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FOREWORD 

Interest in human settlement systems and policies has been 
a central part of urban-related work at IIASA since its inception. 
From 1975 through 1978 this interest was manifested in the work 
of the Migration and Settlement Task, which was formally concluded 
in November 1975. Since then, attention has turned to dissemina- 
tion of the Task's results and to the conclusion of its comparative 
study which, under the leadership of Frans Willekens, is carrying 
out a comparative quantitative assessment of recent migration pat- 
terns and spatial population dynamics in all of IIASA's 17 NMO 
countries. 

As part of its work on migration and settlement, IIASA has 
concluded research on entropy maximization and bi- and multipro- 
portional adjustment techniques to infer detailed migration flows 
from aggregate data. This paper reports on some of this research 
and presents a generalized estimation procedure incorporating both 
maximum likelihood and chi-square estimates. The methods used are 
then tested with Austrian and Swedish data and the techniques are 
applied to infer age-specific migration flows for Bulgaria. 

Papers summarizing previous work on migration and settlement 
at IIASA are listed at the back of this paper. 

Andrei Rogers 
Chairman 
Human Settlements 
and Services Area 



ABSTRACT 

This paper presents techniques for inferring migration flows 
by migrant category from some available aggregate data. The data 
are in the form of marginal totals of migration flow matrices or 
prior information on certain cell values. A generalized estima- 
tion procedure is presented which incorporates both maximum like- 
lihood and x 2  estimates. The duality results of the optimizing 
problems rely on the decomposition principle of Rockafellar. We 
prove the convergence of the general iterative procedure of which 
the well-known RAS and entropy methods are special cases. 

The validity of the methods is tested by comparison of es- 
timates and observations for Austria and Sweden, uslng x 2  ana 
absolute percentage deviation test statistics. The techniques 
are then applied to infer age-specific migration flows for Bul- 
garia. Algorithms and FORTRAN computer programs are also given. 
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ENTROPY, MULTIPROPORTIONAL, AND QUADRATIC TECHNIQUES FOR 
INFERRING DETAILED MIGRATION PATTERNS FROM AGGREGATE DATA. 
MATHEMATICAL THEORIES, ALGORITHMS, APPLICATIONS, AND 
COMPUTER PROGRAMS 

Frans Wi l lekens,  Andr6s P6r ,  and Richard R a q u i l l e t  

The l a c k  o f  adequate r e g i o n a l  s t a t i s t i c s  i s  f r e q u e n t l y  g iven 

a s  a  reason  f o r  n o t  endors ing  t h e  development of s o p h i s t i c a t e d  

r e g i o n a l  or m u l t i r e g i o n a l  models. I n  p a r t i c u l a r ,  t h e  d a t a  prob- 

l e m  is  seve re  i n  t h e  s tudy  o f  i n t e r n a l  m ig ra t i on  by mig ran t  c a t e -  

g o r i e s .  

Improved modeling o f  m ig ra t i on  and o f  m u l t i r e g i o n a l  demo- 

g r a p h i c  phenomena i n  g e n e r a l  can on ly  be f u l l y  u t i l i z e d  i f  add i -  

t i o n a l  d a t a  requ i rements  are m e t .  When t h e  c o l l e c t i o n  o f  t h e  

necessary  d a t a  is  imposs ib le  o r  too  expens ive,  e s t i m a t i o n  proce- 

du res  may be used as s u b s t i t u t e s .  

Th i s  paper p r e s e n t s  a p a r t i c u l a r  c l a s s  o f  e s t i m a t i o n  methods 

which have g r e a t  p o t e n t i a l  i n  m ig ra t i on  a n a l y s i s .  They may be 

used whenever d e t a i l e d  m ig ra t i on  f lows (e .g . ,  f lows by v a r i o u s  

mig ran t  c a t e g o r i e s )  a r e  r e q u i r e d ,  b u t  only some aggrega te  d a t a  on 

m ig ra t i on  p a t t e r n s  are a v a i l a b l e .  For i n s t a n c e ,  how c a n  w e  d i s -  

aggrega te  a t o t a l  o r i g i n - d e s t i n a t i o n  m ig ra t i on  f low m a t r i x  i n  

age -spec i f i c  f l ows ,  i f  t h e  on ly  in fo rmat ion  a v a i l a b l e  is  a  na- 

t i o n a l  e s t i m a t e  o f  t h e  age composi t ion of m ig ran ts?  How would 

t h i s  estimate d i f f e r  from a  s i t u a t i o n  where w e  have t h e  age 

s t r u c t u r e  of t h e  a r r i v a l s  and t h e  d e p a r t u r e s  by r e g i o n ,  or  where 



we have an  i n i t i a l  crude e s t i m a t e  o f  t h e  age -spec i f i c  f low mat r i -  

ces?  Does a d d i t i o n a l  in fo rmat ion  i n c r e a s e  t h e  v a l u e s  of  o u r  es- 

timates s i g n i f i c a n t l y ?  (This i s  of p a r t i c u l a r  re levance i n  decid-  

ing t h e  coverage o f  d a t a  c o l l e c t i o n  f o r  m igra t ion  a n a l y s i s ) .  

Ques t ions  l i k e  t h e s e  may be answered by apply ing t h e  techniques 

proposed i n  t h i s  paper. I n  a d d i t i o n ,  t h e s e  methods a r e  u s e f u l  t o  

update migra t ion  t a b l e s  s i n c e  t h e  updat ing of  m igra t ion  t a b l e s  i s  

noth ing else than es t ima t ing  migra t ion  f lows under new cond i t i ons  

( c o n s t r a i n t s )  when i n i t i a l  e s t i m a t e s  a r e  a v a i l a b l e .  

The a p p l i c a b i l i t y  o f  the'methodology i s  n o t  l i m i t e d  t o  m i -  

g r a t i o n  s t u d i e s ,  b u t  may be  extended t o  input -output  a n a l y s i s ,  

t r a n s p o r t a t i o n  s c i e n c e  ( t r i p  d i s t r i b u t i o n ,  f r e i g h t  f l o w s ) ,  and 

reg iona l  economics (e .g . ,  journey-to-work t a b l e s ) :  i n  s h o r t ,  t o  

t h e  a n a l y s i s  of  va r i ous  k inds o f  i n t e r a c t i o n  t a b l e s .  I n  f a c t ,  

t h e s e  techn iques ,  i n  t h e i r  s i m p l i f i e d  (two-dimensional) forms, 

have rece ived  cons ide rab le  a t t e n t i o n  i n  t h e  above-mentioned 

f i e l d s .  

Th is  paper c o n s i s t s  of f i v e  major s e c t i o n s .  I n  t h e  f i rst  

s e c t i y n ,  t h e  genera l  problem is  d e a l t  w i th  i n  mathemat ical  t e r m s  

and some s p e c i a l  cases, which a r e  of p a r t i c u l a r  p r a c t i c a l  i n t e r -  

e s t ,  a r e  given.  The second s e c t i o n  p r e s e n t s  t h e  s o l u t i o n s  t o  t h e  

b a s i c  problem and i ts  v a r i a n t s .  S o l u t i o n s  a r e  ob ta ined  by reform- 

u l a t i n g  t h e  o r i g i n a l  problem i n  i ts  dua l  express ion .  The s o l u t i o n  

a lgor i thms,  which a r e  implemented on t h e  computer fo l low i n  t h e  

second s e c t i o n .  Sec t i on  3 p r e s e n t s  some numerical  i l l u s t r a t i o n s ,  

namely, t h e  es t imated  va lues  o f  i n t e r r e g i o n a l  m ig ra t i on  f lows by 

age f o r  A u s t r i a  and Sweden. For  bo th  c o u n t r i e s ,  t h e  e s t i m a t e s  

a r e  compared w i th  t h e  observed va lues  t o  i n v e s t i g a t e  t h e  v a l i d i t y  

o f  t h e  es t ima t ion  procedure. The methods a r e  app l i ed  t o  i n f e r  

m igra t ion  f lows by age f o r  Bu lgar ia  i n  Sec t i on  4 .  F i n a l l y ,  t h e  

computer program MULTENTROPY f o r  e s t i m a t i n g  m ig ra t i on  f lows is  

documented and l i s t e d .  



1 . PROBLEM FORMULATION 

The estimation procedures for inferring detailed migration 

patterns from aggregate data, proposed in this paper, have a com- 

mon feature: the aggregate data appear as marginal sums of two 

or n-dimensional arrays, the elements of which are unknown and 

must be estimated. Two main groups of problems may be distin- 

guished: the entropy problem and the quadratic adjustment prob- 

lem. 

(i) The entropy problem: the problem here is to produce a 

"maximally unbiased" estimation of the elements of an array 

under the given marginal conditions. In the application 

of entropy models, two model types may be distinguished: 

entropy maximizing models and information-divergence (I- 

divergence) minimizing models, 

(a) The entropy maximizing problem: the entropy mximiz- 

ing problem is to determine the elements of an array 

that are "most probable" under the given marginal 

conditions. No initial array is known a priori and 

the values of the elements of the array are seen as 

equally likely, apart from the marginal constraints 

specified. The entropy maximizing method was intro- 

duced in regional science by Wilson (1967, 1970). 

Its two-dimensional case has received considerable 

attention in the literature and has been elaborated 

in several ways to recover interregional flow matri- 

ces (of people or commodities) from various forms of 

aggregate data (Chilton and Poet 1973, Nijkamp 1975, 

Willekens 1977). 

(b) The I-divergence minimizing problem: in I-divergence 

minimizing problems one tries to estimate a "poster- 

ior" array which is as "closev as possible to a "prior" 

array, and which satisfies some given marginal con- 

straints (row and column sums) . 
The distance function usedhere to measure the "close- 

ness" of the arrays is the I-divergence or Kullback- 

Leibler information number (Kullback 1959) , also 



c a l l e d  i n fo rma t i on  f o r  d i s c r i m i n a t i o n ,  i n f o rma t i on  

g a i n ,  o r  en t ropy  of a  p o s t e r i o r  d i s t r i b u t i o n  r e l a t i v e  

t o  a  p r i o r  d i s t r i b u t i o n  (Renyi 1970) .  I f  t h e  known 

p r i o r  a r r a y  i s  uni formly  d i s t r i b u t e d ,  i . e . ,  a l l  ele- 

ments o f  t h e  a r r a y  a r e  e q u a l ,  t h e n  t h e  I -d i ve rgence  

measure i s  e q u i v a l e n t  t o  t h e  negent ropy (en t ropy  w i t h  

n e g a t i v e  s i g n )  . 
I -d i ve rgence  w i t h  a  n e g a t i v e  s i g n  was a l s o  d e f i n e d  a s  

an  en t ropy  measure f o r  t h e  average  c o n d i t i o n a l  e n t r o p y  

(Nijkamp and P a e l i n c k  1974a, T h e i l  1967).  

A procedure  f o r  min imiz ing I -d i ve rgence  i n  s p a t i a l  

i n t e r a c t i o n  models h a s  been deve loped by Ba t t y  and 

March (1976 ) .  I n  t h e  two-dimensional case* ,  t h e  most 

e x t e n s i v e l y  used method o f  s o l v i n g  t h i s  t y p e  o f  prob- 

l e m  i s  t h e  b i p r o p o r t i o n a l  ad jus tmen t  method, b e t t e r  

known a s  t h e  RAS method. I t  was deve loped by S tone  

t o  upda te  i npu t -ou tpu t  t a b l e s  and h a s  been s t u d i e d  i n  

d e t a i l  by Bacharach (1970 ) .  The RAS method i s  equiva-  

I 
l e n t  t o  t h e  Furness  method known i n  t r a f f i c  models 

( e .g . ,  Evans 1970, Evans and Kirby 1974 ) .  T h i s  method 

w a s  p r e s e n t e d  by Furness  i n  1962 a t  a seminar  on t h e  

u s e  of  computers i n  t r a f f i c  p l ann ing  i n  London (unpub- 

l i s h e d  pape r  e n t i t l e d  T r i p  F o r e c a s t i n g ) .  

(ii) The q u a d r a t i c ,  ad jus tmen t  problem: t h e  q u a d r a t i c  ad jus tmen t  

problem a p p l i e s  t o  s i t u a t i o n s  where i n i t i a l  e s t i m a t e s  o f  

t h e  e n t r i e s  o f  a n  a r r a y  a r e  a v a i l a b l e .  The e s t i m a t e s ,  how- 

e v e r ,  do  n o t  conform w i t h  p rede f i ned  (measured)  row and 

column t o t a l s .  The r e a s o n  may be  t h a t  d i f f e r e n t  s o u r c e s  

y i e l d  t h e  e s t i m a t e s  and t h e  t o t a l s .  The sum-constra ined 

ad jus tmen t  problem i s  t h e n  t o  f i n d  t h e  a r r a y  which i s  a s  

c l o s e  a s  p o s s i b l e  t o  t h e  i n i t i a l  a r r a y  b u t  which s a t i s f i e s  

t h e  p r e d e f i n e d  t o t a l s .  

The d i s t a n c e  f u n c t i o n ,  used h e r e  t o  measure t h e  " c l o s e n e s s "  

o f  t h e  a r r a y s ,  i s  a q u a d r a t i c - t y p e  f u n c t i o n .  Examples 

*A two-dimensional a r r a y  i s  a  m a t r i x .  



can e a s i l y  be found t o  show t h a t ,  u n l i k e  t h e  I -d ivergence 

minimizing problem, t h e  p o s i t i v i t y  o f  t h e  e lements  o f  t h e  

i n i t i a l  a r r a y  does n o t  e n s u r e  t h e  p o s i t i v i t y  o f  t h e  unique 

s o l u t i o n  o f  t h e  q u a d r a t i c  ad jus tment  problem. 

To overcome t h i s  weakness o f  t h e  q u a d r a t i c  ad jus tmen t  meth- 

od ,  w e  w i l l  sugges t  an  ad jus tment  techn ique  which i s  no t  

q u a d r a t i c  b u t  shows very  c l o s e  r e l a t i o n  t o  t h e  q u a d r a t i c  

ad jus tment  method. 

1  .1 Entropy Maximization 

The techn iques  desc r i bed  i n  t h i s  s e c t i o n  a d d r e s s  problems 

i n  which no i n p u t  m a t r i x  i s  g iven  a  p r i o r i .  Wilson (1967, 1970) 

proposed t o  use  an  index which y i e l d s  m a t r i x  e n t r i e s  which a r e  

most p robab le .  The index i s  t h e  en t ropy  o f  t h e  m a t r i x .  

a .  The Entropy Concept 

Suppose t h a t  w e  a r e  g iven  t h e  t o t a l  number o f  a r r i v a l s  I 
j 

and d e p a r t u r e s  Oi by reg ion  i n  a  two-region system, and t h a t  t h e  

problem is  t o  e s t i m a t e  t h e  complete o r i g i n - d e s t i n a t i o n  m ig ra t i on  

f low ma t r i x  M wi th  e lements  m i j  For example, - 

I n  c o n t r a s t  t o  t h e  b i p r o p o r t i o n a l  ad jus tment  method, no i n i t i a l  
e s t i m a t e s  o f  t h e  ma t r i x  e n t r i e s  a r e  a v a i l a b l e .  There fo re ,  ou r  
in fo rmat ion  is l i m i t e d  t o  t h e  row and column t o t a l s  o f  t h e  ma t r i x  

t o  be es t ima ted .  For g iven  row and column t o t a l s  o f  a  ma t r i x ,  

t h e r e  may be a  l a r g e  number of arrangements o f  e n t r i e s  t h a t  s a t -  

i s f y  t h e  marg ina l  c o n d i t i o n s .  For  example, i f  f o r  a  two-by-two 

mig ra t ion  ma t r i x  t h e  row sums a r e  t h r e e  and t h r e e ,  and t h e  column 



sums a r e  f o u r  and two, t hen  t h e r e  a r e  t h r e e  p o s s i b l e  arrangements 

o f  t h e  e n t r i e s :  

Each arrangement o f  t h e  e n t r i e s  o f  M i s  c a l l e d  a macros ta te  o f  t h e  - 
s y s  t e m .  

The t r u e  m ig ra t i on  f low i s  rep resen ted  by one o f  t h e  t h r e e  

mac ros ta tes ,  Ma, % o r  Mc. Given t h e  l imited i n fo rmat ion  w e  have 

abou t  t h e  m ig ra t i on  behav io r ,  w e  d o n ' t  know which mac ros ta te  i s  

t h e  t r u e  one. There fo re ,  w e  must make a  guess .  I t  is  h e r e  t h a t  

t h e  en t ropy  method comes i n .  I t  selects t h e  mac ros ta te  which has  

t h e  h i g h e s t  p r o b a b i l i t y  o f  occu r r i ng .  A c e r t a i n  mac ros ta te  may be  

gene ra ted  by v a r i o u s  so-ca l led  m i c r o s t a t e s .  A m i c r o s t a t e  i s  an 

assignment o f  i n d i v i d u a l  m ig ran ts  t o  t h e  o r i g i n - d e s t i n a t i o n  t a b l e .  

I n  o t h e r  words, a  m i c r o s t a t e  i s  a d e s c r i p t i o n  o f  t h e  l o c a t i o n  o f  

every  i n d i v i d u a l  i n  t h e  system, whereas a  mac ros ta te  g i v e s  t h e  

number o f  people  i n  each ce l l  of  t h e  t a b l e .  Cons ider ,  f o r  example, 

t h e  ma t r i x  Ma, and deno te  t h e  i n d i v i d u a l  m ig ran ts  by ml , m 2 ,  m3, 
w 

m 4 ,  m5, and m6. According t o  Ma, t h r e e  peop le  m ig ra te  from reg ion  
* 

1 t o  reg ion  1 ,  i . e . ,  move w i t h i n  t h e  reg ion .  Out o f  t h e  s i x  m i -  

g r a n t s ,  w e  can select  t h e  t h r e e  i n  20 d i f f e r e n t  ways: ml, m2, m3, 

m 4 ,  etc. The p o s s i b l e  combinat ions o f  t h r e e  peop le  o u t  o f  s i x  can 

e a s i l y  be computed by t h e  f a m i l i a r  comb ina to r i a l  formula o f  s t a -  

6! 
3 !  (6  - 3 )  ! , where ! deno tes  t h e  f a c t o r i a l  o p e r a t i o n ,  

Once w e  have made a  s e l e c t i o n  of t h r e e  people  t o  c o n s t i t u t e  

m l l ,  w e  must s e l e c t  one person  o u t  o f  t h e  remaining t h r e e  t o  con- 
s t i t u t e  m12.  There a r e  on l y  t h r e e  p o s s i b l e  ways o f  s e l e c t i n g  one 

person  o u t  o f  t h r e e ,  o r  3 !  
1 ! (3  - I ) !  . F i n a l l y ,  t h e  two remaining 

i n d i v i d u a l s  c o n s t i t u t e  m 2 2 ,  s i n c e  m2, = 0. There fo re ,  t h e  t o t a l  
number o f  ways of s e l e c t i n g  t h r e e  o u t  o f  s i x ,  and one o u t  o f  t h e  



remain ing t h r e e ,  and t w o  o u t  o f  t h e  remaining two, i s  6! 
3! ( 6  - 3)  ! 

3 !  - 2! - - 60. Each of  t h e  60 ways c o n s t i t u t e s  a  s e p a r a t e  
1 ! ( 3  - I ) !  2 !  

m i c r o s t a t e ,  or ass ignment  o f  i n d i v i d u a l s .  I n  g e n e r a l ,  t h e  number 

o f  ways i n  which w e  can  select a p a r t i c u l a r  mac ros ta te  from t h e  

t o t a l  number o f  m ig ran ts  m i s  t h e  comb ina to r i a l  fo rmula :  . . 

Applying t h e  above, w e  g e t  W = 60 f o r  Ma, VJ = 180 f o r  Mb, and W - - 
= 60 f o r  Mc. The va lue  W i s  t h e  number of  m i c r o s t a t e s  which g i v e  - 
rise t o  a  p a r t i c u l a r  m a c r o s t a t e ,  and i s  c a l l e d  t h e  en t ropy  of  t h e  

n a c r o s t a t e .  

The q u e s t i o n  o f  which mac ros ta te  t o  choose a s  t h e  b e s t  e s t i -  

mate o f  t h e  t r u e  m ig ra t i on  f low may now be  answered. W e  choose 

t h e  mac ros ta te  w i t h  t h e  h i g h e s t  en t ropy  v a l u e ,  i - e . ,  PIb. The use  

o f  t h i s  s e l e c t i o n  c r i t e r i o n  re l ies on two c r i t i c a l  assumpt ions:  

( i) The p r o b a b i l i t y  t h a t  a  mac ros ta te  r e p r e s e n t s  t h e  t r u e  migra- 

t i o n  f low m a t r i x  i s  p r o p o r t i o n a l  t o  t h e  number o f  micro- 

s t a t e s  o f  t h e  system which g i v e  r i s e  t o  t h i s  mac ros ta te  

(en t ropy )  and which s a t i s f y  t h e  marg ina l  c o n d i t i o n s .  

(ii) Each m i c r o s t a t e  i s  e q u a l l y  p r o b a b l e ,  i . e . ,  each person  i n  

t h e  m ig ran t  poo l  m has  t h e  same p r o b a b i l i t y  o f  moving . . 
from i t o  j. 

I n  t h e  n e x t  s e c t i o n ,  t h e  formal  s o l u t i o n  t o  t h e  2-dimensional 

en t ropy  maximizat ion problem w i l l  be d e r i v e d .  

b. So lv i ng  t h e  Entropy Problem 

The f i r s t  assumpt ion,  r e a d  i n  a  s l i g h t l y  d i f f e r e n t  way, be- 

comes: t h e  t r u e  a r rangemmt  of a  system i s  one which maximizes 

t h e  e n t r o p y ,  i . e . ,  i n  which t h e  e lements  t end  towards an  a r range-  

ment which can be o rgan ized  i n  a s  many ways a s  p o s s i S l e  ( a  maximum 



" d i s o r d e r " ) .  Th is  is t h e  second law of thermodynamics. The anal -  

ogy between t he  behavior  of s o c i a l  and phys i ca l  systems is  n o t  

acc i den ta l .  Severa l  au tho rs  have at tempted t o  desc r i be  s o c i a l  

phenomena by laws from phys ics ( e . g . ,  I s a r d  1960) .  Th is  approach 

is i d e n t i f i e d  a s  s o c i a l  phys ics ,  which is  well-known i n  t h e  e a r l y  

reg iona l  sc ience  l i t e r a t u r e .  I t  i s ,  however, u n f a i r  t o  eva lua te  

t h e  app l i ca t i on  of ent ropy methods i n  s o c i a l  s c i ecces  on ly  by t h e  

phys ica l  meaning of t h e  ent ropy concept (degree of d i s o r d e r ) .  

The use of  t h e  ent ropy concept i n  s o c i a l  sc iences  may a l s o  be 

j u s t i f i e d  by means of in format ion theory  ( Jaynes '1957) ,  by means 

of Bayes's theorem f o r  cond i t i ona l  p r o b a b i l i t i e s  (Hyman 1969) ,  o r  

by means of t h e  maximum l i ke l i hood  es t ima to r s  (Evans 1971, Bat ty  

and MacKie 1972) . * I n  in format ion theory ,  ent ropy r ep resen t s  ex- 

pected in format ion.  I t  i n d i c a t e s  t h e  degree of unce r t a i n t y  about  

t h e  r e a l i z a t i o n  of even ts  i n  in format ion systems, represented  by a  

p r o b a b i l i t y  d i s t r i b u t i o n .  Hence, a  h igh ent ropy va lue  (low uncer- 

t a i n t y )  i s  assoc ia ted  w i th  events  having a high degree o f  occur- 

rence.  I n  t h e  maximum-likelihood approach, entropy maximizat ion 

is  pqu iva len t  t o  maximizing t h e  l i ke l i hood  of  a  macros ta te .  

The es t ima t ion  problem of f i nd ing  t h e  most probable migrat ion 

f low mat r ix  which s a t i s f i e s  t h e  row and column sums may now be 

formulated a s  fo l lows:  f i n d  t h e  macrostate w i th  maximm. entropy 

W, s u b j e c t  t o  t h e  marginal  cond i t i ons .  The s o l u t i o n  i s  given by 

t h e  s o l u t i o n  t o  t h e  mathematical programming problem: 

s u b j e c t  t o  

L " i j  
- - mi, = Oi , f o r  a l l  i 

T 

*For a comparison, see  Wilson (1970: 1-10) , and Nijkamp ( 1  977: 1 8 -  
2 0 ) .  



l m i j = m  = I  , f o r  a l l  j . 
j j 

S i n c e  t h e  maximum o f  ( 1 .2 )  c o i n c i d e s  w i t h  t h e  maximum o f  any mono- 

t o n i c  f u n c t i o n  of  W ,  w e  may r e p l a c e  W by t h e  Naper ian l oga r i t hm of 

W ( e n  W )  i n  t h e  o b j e c t i v e  f u n c t i o n .  

Func t ion  (1 .5 )  i s  v e r y  complex. To make d i f f e r e n t i a t i o n  o f  ( 1  - 5 )  

e a s i e r ,  w e  r e p l a c e  en mi i !  by S t i r l i n g ' s  approx imat ion :  Iln m i j  1 
- 

= m 2n m i j  - m . S i n c e  en m ! i s  a  c o n s t a n t ,  w e  may w r i t e  t h e  i j  i j  . . 
o b j e c t i v e  f u n c t i o n  as 

max en = -1 1 m i j  en m i j  - m i j  
i j  

o r  e q u i v a l e n t l y ,  

e. 

min Iln W = 

1 . 2  I -Divergence Min imizat ion  
( B i p r o p o r t i o n a l  Adjustment)  

The b i p r o p o r t i o n a l  ad jus tmen t  method, i ndependen t l y  deve loped 

by Leon t i e f  (1 941 ) and S tone  ( 1963) ,  u s e s  t h e  I -d i ve rgence  measure 

a s  t h e  d i s t a n c e  f u n c t i o n :  



which i s  d e f i n e d  f o r  rn:j o .  The method i s  b e t t e r  known under 

S t o n e ' s  term, RAS. 

The b a s i c  f e a t u r e s  of  t h e  b i p r o p o r t i o n a l  ad jus tmen t  problem 

a r e  d e s c r i b e d  i n  t h i s  s e c t i o n .  F requen t l y ,  o u r  i n fo rma t i on  i s  

n o t  l i m i t e d  t o  row and column sums of  a  two-dimensional m ig ra t i on  

ma t r i x ;  w e  may a l s o  know m ig ra t i on  p a t t e r n s  o f  s p e c i f i c  ca tego-  

ries of  t h e  popu la t i on  (e .g . ,  s e x ,  a g e ) .  Th i s  known i n fo rma t i on  

shou ld  t h e n  b e  used i n  a d j u s t i n g  t h e  o r i g i n a l  e s t i m a t e s .  A gen- 

e r a l i z a t i o n  o f  t h e  b i p r o p o r t i o n a l  ad jus tmen t  p r o c e s s ,  which 

enab les  t h e  c o n s i d e r a t i o n  o f  more a  p r i o r i  i n fo rma t i on ,  is t h e  
m u l t i p r o p o r t i o n a l  ad jus tmen t  p rocess ,  which w i l l  be t r e a t e d  i n  
S e c t i o n  1.5. 

Suppose w e  a r e  g i ven  t h e  t o t a l  number of  a r r i v a l s ,  I and 
j r  

d e p a r t u r e s ,  Oi,  by r e g i o n  i n  a two-region sys tem and t h a t ,  a s  

be fo re ,  t h e  problem is t o  estimate the comple te  o r i g i n - d e s t i n a t i o n  

m ig ra t i on  f l ow  m a t r i x  M w i t h  e lements  m i j .  For  example: .. 

Suppose w e  are a l s o  g i v e n  i n i t i a l  e s t i m a t e s  o f  t h e  e lements  m,,, 
- - 

namely m:j, con ta ined  i n  t h e  m a t r i x  MO. For  example, -. 



The i n i t i a l  es t ima tes  may be der ived  from migra t ion  t a b l e s  of 

previous yea rs ,  from expe r t s '  op in ions ,  o r  from o the r  sources.*  

The row sums m0 and t h e  column sums m0 of MO a r e  no t  equal  t o  i. j - 
t h e  predef ined number of  depar tu res  Oi = mi., and a r r i v a l s  I = 

j 

m . j *  
Therefore,  w e  have t o  a d j u s t  t h e  elements o f  MO s o  t h a t  .. 

they add up t o  t h e  requ i red  t o t a l s .  Now we may formulate t h e  

sum-constrained b i p ropo r t i ona l  adjustment problem i n  t h e  fol low- 

i ng  form. 
. . ,  . 

Find t h e  p x  q  mat r i x  M such t h a t  t h e  I -d ivergence measure - 
i s  minimized ( i n  migrat ion t a b l e s ,  p  = q ) :  

min I ( M ( ~ M ~ )  

sub jec t  t o  

and 

Note t h a t  s i n c e  1 Oi = 1 I j ,  t h e  p + q marginal  t o t a l s  a r e  
i j 

no t  independent. The number o f  independent c o n s t r a i n t s  i s  p c q 

- 1 .  Common t o  t h e  e x i s t i n g  methods f o r  cons t ra ined adjustment 

of a  two-dimensional a r r a y ,  i . e . ,  of a  ma t r i x ,  a r e  t h e  con- 

s t r a i n t s  ( 1 . 1 0 )  and ( 1 . 1 1 ) .  

1.3 Entropy Maximization and I-Divergence Minimizat ion: 
A Comparison 

The purpose of t h i s  s e c t i o n  i s  t o  compare t he  entropy maximizing 

and I -d ivergence minimizing technique. Both techniques have t h e  

*This methodology has been p a r t i c u l a r l y  success fu l  f o r  t he  up- 
da t i ng  of. input -output  t a b l e s .  



same s e t  of c o n s t r a i n t s . *  D i f f e rences  may t h e r e f o r e  be exp la ined  

by d i f f e r e n c e s  i n  t h e  o b j e c t i v e  f u n c t i o n s .  

(i) Note t h a t  t h e  en t ropy  o b j e c t i v e  f u n c t i o n  t o  be maximized, 

i s  equa l  t o  

h 

Since  m i s  a  c o n s t a n t ,  t h e  maximizat ion of d g i v e s  t h e  

same r e s i l t  a s  t h e  maximizat ion o f  t h e  s imp le r  f u n c t i o n  
h h 

= - 1 mi m mi j .  The o b j e c t i v e  f u n c t i o n  6 = - 1 1 mi 
i j i j  

en m i j  is  i n  f a c t  more wide ly  used.  I f  m i j  i s  i n t e r p r e t e d  

a s  a  p r o b a b i l i t y  by a  p roper  s c a l i n g  making 1 1 m i j  = 1 ,  
i j  

then t h e  o b j e c t i v e  f u n c t i o n  d e f i n e s  a  q u a n t i t y  c a l l e d  - s t a -  

t i s t i c a l  en t ropy  o r  the en t ropy  o f  t h e  p r o b a b i l i t y  d i s t r i -  

bu t i on .  Th is  q u a n t i t y  ( m u l t i p l i e d  by a  c o n s t a n t )  has  been 

de f i ned  by Shannon a s  a  measure o f  t h e  u n c e r t a i n t y  con ta ined  

i n  a  p r o b a b i l i t y  d i s t r i b u t i o n  (Shannon and Weaver 1 9 4 9 )  . 
(ii) However, t h e  b i p r o p o r t i o n a l  p rocess  can s t i l l  be  d i f f e r e n -  

t i a t e d  by t h e  p resence  o f  a  term m0 con ta in ing  t h e  i n i t i a l  i j 
"guess" o f  t h e  f low v a l u e s .  Again, i f  mi j  and m y j  can b e  

i n t e r p r e t e d  a s  p r o b a b i l i t i e s ,  t h e  q u a n t i t y * *  

*This i s  t r u e  on ly  i f  no c o s t  c o n s t r a i n t  i s  cons ide red  i n  t h e  
en t ropy  problem. 

**When some a  p r i o r i  i n fo rmat ion  e x i s t s  and i s  expressed  i n  p r i o r  
0 

p r o b a b i l i t i e s  (p i ,  i = 1 , . . . , n )  , t h e  expected v a l u e  o r  informa- 

t i o n  c o n t e n t  o f  a message changing p r i o r  i n fo rma t i on  i n t o  poste-  
0 r i o r ,  is measured by - 1 pi 2n a i /p i  ( Jaynes  1957, T h e i l  1967) . 

i 



appears  a s  t h e  i n fo rma t i on  d ive rgence .  

(iii) F i n a l l y ,  it appears  t h a t  a l l  t h o s e  o b j e c t i v e  f u n c t i o n s  be- 

long  t o  t h e  same fami l y  and a r e  exp ress ing  en t ropy  i n  a  

d i f f e r e n t  fo rmat .  But t h e  b a s i c  i d e a  is  common t o  t h e  b i -  

p r o p o r t i o n a l  "minimum d e v i a t i o n "  concep t  and t o  s t a t i s t i c a l  

en t ropy .  I n  i n fo rma t i on  t h e o r y ,  t h e  b i p r o p o r t i o n a l  ob jec -  

t i v e  f u n c t i o n  i s  i n t e r p r e t e d  a s  a  measure o f  t h e  " s u r p r i s e "  

coming o u t  of  t h e  p o s t e r i o r  va lues  w i t h  r e s p e c t  t o  t h e  

p r i o r  ones.  The re fo re ,  min imiz ing t h e  s u r p r i s e  o r  t h e  dev i -  

a t i o n  from our  i n i t i a l  i n fo rmat ion  and f i n d i n g  t h e  most 

p robab le  f l ows  a r e  t h e  b a s i c  concep ts  p r e s e n t  i n  en t ropy  

and b i p r o p o r t i o n a l  approaches ,  which bo th  measure such 

q u a n t i t i e s  w i t h  t h e  same f u n c t i o n ,  

when a  p r i o r i  i n fo rma t i on  i s  a v a i l a b l e ,  and by 

when no a  p r i o r i  i n fo rmat ion  e x i s t s .  T h e r e f o r e ,  en t ropy  

maximizing problems can g e n e r a l l y  be  fo rmu la ted  a s  I- 

d iverqence  minimiz ing problems : 

where m\an be un i formly  set equa l  t o  1 .* 
1 j 

* I n  g e n e r a l ,  t h e  I -d i ve rgence  o r  m u l t i p r o p o r t i o n a l  problem reduces 
t o  an  en t ropy  problem whenever t h e  e lements  o f  t h e  i n i t i a l  a r r a y  
a r e  mu1 t i p r o p o r t i o n a l  (w i t h  t h e  uniform d i s t r i b u t i o n  a s  a  s p e c i a l  
c a s e ) .  R e s u l t s  ob ta ined  a r e  t h e r e f o r e  independent  of  t h e  i n i t i a l  
a r r a y  s e l e c t e d .  That  t h e  RAS s o l u t i o n  i s  t h e  same f o r  d i f f e r e n t  
i n i t i a l  b i p r o p o r t i o n a l  m a t r i c e s  was r e c e n t l y  a l s o  shown by F r ied -  
man ( 1 9 7 8 )  , a l though  he  d i d  n o t  make t h e  connec t ion  t o  t h e  ent ropy 
problem. 



1.4 Quadratic Adjustnent 

We may formulate the sum-constrained quadratic adjustment 

problem in the following way. 

Find matrix lj such that a distance norm d [M,MO] , which is of 

a quadratic function, is minimized, subject to 

The techniques are differentiated by the distance measures 

d[M,MO] used. 

(i) Least square adjustment: the most obvious distance 

measure is the euclidean norm, defined as: 

(ii) Friedlander adjustment: Friedlander (1 961 ) used a 

distance norm of the chi-square type to adjust con- 

tingency tables: 

A related method has been developed by Hortensius 

(1970 ,  E s t i m a t i o n  o f  t h e  E l e m e n t s  o f  a  T a b l e ,  un- 

published manuscript in Dutch. The Hague: Central 

Planning Agency). The distance norm is the weighted 

deviation: 



1 where /s i j  i s  t h e  weight  a t tached  t o  t h e  d i f f e r e n c e  

m i  - m .  The weight used i s  a  measure of t h e  

u n c e r t a i n t y .  The under ly ing idea  i s  t h a t  t h e  more 
0 accu ra te  m i s ,  t h e  l e s s  t h e  ad justment  i s  needed. i j  

Hence, f o r  a c c u r a t e  es t ima tes  of  m:j, t h e  weight 

1 should be smal l .  I f  t h e  elements of  m p j  a r e  
/si j  
es t imated  from a  sample, then no t  on ly  t h e  es t ima te  

0 

O r  mean 
i s  known, bu t  a l s o  t h e  whole f requency d i s t r i -  

bu t ion .  An a p p r o p r i a t e  measure f o r  s i j  i s  t h e r e f o r e  t h e  

var iance  of t h e  d i s t r i b u t i o n  (assuming normal d i s t r i b u t i o n )  . 
This measure o f  u n c e r t a i n t y  is  being used by H o r t e n s i u s *  

(iii) Modified F r ied lander  adjustment:  an impor tant  weakness of 

t h e  l e a s t  square  and Fr ied lander  approaches i s  t h a t  a  
0 s t r i c t l y  p o s i t i v e  mat r i x  M - does n o t  n e c e s s a r i l y  y i e l d  a  

s t r i c t l y  p o s i t i v e  mat r i x  :I - of  e s t i m a t e s .  Some elements of 

M may be nega t i ve .  To overcome t h i s  f a i l u r e ,  we suggest  -. 
t h e  fo l lowing measure, which i s  no longer  q u a d r a t i c :  

1 . 5  Genera l i za t i on  of Flow Est imat ion Problems 
t o  N-Dimensional Arrays 

The problem formulat ion f o r  mat r i ces  can e a s i l y  be extended 

t o  more than two dimensions. Suppose t h a t  we a r e  given t h e  migra- 

t i o n  f low matr ix  of t h e  t o t a l  popu la t ion ,  and t h a t  we a r e  i n t e r -  

e s t e d  i n  t h e  migra t ion  p a t t e r n s  of subse ts  of t h e  popu la t ion ,  

e . g . ,  sexes ,  age groups,  n a t i o n a l i t i e s ,  p r o f e s s i o n a l  c a t e g o r i e s ,  

e t c .  Suppose t h a t  w e  a l s o  know t h e  number of  a r r i v a l s  and depar-  

t u r e s  of each subse t  i n  each reg ion .  The migra t ion  from i t o  j  

by category  k  is  denoted by m i j k .  The t o t a l  m ig ra t ion  from i t o  

j  i s  m = c i j .  i j '  t h e  number of depar tu res  from i by category  k  i s  

m .  - 
1 .k  - bik, and t h e  number of a r r i v a l s  i n  j by ca tegory  k is  m . jk 

= a  j k '  Therefore,  t h e  fo l lowing c o n s t r a i n t s  must be n e t :  



f o r  i = 1 ,2 .  . .n  , 
j = 1 ,2  ... m . 

The a v a i l a b l e  i n fo rma t i on  does  n o t  a lways come i n  this way. I n  

an  extreme c a s e ,  w e  do n o t  know the f low m a t r i x  of  t h e  t o t a l  pop- 

u l a t i o n  b u t  on l y  t h e  t o t a l  number o f  a r r i v a l s  and d e p a r t u r e s  by 

r eg ion ,  and w e  know the compos i t ion  o f  the mig ran t  c a t e g o r i e s  on l y  

a t  t h e  n a t i o n a l  l e v e l .  The c o n s t r a i n t s  t h e r e f o r e  t a k e  on a d i f f e r -  

e n t  format:  

5 I m i j k = u k  , f o r  k = 1 , 2  ... 1 . 
i = 1  j = 1 .  

2 1 mijk = v j f o r  j = 1 , 2  ... m . 
i = l  k=l 

1 m i j k = W i  1 f o r  i = 1 , 2  ... n . 
j=1 k=l 

where uk = m . .k  i s  t h e  t o t a l  number o f  m ig ran ts  i n  c a t e g o r y  k ,  
v  = m  
j . j .  i s  the  t o t a l  number of  a r r i v a l s  i n  r e g i o n  j ,  and wl  = 

m is  t h e  t o t a l  number o f  d e p a r t u r e s  from r e g i o n  i. i.. 

Var ious combinat ions o f  t h e  b i -  and u n i v a r i a t e  marg ina l  sums 

a r e  p o s s i b l e :  t h e  known t o t a l  f low m a t r i x  w i t h  t h e  compos i t ion  o f  

m ig ran t  c a t e g o r i e s  a t  h e  n a t i o n a l  l e v e l ,  number o f  a r r i v a l s  and 
d e p a r t u r e s  by s u b s e t  o n l y ,  e tc .  



Befo re  p roceed ing  t o  s p e c i f y  v a r i o c s  e n t r o p y  and ad jus 'aent  

problems,  w e  may f o r m u l a t e  o u r  problem i n  g e n e r a l  t e r m s .  The 

mathemat i ca l  f o r m u l a t i o n  o f  t h e  b a s i c  a d j u s t m e n t  problem i s  a s  

f o l l ows  : 

min xkd [ ; i j k ,  m0 i j k  1 
i l l  1 

s u b j e c t  t o  

- 1 m i j k  - a j k  f o r  a l l  j  E  J ,  and k E  K . ( 1  . 1 9 )  
i 

- 
m i j k  - bik I 

f o r  a l l  i E  I ,  and k ~  K . ( 1 . 2 0 )  
j  

f o r  a l l  j  E  J ,  and i E R 

2 - - m i j k  ' Uk , f o r  a l l  k E  K . 

L E .ijl, = v j  f o r  a l l  j E  J . 
i k  

1 1 m i j k  = w  i f o r  a l l  i E  I . 
j  k  

' 0  I f o r  a l l  i E  I ,  j E  J and k  E  K . ( 1 . 2 6 )  m i j k  - 

where 



a r e  t h e  index s e t s ,  a j k '  bik, and c i j  a r e  b i v a r i a t e  marg ina l  sums, 

and u  v  and wi a r e  u n i v a r i a t e  marg ina l  sums. k t  j '  

The e lements  t o  be es t ima ted ,  m i j k ,  may be a r ranged i n  a  

three-d imens iona l  a r r a y ,  M = [ m i j k  I ,  and t h e  i n i t i a l  e s t i m a t e s  con- 
0 

s t i t u t e  t h e  a r r a y  MO = [ m i j k l .  Both a r r a y s  have on ly  nonnegat ive  

e lements .  Some of  t h e  e lements  m i j k  may be known e x a c t l y .  For  

i n s t a n c e ,  i f  i n t r a r e g i o n a l  m ig ra t i on  i s  n o t  cons ide red ,  t hen  t h e  
0 

d iagona l  e lements  miik = m i i k  = 0. I f  o t h e r  m ig ra t i on  f lows  a r e  
0 

known a p r i o r i  (i . e. ,  a r e  f i x e d  t o  t h e  i n i t i a l  e s t i m a t e  mi k )  , w e  

have t o  cons ide r  t h e  fo l low ing  c e l l  c o n s t r a i n t s :  

m = m0 i j k  i j k  ( i , j , k ) $  I' 

where t h e  se t  I' is  d e f i n e d  by s e t t i n g  I' = { ( i , j , k )  J m i g r a t i o n  from 

i t o  j  by ca tego ry  k  i s  p o s s i b l e  and n o t  f i x e d } .  

The r i g h t  hand s i d e s  o f  t h e  c o n s t r a i n t s  a r e  m a t r i c e s :  
-, A = 

[ a j k  
] , 8_ = [bik] , and C = [ c .  . I , and v e c t o r s  U = [uk] V = [ v j  1 , - 1 I 

and W = lw i ]  . W e  s h a l l  c a l l  t h e  c o n s t r a i n t s  ( 1 . 1 9 )  t o  ( 1  . 2 1 )  

f a c e - c o n s t r a i n t s ,  because they  p r e s e n t  g i ven  va lues  f o r  t h e  t h r e e  

f a c e s  o f  t h e  "cube" o r  three-d imens iona l  a r r a y  M .  Analogously,  

t h e  c o n s t r a i n t s  ( 1 . 2 2 )  t o  ( 1 . 2 4 )  w i l l  be l a b e l e d  edge -cons t ra in t s  

because they p r e s c r i b e  va lues  t o  t h e  edges of t h e  "cube" o r  

three-d imens iona l  a r r a y  M.  I f  t h e  f a c e - c o n s t r a i n t s  a r e  g i ven ,  

t h e  edge -cons t ra in t s  a r e  redundant  s i n c e  t h e  e lements  on t h e  

edges a r e  t h e  sums of t h e  f a c e  e lements .  The re fo re ,  w e  s h a l l  

c a l l  t h e  b a s i c  problem " t h r e e  p r e s c r i b e d  f a c e s "  problem, o r  

s h o r t l y ,  " t h r e e  f a c e s  ( 3P ) '' problem. 

Three s p e c i a l  c a s e s  o f  t h e  b a s i c  ?roblev. a r e  o f  i n t e r e s t :  

( i )  Two f a c e s  (2F) problem: minimize (1 .18 )  s u b j e c t  t o  

( 1 ,  ( 1 . 2 0 ) ,  ( 1 . 2 6 ) ,  and ( 1 . 2 7 ) .  

(i i) One f a c e  and one edge ( 1  FE) problem: minimize ( 1 -18)  

s u b j e c t  t o  ( 1 . 1 9 ) ,  ( 1 . 2 4 ) t  ( 1 . 2 6 ) t  and ( 1 - 2 7 ) .  

(ii i) Three edges (3E) problem: minimize ( 1  .18) s u b j e c t  t o  

( 1  . 2 2 )  t o  ( 1  . 2 6 ) ,  and ( 1  . 2 7 ) .  



TO find the best estimates of the elements mijk, given the 

constraints and given an array of initial estimates m0 we may ijk' 
generalize the different distance measures: 

(i) Three-dimensional I-divergence measure 

m0 ] = ' mijk 
i 'k 

ijk In 5 o . (1 .28) (iIjIk)€r m 
ijk 

Note that the entropy function is equivalent when the 
0 original array mijk over the index set r consists of ones. 

The problem of minimizing the I-divergence measure subject 

to various marginal sum-constraints is the multipropor- 

tional adjustment problem. 

(ii) Three-dimensional chi-square measure 

(mi. - m u  ijk ) 

0 m ijk 

The problem of minimizing the X 2  measure subject to vari- 

ous marginal sum constraints'is the multidimensional 

Friedlander adjustment problem. 

(iii) Modified three-dimensional chi-square measure 

L 

0 1 (mi. - m O  C = 2 ijk 
m . ( 1  .30) (iIj1k)€r ijk 

(0 - mu 1 
It is understood that ijk 

0 O = 0 and 
= O if 

L 
0 

(O - mi .k)  
= + = i f m  0 

0 ijk > 0 .  The problem of minimizing 

the modified X 2  measure subject to various marginal sum 



constraints is the multidimensional modified Freidlander 

adjustment problem. 

In the next section, the basic 3F problem and its variants 

are transformed in their duality formulation in order to facili- 

tate the derivation of solution algorithms. In establishing the 

duality results and the solution algorithms for our basic adjust- 

ment problem, we will rely on results obtained by Rockafellar 

(1970) in the field of "perturbation" functions and separable 

programming. In establishing this result we will assume that 

there exists a strictly positive feasible solution [mijk > 0 for 

all (i,j,k) E r ]  to the constraints (1.19) - (1.26). 

In the case when all migration flows are possible, i.e., 

when we also estimate the number of people remaining in the same 

region, or when only migration flows from one region to the same 

region are impossible and no migration flow is fixed, we will 

prove the existence of a strictly positive feasible solution (see 

Appendix A ) .  In the case when no strictly positive feasible so- 

lution exists, an asymptotic duality result can be established, 

and the convergence of an iterative solution procedure for the 

I-divergence minimizing problems can be proved. 



i 

2 .  SOLUTION OF THE ?!ULTIPROPORTIONAL AND OF THE MODIFIED 
FXEDLANDER (QUADWTIC) ADJUSTIIENT PROBLEHS 

I n  o r d e r  t o  s o l v e  t h e  m u l t i p r o p o r t i o n a l  and t h e  modi f ied 

mu l t id imens iona l  F r i e d l a n d e r  ad jus tment  problems,  w e  f i r s t  d e r i v e  

t h e i r  d u a l  f o rmu la t i ons ,  Simple a lgo r i t hms  have been developed 

f o r  s o l v i n g  t h e s e  d u a l s .  For  t h e  c a s e  o f  m u l t i p r o p o r t i o n a l  ad- 

j  ustment ,  a  s o l u t i o n  a lgo r i t hm f o r  t h e  p r ima l  problem is  a l s o  

g iven .  

2.1 D u a l i t y  R e s u l t s  

Before  d e r i v i n g  t h e  d u a l  programs, w e  f o rmu la te  a  theorem 

t h a t  a s s u r e s  t h e  e x i s t e n c e  and un iqueness o f  t h e  op t ima l  so lu -  

t i o n s .  P roo fs  a r e  g i v e n  i n  Appendix A .  

Theorem 1  

I f  t h e  s o l u t i o n  set  d e f i n e d  by t h e  c o n s t r a i n t s  ( 1  .19)  - 
(1 .27)  c o n t a i n s  a  f e a s i b l e  s o l u t i o n  El = [ M i j  k ]  such t n a t  

m i j k  > O  1 

0 wi th  r b e i n g  t h e  index se t  f o r  which m i j k  i s  n o t  f i x e d ,  t hen  

bo th  t h e  m u l t i p r o p o r t i o n a l  and t h e  modi f ied  mu l t id imens iona l  

F r i e d l a n d e r  ad jus tmen t  programs have un ique  op t ima l  s o l u t i o n s .  

F u r t h e r ,  t h e  op t ima l  s o l u t i o n s  a r e  s t r i c t l y  p o s i t i v e  f o r  a l l  

i n d i c e s  ( i f  j , k )ET .  

I n  o r d e r  t o  e s t a b l i s h  t h e  d u a l i t y  r e s u l t s ,  we i n t r o d u c e  

some new n o t a t i o n s .  



F u r t h e r ,  

m , l  
and H = ( S j k )  

j , k=l 

a r e  r e a l  va lued  m a t r i c e s  deno t i ng  t h e  Lagrang ian m u l t i p l i e r s  t o  

t h e  f a c e  c o n s t r a i n t s .  

Minimize 

sub j ec t t o  

X l l = l  f 

i i j I V i k t <  E R I 

jk 

where 



Theorem 2 

Let the multiproportional adjustment program have an optimal 
A A 

solution M = (mijk) such that 

h 

mijk > o  I for (it j,k,)E r . 

If ( is an optimal solution of the dual program ( 2 . 1 )  , then 

(ii) Dual problem of the modified multidimensional Friedlander 
adi ustmen t prosram 

Minimize 

L2(AtN,H) = -2 C m0 41 + + wik + cjk 
(itjtk)E r ijk 

sub j ec t to 

and 



Theorem 3 

Let the modified multidimensional Friedlander adjustment 

program have an optimal solution = (iijk) such that 

A 

mijk '0 , for (i,j,k)E I' . 

If ( is an optimal solution of the dual program (2 -2) 

then 

2.2 Solution Algorithms 

The algorithms presented here solve the multiproportional 

and the modified multidimensional Friedlander adjustment programs 

for the basic three-faces (3F) case. The solution of the special 

cases (3E), (1FE) , and (2F) may be obtained in a similar way.* 

a. Multiproportional Adjustment Problem 

(i) Alqorithm for solving the unconstrained dual probiem 
(2 .1  ) for the multiproportional ad justrnen t 

Step 0 

Set 

*If the elements myjk are uniformly distributed, then the special 

cases of the multiproportional adjustment problem are an entropy 
problem and this has an analytical solution (Appendix C 1 .  



S t e p  1 

S e t  

(S+1)  = Iln 0 5, C mi . j k  + ' j k  
- 2n c i j  I 

k E K ( i I j )  

f o r  a l l  i E 1 , j  E J ,  e x c e p t  fo r  i = j = 1 .  

S t e p  2 

S e t  

(S+1)  C 0 v ik,  = I n  m 
+ ' jk  - Iln bik 

j E J ( i I k )  i j k  

S t e p  3 

S e t  

(S+1)  
C m 

0 (S+1)  
' j k  = I n  

i j k  + V i j  - an a 
i E I ( j , k )  j k  



(S+1) (S) (S+1) (S)  
I X i j  - A i j  I < E  and I ' ik - vik I i  E and 

(S+1) (S) 
I S i k -  Sjk 1 5 E  f o r  every  i E I ,  j E J and k E X , 

then STOP else S t S + 1 ,  and go t o  S tep  1 .  

Theorem 4 

L e t  I = (m i j k )  be a f e a s i b l e  so l u t i on  of t h e  b a s i c  problem 

such t h a t  

m 
i j k  ' 0  , f o r  a l l  ( i , j , k ) E  I' . 

Then t h e  above a lgor i thm converges t o  an opt imal  s o l u t i o n  of t h e  

unconstrained dua l  problem (2.1 ) . 
Using t h e  r e s u l t  of Theorem 2, w e  can e a s i l y  de r i ve  t h e  f o l -  

lowing d i r e c t  pr imal  a lgor i thm:  

Algorithm f o r  so l v i ng  t h e  pr imal  mu l t i p ropor t i ona l  ad jus t -  
ment problem 

S tep  0 

S e t  

0 I n  the entropy problem, t h e  p r i o r '  d i s t r i b u t i o n  mi i s  

n o t  known and may t h e r e f o r e  be set uniformly equa l  t o  
U 

un i t y ,  i .e .  , m i j k  = 1 ,  TF i, j ,k. An improved i n i t i a l  

d i s t r i b u t i o n ,  which g i ves  t h e  same r e s u l t s  however, 

is  presented i n  Appendix C .  



Step  1 

S e t  

(3S+1) ( 3 s )  C 
m = rn i j  

i j k  i j k  1 I 

( 3 s )  
m i j k  k= 1 

f o r  a l l  i E 1 , j  E J, e x c e p t  i = j = 1.  

Step  2 

S e t  

m ( 3S+2 ) (3S+1) ' jk 
i j k  = " i j k  (3S+1) 

mi jk  
i = l  

S t e p  3 

S e t  

then  STOP e l s e  S - S + 1 ,  and go t o  S t e p  1 .  

b.  Modif ied P!ultidimensional F r i e d l a n d e r  Adjustment 
Problem 

(i) Algor i thm f o r  s o l v i n g  t h e  d u a l  problem ( 2 . 2 )  



Step  0 (S = 0 )  

S e t  

S tep  1 

be t h e  s o l u t i o n  of  t h e  equat ion:  Le t  A i j  

v i  E I,j E J ,  except  i = j = 1 . 

(The le f t -hand 's ide of t h i s  equat ion is a , s t r i c t l y  monotone 

decreas ing  func t ion  of  t h e  v a r i a b l e  A (S+ l )  i n  t h e  range i j 
(S+1' 0 , + . Therefore,  t h e r e  e x i s t s  a unique s o l u t i o n  A i j  

t o  it. A poss ib l e  s o l u t i o n  technique is t h e  Newton method). 

S tep  2 

(S) (S) ('+' ) be t.5e s o l u t i o n  of t he  equat ion ,  where vik, c j k  Let  vik 
a r e  considered t o  be given: 

S tep  3 

Let  5 ) be t h e  s o l u t i o n  of t h e  equat ion:  
jk 



m 0 

C i j k  - - a j k  
i E I ( j , k )  ,/ (S+1) 

1 + h i j  (S+1) + (S+1) 
+ ' ik < j k  

(S+1) and lvik 

and 

and k E K , 

then  STOP else S- S + 1 ,  and go t o  S t e p  1 .  

Theorem 5 

L e t  M = ( ini jk) be a f e a s i b l e  s o l u t i o n  o f  t h e  b a s i c  problem 

(3F) such t h a t  

m i j k  '0 , f o r  a l l  (i, j , k ) E  r , 

then t h e  above a lgo r i t hm f o r  s o l v i n g  t h e  d u a l  program of  t h e  

modi f ied F r i e d l a n d e r  ad jus tment  problem converges t o  an op t ima l  

s o l u t i o n  o f  t h e  d u a l  problem ( 2 . 2 )  . 
Because o f  t h e  n a t u r e  o f  t h e  modi f ied F r i ed lande r  ad jus tment  

problem, w e  could  n o t  f i n d  a d i r e c t  pr imal  a lgor i thm.  However, 

us ing  t h e  r e s u l t s  o f  Theorem 3 w e  can  compute t h e  pr imal  s o l u t i o n  
h 

m i j k  f o r  ( i , j , k ) E  r from t h e  d u a l  s o l u t i o n  by t h e  fo l l ow ing  f o r -  

mula: 

h - mO 
m - i j k  

i j k  - - - 
1 + h i j  + vik + c j k  



3 .  VALIDITY ANALYSIS AND NUMERICAL 
ILLUSTRATIONS (AUSTRIA, SWEDEN) 

The techniques developed i n  t h e  previous sec t i ons  may be 

app l ied  t o  i n f e r  d e t a i l e d  migrat ion p a t t e r n s  from aggregate da ta .  

But how accura te  a r e  t h e  es t ima tes ,  and which method g ives  t h e  

b e s t  r e s u l t s  under given cond i t ions? Although it is  d i f f i c u l t  

a t  t h e  cu r ren t  s t a t e  of  research t o  g i ve  d e f i n i t e  answers, t h i s  

sec t i on  a t tempts  t o  answer these  quest ions  numerical ly (see a l s o  

Wil lekens 1977) .  To tes t  t h e  v a l i d i t y  of t h e  es t ima t ion  proce- 

dures ,  t h i s  sec t i on  a p p l i e s  them t o  a mult i - reg ional  system f o r  

which t h e  complete d a t a  set e x i s t s .  Using only  t h e  marginal con- 

d i t i o n s ,  t h e  d e t a i l e d  migrat ion flows a r e  es t imated and t h e  esti- 

mates a r e  then compared wi th  t h e  observed f low da ta .  Among t h e  

few coun t r ies  t h a t  make d e t a i l e d  migrat ion d a t a  a v a i l a b l e  a r e  

Aus t r ia  and Sweden. These d a t a  may be aggregated i n  var ious  ways 

t o  y i e l d  d i f f e r e n t  sets of marginal t o t a l s ,  which may i n  t u r n  be 

used t o  s imula te  d i f f e r e n t  l e v e l s  of  da ta  a v a i l a b i l i t y .  Est imates 

of t h e  d e t a i l e d  f lows are i n f e r r e d  by t h e  entropy maximizing method 

and t h e  quadra t i c  adjustment methods. 

The v a l i d i t y  test  of t h e  rnul t ipropor t ional  and modif ied Fr ied- 

lander  adjustment methods i s  b a s i c a l l y  a comparison between t h e  

est imated and observed migrat ion flows and a judgment on t h e  

"c loseness"  of both sets of va lues.  The q u a l i t y  of  an es t imat ion  

procedure i s  determined by t h e  accuracy wi th which it can r e p l i c a t e  

observed da ta .  A key problem i n  v a l i d i t y  a n a l y s i s  is t h e  de f i n i -  

t i o n  of  a composite index t h a t  measures t h e  "c loseness"  of  two 

a r rays .  In  t h i s  paper,  two such ind ices  a r e  used: t h e  chi-square 
2 ( X  , and t h e  abso lu te  percentage e r r o r .  

The chi-square s t a t i s t i c  measures t h e  r e l a t i v e  squared devia- 

t i o n  between t h e  es t imates  and t h e  observed va lues :  

X 2  = xk  [mijk i j k  i j k  ' f o r  m i j k  # 0 . 
i t ] ,  



The abso lu te  percentage e r r o r  measures t h e  dev ia t i on  i n  abso- 

l u t e  terms : 

where 

The average abso lu te  percentage e r r o r ,  a l s o  known a s  t h e  r e l a t i v e  

mean dev i a t i on  o r  t h e  mean p red i c t i on  e r r o r ,  i s  

- 
APE = 

x Im i jk  - mO i j k  I 
i t i r k  f o r  m i j k  O f o  

Both measures w i l l  show t h e  same d i r e c t i o n ,  bu t  t he  ch i -square 

s t a t i s t i c  a t t a c h e s  a g r e a t e r  pena l t y  t o  l a r g e  dev i a t i ons .  

An important  observat ion of t h e  v a l i d i t y  s tudy  was t h a t  t h e  

e r r o r  is no t  uniformly d i s t r i b u t e d  among t h e  elements of t h e  a r -  

ray.  The r e l a t i v e  e r r o r ,  expressed by both t h e  chi-square and 

t he  APE, is  g r e a t e s t  among the smal l  elements ( i .e . ,  minor f l ows) .  

The reason i s  t h e  smal l  denominator i n  (3.1 ) and (3.2)  . This ob- 

se r va t i on  i s  c o n s i s t e n t  w i th  r e s u l t s  obta ined i n  input -output  

a n a l y s i s  (e.g. ,  Hinojosa 1978). I n  add i t i on ,  w e  found t h a t  r e l a -  

t i v e l y  few elements of t h e  a r r a y  a r e  respons ib le  f o r  most o f  t h e  

e r r o r :  most elements a r e  i n  low-error ca tegor ies .  

Because of t hese  observa t ions ,  and t o  ga i n  a  b e t t e r  idea  

about t h e  composit ion of t h e  o v e r a l l  squared o r  abso lu te  percent -  

age dev ia t i on ,  t h e  e r r o r  ana lys i ' s  i s  c a r r i e d  ou t  f o r  subgroups of 

migrat ion f lows. The subgroups a r e  formed on t h e  b a s i s  of age 

( . three broad age ca tego r i es  a r e  cons idered:  0 1 4 ,  15-64, 65+) 

and volume of  migrat ion f low ( t e n  s i z e  c l a s s e s  a r e  d i s t i ngu ished :  

0-199, 200-399, 400-599, ..., 1800-1999, 2000+). Note t h a t  t h e  



s i z e  c l a s s e s  a r e  i n  terms of observed flows and n o t  i n  terms of 

t h e  estimates. The e r r o r  ana l ys i s  is a l s o  c a r r i e d  o u t  f o r  1 2  

e r r o r  ca tego r i es  ( <  2 percen t ,  2-4 percent ,  4-6 percen t , . .  ., 100+ 

percent )  . 

3.1 Entropy Maximization 

The Aust r ian migra t ion  d a t a  a r e  from t h e  1971 census and rep- 

r e s e n t  t h e  p l ace  of  res idence i n  1966, a s  compared t o  t h e  census 

d a t e  of 1971. The d a t a  w e r e  k ind ly  provided by D r .  M. Sauberer,  

of t h e  Aust r ian I n s t i t u t e  f o r  Regional Planning. Various aggre- 

ga t ions  of t h e  migrat ion d a t a  were made, and techniques presented 

i n  t h e  previous sec t i ons  w e r e  app l ied  t o  test t h e  v a l i d i t y  of 

t hese  methods. 

The mult id imensional  entropy maximization method ' is a s p e c i a l  

v a r i a n t  o f  t h e  mu l t i p ropor t i ona l  adjustment method: t h e  i n i t i a l  
guesses of  t h e  elements of t h e  a r ray  t o  be es t imated a r e  set equal  

t o t h e s a m e s c a l a r v a l u e ,  un i t y ,  say:  rnO = 1 ,  f o r a l l i , j , k .  
i j k  

I n  o the r  words, it is assumed t h a t  no i n i t i a l  guesses of t h e  e le -  
ments a r e  ava i l ab l e .  

a .  The Three-Faces (3F) Problem 

Suppose the problem i s  t o  i n f e r  o r ig in -des t ina t ion  migrat ion 

flows by age f o r  Aus t r i a  ( f ou r  reg ions)  from t h e  a v a i l a b l e  i n f o r -  

mation on t h e  flow mat r ix  of t h e  t o t a l  popu la t ion  and on t h e  age 

composition of t h e  a r r i v a l s  and depar tu res  o f  each reg ion.  The 

da ta  a r e  i n  Table 1 and p resen t  t h e  t h r e e  faces  of a  box ( a r r a y ) ,  

t h e  content  (e lements) o f  which n u s t  be est imated.  

The r e s u l t s  of t h e  (3F) es t ima t ion  procedure a r e  shown i n  

Table 2 ,  t oge the r  w i th  t h e  observed migrat ion f low da ta .  The 

a lgor i thm took only  f i v e  i t e r a t i o n s  t o  converge ( t o l e rance  l e v e l  
-4  

1 0  ) .  The r e s u l t s  f o r  an e ight - reg ion Swedish system a r e  given 

i n  Appendix D .  I n  t h i s  case,  n ine  i t e r a t i o n s  were requ i red  t o  
reach t h e  same to le rance  l e v e l .  

The es t imates  a r e  genera l l y  very c l o s e  t o  t h e  observed val-  

ues. The average abso lu te  percentage e r r o r  i s  4 . 2 7  percen t ,  a  

very low f i g u r e  compared w i th  t h e  one obta ined by e x i s t i n g  bipro- 

po r t i ona l  o r  two-dimensional ent ropy methods (Nijkamp and Pael inck 



Table 1 . I n t e r n a l  migrat ion i n  Aus t r i a ,  1 966-1 97  1  . 

a .  ~ i g r a t i o n  flow mat r ix  of t o t a l  populat ion 

from e a s t  south north west to ta l  
to 

eas t  0. 12564. 10587. 3 0 9 1 .  26242. 
south 7460. 0. 4532. 3543. 15535. 
north 11471. 7715. 0. 3629. 228 15. 
west 3272. 7494. 4158. 0. 14924. 

t o ta l  22203. 27773. 192'77. 10263. 795 16. 

East :  Wien, N iederos ter re ich ,  Burgenland 
South: Ste iermark,  Karnten 
North: Salzburg,  Oberos ter re ich  
West: T i r o l ,  Vorar lberg 

b. Departures and a r r i v a l s  by reg ion and age 

e a s t  south  north wcs t t o t a l  
age a r r i v a l s  depart .  a r r i v a i s  depart .  a r r i v a l s  depart .  a r r i v a l s  depar t .  a r r i v a l s  depart .  
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10 
15 
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t o ta l  



Table 2. Observed and ( 3 F )  estimated migration flows by age, Austria, four regions, 
1966-1971 .  

m i g r a t i o n  f rum e a s t  t o  
t o t a l  c a s t  sou  llr n ~ r  tlr wes t  

m i g r a t i o n f r o m  s o u t h  t o  
t o t a l  e a s t  s o u t h  n o r t h  wes t  

22203. t o t a l  27773. 12563. 43. 7715. 74'31. t o  tal 0. 7460. 11471.  3272. 

- . - : o b s e r v e d  f l o w  



Table 2 cont inued. 

migra l ion  f r o m  
uas  t  s o u  l h  

nbr lh  t o  
nor th  wes 1 

0. 280. 
0- -268- 
0. 184. 
0- -187- 
0. 452. 
0- -353- 
0. 1382. 
0- - 1282- 
0. 7 10. 
0- -688- 
0. 390. 
0- -405- 
0. 191. 
0- -184- 
0. 162. 
8- - 158- 
0. 122. 
0- - 136- 
0. 68. 
0- -70- 
0. 81. 
0- -86- 
0. 71. 
0- -so- 
(3. 58. 
0- -62- 
(1. 41. 
0- -46- 
0. 26. 
0- -30- 
0. 14. 
0- - 16- 
0. 4. 
0- -5- 
0. -. 3 
0- -2- 

t o t a l  

migra l ion  from 
e a s t  sou th  

2.W. 352. 
-229- -395- 

1 1 1 .  155. 
-108- -124- 

148. 197. 
-151- -171- 
736. '754. 

-772- -S09- 
678. 736. 

-640- -816- 
395. 479. 

-389- -491- 
165. 216. 

-173- -212- 
113. 140. 

-119- -116- 
121. 113. 

- 128- -87- 
71. 69. 

-81- -50- 
73. 88. 

-65- -81- 
82. 62. 

-84- -61- 
59. 64. 

-60- -51- 
42. 46. 

-43- -37- 
26. 29. 

-28- -21- 
15. 16. 

- 14- - 13- 
5. 5. 

-5- -3- 

wes l  l o  
nor tlr west  



1974b, Hinojosa 1978) .  About h a l f  of  t h e  m ig ra t i on  f lows have an - 
es t ima t i on  e r r o r  of  less t han  fou r  p e r c e n t ,  and a lmost  two- th i rds  

of t h e  m ig ra t i on  volume i s  es t imated  w i th  less t han  f o u r  pe rcen t  

e r r o r   able 3b) . About 69 percen t  o f  t h e  t o t a l  a b s o l u t e  per -  

cen tage  e r r o r  i s  due t o  minor m ig ra t ion  f lows  ( less than  2 0 0  m i -  

g r a n t s )  r e p r e s e n t i n g  on ly  11 pe rcen t  of  t h e  f low volume (Table  3 a ) .  

A s i m i l a r  p a t t e r n  i s  obta ined  i f  t h e  ch i -square s t a t i s t i c  i s  used. 

The e r r o r  d i s t r i b u t i o n  i s ,  however, more e x p l i c i t .  The minor 
. . 

f lows account  f o r  34 p e r c e n t  o f  t h e  t o t a l  ch i -square va lue .  

The c o n t r i b u t i o n  of minor f lows t o  t h e  o v e r a l l  e r r o r  i s  f u r -  

t h e r  i l l u s t r a t e d  by t h e  c r o s s - c l a s s i f i c a t i o n  o f  e r r o r  c a t e g o r i e s  

and f low s i z e  c l a s s e s  (Table  3 c ) .  Minor f lows a r e  concen t ra ted  i n  

t h e  l a r g e r  e r r o r  c a t e g o r i e s .  

The importance of  s m a l l  f low va lues  f o r  t h e  o v e r a l l  e r r o r  

measure r a i s e s  an  a d d i t i o n a l  problem, namely, rounding.  S ince  

t h e  most p robab le  estimates a r e  rounded t o  t h e  n e a r e s t  i n t e g e r  t o  

r e p r e s e n t  t h e  number o f  m ig ran ts ,  e r r o r  due t o  rounding may be 

s u b s t a n t i a l  i n  t h e  case o f  minor f lows.  The e r r o r  measures i n  

t h i s  s t u d y  do n o t  t a k e  i n t o  account  t h e  e f f e c t s  o f  rounding.  The 

va lue  o f  mi jk used i n  t h e  c a l c u l a t i o n  of  t h e  e r r o r  s ta t is t i cs  is  

t h e  o r i g i n a l  e s t i m a t e  b e f o r e  rounding.  

The e f f e c t  o f  age on t h e  e r r o r  d i s t r i b u t i o n  w a s  a l s o  inves-  

t i g a t e d .  The r e s u l t s  a r e  n o t  shown, s i n c e  no s i g n i f i c a n t  d i f f e r -  

ence between t h e  c o n t r i b u t i o n  of each age  ca tego ry  t o  t h e  o v e r a l l  

e r r o r  can be  observed.  Th i s  may be t h e  consequence o f  t h e  un i -  

form age p a t t e r n  of m ig ran ts .  

b. The Three-Edges (3E) Problem 

I n  t h e  (3E) problem, it is  assumed t h a t  t h e  on ly  known i n f o r -  

mation c o n s i s t s  of t h e  edges of  t h e  box, i . e . ,  t h e  t o t a l  number 

of a r r i v a l s  and d e p a r t u r e s  by r e g i o n ,  and t h e  migrant  age  s t r u c -  

t u r e  a t  t h e  n a t i o n a l  l e v e l .  The d a t a  a r e  shown i n  t h e  row and 

column sums of Tab le  l a  and i n  t h e  l a s t  column of  Table  l b .  

The en t ropy  o r  most probable  e s t i m a t e s  o f  t h e  m ig ra t i on  

f lows by age a r e  c a l c u l a t e d  d i r e c t l y  by equa t i on  ( C . l ) .  The re- 

s u l t s  a r e  shown i n  Table  4 .  The f i r s t  o b s e r v a t i o n  i s  t h e  nonzero 



Table 3 .  E r r o r  a n a l y s i s  of  (3F) mig ra t i on  e s t i m a t e s .  

a .  Ana lys is  by s i z e  c l a s s  ( f low volume) and migrant  ca tego ry  

size class 

total 

number of flows 
total  -2- 

Or T O T  
category 

volume of  flows 
total  -%- 

cnm.abs.2 error  
value -%- 

b.  Ana lys is  by e r r o r  ca tegory  

percentage 
err 9 r  

0 -  2  
2 -  4 
4 -  6  
6 -  8  
8 - 10 

10 - 15 
15 - 20 
20 - 30 
3 0 -  48 
40 - 68 
60 - 180 

100 + 

total  

number o f  flows 
total -%- 

volume of flows 
total  -7- 

2437. 30.23 
24756. 31.13 
13604. 17.11 
6463. 8.13 
4026. 5-06 
5021. 6.31 
798. 1.00 
650. 0.52 
158. 0.20 

3. 0.00 
0. 0.00 
0. 0.00 

79516. 100.88 

chi-square 
value -%- 

0.9121e 02 33.70 

average 
flow 

average absolute per,centage error = 4.27 
( re lat ive mean deviation ) 

c. Ana lys is  by s i z e  c l a s s  and e r r o r  ca tegory  

size e r r o r  c a t e a o r y  
class 0- 2 2- 4 4- 6 6- S 8-18 10-15 15-20 28-38 38-48 40-f50 60-100 100* t o t a l  

t o t a l  46 57 3 1 1 S : 2 25 10 ! 0 3 1 0 0 216 



Table 4 .  Observed and (3E) estimated migrat ion f lows by age, 
Austria, four regions,  1966-1971. 
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tot .  

misrat i  
eas  t 

557. 
0- 

311. 
0- 

681. 
B- 

1 846. 
0- 

inl. 
0- 

.WI. 
0- 

342. 
0- 

274. 
0- 

251. 
0- 

161. 
0- 

171. 
0- 

179. 
0- 

164. 
(6 

124. 
0- 

79. 
0- 

43. 
0- 

14. 
0- 

- 7. 
0- 

7327. 

on from 
sooth 

330. 
-670- 

184. 
-328- 
403. 

-537- 
1693. - 1258- 
7s. - 1 289- 
474. 

-9 10- 
203. 

-368- 
162. 

-293- 
149. 

-3 12- 
96. 

-222- 
101. 

-24 1- 
186. 

-230- 
97. 

-269- 
73. 

-2 10- 
47. 

-138- 
25. 

-74- 
9. 

-26- 
4. - 13- 

4338. 

e a s t  
north 

484. 
-877- 
ni. 
-a- 
592. 

-828- 
1605. 

-2192- 
11-49. 

-2231- 
6%. - 1464- 
298. 

-588- 
238. 

-480- 
218. 

-435- 
140. 

-189- 
14s. 

-312- 
15s. 

-331- 
143. 

-357- 
108. 

-230- 
69. - 182- 
37. 

-101- 
12. 

-35- 
6. - 18- 

637 1 . 

r e s t  

317. 
-236- 

177. - 134- 
38%. 
-m- 
10s. 
-788- 
751. 

-787- 
455. 

-433- 
195. - 167- 
156; 

-142- 
143. - 121- 
92. 

-68- 
97. 

-65- 
101. 
-78- 
93. 

-74- 
70. 

-53- 
45. 

-33- 
24. - 19- 
8. 

-7- 
4. 

-3- 

4167. 

ion rrom 
sou th 

412. 
8- 

nl. 
8- 

50s. 
0- 

1367. 
0- 

978. 
0- 

593. 
0- 

2%. 
0- 

203. 
0- 

156. 
8- 

119. 
9- 

126. 
0- 

In. 
0- 

121. 
0- 

92. 
0- 

53. 
0- 

32. 
0- 

!I. 
0- 
6. 
0- 

south 
north 

606. 
-575- 
339. 

-329- 
741. - 1944- 

2808. 
- 1950- 

1437. 
-1331- 

871. 
-800- 
372. 

-346- 
298. 

-2i6- 
273. 

-240- 
175. - 149- 
135. - 13-4- 
194. - 132- 
178. 

-137- 
134. - 102- 
56. 

-65- 
47. 

-36- 
16. - 12- 
S. 

-7- 

7969. 

1 
west 

396. 
-481- 
391. 

-256- 
-185. 

-1276- 
1313. 

-2613- 
940. - 1 163- 
570. 

-600- 
244. 

-252- 
195. 

-219- 
179. - 156- 
1 IS. 
-99- 
121. 

- 1  17- 
127. 
-93- 
117. 
-65- 

SS . 
-4s- 
56. 

-3 1 - 
31. 

- 17- 
10. 
-5- 

5. 
-3- 

5213. 

mi(ra1ion rrsm north to 
to ta l  bast south north r e s t  

to ta l  

m i l ra t i on  from west to 
to ta l  e a s t  south north v e s t  

257. 
-229- 

144. - 108- 
315. 

-151- 
s53. 

-772- 
611. 

-640- 
378. 

-389- 
158. - 173- 
In. 

- 1  19- 
116. - 128- 
75. 

224. 
-28 1 - 

1 5 .  - 184- 
n o .  

-246- 
742. 

-659- 
531. 

-779- 
327. 

-193- 
1 3 .  

-221- 
110. 

-173- 
101. - 14- 
65. 

-77- 
69. 

-95- 
72. 

-69- 
66. 

-74- 
58. 

-51- 
22. 

-33- 
17. - 19- 
6. 

-6- 
3. 

-3- 

2945. 

- . - : o b s e r v e d  f l o w  



values f o r  i n t r a r e g i o n a l  migrat ion,  due t o  l ack  of  informat ion 

on t h e  t o t a l  f low mat r ix .  The (3E) ent ropy method y i e l d s  esti- 

mates w i th  an average abso lu te  percentage e r r o r  of  31 percent .  

The e r r o r  i s  no t  concent ra ted  i n  t h e  minor f lows bu t  i s  evenly 

d i s t r i b u t e d  among t h e  f low s i z e  c l a s s e s  (Table 5 ) .  

c .  The One Face-One Edge (1FE) Problem 

The LIFE) problem considered here  c o n s i s t s  of es t ima t ing  t h e  

va lues of m i j k  i f  t h e  t o t a l  f low matrix c i j  and t h e  age s t r u c t u r e  

of t h e  migrants a t  t h e  n a t i o n a l  l e v e l  uk a r e  g iven.  The e s t i -  

mates are obta ined by CC, 2 )  and are shown i n  Table 6 .  BY in t ro-  

ducing in format ion on t h e  t o t a l  f low mat r i x ,  t h e  average abso lu te  

percentage e r r o r  drops by h a l f ,  from 31 pe rcen t  t o  1 6  percen t .  

The con t r i bu t i on  of minor f lows t o  t h e  o v e r a l l  e r r o r  ga ins  i n  i m -  

por tance,  i n  p a r t i c u l a r  i f  t h e  squared dev i a t i on  i s  used as an 

e r r o r  measure (Table 7 )  . 

d. The Two-Faces (2F) Problem 

A s s u m e  t h a t  t h e  fo l lowing two f aces  a r e  known: t h e  t o t a l  

f low mat r ix  c i j  and t h e  age s t r u c t u r e  of t h e  a r r i v a l s  by reg ion 

a  j k '  Applying (C.3) y i e l d s  t h e  r e s u l t s  shown i n  Table 8 .  The 

add i t i ona l  informat ion on t h e  age composit ion of a r r i v a l s  reduces 

t h e  average abso lu te  percentage dev ia t i on  only s l i g h t l y ,  namely, 

from 16 percent  t o  12 percent .  However, t h e  e r r o r  d i s t r i b u t i o n  

changes. Minor f lows g e t  a  g r e a t e r  share  of t h e  t o t a l  abso lu te  

percentage e r r o r .  I n t e r e s t i n g l y ,  however, t h e  ch i -square d i s t r i -  

bu t ion  does no t  fo l low t h i s  p a t t e r n  o f '  change (Table 9 )  . 

Sim i la r  r e s u l t s  a s  t h e  ones repor ted  f o r  Aus t r i a  were ob- 

ta ined  f o r  Sweden, where t h e  number of  reg ions  was twice a s  

l a rge .  The average abso lu te  percentage e r r o r s  i n  t h e  (3F) , (3E) , 
(1FE) , and (2F) problems a r e  r espec t i ve l y  6.32 pe rcen t ,  34.58 

percent ,  15.26 pe rcen t ,  and 1 1  . 9 0  percent .  The sha re  of t h e  m i -  

nor f lows i n  t h e  t o t a l  e r r o r  was always much h igher .  Where i n  

t h e  Aust r ian case  t h e  minor f lows accounted f o r  51 t o  7 2  percent  

of t h e  t o t a l  percentage abso lu te  dev i a t i on ,  i n  t h e  Swedish case  

they amounted t o  90 t o  9 4  percent .  This may i n  p a r t  be explained 

by t h e  sha re  of t h e  minor f lows i n  t h e  t o t a l  number and volume of 

f lows ( see  Tables 3  and D 3 )  . 



Table 5.  Error  ana l ys i s  of (3E) migrat ion es t imates .  

a .  Analysis by s i z e  c l a s s  (flow volume) and migrant category 

s i z e  c l a s s  number of f l ows  volume of f l ows  cum.abs.Z er ror  chi-square 
t o t a l  -7- I. t o t a l  -X-  value -Z- va lue -%- 

t o t a l  

b. Analysis by e r r o r  category 

er ro r  percentage number of  f l ows  volume of f l ows  average 
category e r ro r  t o t a l  -2- to  t a l  -2- f low 

t o t a l  

average abso lu te  percentage e r ro r  = 31.09 
( r e l a t i v e  mean dev ia t i on  ) 

c. Analysis by s i z e  c l a s s  and e r r o r  category 

s i z e .  er ror  category 
o l a s s  Q 2  2 - 4  4 - 6  6 - S  8-10 18-15 15-20 28-38 38-48 40-6060-100 I00+ to ta l  



Table 6.. Observed and estimated (1FE) migration flows by age, 
Austria, four regions, 1966-1971. 

migrat ion from 
e a s t  sou th  

is. 
-26- 

8. 

e a s t  to 
north west t o t a l  

migrat i_on from 
e a s t  south 

south to 
north re f  t  

migrat ion from north to  
tot81 e a s t  sou th  north mest 

t o t a l  19277. 10587. 4532. a. 4158. 

t o ta l  

758. 

436. 

954. 

2SS5. 

1850. 

1121. 

479. 

384. 

352. 

226. 

239. 

250. 

230. 

173. 

11 1. 

60. 

20. 

10. 

mi t ta t  
c a s t  

235. 
-229- 

131. 
- 108- 
287. 

-151- 
779. 

-772- 
557. 

-620- 
338. 

-389- 
144. 

- 173- 
116. 

- 1  19- 
106. - 12s- 
68. 

-81- 
72. 

-65- 
75. 

-84- 
69. 

-60- 
52. 

-43- 
n. 

-28- 
18. 

-14- 
6. 

-5- 
3. 

-2- 

ion from 
son l h  

269. 
-%5- 

151. - 121- 
329. 

-171- 
893. 

-609- 
639. 

-8 16- 
387. 

-49 1 - 
166. 

-212- 
133. 

- 1  16- 
122. 
-87- 

78. 
-50- 

82. 
-81- 
86. 

-64- 
79. 

-51- 
60. 

-37- 
38. 

-21- 
21.  

- 13- 
7. - 3- 
4. 

-2- 

v e s t  
north 

m. 
-2s 1 - 

154. 
- 184- 
m. 

-246- 
9 14. 

-659- 
654. 

-779- 
.397. 

-493- 
170. 

-12 1 - 
136. - 173- 
124. - 146- 
so. 

-77- 
S4. 

-95- 
S8. 

-S9- 
81. 

-74- 
61. 

-51- 
39. 

-33- 
21. 

-19- 
7. 

-6- 
4. 

-3- 

r e s t  

0. 
0- 
0. 
0- 
0. 
0- 
0. 
0- 
0. 
0- 
0. 
0- 
0. 
0- 
0. 
0- 
0. 
0- 
0. 
0- 
0 .  
0- 
0. 
0- 
0. 
0- 
0. 
0- 
0. 
8- 
0. 
0- 
0. 
0- 
0. 
0- 

t o ta l  10263. 3091. 3543. 3629. 8. 

- - .  . o b s e r v e d  flow 



Table  7 .  E r r o r  a n a l y s i s  of ( 1  FE) m i g r a t i o n  e s t i m a t e s .  

a .  Ana lys is  by s i z e  c l a s s  ( f l ow volume) and m ig ran t  c a t e g o r y  

size class number o f  f l o w s  vo lume  o f  flows cum.abs.2 error chi-square 
total -2- total --- /. value -2- value -2- 

total 216. 100.00 79516. 100.00 5437. 100.88 0.3662e 04 100.00 

b.  Ana l ys i s  by e r r o r  c a t e g o r y  

a i x l  
c i a:;5 

0- 2 x 3  
200- 403 
4C3- 6aa 
Eb0- 800 
SQQ- 1 be0 

1030- 1180 
1200- 1100 
! '00- 1600 
! 600- 1 S00 
1500-2800 
26C0- 

total 

error 
category 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

perceo tage 
error 

0 -  2 
2 -  4 
4 -  6 
6 -  S 
8 - 10 

total 

number o f  flows 
total -Z- 

volume o f  f l o w s  
total -X -  

10024. 12.61 
4089. 5.14 
5945. 7.48 
5277. 6.64 
4692. 5.79 

13163. 16.55 
14785. 18.59 
9764. 12.28 
7422. 9.33 
3523. 4.43 
748. 0.94 
174. 0 . 2  

79516. 180.88 

average 
flow 

527.579 
340.750 
330.278 

1319.250 
383.500 
346.395 
528.036 
314.368 
371.188 
220.158 
74.800 
21.750 

368.130 

average absolo t e  percentage error = 16.24 
( relative mean deviation ) 

c. Ana l ys i s  by s i z e  c l a s s  and e r r o r  c a t e g o r y  

e r r o r  c a t e g o r y  
St10 10-15 15-20 28-30 100+ total  



Tab l e  8 .  Observed and estimated 
Austr ia,  four regions, 

(2F) migration flows 
1966-1971.  

by age, 

migr.tioa from 
to t.1 e a s !  S O P  th 

sealh Lo 
north nost mi;r.tion from 

ear t sooth 

0. 686. 
8- -678- 
0. 352. 
0- -328- 
0. 505. 
0- -537- 
0. 1542. 
0- -1288- 
0. 1247. 
0- - 1-199- 
0. 984. 
8- -910- 
0. 431. 
0- -369- 
0. 299. 
0- -193- 
0 259. 
& -312- 
0. 180. 
0- -m- 
e. 212. 
0- -241- 
0. 230. 
0- -2S0- 
0. 208. 
0- -269- 
0 .  159. 

east to 
aorth vest 

8 1 1 .  216. 
-877- -m- 
493. 127. 

-468- -134- 
1065. 4%. 
-m- -232- 
2414. 1007. 

-2192- -7W- 
2208. 561 .  

-2231- -707- 
1396. 315. - 1464- -433- 
581. 132. 

--%a- -167- 
467. 114. 

-180- -142- 
414. 91. 

-43s- -121- 
259. 52. 

-2S9- -68- 
m. 59. 

-3 12- -65- 
275. 55. 

-33 1- -7s- 
2S6. 44. 

-357- -74- 
218. n. 

-288- -53- 
141. 21. - 182- -33- 
78. 1 1 .  

-101- - 19- 
27. 4. 

-35- -7- 
14. 2. - 18- -3- 

11471. 3272. 

SS6. 495. 
-57s- - 4 1 -  
332. 290. 

-329- -256- 
716. 985. 

-104-  -!276- 
1623. 2307. - 195d- -26 13- 
1485. 1284. 

-13SI- -1163- 
932. 723. 

-600- -600- 
391. 3433. 

-346- -252- 
314. 261. 

-276- -219- 
279. ?07. 

-240- -156- 
174. 119. 

-149- -99- - 
183. 135. 

-134- -117- 
187. 126. - 132- -93- 
192. 101. - 137- -65- 
106. 74. - 102- -4s- 
95. 47. 

-65- -3 1- 
53. 26. 

-36- - 17- 
IS. 9. - 12- -5- 
3. 4. 

-7- -3- 

- - ~  

0- -210- 
0. 102. 
0- -138- 
0. 55. 
0- -71- 
0 .  IS. 
0- -36- 
8. 10. 
0- -13- 

north to 
north vest 

0. 274. 
0- -268- 
0. 161. 
0- - 1 5 1 -  
0. 546. 
0- -453- 
0. 1m. 
0- -1252- 
0. 713. 
0- -688- 
0. 401. 
0- -45 -  
0. 168. 
6- -184- 
8. 145. 
0- -158- 
0. 115. 
0- -136- 
0. €6. 
0- -70- 
0. 75. 
0- -86- 
0. 70. 
0- -6Q- 
0. 56. 
0- -62- 
0. 41. 
0- -46- 
0. 96. 
0- -30- 

migrrtioa from 
e a s t  south 

765. 417. 
-814- -363- 
438. 214. 

-448- -252- 
913. 307. 

-771- -344- 
2395. 937. 

-2S9?- - 1  123- 
1549. 819. 

-1661- -701- 
1054. 549. 
-998- -452- 
453. 244. 

-485- -255- 
366. IS!. 

-379- -213- 
393. 158. 

- 1  - 1 1 1 -  
252. 109. 

- 5 -  - 102- 
242. 129. 

-273- -119- 
m. 134. 

-294- - 1 14- 
m. 127. 

-263- - 1  14- 
174. 97. 

-198- -84- 
1 1 1 .  62. - 125- -54- 
58. 33. 

-66- -27- 
28. I I .  

-22- -8- 
10. 6. 

- I  1- -6- 

10557. 4532. 

total  

825. 

451. 

5.13. 

2371. 

1878. 

1176. 

506. 

396. 

366. 

241. 

257. 

m. 
257. 

195. 

1 3 .  

68. 

23. 

12. 

migrstion from 
east south 

r e s t  to 
north r e s t  

total  total 

- .  . o b s e r v e d  f l o w  



Table 9 .  Error analysis of (23') migration estimates. 

a. Analysis by s ize  c lass (flow volume) and migrant category 

size class 

total 

s i z e  
c l nss 

number of  flows 
total -% - 
112. 51.85 
45. 20.83 
20. 9.26 
11. 5.09 
9. 4.17 
3. 1.39 
7. 3.24 
1.  0.46 
0. 0.88 
2. 0.93 
6. 2.78 

216. 1 8 8 . 8 8  

volume ~f flows 
total -%- 

8452. 10.63 
12742. 16.02 
9481. 11.92 
7687. 9.67 
7705. 9.69 
3330. 4.19 
9875. 11.41 
1464. 1.84 

0. 0.80 
3811. 4.79 

15769. 19.83 

79516. 108.00 

com.abs.Z error 
value -%- 

3336. 7 1 . S  . 14.36 
162. 3.58 
181. 3.91 
95. 2.06 
58. 1.26 
77. 1-66 
5. 0.11 
0. 0.88 

17. 0.38 
37. 0.80 

4636. 100.08 

error 
category 

b. Analysis by error  cateqory 

percentage 
error 

0 -  2 
2 -  4 
4 -  6 
6 -  8 
8 - 10 

10 - 15 
15 - 20 
2 0 -  30 
30-  40 
4 0 -  60 
60 - 108 

108 + 

total 

number o f  flows 
total -7- 

volume o f  flows 
total -7.- ," 

chi-square 
value -%- 

0.56458 03 28.13 
0 . W e  03 19.64 
0.1093e03 5.48 
0.2171e 03 12.32 
0.1374e 03 6.85 
0.19848 03 9.89 
0.2026e 03 10. 10 
0.4370e 01 0.22 
0.88889 00 0.08 
0.6575e 02 3.28 
0.8236e 02 4.10 

0.28069 04 188.00 

average absolute percentage error = 12.08 
( relative mean deviation ) 

c. Analysis by s i ze  c lass and er ror  category 

average - 
f l o w  

788.538 
706.000 
828.143 
436.758 
203.11 1 
362.707 
424.815 
302.676 
128.063 
89.368 
80.857 
15.750 

error category  
0 - 2  2 - 4  4 - 6  6 - 8  8-18 18-15 15-28 28-38 30-40 40-6060-10a 1Q0* t o t a l  



The cases  of da ta  a v a i l a b i l i t y  cons idered he re  l ead  t o  a  

f irm conclusion:  expanding t h e  d a t a  set  n o t  on ly  reduces t h e  es- 

t imat ion  e r r o r ,  b u t  a l s o  i nc reases  t h e  i m p l i c i t  weight  a t tached  

t o  minor f lows. Th is  i s  an inhe ren t  problem of the e r r c r  s t a t i s -  

t i c s  used: a s  t h e  dev ia t i ons  between es t ima tes  and observa t ions  

dec l i ne ,  t h e  e f f e c t s  of  smal l  denominators become more apparent .  

The e r r o r  ana l ys i s  c a r r i e d  o u t  he re  may a l s o  be used t o  i n v e s t i -  

g a t e . t h e  marginal va lue  of in format ion on m ig ra t i on ,  Not each 

subse t  of  t h e  migra t ion  d a t a  has the 'same impact on t h e  q u a l i t y  

o f  t h e  es t ima tes .  Hence, i n  f u r t h e r  r esea rch  t h e  ques t ion  may 

be posed: what k ind of  in format ion on t h e  migra t ion  p a t t e r n  do 

w e  need i n  o rde r  t o  ob ta i n  es t ima tes  o f  t h e  d e t a i l e d  f low w i th  an  

acceptab le  minimum l e v e l  of  accuracy? 

3.2 Quad ra t i c  (Modified F r ied lander )  Method 

A s  before ,  w e  assume t h a t  no a p r i o r i  in format ion on t h e  e l e -  
0 i s  known. They a r e  set  equa l  t o  u n i t y ,  hence t h e  ob- 

merits 
j e c t i v e  func t ion  of  t h e  modif ied Fr ied lander  problem becomes 

0 C 
(mi - 1 ) '  

rni jk]  = m 
i , ] , k  i j k  

The modified Fr ied lander  method i s  app l ied  t o  t h e  3F problem only .  

The est imated va lues  o f  t h e  migrat ion f lows m i j k  a r e  shown i n  

Table 1 0 .  The a lgor i thm requ i red  6 0  i t e r a t i o n s  t o  converge ( t o l -  

erance l e v e l  lo-') . The convergence i s  t h e r e f o r e  nuch slower 

than i n  t h e  ent ropy a lgor i thm.  I n  add i t i on  t o  slow convergence, 

rounding e r r o r s  may cause problems ( a l l  v a r i a b l e s  a r e  s i n g l e  

p r e c i s i o n ) .  I n  t h e  Swedish case ,  i n  which an 1 8  x 8 x 8 a r r a y  

must be est imated zonta in inq  seve ra l  smal l  e s t ima tes ,  rounding 

e r r o r s  made convergence imposs ib le  (a l though t h e o r e t i c a l l y ,  a  

unique s o l u t i o n  e x i s t s ,  a s  proved i n  Appendix A ) .  Work on an 

improved so l u t i on  a lgor i thm is  planned. The va lue  of  t h e  X 2  s t a -  

t i s t i c  i s  equal  t o  1578 (Table l l ) ,  and l i e s  between t h e  va lues  

obta ined by t h e  ( 2F )  and (3F) problems. The X 2  va lue  i s  given 

he re  f o r  i l l u s t r a t i v e  purposes on ly .  I t  i s  no t  an approp r ia te  

goodness-of - f i t  t e s t  f o r  t h e  modif ied Fr ied lander  method, s i nce  

i t  i s  no t  independent of t h e  ob j ec t i ve  func t ion  used. A s  a 



Table 10. Observed and estimated (modified Friedlander) migration 
flows by age, Austria, four regions, 1966-1971. 

oiarnt ion r r ~ a  enst to 
:o!al *=.st ~ 3 c ? h  north ros? 

migration from south to 
!otal east south noti5 west 

total  2773. 12564. 0. 7115. 7494. 

migration. from c 9 t ! h  !O 
total  ear: suu!h :or:h wort 

total  19277. 

67s. I T -  7-3. 
-SI+ -"- .,03- 
4-13. 3 3 .  

- 4 4 -  -2S1- 
5-%. M I .  

- / ,  1- - 2 4 -  
X g i .  A35. 

-2592- - 1 123- 
i7". 676. 

-!b61- -701- 
9! :. 51C. 

- 4 2 -  
-+ . 182. 

-485- -255- 
362. 128. 

-379- -'$I?- -. 
361. 176. 

-411- -141- 
?S3. --,- - :is. 
-13- -192- 
251. 112. 

-173- - 1  19- 
281. !16. 

-195- > . *  

253. -%- --. 
-163- -1  ;4- 

i93. 01. - !96- -EG- 
A 1 1 .  2s. - 125- -34- 
61. 31. 

-66- -27- 
10. 9. 

-2- -3- 
!O. 6. 

- ! I -  -6- 

a 
5 

la 

15 

20 

15 

30 

35 

40 

45 

50 

55 

Be 
65 

70 

75 

so 
65 

total  

oiarhtion frsm .rest t o  
to tc! enst  SOP!^ nor!.i west 

i l l .  a .  
-!*a- 0- 

1 % .  5 .  
-22s- 0- 
8-3. 3 .  

-659- 3- 
S 3 7 .  0 .  

-779- . .\., 6- 
-.>-. B. 

-493- a- 
207. 0. 

-'$7 1 - --. a- 
139. 8. - 173- 0- 
123. - 1 z- 6. 

G- 
=h\. o. 

-77- 0- 
"3 .  6 .  

-95- -,- a- 
1 0 .  a. 

-E9- 0- 
60. 0. 

-7-2- 0- 
43. 3. 

-5 ; - a- 
27.  0. 

-.5>- . - B- 
i3. - 1'3- 

9. 
0- 

i. (3. 
-0- a- 
?. a .  - j- 0- 

- - .  . o b s e r v e d  f l c ~ w  



Table 1 1 .  Er ro r  ana l ys i s  of the  modified Fr ied lander  migrat ion 
es t imates .  

a .  Analysis by s i z e  c l a s s  (f low volume) and migrant ca tegory  

s i z e  c l a s s  number of f lows volume of f lows cum.abs.Z e r r o r  -"- chi-square 
t o t a l  /. t o t a l  -2- value -2- value -7- 

t o t a l  216. 100.00 79516. 1 8 8 . 0 0  2502. 1 0 0 . 8 8  0.1614e 04  100.00 

b.  Analysis by e r r o r  category 

e r r o r  
category 

percea tage 
e r r o r  

0 -  2  
2 -  4  
4 -  6 
6 -  S 
S - 10 

10 - 15 
15 - 20 
20 - 30 
30 - 40 
40 - 60 
60 - 100 

100 + 

t o t a l  

number of f lows 
t o t a l  -2- 

22. 10.19 
37. 17.13 
18. 8.33 
30. 13.89 
17. 7.87 
25. 11.57 
26. 12.04 
33. 15.28 
5. 2.31 
2. 0.93 
1 .  0 . 4 6  
0 .  0 . m  

216. 100.08 

volume of f lows 
t o t a l  --- /. average 

flow 

average abso lu te  percentage e r r o r  = 11.03 
( r e l a t i v e  mean dev ia t i on  ) 

c .  Analysis by s i z e  c l a s s  and e r r o r  category 

s i z e  
2 1 a s s  

e r r o r  c a t e g o r y  
18-15 15-28 28-38 l@O+ t o t a l  



consequence, an ob j ec t i ve  comparison of t h e  q u a l i t y  of  t h e  entropy 

and t h e  quad ra t i c  methods i s  no t  s t ra igh t fo rward .  Fur ther  research  

on t h e  development o f  app rop r ia te  test s t a t i s t i c s  is  needed. 



I n  t h i s  s e c t i o n ,  t h e  ent ropy method i s  app l i ed  t o  i n f e r  m i -  

g r a t i o n  f lows by age and by req ions  of o r i g i n  and d e s t i n a t i o n  f o r  

a  mu l t i r eg iona l  system wi thout  d e t a i l e d  d a t a .  The c a s e  of Bul- 

g a r i a  has been s e l e c t e d .  I t  is  one of t h e  coun t r i es  p a r t i c i p a t -  

i ng  i n  t h e  IIASA Comparative Migrat ion and Set t lement  Study which 

l acks  some of t h e  migra t ion  da ta  requ i red  f o r  t h e  mu l t i r eg iona l  

a n a l y s i s ,  which t h i s  Study in tended t o  perform i n  t h e  IIASA men- 

ber  coun t r i es  on a  comparat ive bas is . *  

I n t e r n a l  m igra t ion  s t a t i s t i c s  i n  Bu lgar ia  a r e  der ived  from 

t h e  popu la t ion  r e g i s t e r  (Ph i l i pov  1978:16). Age- and sex- 

s p e c i f i c  d a t a  on depar tu res  and a r r i v a l s  a r e  a v a i l a b l e  f o r  each 

of t h e  28 d i s t r i c t s ,  and t h e  f low mat r ix  i s  publ ished f o r  t h e  

t o t a l  popu la t ion  ( n e i t h e r  age- nor s e x - s p e c i f i c ) .  The year  1975 

was r e ta i ned  f o r  t h e  a n a l y s i s .  

To enable t h e  a p p l i c a t i o n  of t h e  mult id imensional  ent ropy 

method t o  i n f e r  migrat ion f lows by age,  c e r t a i n  anomalies i n  t h e  

o r i g i n a l  da ta  had t o  be taken c a r e  o f .  They a r e  mainly due t o  

t h e  f a c t  t h a t  depar tu res  a r e  gene ra l l y  underrepor ted and t h e i r  

sum is  t he re fo re  l e s s  than t h e  t o t a l  number of a r r i v a l s ,  y i e l d i ng  

a  f i c t i t i o u s  n e t  i n n i g r a t i o n  a t  t h e  n a t i o n a l  l e v e l .  Data prepa- 

r a t i o n  f o r  t h e  es t ima t ion  was c a r r i e d  ou t  by Ph i l i pov  (1978) .  

The d a t a  were a l s o  aggregated i n t o  seven economic p lanning re -  

g ions .  Table 1 2  g ives  t h e  ad jus ted  va lues  of  a r r i v a l s  and depar-  

t u r e s  and t h e  t o t a l  f low mat r i x .  They c o n s t i t u t e  t h e  i npu t  da ta  

f o r  t h e  (3F) problem. The es t imated  g ross  migrat ion f lows by age 

a r e  shown i n  Table 13. Only e i g h t  i t e r a t i o n s  were needed f o r  con- 

vergence ( t o l e rance  l e v e l  Table 1 4  shows t h e  r e s u l t s  us ing 

t h e  modif ied F r ied lander  method. These r e s u l t s  were ob ta ined 

a f t e r  189 i t e r a t i o n s  f o r  t h e  same t o l e rance  l e v e l .  

*The da ta  requ i red  were age- and reg ion -spec i f i c  da ta  of popula- 
t i o n ,  f e r t i l i t y ,  m o r t a l i t y ,  ax2 migra t ion .  The l a t t e r  had t o  
be known by reg ion  of o r i g i n  and d e s t i n a t i o n  (Wi l lekens and 
Rogers 1 9 7 8 ~ 9 )  . 



Table 12. I n t e r n a l  migrat ion i n  Bu lgar ia ,  seven economic reg ions ,  1975.* 

a .  Migrat ion f low mat r ix  of t o t a l  populat ion 

f  rom 
to 

n.west 
north 

n .  eas t  
s .west  
south 

s . e a s t  
aof i a  

to ta l  

north n. eas t  s .  wes t sooth s . e a s t  aof l a  to ta l  

b. Departures and a r r i v a l s  by reg ion and age 

n.wert north n.east o.ueol south 8.sas t soria total ago arrivbls depart. orrirals deparl. arrirnls dsparl. arrivals doparl. arrlvals doparl. arrlval8 depart. srrlvmls deparl. age rrrivalc dopart. 

689. 
451. 

1196. 
2626. 
917. 
731. 
344. 
241. 
ISS. 
131. 
98. 
43. 
33. 
21. 
27. 

6r99. 
644. 

1660. 
am. 
1591. 
748. 
400. 
244. 
In. 
109. 
S0. 
4s. 
59. 
12. 
69. 

total 7093. 7928. 11116. 9666. 03t6. 10833. 28%. 4777. 16838. 16918. 3827. 6948. 18548. 4520. total 60782. 60782. 

Source: Ph i l ipov  1978:601. 

* I n t r a d i s t r i c t  migrat ions are  removed. The 28 d i s t r i c t s  were aggregated i n t o  seven economic 
reg ions  by Ph i l ipov  (1978: 599) . 



Table 1 3 .  Estimated (3F) migrat ion flows by age, Bu lgar ia ,  seven 
economic reg ions ,  1 9 7  5 .  

migra t ion  from 
n .  wes t  nor ih  

n .  wes t  
n .  e a s t  

39. 
32. 
88. 

157. 
63. 
43. 
19. 
10. 
7. 
5 .  
3. 
-? 
A. 

2. 
1 .  
1 .  

471. 

s o f  i a  

226. 
122. 
164. 

1005. 
765. 
335. 
14. 
92. 
69. 
52. 
34. 
25. 
32. 
32. 
56. 

3153. 

C) 
5 

10 
15 
20 
25 
30 
35 
40 
45 
50 
55 
6@ 
65 
70 

t o t a l  

migrat ion from nor th  to 
t o t z l  newest  no r th  n . e a s t  s .west  south  s . e a s t  s o f  i a  

SO. 
76. 

212. 
320. 
135. 
89. 
45. 
21. 
20. 
L4. 
11. 
4. 
3. 
2. 
6. 

3 9 .  
358. 
873. 

1213. 
578. 
373. 
159. 
S i .  
67. 
38. 
23. 
16. 
16. 
1.1. 
36. 

migrat ion from 
n . wes t nor!h west sou th 

47. 

s .  eas  t 

,4. 19. 
2 .  i r ) .  

e I .  I - .  

I .  10. 
7 -. 1 b.  












































































































































