 

In neoclassical economic growth theory, population is entered 

as an exogenous variable affecting economic growth through the 

labor supply, but is itself unaffected by changes in economic 

conditions. A few economists have endogenized population in 

their models by relating it to per capita income or a similar 

economic index. In recent years there has been an increasing 

interest in the dynamics of spatial demographic growth. Models 

for multiregional population growth have been developed to de- 

scribe the growth process and to analyze its impact on future 

population characteristics [Rogers, I ] .  

The dynamics of a multiregional population system are gov- 

erned by fertility, mortality and migration. Age-specific rates 

of fertility, mortality and migration are the fundamental com- 

ponents of demographic analysis [Rogers and Willekens, 2 1 .  They 

determine not only the growth of the population, but also its 

age composition and spatial distribution. 

In this paper we are only concerned with age-specific migra- 

tion, which may be represented in a three-dimensional space 

(Figure 1 ) . 
If we let i denote the area of origin, j the area of destina- 

tion, and k the age group, then we represent the number of people 

in age group k migrating from i to j by xijk, and the whole matrix 

With. this notation 'the face 

d 
will contain the origin-destination flow 



Figure 1 .  Age-speci f ic  m ig ra t i on  represented  i n  a  th ree -  
d imensional  space.  

c , d  mat r i x  of t h e  t o t a l  popu la t ion ,  t h e  age d i s -  
j ,k=l  

t r i b u t i o n  of  a r r i v a l s  and F3 t h e  age d i s t r i b u -  

c d '  
t i o n  of  depa r t u res .  The edge El = 1 1 w i l l  g i ve  

j=1 k=l i = l  

t o t a l  d i s t r i b u t i o n  of a r r i v a l s  and E = ( 
3 t h e  

i = 1  j = 1  

t o t a l  age d i s t r i b u t i o n .  

1 . 2  Ava i lab le  S t a t i s t i c a l  Data 

The l a c k  of s t a t i s t i c a l  d a t a  i s  a g r e a t  problem f o r  ' reg iona l  

a n a l y s i s .  The major de f i c i ency  i s  i n t e r r e g i o n a l  m ig ra t i on  d a t a ,  

whi le  t he  s i t u a t i o n  i s  gene ra l l y  b e t t e r  a s  f a r  a s  d a t a  on popula- 

t i o n ,  b i r t h s  and dea ths  are concerned. 



Among I IASA's N a t i o n a l  Member O r g a n i z a t i o n  c o u n t r i e s ,  com- 

p l e t e  a g e - s p e c i f i c  o r i g i n - d e s t i n a t i o n  f l ows  a r e  a v a i l a b l e  f o r  n i n e  

o f  t h e  1 7 .  These a r e :  

- A u s t r i a ,  

- Canada, 

- The F e d e r a l  Repub l ic  of  Germany, 

- F i n l a n d ,  

- Hungary, 

- Japan ,  

- Sweden, 

- t h e  Un i ted  Kingdom, 

- t h e  Un i ted  S t a t e s  o f  America. 

However, t h e  p rocedu res  o f  c o l l e c t i n g  d a t a  v a r y .  The d a t a  f o r  

A u s t r i a ,  Canada, ~ a p a n ;  t h e  UK and t h e  USA a r e  based  on p o p u l a t i o n  

census  q u e s t i o n s ,  such a s  where peop le  w e r e  l i v i n g  one  o r  f i v e  

y e a r s  ago.  The Swedish and F i n n i s h  d a t a ,  on t h e  o t h e r  hand,  a r e  

d e r i v e d  from p o p u l a t i o n  r e g i s t e r s  and r e l a t e  t o  m i g r a t i o n  d u r i n g  

a  s i n g l e  y e a r .  

Some c o u n t r i e s  do n o t  p u b l i s h  t h e  comple te  i n t e r r e g i o n a l  

m i g r a t i o n  f l ow m a t r i c e s  by age ,  b u t  o n l y  t h e  f l ow m a t r i x  o f  t h e  

t o t a l  p o p u l a t i o n  and t h e  a g e - s t r u c t u r e  o f  a r r i v a l s  and  d e p a r t u r e s  

by r e g i o n ,  e . g . ,  t h e  Ne ther lands  and Po land.  

For  t h e  f o l l o w i n g  s t a t i s t i c a l  a n a l y s i s  w e  w i l l  use  d a t a  from 

A u s t r i a  and Sweden (see Append ix ) ,  two o f  t h e  c o u n t r i e s  p r o v i d i n g  

comple te  d a t a .  The A u s t r i a n  d a t a  c o n t a i n  f o u r  r e g i o n s  and 18 age  

g roups ,  wh i l e  t h e  Swedish c o n t a i n  e i g h t  r e g i o n s  and 18 age  g roups .  

2.  THE ENTROPY M A X I M I Z I N G  METHOD 

The e n t r o p y  maximizing concep t  can be j u s t i f i e d  i n  d i f f e r e n t  

ways. W e  w i l l  c o n c e n t r a t e  on t h e  i n fo rma t i on  t h e o r e t i c a l  exp lana-  

t i o n ,  b u t  f i r s t  w e  p r e s e n t  a  more d e s c r i p t i v e  e x p l a n a t i o n ,  u s i n g  

an  ana logy from thermodynamics. For  a  more comprehensive exp lana-  

t i o n  o f  t h e  method, s e e  Wi l lekens [ 3 I . 



2 . 1  A Thermodynamic Analoay 

The second law of thermodynamics tells us that the most likely 

arrangernent of a system is one which maxinlizes the ei l t ropy.  C o n -  

sider a three-dimensional migration matrix with probabilities 

pijk, for a person of age k to migrate from i to j. The entropy, 

or degree of disorder, can be expressed as 

-c E E E Pijk lnPijk 
i j k  

where c is a constant [see Wilson, 4 1 .  

In analogy with the second law of thermodynamics we estimate 

the migration matrix, which is the most likely one, i.e., the one 

having the maximum entropy. However, we usually.have some a 

priori information, consisting of marginal distributions, To use 

this information, we enforce it on the estimation by giving it as 

constraints. 

The problem may now be formulated as 

max - E E E Pijk In Pijk 
i j k  

subject to marginal constraints. 

2 . 2  An Information Theoretical Explanation 

The entropy model can be justified in more detail by using 

information theoretical tools. This can also provide us with a 

better understanding of the basic statistical assumptions of 

this approach. If Hi is the hypothesis that 9 (where is the 

stochastic variable and x a specific value of 2 )  is from the 

statistical population with density function fi(x), then it fol- 

lows from Bayes' theorem for conditional probabilities that: 

from which we obtain 



where P(Hi) is the prior probability of Hi and P ( H ~ ~ x )  is the 
-~ 

posterior probability of Hit given the observation = x. 

The right-hand side of this equation is a measure of the 

difference between the logarithm of the odds in favor of H, after 
h 

and before the observation of X = I:. This difference may be con- 
A 

sidered as the information resulting from the observation x = x. 

The logarithm of the likelihood ratio, ln[fl(x)/fo~x)l, is defined 

as the information in ; = x for discrimination in favor of H1 

against Ho. 

Consider the hypotheses 

where p (x) and p (x) are two different N-total multinomial dis- 0 1 
tributions on a c-valued population. The mean information for 

discrimination in favor of H1 against Ho per observation from 

p1 (x) is Kullback [5]. 



In the migration matrix with only marginals given, nothing 

is known about the distribution of the migration. An obvious 

a priori assumption is then a uniform distribution, which maxi- 

mizes the entropy. The effort is now to find the matrix which is 

"nearest to" or most closely resembles the uniform a priori dis- 

tribution and also fulfills the constraints given in the marginals. 

To measure the discrimination in favor of the adjusted distribu- 

tion we use the mean information for discrimination in favor of 

the adjusted distribution against the uniform distribution (I), 

which in the three-dimensional case is 

'i'k C C E pijk In 3 
i j k  u ijk 

where pijk are the adjusted probabilities, Ui jk are the uniformly 

distributed probabilities, and N is the total amount of migra- 

tions. We call the distribution "optimal" if this discrimination 

is the smallest. The problem can be formulated as 

min C C C Pijk In Pijk 
i j k  

subject to the marginal constraints. 



3 .  FORMULATION OF THE HYPOTHESES 

To tes t  t h e  v a l i d i t y  of t h e  s o l u t i o n s  provided by t h e  ent ropy 

model, w e  w i l l  formulate fou r  hypotheses r e f e r r i n g  t o  fou r  d i f f e r -  

e n t  l e v e l s  of d a t a  aggregat ion.  

W e  d e a l  w i th  three-dimensional  migra t ion  mat r i ces  where 

o r i g i n -des t i na t i ons  ( i , j )  a r e  descr ibed f o r  age-spec i f i c  subgroups 

(k )  - 
The f i r s t  hypothes is  t o  be t e s t e d  r e f e r s  t o  t h e  s i t u a t i o n  

where only  t h r e e  edges i n  t h e  mat r ix  a r e  known. Th is  means t h a t  

t he  in format ion c o n s i s t s  of t h e  t o t a l  number of people l eav ing  

every reg ion ,  t h e  t o t a l  number of people a r r i v i n g  i n  every reg ion 

and t he  t o t a l  number of  people of every age-group migra t ing .  

The second hypothes is  r e f e r s  t o  t h e  case where one f ace  and 

one edge of t h e  mat r i x  are known. Th is  can obv ious ly  be g iven 

i n  t h r e e  d i f f e r e n t  ways. The g iven f ace ,  f o r  example, can show 

t h e  o r i g i n -des t i na t i on  f low f o r  t h e  aggregated popu la t ion  and t h e  

edge can show t h e  d i s t r i b u t i o n  of migra t ion  among t h e  age groups. 

W e  w i l l  only  fo rmula te  t h e  hypothes is  f o r  t h i s  case ,  b u t  tests 

w i l l  be c a r r i e d  o u t  f o r  a l l  t h r e e  cases .  

The t h i r d  hypothes is  i s  app l ied  when two f aces  of t h e  mat r ix  

a r e  known. Even t h i s  can be g iven i n  t h r e e  d i f f e r e n t  ways. W e  

w i l l  formulate t h e  hypothes is  f o r  t h e  case  when one f a c e  shows 

t h e  number o f  people of  each age group leav ing  each reg ion ,  and 
t h e  o the r  t h e  number of  people of each age group a r r i v i n g  i n  

every reg ion.  T e s t s  w i l l ,  however, be  c a r r i e d  o u t  f o r  a l l  t h r e e  

cases .  

The f o u r t h  hypothes is  i s  f o r  t h e  case where a l l  t h r e e  f aces  

a r e  known. This  means t h a t  t he  f low mat r ix  of  t h e  t o t a l  popula- 

t i o n  and t h e  age s t r u c t u r e  o f  t h e  depar tu res  a s  w e l l  a s  a r r i v a l s  

i s  known. 

W e  f i r s t  formulate t h e  b a s i c  hypothes is  from which t h e  hypoth- 

e s e s f o r  t h e  d i f f e r e n t  l e v e l s  of aggregat ion can be der ived.  W e  
a l s o  desc r i be  t he  test  procedure here .  

3.1 The Basic Hypothesis 

The v a l i d i t y  o f  t h e  en t ropy  s o l u t i o n  wi th  r espec t  t o  t h e  ob- 

served mat r ix  can be t e s t e d  by examining t h e  d i sc r im ina t i on  i n  



f avo r  of t h e  observed ma t r i x  a g a i n s t  t h e  en t ropy  s o l u t i o n .  W e  

want t o  test  t h e  hypothes is :  

obs 
Ho : X = X est  

obs + Xest 
H I  : X I 

where 

i s  t h e  observed matr ix,  and 

x est - - ( . e ~ . t ) ~ ~ ' , ~  
i j k  i , j , k = l  

is  t h e  ma t r i x  es t ima ted  w i th  t h e  en t ropy  method. 

When i n  Sec t i on  2 , 2  w e  exp la ined  t h e  en t ropy  approach by 

means of  in fo rmat ion  theo ry ,  w e  used t h e  mean in fo rmat ion  f o r  

d i s c r i m i n a t i o n  i n  f a v o r  o f  HI a g a i n s t  Ho( l )  a s  a measure o f  t h e  

d isc repancy  between t h e  two d i s t r i b u t i o n s ,  Accordingly,  w e  w i l l  

cons ide r  ( 1 )  a s  a n  a p p r o p r i a t e  measure of t h e  d isc repancy  i n  o u r  

tests. 

A s  a s t a t i s t i c  f o r  t e s t i n g  t h e  hypotheses we use  t h e  minimum 

d i s c r i m i n a t i o n  in fo rmat ion  m u l t i p l i e d  by two [see ( I ) ] :  

obs  
Xi ' k  0'7' i n  3 , 21 ( H I ,  H o )  = 2 1 1 Xl,k i j k  est  X i j k  

which is  asympto t i ca l l y  d i s t r i b u t e d  as X 2 ,  w i t h  degrees  o f  freedom 

(Dl?) depending on t h e  form of t h e  en t ropy  s o l u t i o n  [Kul lback,  51 . 
I n  t h e  tests w e  w i l l  compute t h e  va lue  ( v )  o f  t h e  test v a r i a b l e ,  

21(H1 , H o ) .  W e  then g e t  t h e  h i g h e s t  l e v e l  of s i g n i f i c a n c e  a ,  f o r  
2 2 which H o  can be  accepted  i n  a x - test,  a s  x ( v )  = 1 - a ,  where 



2  x ( v )  i s  t h e  v a l u e  o f  t h e  X 2 - d i s t r i b u t i o n  func t i on  a t  v wi th  DF 

degrees o f  freedom. W e  w i l l  obv ious ly  cons ide r  t h e  t e s t e d  so lu -  
3 - 

t i o n  accep tab le  f o r  reasonably  h igh  values of a ( a  - ? 0.05) and uti- 

accep tab le  f o r  t o o  s m a l l  va lues  of  a. 

3 . 2  The Hypotheses t o  be Tes ted  

3 . 2 . 1  Three Edges Given ( 3 ~ )  

With t h r e e  edges known, t h e  en t ropy  problem t o  be so lved  is:  

min 1 1 1 x i jk  I n  X i j k  
i j k  

s u b j e c t  t o  

where x i . . ,  X.  and x. are t h e  given edges.  
j. - k  

I t  can be proved [Cs iz6r ,  6 ,  7 ,  8 ;  I r e l a n d  and Kul lback,  9 ;  

Sinkhorn,  101 t h a t  t h i s  has t h e  s o l u t i o n :  

X e s t  = obs . obs obs 
i j k  i" X'j. 

where 

obs obs 
x. .  . = 1 1 1 Xi j k  . 

i j k  



The s o l u t i o n  imp l ies  t h e  assumption of independence between 

a l l  t h ree  c l a s s i f i c a t i o n s .  We examine t h e  v a l i d i t y  o f  t he  assump- 

t i o n  and t h e  s o l u t i o n  by t e s t i n g  w i th  t h e  s t a t i s t i c  ( 2 ) ,  which 

he re  has [ rcd  - r - c - d + 21 degrees o f  freedom. The degrees 

of freedom a r e  de r i ved  by reducing t h e  unconst ra ined degrees of 

freedom (rcd-1) wi th  t h e  number of degrees of freedom locked by 

t h e  c o n s t r a i n t s .  I n  t h i s  case  t h e  given edges rep resen t  respec- 

t i v e l y  r-1, c-1 and d-1 degrees of  freedom. 

3.2.2 One Face and One Edge Given (FE) 

When one f ace  and one edge a r e  known, e .g . ,  t h e  j ,k - face 

and i-edge, t h e  ent ropy problem can be formulated a s  

min 1 1  1 xijk I n  xijk 
i j k  

s u b j e c t  t o  

C ~ X  = X 

j k 
i j k  i" 

where 

X i" i s  t h e  given edge, and x. i s  t h e  given face .  
jk  

'It can be proved (see Sect ion  3.2.1) t h a t  t h e  s o l u t i o n  i s  

X est = x . . obs 
ObS x. 

i j k  i jk/xobs ... 

This  imp l ies  t h e  assumption of independence between t h e  i 

c l a s s i f i c a t i o n s  and t h e  o t h e r  c l a s s i f i c a t i o n s ,  which can be 

t e s t e d  by t h e  test  s ta t i s t i c  (2). i n  t h i s  case w e  have [ (r - 1 )  

(cd - 1 ) 1 degrees o f  freedom. 



3.2.3 Two Faces Given ( 2 ~ 1  

Knowing two f a c e s ,  e .g . ,  t h e  i , k -  and t h e  j , k - f ace .  w e  f o r -  

mula te  t h e  f o l l o w i n g  en t ropy  problem: 

min 1 1 1 xi jk I n  xi jk 
i j k  

s u b j e c t  t o  

where and x .  a r e  t h e  g i ven  f a c e s .  
j k  

I t  can be  proved (see S e c t i o n  3.2.1) t h a t  t h i s  problem has  

t h e  s o l u t i o n :  

est  = obs  obs 
X i j k  i ' k  X * j k  /.-obs 

X 
obs obs  
i . k  X. 

The p r o b a b i l i t i e s  / x ? b ~  and jk/xobs a r e  c o n d i t i o n a l .  and t h e  
1 

' k  

s o l u t i o n  obv ious l y  i m p l i e s  t h e  assumpt ion o f  c o n d i t i o n a l  inde-  

pendence between t h e  i and j c l a s s i f i c a t i o n s  f o r  eve ry  k .  To 

test  t h e  assumpt ion and t h e  s o l u t i o n  w e  w i l l  use  t h e  test s t a -  

t i s t i c  ( 2 )  w i t h  [d  *. (r  - 1 ) (c  - 1 )  1 degrees  o f  freedom. 

3.2.4 Three Faces Given (3F) 

When t h e  a p r i o r i  i n fo rma t i on  c o n s i s t s  of t h r e e  f a c e s ,  t h e  

en t ropy  problem is 

min 1 1 1 xijk I n  xi jk 
i j k  



sub jec t  t o  

X i j k  = x 
j i ' k  

I t  can be proved [Wil lekens, 31 t h a t  t h e  so lu t i on  is  of  t h e  

form 

X est  = Si j .  S. jk i j k  ' i 'k 

W e  test t h e  v a l i d i t y  of t h e  so lu t i on  w i th  t h e  test  s t a t i s t i c  

w i th  [ ( r  - I (c - 1)  (d  - I ) ]  degrees of freedom. 

The entropy s o l u t i o n s  fo r  t h i s  case  and f o r  Sweden and Aust r ia  

a r e  shown i n  t h e  Appendix. 

4 .  TESTS OF THE HYPOTHESES 

A s  mentioned e a r l i e r  t h e  t e s t s  w i l l  be c a r r i e d  o u t  w i t h  an 

asympto t ica l l y  X2-d is t r i bu ted  informat ion s t a t i s t i c  a s  a tes t  

var iab le .  The tes t  v a r i a b l e  measures t h e  d iscrepancy between t h e  

r e a l  migrat ion a r ray  and t h e  a r ray  es t imated by t h e  entropy meth- 

od. W e  w i l l  from t h a t  compute t h e  h ighes t  va lue  o f  t h e  l e v e l  of 

s i gn i f i cance  f o r  which t h e  est imated mat r ix  can be accepted. The 

dimensions of t h e  i npu t  a r r a y s  leave a high degree of  freedom 

which makes t h e  test very dec i s i ve .  

A s  i npu t  da ta  f o r  t h e  ana l ys i s ,  w e  use migrat ion d a t a  from 

Sweden and Aust r ia .  Both Sweden and Aus t r ia  a r e  among t h e  few 

coun t r i es  t h a t  pub l ish  d e t a i l e d  migrat ion s t a t i s t i c s .  For t h e  

purpose of  t h i s  s tudy ,  age-spec i f i c  d a t a  a r e  used.* The a v a i l a b l e  

*The d a t a  were provided by D r .  A. Arvidsson of Sweden, and by D r .  
M. Sauberer of Aust r ia  and w e r e  c o l l e c t e d  a s  p a r t  o f  t h e  Compara- 
t i v e  Migrat ion and Set t lement  Study a t  I I A S A .  



s t a t i s t i c s  on o r i g i n - d e s t i n a t i o n  migra t ion  f lows by age group were 

f i rs t  aggregated t o  o b t a i n  t h e  marg ina l  t o t a l s  f o r  t h e  va r ious  

l e v e l s  of aggregat ion  mentioned i n  Sec t i on  3 . 2 .  For  i n s t a n c e ,  t h e  

aggregate  d a t a  f o r  t h e  th ree- face  problem c o n s i s t s  o f :  (i) t h e  

number of a r r i v a l s  and d e p a r t u r e s  by reg ion  and age group, and 

(ii) t h e  f low ma t r i x  of t h e  t o t a l  popu la t ion .  The aggregate  i n f o r -  

mation i s  then  used t o  estimate t h e  migra t ion  f lows by age group. 

F i n a l l y ,  t h e  estimates a r e  compared w i th  t h e  observed d e t a i l e d  

f low d a t a  t o  i n v e s t i g a t e  t h e  v a l i d i t y  of  en t ropy  maximizat ion a s  

an  es t ima t ion  method. The r e s u l t s  f o r  t h e  th ree - face  problem a r e  

g iven i n  t h e  Appendix. 

4 . 1  Computation of  t h e  Highest  Level  o f  S i g n i f i c a n c e  

To compute t h e  h i g h e s t  l e v e l  of s i g n i f i c a n c e  w e  used a  com- 

p u t e r  program t h a t  has beendeveloped a t  IIASA, I n  t h e  v e r s i o n  

used, t h e  program is  w r i t t e n  i n  FORTRAN and c o n s i s t s  of  one main 

program and seven sub rou t i nes .  The main program reads  t h e  

observed migra t ion  a r r a y  and computes t h e  f a c e  and edge surhs, 

which a r e  needed f o r  c a l c u l a t i n g  t h e  en t ropy  method e s t i m a t i o n s .  

I n  t h e  t h r e e  edges,  t h e  one face/one edqe,  and two-face cases, 

t h e  entropy s o l u t i o n  i s  der i ved  e x ~ l i c i t l v  from t h e  f a c e  and edse  

sums, wh i le  i n  t h e  th ree - face  case t h e  s o l u t i o n  i s  c a l c u l a t e d  

w i th  an i t e r a t i v e  a lgo r i t hm [Wil lekens, 3 1 .  I t  i s  done by c a l l i n g  

t h e  sub rou t i ne  RAS, which i n  t u r n  c a l l s  t h e  sub rou t i ne  COUN. The 

sub rou t i ne  CHE i s  c a l l e d  from COUN t o  check t h e  e s t i m a t i o n .  

The sub rou t i ne  CDTR is c a l l e d  from t h e  main program t o  com- 

pu te  t h e  p r o b a b i l i t y  f o r  t h e  test v a r i a b l e  t o  be less than o r  

equz l  t o  i ts  c a l c u l a t e d  va lue .  T h i s  is done w i th  t h e  h e l p  o f  

t h e  sub rou t i nes  NDTR and DLGAM. F i n a l l y ,  t h e  main program com- 

pu tes  t h e  l e v e l  o f  s i g n i f i c a n c e  a ,  and p r i n t s  t h e  r e s u l t s .  

4 . 2  Resu l t s  

The r e s u l t s  c o n t a i n  t h e  va lue  of  t h e  t e s t  v a r i a b l e  ( C H I )  and 

t h e  degrees of  freedom ( D F )  f o r  each case .  For b e t t e r  under- 

s tanding 'o f  t h e  r e s u l t s  w e  p r e s e n t  t h e  v a l u e  o f  CHI /DF  and 

i ts  t h e o r e t i c a l  va lue  f o r  a = 0.05, i n s t e a d  of t n e  c a l c u l a t e d  

va lue  of  t h e  h i g h e s t  l e v e l  of  s i g n i f i c a n c e .  



4.2.1 Three Edues Given 

A s  mentioned e a r l i e r ,  t h e  a p r i o r i  in format ion he re  cons i s t s  

of t he  t o t a l  d i s t r i b u t i o n s  of people leav ing and a r r i v i n g  i n  

regions and of  t h e i r  age s t r u c t u r e .  - 
- - . - 

Resul t  

Aus t r ia  Sweden 

C H I  

DF 

The r e s u l t  shows t h a t  t h e  hypothesis  could no t  have been 

accepted on t h e  5% l e v e l  (a = 0.05) i n  a X2-test. W e  must there-  

f o r e  reject t h i s  hypothesis  and t h e  assumption of independence 

between a l l  t h r e e  c l a s s i f i c a t i o n s .  

4.2.2 One Face and One Edge Given 

I n  t h i s  case t h e  informat ion can be given i n  t h r e e  d i f f e r e n t  

ways : 

i. The face  g ives  t h e  age s t r u c t u r e  of a r r i v a l s  and t h e  

edge g ives  t h e  t o t a l  d i s t r i b u t i o n  of depar tures .  

Resul t  

Aus t r ia  Sweden 



The hypothesis cannot be accepted on the 5% level. This 

implies that the underlying assumption of independence between 

departures and the other classifications is invalid. 

ii. The face gives the age structure of departures and 

the edge gives the total distribution of arrivals. 

Result 

C H I  

DF 

CHI/DF 

Austria Sweden 

The hypothesis cannot be accepted on the 5% level, which 

implies that the underlying assumption of independence between 

arrivals and the other classifications is invalid. 

iii. The face gives the total origin-destination flow 

matrix and the edge gives the age distribution. 

Result 

C H I  

C H I  
/DF 

C H I  
/ D F l a  = 0 . 0 5  

Sweden 



The hypothesis also cannot be accepted on the 5% level in 

this case. However, the result is here much better than in the 

previous cases, i and ii. We accordhgly conclude that the assump- 

tion of independence between age and the other classifications 

is more adequate, though not sufficiently adequate. 

4.2.3 Two Faces Given 

Even in this case the information can be given in three 

different ways: 

i. The faces give the total origin-destination flow matrix 

and the age structure of the arrivals, 

Austria Sweden 

CHI 2024 3480 

CHI 
/OF 

The hypothesis must be rejected on the 5 %  level. Thus we 

must even consider the underlying assumption of conditional in- 

dependence between age and origin as invalid. 

ii. The faces give the total origin-destination flow matrix 

and the age structure of departures. 



Result 

Austria Sweden 

C H I  1069 3056 

C H I  
/DF 

C H I  
/ D F [ ~  = 0.05 1.17 1.07 

Even here the result shows that the hypothesis cannot be 

accepted, and the underlying assumption of conditional indepen- 

dence between age and departures cannot be accepted as sufficiently 
I 

adequate. 

iii. The faces give the age structure of departures and 

arrivals. 

Result 

C H I  

CHI  
/DF 

C H I  
/ D F ( ~  = 0.05 

Austria Sweden 

50950 62420 

162 882 

The result clearly implies the hypothesis to be rejected. 

A comparison with i and ii reveals the assumptions of indepen- 

dence there, though not sufficiently adequate, seems to be much 

more valid than the assumption of conditional independence between 

arrivals and departures in this case. 



4.2.4 Three Faces Given - - 
Here we know all three faces, giving us the total origin- 

destination 'flow matrix, the age structure of the departures and 

the age structure of the arrivals. 

Austria 

C H I  2 7 2 . 6  

CHI  
'DF 1 .782  

C H I  
' D F I ~  = 0 . 0 5  1 . 1 9  

Sweden 

Even here the values of are too high to accept the 
/OF 

hypothesis on the 5 %  level. 

5 .  CONCLUSIONS 

The calculations demonstrate that the values of the highest 

level of significance of the hypothesis X obs = X est must be re- 

jected in all cases. 

Nevertheless, it is often necessary to use estimated data 

in the absence of real data, or in the absence of sufficiently 

disaggregated data. Some conclusions can be drawn from the 

resalts presented, concerning the kind of aggregated data provid- 

ing the most accurate estimations. 

C H I  A comparison between the different values of C H I  and . 
/DF 

reveals, as could be expected, that the estimated matrices are 

significantly more accurate when three faces are known, than in 

the other cases. 



Comparing t h e  o the r  cases  we f i n d  t h a t  two known f aces  w i l l  

provide b e t t e r  es t ima t ions  i n  two of  t h e  t h r e e  cases ,  t h e  t h i r d  

case being t h e  one w i th  known age s t r u c t u r e s  of depar tu res  and 

a r r i v a l s .  I n  t h i s  case  t h e  es t ima t ions  a r e  made assuming condi- 

t i o n a l  independence between t h e  o r i g i n  and t h e  d e s t i n a t i o n .  The 

inaccuracy i n  t hese  es t ima t ions  imp l ies  t h a t  t h e  assumption is 

inadequate,  whi le  t h e  assumptions of cond i t i ona l  independence 

between, r e s p e c t i v e l y ,  o r i g i n  and age i n  t h e  o t h e r  cases  seem t o  

be more v a l i d .  

Among t h e  d i f f e r e n t  cases  wi th  one f ace  and one edge known, 

b e t t e r  accuracy is found when t h e  f a c e  g i ves  t h e  t o t a l  o r i g i n -  

d e s t i n a t i o n  f low mat r i x  and t h e  edge g i ves  t h e  age d i s t r i b u t i o n .  

Here t h e  es t ima t i on  is made with t h e  assumption o f  independence 

between age and t h e  o t h e r  c l a s s i f i c a t i o n s .  The o t h e r  two so lu -  

t i o n s ,  made wi th  t h e  assumption of  independence between, respec- 

t i v e l y ,  depar tu res  and t h e  o t h e r  c l a s s i f i . c a t i o n s  and a r r i v a l s  

and t h e  o t h e r  c l a s s i f i c a t i o n s ,  a r e  s u b s t a n t i a l l y  worse, implying 

t he  inadequacy of  t h e s e  assumptions. 

When t h r e e  edges a r e  known t h e  s o l u t i o n  is  der i ved  under t h e  

assumption of independence between a l l  t h r e e  c l a s s i f i c a t i o n s .  

The inaccuracy of  t h e  es t imated mat r i ces  imp l ies  t h e  r e j e c t i o n  

o f  t h i s  assumption. 

TO summarize, it i s  obvious t h a t  t h e  on ly  k ind o f  assumption 

t h a t  seems reasonab le  i s  one between age and t h e  o t h e r  c l a s s i f i -  

ca t i ons .  I f  d isaggregated da ta  a r e  n o t  a v a i l a b l e  t h i s  means t h a t ,  

t o  prov ide an accep tab le  es t ima t ion ,  w e  d e f i n i t e l y  need a  t o t a l  
o r i g i n -des t i na t i on  f low mat r ix  and an age s t r u c t u r e .  The addi-  

t i o n a l  knowledge of t h e  age s t r u c t u r e  of depar tu res  o r  a r r i v a l s  

does no t  make a  very b i g  d i f f e rence .  Th is  r e s u l t  i n d i c a t e s  t h e  

p o t e n t i a l  app l i ca t i ons  of model migra t ion  schedules i n  es t ima t ion  

procedures.  

The entropy approach i s  based on a  uniform a  p r i o r i  d i s t r i -  . 

but ion  (see Sec t ion  2 . 2 ) .  One way of  improving t h e  ent ropy maxi- 

mizing es t ima t ion  i s  t o  use some o the r  a  p r i o r i  d i s t r i b u t i o n .  W e  

presen t  he re  two suggest ions  f o r  f u r t h e r  a n a l y s i s .  



i. If disaggregated migration data are available for some 

previous year these can be used as an a priori distri- 

bution. 

ii. If common patterns can be found between all countries 

providing disaggregated migration data, or categories 
among them, these can be used to estimate relatively 

good a priori distributions for other countries. 
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APPENDIX 

Observed and (3F) est imated  migra t ion  f lows by 5-year 
age groups f o r  Aus t r i a  (1 9 7 1  , 4 reg ions )  , and Sweden 
( 1  974 ,  8 reg ions )  . * 

*The age groups a r e  0-4, 5-9, 10-14,  ... 80-84,  85+ .  



AUSTRIA 

Age droup: 1 

To 1 2 3 4 .................................. 
From 

Age group: 2 

To 1 2 3 4 .................................. 
From 

Age droup: 3 

To 1 2 3 4 .................................. 
From 



From 

Age group: 5 

T 0 1 2 3 4 .................................. 
From 

Age group: 6 



Age droup:  7 

T 0 1 2 3 4 

Age group: 8 

To 1 2 3 4 .................................. 
From 

Age group:  9 

From 



. 
Age group: 10 

To 1 2 3 4 .................................. 
From 

Age group: 1 1  

To 1 2 3 - 4 .................................. 
From 

Age group: 12 

T 0 1 2 3 4 .................................. 
From 



~ g g  group: 13 

T 0 1 2 3 4 
, . .................................. 

From 

Age group: 14 

Age group: 15 



- 
Age group: 16 

To 1 2 3 4 .................................. 
From 

Age group: 17 

From 

Age group: 18 

From 



SWEDEN 

Age g r o u p :  1 

Age g roup :  2 

Froru 

1 



Age group: 3 

Age group: 4 

To 1 2 3 4 5 6 7 8 ................................................................... 
From 



Age group: 5 

T o 1 2 3 4 5 6 7 8 ................................................................... 
From 

Age group: 6 



Age group: 7 

To 1 2 3 4 5 6 7 8 ................................................................... 
From 

Age group: 9 

TO 1 2 3 4 5 6 7 i3 ................................................................... 
From 



( 1 5 )  ( G L )  (OSL) ( 6 6 )  (ELL) ( 0 6 )  ,(60E) ( 0 )  
5 i lL  Lil L 00 L SL L 96 1  ZE 0  L 

( t; 1) (EL) ( 8 2 )  (011)  ( 0 )  
S 1  6  L 8 2  € 0  1  0  



Age aroup :  1 1  

T o 1 2 3 4 5 6 7 9 
................................................................... 
f r o m  

Age group:  1 2  

T o 1 2 .  3 4 5 6 7 8 ................................................................... 
Frora 



Age S ro u p :  1 3  

T o 1 2 3 4 5 6 7 8 ................................................................... 
F r orn 

Age group:  14 

................................................................... 
From 



Age group:  15 

To 1 2 3 4 5 6 7 8 ................................................................... 
From 

Age grou?: 16 

T o 1 2 3 4 5 6 7 8 ................................................................... 
Fron 



Age group: 17 

To 1 2 3 4 5 5 7 8 ................................................................... 
From 

Age group: 18 

To 1 2 3 4 5 6 7 8 ................................................................... 
From 
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