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Preface 

Roughly 1.6 billion people, 40 percent of the world's popul- 
ation, live in urban areas today. At the beginning of the last 
century, the urban population of the world totaled only 25 mil- 
lion. According to recent United Nations estimates, about 3.1 
billion people, twice today's urban population, will be living 
in urban areas by the year 2000. 

Rapid rates of urban demographic and economic growth in- 
crease the difficulties of providing a population with adeuuate 
supplies of food, energy, employment, social services and infra- 
structure. The investment needed just to maintain present 
standards in many .rapidly urbanizing countries calls for a doubl- 
ing or tripling of institutional plant within the next 25 years. 

Scholars and policy-makers often disagree when it comes to 
evaluating the desirability of current rapid rates of urban 
growth in many parts of the globe. Some see this trend as 
fostering national processes of socioeconomic development, partic- 
ularly in the poorer and rapidly urbanizing countries of the 
Third World; whereas others believe the conseauences to be largely 
undesirable and argue that such urban growth should be slowed 
down. 

Professor Nathan Keyfitz of Harvard University spent the 
month of May this year collaborating with HSS scholars in their 
research on migration, urbanization and development. During his 
stay, he formulated a model of the urbanization process that 
stimulated a number of us. In particular, Jacques Ledent re- 
sponded by writing a series of three papers dealing with exten- 
sions of the Keyfitz model. This paper, the second of the series, 
focuses on the dynamics of urbanization under constant regimes 
of natural increase and migration. 

A list of related papers in the Population, Resources and 
Growth Series appears at the end of this publication. 

Andrei Rogers 
Chairman 
Human Settlements 
and Services Area 

November 1978 





A b s t r a c t  

T h i s  paper  i s  t h e  second o f  a  ser ies i n t e n d e d  t o  shed some 
l i g h t  on t h e  u r b a n i z a t i o n  phenomenon. I t s  main purpose i s  t o  
c o n t r a s t  t h e  r e s u l t s  p rov ided by two a l t e r n a t i v e  models-- the 
model proposed by K e y f i t z  (1978) and t h e  con t inuous  v e r s i o n  of  
t h e  m u l t i r e g i o n a l  model o f  p o p u l a t i o n  growth and d i s t r i b u t i o n  
deve loped by Rogers (1969)--under c o n s t a n t  reg imes o f  n a t u r a l  i n -  
c r e a s e  and m i g r a t i o n .  

I n  bo th  c a s e s ,  t h e  e v o l u t i o n  o f  t h e  magni tude o f  u rban iza -  
t i o n  as w e l l  as t h a t  o f  t h e  r e l a t i v e  impor tance o f  n a t u r a l  i n c r e a s e  
and m i g r a t i o n  i n  a c c o u n t i n g  f o r  u rban growth a r e  examined. A 
p a r t i c u l a r  emphasis  i s  p l a c e d  on t h e  t i m e  s p a n s  n e c e s s a r y  t o  
r e a c h  two c r o s s - o v e r  p o i n t s :  t h e  p o i n t  a t  which n a t u r a l  i n c r e a s e  
s t a r t s  exceed ing  i n n i g r a t i o n  i n  t h e  urban r e g i o n  ( c r o s s - o v e r  p o i n t  
o f  t y p e  I )  and t h e  p o i n t  a t  which t h e  urban p o p u l a t i o n  becomes 
l a r g e r  t h a n  t h e  r u r a l  p o p u l a t i o n  ( c r o s s - o v e r  p o i n t  of t y p e  11). 

The c o n t r a s t  between t h e  a l t e r n a t i v e  models is  i l l u s t r a t e d  
w i t h  t h e  h e l p  of  an  a p p l i c a t i o n  t o  two a c t u a l  r u r a l - u r b a n  popu- 
l a t i o n  sys tems p r e s e n t i n g  p o l a r  c h a r a c t e r i s t i c s :  t h o s e  o f  t h e  
U S S A  and I n d i a .  
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The F a c t o r s  and Magni tude o f  U r b a n i z a t i o n  
Under Unchanged N a t u r a l  I n c r e a s e  and M i q r a t i o n  P a t t e r n s  

INTRODUCT ION 

K e y f i t z ,  i n  a  r e c e n t  paper  (1978) , s u g g e s t s  a  s imp le  model 

i n t e n d e d  t o  shed  some l i g h t  on whether  c i t i e s  grow th rough  n a t -  

u r a l  i n c r e a s e  o r  i n m i g r a t i o n .  The a p p r o p r i a t e n e s s  o f  t h e  model 

t o  d e a l  w i t h  s u c h  a  prob lem was, however, q u e s t i o n e d  by Ledent  

( 1 9 7 8 ) .  Ledent  a r g u e s  t h a t  t h e  K e y f i t z  model ,  which v iews migra-  

t i o n  a s  a  n e t  f l ow  from t h e  r u r a l  t o  t h e  u rban  r e g i o n ,  i n t r o -  

duces  a  r a t h e r  u n d e s i r a b l e  asymmetry between t h e  r u r a l  and u r -  

ban r e g i o n s .  I n s t e a d ,  he  p roposed t o  use  a  c o n t i n u o u s  v e r s i o n  

o f  t h e  m u l t i r e g i o n a l  model o f  p o p u l a t i o n  growth and d i s t r i b u t i o n ,  

f i r s t  deve loped by Rogers (1968) a n d  whose long- te rm p r o p e r t i e s  

a r e  w e l l  behaved: t h e  r a t i o  o f  u rban t o  r u r a l  p o p u l a t i o n  t e n d s  

toward a  l i m i t  i n s t e a d  o f  i n c r e a s i n g  i n d e f i n i t e l y .  

The purpose o f  t h i s  paper  is  t o  examine t h e  e v o l u t i o n  o f  

t h e  f a c t o r s  and magni tude of  u r b a n ' i z a t i o n  imp l i ed  by t h e  two a l -  

t e r n a t i v e  models under  c o n s t a n t  reg imes  o f  n a t u r a l  i n c r e a s e  and 

m i g r a t i o n .  The c a s e  o f  v a r y i n g  reg imes  w i l l  be  d e a l t  w i t h  i n  a  

fo r thcoming  paper .  The a n a l y s i s  i s  c a r r i e d  o u t  ma in ly  w i t h  a n  

emphas is  on t h e  t i m e  s p a n s  n e c e s s a r y  t o  r e a c h  two p a r t i c u l a r  

p o i n t s  i n  t i m e  ( o r  c r o s s - o v e r  p o i n t s ) :  t h e  p o i n t  a t  which n a t -  

u r a l  i n c r e a s e  s t a r t s  exceed ing  i n m i g r a t i o n  i n  t h e  u rban r e g i o n  

( c r o s s - o v e r  p o i n t  o f  t y p e  I )  and the .  p o i n t  a t  which t h e  urban.  

p o p u l a t i o n  becomes l a r g e r  t h a n  t h e  r u r a l  p o p u l a t i o n  ( c r o s s - o v e r  

p o i n t  o f  t y p e  11) . 

T h i s  paper  c o n s i s t s  of  two p a r t s  which c a r r y  o u t  t h e  a n a l y -  

sis of t h e  u r b a n i z a t i o n  prob lem f rom t h e  two a l t e r n a t i v e  models 

d i s t i n g u i s h e d  above:  t h e  f i r s t  p a r t  is  based on  t h e  K e y f i t z  

model, w h i l e  t h e  second re l ies o n  t h e  two-reg ion c o n t i n u o u s  v e r -  

s i o n  of  t h e  Rogers model. A s h o r t  c o n t r a s t  o f  t h e  i n s i g h t s  p ro-  

v i d e d  by t h e  a l t e r n a t i v e  models a p p e a r s  i n  t h e  c o n c l u s i o n  w i t h  

t h e  h e l p  o f  a  compar ison between t h e  numer i ca l  r e s u l t s  o b t a i n e d  

by a p p l y i n g  t h e  a l t e r n a t i v e  models t o  two a c t u a l  r u r a l - u r b a n  pop- 

u l a t i o n  sys tems  p r e s e n t i n g  p o l a r  c h a r a c ~ e r i s t i c s :  t h o s e  o f  t h e  

USSR and I n d i a .  



I .  ANALYSIS BASED ON THE KEYFITZ MODEL 

B a s i c a l l y ,  K e y f i t z  (1978) c o n s i d e r s  a  p o p u l a t i o n  sys tem d i -  

v i d e d  i n t o  two r e g i o n s ,  u rban  a n d  r u r a l ,  which e x h i b i t  c o n s t a n t  

r a t e s  o f  n a t u r a l  i n c r e a s e ,  deno ted  by u  and r r e s p e c t i v e l y .  I n  

a d d i t i o n ,  h e  assumes a  n e t  o u t m i g r a t i o n  r a t e  f rom r u r a l  t o  u rban 

t a k e n  a s  a  c o n s t a n t  f r a c t i o n  m ( s t r i c t l y  p o s i t i v e )  o f  t h e  r u r a l  

p o p u l a t i o n .  The ma themat i ca l  a n a l y s i s  o f  t h e  e n s u i n g  model h a s  

been e x t e n s i v e l y  s t u d i e d  i n  Ledent  ( 1 9 7 8 ) .  

A n a l y t i c s  o f  t h e  Model 

The e q u a t i o n s  d e s c r i b i n g  t h e  p o p u l a t i o n  g rowth  o f  t h e  r u r a l  

and  u r b a n  r e g i o n s  a r e  r e s p e c t i v e l y :  

dPr ( t )  

d t  = ( r - m )  Pr (t) 

and 

i n  which Pr (t) and  P U ( t )  a r e  t h e  p o p u l a t i o n s  a t  t i m e  t o f  t h e  r u -  

r a l  and u rban  r e g i o n s  r e s p e c t i v e l y .  

I t  h a s  been shown (Leden t ,  1978)  t h a t  t h e  p o p u l a t i o n  sys tem 

d e s c r i b e d  by ( l a )  and  ( I b )  e v o l v e s  f rom an  i n i t i a l  s t a t e  c h a r a c -  

t e r i z e d  by a  c o n c e n t r a t i o n  o f  t h e  whole p o p u l a t i o n  i n  t h e  r u r a l  

r e g i o n  i f  t h e  p a r a m e t e r s  o f  t h e  sys tem are such  t h a t  



i n  which S i s  t h e  r a t i o  o f  urban t o  r u r a l  popu la t i on  i n  t h e  per-  

i od  a t  which t h e  system i s  observed.  Thus t o  remain g e n e r a l ,  

i . e . ,  t o  p reven t  any p e c u l i a r i t i e s  due t o  t h e  v a l u e  o f  3, 
we impose he re  

Then, i f  t = 0 deno tes  t h e  i n i t i a l  pe r i od ,  t h e  s o l u t i o n  of  t h e  

system o f  equa t i ons  ( l a )  and ( l b )  is  given by 

P r ( t )  = P (0 )  e ( r - m )  t 

and 

i n  which P ( 0 )  i s  t h e  i n i t i a l  popu la t ion  o f  t h e  system. Note 

t h a t  

and 

L e t t i n g  S ( t )  deno te  t h e  r a t i o  of  urban t o  r u r a l  popu la t i on ,  and 

d i v i d i n g  (3b)  by (3a )  , w e  o b t a i n :  

*Note t h a t  u+m-r > 0 ,  a s  a consequence o f  t h e  r e s t r i c t i o n  ori t h e  
parameters  of  t h e  system adopted i n  ( 2 ) .  



a r e l a t i o n . ; h i p  which i n d i c a t e z  t h a t  S(t) ; ; ,sn;tof i ic&l ly i n c r e a s e s  

f rom z e r o  ( f o r  t = 0 )  t o  + ( f o r  r -+ + m ) .  

The p a r t  o f  t h e  p o p u l a t i o n  o f  t h e  whole s y s t e m  t h a t  i s  

u rban  i s  g i v e n  by:  

I t  i s  t h e n  r e a d i l y  e s t a b l i s h e d  t h a t  a ( t )  m o n o t o n i c a l l y  

i n c r e a s e s  f rom z e r o  ( f o r  t = 0)  t o  one  ( f c r  t - + - ) .  

W e  now i n t r o d u c e  m u ( t ) ,  t h e  u rban  n e t  i n m i g r a t i o n  r a t e :  

mPr ( t )  
- m 

mu(t )  = Pu ( t )  
- -  

s ( t )  I 

an e q u a t i o n  which p e r m i t s  one  t o  conc lude  t h a t  m ( t )  mono ton i ca l -  u  
l v  d e c r e a s e s  from + rn  for + = n )  +n Q ( F - Y  t 4 I - \  / -  

'The r a t i o  R ( t )  of  u r b a n  n e t  i n m i g r a t i o n  t o  u rban  n a t u r a l  

i n c r e a s e  , 

i s  t h u s  l i n k e d  t o  S ( t )  by t h e  f o l l o w i n g  ( ~ e y f i t z  1978) 



T h i s  r e l a t i o n s h i p  s u g g e s t s  t h a t ,  i n  c o n s i d e r a t i o n  of  t h e  

prob lem examined h e r e ,  w e  must impose 

s o  t h a t  R ( t )  m o n o t o n i c a l l y  d e c r e a s e s  f rom + a ( f o r  t = 0 )  t o  z e r o  

( f o r  t + + a). 

Note t h a t  a s  a  consequence o f  ( 9 )  , PU ( t )  monoton ica l . l y  i n -  

c r e a s e s  f rom z e r o  ( f o r  t = 0 )  t o  become i n f i n i t e l y  p o s i t i v e  a s  

t + + a. By c o n t r a s t ,  t h e  d i r e c t i o n  o f  t h e  v a r i a t i o n s  o f  P r ( t )  

which i s  a l s o  monotonic  depends  on t h e  r e l a t i v e  v a l u e s  o f  r and 

m: P r ( t )  i n c r e a s e s  f rom P ( 0 )  ( f o r  t = 0 )  t o  + a ( f o r  t + + m) i f  

r > m,  b u t  d e c r e a s e s  t o  z e r o  ( f o r  t + + a) i f  r < m. 

The r e s u l t s  o f  t h e  above model d e f i n e d  by t h e  sys tem ( l a )  - 
( I b )  and t h e  r e s t r i c t i o n s  ( 2 )  and ( 9 )  a r e  summarized i n  T a b l e  1 .  

The F a c t o r s  o f  U r b a n i z a t i o n  and t h e  Cross-over  P o i n t  o f  Type I 

S u b s t i t u t i n g  e x p r e s s i o n  ( 4 )  i n t o  ( 8 )  y i e l d s  a n  a n a l y t i c .  

e x p r e s s i o n  o f  K ( t )  

a n  e x p r e s s i o n  which p e r m i t s  one  t o  v i s u a l i z e  t h e  v a r i a t i o n s  o f  

R ( t )  , a p p e a r i n g  on  F i g u r e  1.  

The v a r i a t i o n s  o f  R ( t )  i n d i c a t e  t h a t  n e t  i n m i g r a t i o n  i s  i n -  

i t i a l l y  p r e p o n d e r a n t  i n  a c c o u n t i n g  f o r  t h e  g rowth  o f  t h e  u rban  

r e g i o n  b u t  a s  t i m e  p a s s e s ,  i t s  r o l e  d i m i n i s h e s  s o  a s  t o  make 

n a t u r a l  i n c r e a s e  t h e  u n i q u e  s o u r c e  o f  u rban  growth  i n  t h e  long-  

r u n .  K e y f i t z  (1978)  r e f e r s  t o  t h e  p o i n t  i n  t i m e  a t  which n a t u r -  

a l  i n c r e a s e  i s  e q u a l  t o  n e t  i n m i g r a t i o n  a s  t h e  c r o s s - o v e r  p o i n t .  

W e  c a l l  it h e r e  c r o s s - o v e r  p o i n t  o f  t y p e  I, d e n o t e d  by T I .  



Table 1: T h e  Keyfit7 rnndel e s  ?. ~ 5 3 ~ 1  sf i ~ r 5 z r i z a t i c n :  
the variations of the main functions. 

Figure 1 .  The Keyfitz model as a nodel of urbanization: 
the variations of 2 (t) . 
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C l e a r l y  w e  have: 

mU(T1) = u  

and 

R(T1) = 1  

There fo re  from ( 4 )  w e  have t h a t :  

A t  t h e  c ross -over  p o i n t  T I ,  t h e  r a t i o  of  urban t o  r u r a l  pop- 

u l a t i o n  i s  simply equa l  t o  t h e  r a t i o  of  t h e  r u r a l  n e t  ( o u t )  m i -  

g r a t i o n  r a t e  t o  t h e  urban r a t e  of  n a t u r a l  i n c r e a s e .  Consequent ly  

t h e  p a r t  of  t h e  whole popu la t ion  which i s  urban a t  t i m e  T1 is :  

An exp ress ion  of TI can be de r i ved  by combining (1 0 )  and (1 2) 

t h u s  g i v i n g  (Key f i t z  1978) 

What i s  t h e  impact of  a  parameter  change on t h e  va lue  o f  T I?  

D i f f e r e n t i a t i n g  T  w i t h  r e s p e c t  t o  each o f  t h e  t h r e e  parameters  
1  



y i e l d s :  

and 

I t  i s  p o s s i b l e  t o  show, th rough  t e d i o u s  m a n i p u l a t i o n s  o f  

( 1  6 )  and (17 )  (see Appendix 1  ) , t h a t ,  wha teve r  t h e  v a l u e s  of  t h e  

p a r a m e t e r s  u ,  r ,  and m ,  

and 

The c o n c l u s i o n  h e r e  is t h a t  t h e  h i g h e r  ( s m a l l e r )  t h e  r a t e  o f  

n a t u r a l  i n c r e a s e  i n  t h e  urban ( r u r a l )  r e g i o n ,  t h e  sooner  t h e  

c ross -ove r . *  I n  a d d i t i o n ,  (19a )  and (19b)  p e r m i t s  one  t o  s t a t e  

t h a t ,  f o r  a  g i v e n  u  o r  a  g i v e n  r ,  t h e  l a r g e r  t h e  d i f f e r e n c e  r -u  

t h e  l a t e r  t h e  c r o s s - o v e r .  

*Note t h e  c o n t r a s t  w i t h  t h e  s t a t e m e n t  made by K e y f i t z  (1978,  p . 5 )  
i n  t h e  s p e c i a l  c a s e  u = r ,  t h a t  " t h e  more r a p i d l y  t h e  p o p u l a t i o n  a s  
a  whole i n c r e a s e s  t h e  s o o n e r  t h e  c r o s s - o v e r . "  



From t h e  comparison of (17)  and (18)  , one f i n d s  t h a t :  

and t h a t ,  whatever  t h e  v a l u e s  o f  t h e  pa rame te r s  u ,  r ,  and m,  

Thus w e  have demons t ra ted  t h e  sugges t i on  made by Key f i t z  (1978, 

p .5)  t h a t  " t h e  l a r g e r  t h e  va l ue  o f  m, t h e  f r a c t i o n  o f  t h e  count ry -  

s i d e  m i g r a t i n g ,  t h e  sooner  comes t h e  day when n a t u r a l  i n c r e a s e  ex- 

ceeds  m i g r a t i o n  as a  f a c t o r . "  

Moreover, (20)  s u g g e s t s  t h a t ,  f o r  a  g i ven  u ,  an  i n c r e a s e  x ,  i 
i n  t h e  d i f f e r e n c e  r -u  has  an  impact  on TI  which has  t h e  same mag- 

n i t u d e  as a  d e c r e a s e  x i n  t h e  n e t  o u t m i g r a t i o n  r a t e  m . '  Such a  re- 

s u l t  is  clear i f  one obse rves  t h a t  m and r always i n t e r v e n e  through 

I 
t h e i r  d i f f e r e n c e s .  

The impact  o f  pa ramete r  changes on t h e  p a r t  o f  t h e  popula-  

t i o n  which i s  urban a t  t h e  c ross -ove r  p o i n t  &an a l s o  be a s s e s s e d .  

D i f f e r e n t i a t i n g  (1 4 )  w i t h  r e s p e c t  t o  each  o f  t h e  pa ramete rs  

y i e l d s :  



There fo re  t h e  p ropo r t i on  of  t h e  popu la t i on  which i s  urban 

a t  t h e  c ross -over  p o i n t  i s  independent  of  t h e  r u r a l  r a t e  of  na t -  

u r a l  i n c r e a s e .  Moreover, t h e  s m a l l e r  t h e  urban r a t e  o f  n a t u r a l  

i n c r e a s e  and t h e  h i ghe r  t h e  r u r a l  ou tm ig ra t i on  r a t e ,  t h e  h i ghe r  

t h i s  p ropo r t i on .  

The Magnitude of  Urban iza t ion  and t h e  Cross-over P o i n t  o f  Type I1 

S u b s t i t u t i n g  e x p r e s s i o n  ( 4 )  i n  ( 5 )  y i e l d s  an  a n a l y t i c  expres-  

si 'on of  a ( t Z  

e (u+m-r) t  - , a ( t)  = (u+m-r) t  u-r I 

e + -  m 

an exp ress ion  which pe rm i t s  one t o  v i s u a l i z e  t h e  v a r i a t i o n s  o f  

a ( t ) ,  appear ing  i n  F i g u r e  2.  

F igu re  2: The Key f i t z  model a s  a  model or u r b a n i z a t i o n :  
t h e  v a r i a t i o n s  of a  ( t )  . 



The v a r i a t i o n s  o f  a ( t )  i n d i c a t e  t h a t  an i n i t i a l  t o t a l l y '  

r u r a l  p o p u l a t i o n  sys tem becomes t o t a l l y  u rban.  But ,  how f a s t  

d o e s  t h e  p r o c e s s  o f  u r b a n i z a t i o n  t a k e  p l a c e ?  For  t h i s  pu rpose ,  

f o l l o w i n g  a  s u g g e s t i o n  by Andre i  Rogers,  w e  d e f i n e  a  c r o s s - o v e r  

p o i n t ,  s a i d  t o  be o f  t y p e  11, a s  t h e  p o i n t  a t  which t h e  whole 

p o p u l a t i o n  o f  t h e  sys tem i s  e q u a l l y  d i s t r i b u t e d  among t h e  r u r a l  

and u rban  r e g i o n s .  Denoted b y . T 2 ,  it i s  c l e a r l y  d e f i n e d  by 

From ( 6 )  w e  have t h a t  

and  f rom ( 8 )  t h a t  

A t  t h e  c r o s s - o v e r  T 2 ,  t h e  n e t  i n m i g r a t i o n  r a t e  o f  t h e  urban 

r e g i o n  i s  e q u a l  t o  t h e  n e t  o u t m i g r a t i o n  r a t e  o f  t h e  r u r a l  a r e a  

(which one c o u l d  e x p e c t  s i n c e  t h e  p o p u l a t i o n s  i n  b o t h  r e g i o n s  a r e  

e q u a l ) .  

An e x p r e s s i o n  o f  T2 can  b e  d e r i v e d  by combin ing  (23)  and (24 )  

t o  o b t a i n :  



Note t h a t  T 2  d i f f e r s  from T1 by t h e  pa ramete r  a t  t h e  denom- 

i n a t o r  o f  t h e  l o g a r i t h m i c  t e r m  ( m  r e p l a c e s  u ) .  A l so ,  T 2  can  be  

o b t a i n e d  from T I  by s imp ly  exchang ing  u  and m. Now, what  i s  t h e  

impact  o f  a p a r a m e t e r  change on t h e  v a l u e  o f  T2? W e  c o u l d  

d i f f e r e n t i a t e  (28 )  t o  o b t a i n  t h e  f i r s t  d e r i v a t i v e s  o f  T2 w i t h  

r e s p e c t  t o  e a c h  o f  t h e  t h r e e  p a r a m e t e r s .  However, t h e  above 

remarks on t h e  s i m i l a r i t y  o f  T1 and T 2  a l l o w s  one t o  w r i t e  a t  

once t h e  f o l l o w i n g  fo rmu las  o b t a i n e d  by exchang ing  u  and m i n  

(16 )  th rough  ( 1 8 ) :  

W e  can a l s o  c o n c l u d e  immedia te ly  t h a t ,  s i n c e  changes i n  u  and 

m had impac ts  o f ' t h e  s a m e  s i g n  on T I ,  t h e  f i r s t  d e r i v a t i v e s  o f  

T 2  have t h e  s a m e  s i g n s  a s  t h e  f i r s t  d e r i v a t i v e s  o f  T I ,  i . e . ,  

- 
du dT2 > 0 and - d r  dT2 < 0 dm 

Then, a s  one  would e x p e c t ,  t h e  h i g h e r  ( s m a l l e r )  t h e  urban 

( r u r a l )  r a t e  o f  n a t u r a l  i n c r e a s e ,  t h e  sooner  t h e  c r o s s - o v e r .  More- 

o v e r ,  t h e  l a r g e r  t h e  v a l u e  of  m, t h e  n e t  o u t m i g r a t i o n  ra te  f rom t h e  

r u r a l  a r e a ,  t h e  s o o n e r  a l s o  comes t h e  day when t h e  u rban  p o p u l a t i o n  

exceeds  t h e  r u r a l  p o p u l a t i o n .  



Note t h a t  T2 depends on u  and r th rough  t h e i r  d i f f e r e n c e  

u-r .  D i f f e r e n t i a t i n g  (28)  w i t h  r e s p e c t  t o  u - r ,  w e  have 

dT2 a  q u a n t i t y  which i s  equa l  t o  - du and t h u s  n e g a t i v e .  

C l e a r l y  t h e  l a r g e r  t h e  d i f f e r e n c e  r -u ,  t h e  l a t e r  t h e  * 
c ross -ove r .  S u b t r a c t i n g  (33)  from (31)  y i e l d s :  

a  r e l a t i o n s h i p  f rom which w e  conc lude t h a t  

I n  o t h e r  words, an  i n c r e a s e  i n  t h e  d i f f e r e n c e  r -u  h a s  a  s m a l l e r  

impact  ( i n  a b s o l u t e  v a l u e )  on T2 t h a n  an i d e n t i c a l  i n c r e a s e ,  i l l  

t h e  r a r a l  n e t  o u t n i g r a t i o n  r a t e .  

*Note t h a t  i n  c o n t r a s t  t o  t h e  s i m i l a r  s t a t emen t  made e a r l i e r  and 
concern ing  T I ,  t h i s  s t a t e m e n t  is  v a l i d  r e g a r d l e s s ' o f  t h e  va l ue  o f  

r ( o r .  u )  p e r m i t t e d  b y  t h e  c o n s t r a i n t s  ( 2 ) -  and ( 9 )  . 



Comparison o f  t h e  Two Cross-over  P o i n t s  

Which o f  t h e  two cross-over  p o i n t s  de f i ned  above is  reached 

f i r s t ?  S u b s t r a c t i n g  ( 15 )  from (28 )  y i e l d s :  

I t  f o l l ows  t h a t  T2 i s  g r e a t e r  t han  T1 i f  t h e  numerator  of  t h e  

l o g a r i t h m i c  t e r m  i s  g r e a t e r  t han  i t s  denominator ,  i . e . ,  i f  u  i s  l a r -  

g e r  t h a n  m. I n  o t h e r  words, t h e  r e l a t i v e  v a l u e s  o f  t h e  urban rate 

of n a t u r a l  i n c r e a s e  and t h e  r u r a l  n e t  ou tm ig ra t i on  rate de te rm ine  

which one o f  t h e  two c ross -over  p o i n t s  i s  reached f i r s t .  Th i s  r e -  

s u l t  can be  o b t a i n e d  a l t e r n a t i v e l y  from t h e  fo rmula  (27)  g i v i n g  

t h e  v a l u e  o f  R ( t )  a t  t h e  c ross -over  T2. Indeed i f  u  i s  l a r g e r  t han  

m, (27)  i n d i c a t e s  t h a t  R(T2)  < 1 ,  i . e . ,  t h a t  t h e  c ross -ove r  TI has  

a l r e a d y  been reached.  

App l i ca t i on  t o  Ac tua l  Popu la t ion  Systems 

L e t  u s  suppose t h a t  i n  a g iven  y e a r ,  w e  observe  a n  a c t u a l  

popu la t i on  sys tem c h a r a c t e r i z e d  by pa ramete rs  u ,  r ,  and m (such 

t h a t  r < u+m) and a  p r o p o r t i o n  o f  u rban p o p u l a t i o n  e q u a l  t o  F. 

C l e a r l y ,  i n  t h e  h y p o t h e t i c a l  popu la t i on  system (an i n i t i a l  

t o t a l l y  r u r a l  p o p u l a t i o n  t h a t  i s  submi t ted  t o  t h e  c o n s t a n t  regimes 

of n a t u r a l  i n c r e a s e  and m i g r a t i o n  d e f i n e d  by u ,  r ,  and m )  t h e r e  i s  

a subsequent  s t a t e  o f f e r i n g  t h e  same c h a r a c t e r i s t i c s  as t h e  ob- 

se r ved  popu la t i on  system. 

The t i m e  tD, a t  which t h i s  cor respondence o c c u r s ,  i s  simply 
- 

ob ta i ned  a s  t h e  r o o t  of  a ( t )  = a , which i s  un ique due t o  t h e  

cou rse  o f  t h e  e v a l u t i o n  of  a ( t )  (see F igu re  2 ) .  I t  i s  r e a d i l y  

e s t a b l i s h e d  from ( 2 3 ) ,  t h a t  



1 -a o r ,  a l t e r n a t i v e l y ,  a f t e r  n o t i n g  t h a t  - - i s  t h e  r a t i o  5 o f  t h e  u r -  
a 

ban t o  r u r a l  p o p u l a t i o n  i n  t h e  obse rved  y e a r ,  

Consequent ly ,  i f  a round  t h e  o b s e r v a t i o n  p e r i o d  t h e  a c t u a l  popula-  

t i o n  sys tem e x h i b i t s  t h e  c o n s t a n t  reg imes  o f  n a t u r a l  i n c r e a s e  and 

m i g r a t i o n  d e f i n e d  by u ,  r ,  and  m,  w e  c a n  s imp ly  d e t e r m i n e  whether  

t h i s  sys tem h a s  a l r e a d y  reached  o r  w i l l  r e a c h  t h e  two t y p e s  o f  

c r o s s - o v e r  p o i n t s  d e f i n e d  above. 

L e t  T i  and T i  d e n o t e  t h e  t i m e  s p a n s  n e c e s s a r y  t o  r e a c h  t h e  

c r o s s - o v e r  p o i n t s ,  o f  t y p e s  I and I1 r e s p e c t i v e l y ,  f rom t h e  ob- 

s e r v e d  p e r i o d .  Indeed:  

and  

and w e  have 



From t h e s e  fo rmu las  it i s  e a s y  t o  show t h a t  T: i s  p o s i t i v e  
- 

i f  S < " and T i  i s  p o s i t i v e  i: S < 1 [ r e s u l t s  t h a t  a l s o  f o l l o w  
u  

from fo rmu las  ( 1 3 )  and ( 2 5 ) ] .  

Hence, t h e  s imp le  compar ison of t h e  obse rved  r a t i o  of  popula- 
m 

t i o n  % w i t h  t h e  q u o t i e n t  ; p e r m i t s  one t o  de te rm ine  immediate ly  

whether  t h e  c r o s s - o v e r  p o i n t  o f  t h e  f i r s t  t y p e  h a s  a l r e a d y  been 

reached .  I n  a d d i t i o n ,  t h e  r e l a t i v e  v a l u e s  o f  5 and t h e  number 1 

de te rm ine  whether  t h e  c r o s s - o v e r  p o i n t  o f  t h e  second t y p e  h a s  been 

reached  o r  n o t .  

By d i f f e r e n t i a t i n g  (39 )  and (40)  w i t h  r e s p e c t  t o  t h e  t h r e e  

p a r a m e t e r s  u,  r ,  and m,  w e  can  a l s o  o b t a i n  t h e  fo rmu las  de te rm in -  

i n g  t h e  impact  o f  a  pa ramete r  change on T i  and T i .  However, t h e s e  
* 

f o rmu las ,  n o t  shown h e r e ,  does  n o t  l e a d  t o  a  w e l l  d e f i n e d  s i g n  

f o r  t h e  f i r s t  d e r i v a t i v e s  of Ti and T;, a s  i n  t h e  c a s e  o f  t h e  

f i r s t  d e r i v a t i v e s  o f  TI and T2. 

N o t e  t h a t  Ti and T i  a l s o  depend on  5. One can  e s t a b l i s h  t h a t :  

* ~ e c a l l i n g  (38a )  and ( 3 8 b ) ,  one can  s imp ly  o b t a i n  t h e  f i r s t  

d e r i v a t i v e s  o f  Ti (and T i )  by s u b t r a c t i n g  from t h e  f i r s t  d e r i v a -  

t i v e s  o f  TI (and T2 )  , t h e '  f i r s t  d e r i v a t i v e s  o f  tD w i t h  r e s p e c t  t o  

t h e  t h r e e  p a r a m e t e r s  u ,  r ,  and m :  

and 

1 I r -u  - - 
m S 1 - - l n  (1 + - u+m-r F \ l  



Then,  t h e  h i g h e r  t h e  p r o p o r t i o n  o f  t h e  o b s e r v e d  p o p u l a t i o n  

wh ich  i s  u r b a n ,  t h e  smaller t h e  t i m e  n e c e s s a r y  t o  r e a c h  t h e  cross- 

o v e r  ( i f  T i  o r  T; a r e  p o s i t i v e )  or  t h e  l o n g e r  t h e  t i m e  e l a p s e d  

s i n c e  t h e  c r o s s - o v e r  ( i f  T '  or  T i  are c e g a t i v e ) .  1  

Note t h a t  t h e  i m p a c t  o n  t h e  v a r i o u s  c r o s s - o v e r  t i m e s  of param- 

eter  c h a n g e s  c a n  a l so  b e  o b t a i n e d  by  e x o g e n o u s l y  c h a n g i n g  t h e  pa-  

rameters o f  t h e  s y s t e m  and  t h e n  compar i ng  t h e  new c r o s s - o v e r  t i m e s  * 
c a l c u l a t e d  w i t h  t h e  i n i t i a l  o n e s .  

**  
Numer i ca l  I l l u s t r a t i o n s  

Roge rs  (1976)  r e p o r t s  t h a t  t h e  u r b a n  p o p u l a t i o n  o f  t h e  USSR 

was g r o w i n g  a t  an  a n n u a l  ra te  o f  a p p r o x i m a t e l y  2 . 5  p e r c e n t  d u r i n g  

t h e  e a r l y  1 9 7 0 ' s .  T h i s  ra te  w a s  t h e  sum o f  a r a t e  of n a t u r a l  i n -  

c r e a s e  o f  0 .9  a n d  a n e t  m i g r a t i o n  ra te  o f  1 . 6  p e r c e n t .  A t  t h e  same 

t i m e ,  t h e  r u r a l  p o p u l a t i o n  w a s  d e c l i n i n g  a t  a n  a n n u a l  ra te  of 1 . 1  

p e r c e n t  wh ich  w a s  t h e  sum o f  a ra te  o f  n a t u r a l  i n c r e a s e  of 1 . 0  p e r -  

c e n t  a n d  a n e t  m i g r a t i o n  ra te  o f  -2 .1  p e r c e n t .  Then ,  i n  t h i s  s y s t e m :  ! 

T h i s  o b s e r v e d  p o p u l a t i o n  s y s t e m  c o r r e s p o n d s  t o  t h e  s u b s e q u e n t  

s ta te  o f  a h y p o t h e t i c a l  p o p u l a t i o n  s y s t e m ,  c h a r a c t e r i z e d  a s  i n  

* I n  t h i s  i l l u s t r a t i o n ,  t h e  i m p a c t r o f  exogenous  p a r a m e t e r  changes  
i s  o b t a i n e d  f r om t h e  m u l t i p l i e r  f o r m u l a s  d e r i v e d  a b o v e .  
**These n u m e r i c a l  i l l u s t r a t i o n s  are summarized i n  T a b l e  2. 



t h e  above d i s c u s s i o n  and o c c u r r i n g  a t  t i m e  tD g i v e n  by 

i n  2.25 = 40.5 y e a r s  tD = - 0.02 

I n  t h i s  sys tem,  t h e  r u r a l  p o p u l a t i o n  m o n o t o n i c a l l y  d e c r e a s e s  

toward z e r o  ( s i n c e  r < m )  whereas t h e  u rban  p o p u l a t i o n  i n c r e a s e s  

toward  + a ( a s  t -+ + a ) .  

The u rban  n e t  i n m i g r a t i o n  r a t e  ( =  + a i n i t i a l l y )  monoton ica l -  

l y  d e c r e a s e s  toward z e r o  ( a s  t -+ + a)  r e a c h i n g  t h e  v a l u e  1 c o r r e s -  

ponding t o  t h e  c r o s s - o v e r  p o i n t  o f  t y p e  I a t  t i m e  T I ,  g i v e n  by 

- 1 
T1 - 0.02 I n  3.222 = 58.5  y e a r s  

The t i m e  span n e c e s s a r y  t o  r e a c h  t h i s  c r o s s - o v e r  p o i n t  f rom t h e  

obse rved  p e r i o d  is  t h e n :  

T;  = T~ 
- tD = 18.0 y e a r s  

A t  t h i s  c r o s s - o v e r  p o i n t ,  t h e  p a r t  o f  t h e  p o p u l a t i o n  which i s  u r -  

ban i s  e q u a l  t o  

i . e . ,  70 p e r c e n t ,  a  v a l u e  which i s  h i g h e r  t h a n  t h e  obse rved  56.76 

p e r c e n t  (an e x p e c t e d  r e s u l t  s i n c e  T i  i s  p o s i t i v e ) .  



However, a ( t )  m o n o t o n i c a l l y  i n c r e a s e s  toward one ( f o r  t + 

I + a) and t a k e s  on t h e  v a l u e  2 c o r r e s p o n d i n g  t o  t h e  c r o s s - o v e r  

p o i n t  o f  t h e  second t y p e  a t  t i m e  T2,  g i v e n  by 

- i n  1.925 = 33.5 y e a r s  
T2 - 0.02 

I t  f o l l o w s  t h a t  t h i s  c r o s s - o v e r  p o i n t  h a s  been reached  7.1 y e a r s  

b e f o r e  t h e  o b s e r v a t i o n  p e r i o d  a s  T '  = T 2  - 2 tD = -7.1 y e a r s ,  a re- 

s u l t  which was e x p e c t e d  s i n c e  ?? > 1 .  

The impact  o f  s m a l l  pa ramete r  changes  on t h e  t i m e  s p a n s  nec- 

e s s a r y  t o  r e a c h  t h e  c r o s s - o v e r  p o i n t s  h a s  been c a l c u l a t e d  w i t h  

r e f e r e n c e  t o  b o t h  t h e  K e y f i t z  t i m e  f rame ( t h e  one o f  t h e  hypo the t -  

i c a l  sys tem l e a d i n g  t o  t h e  obse rved  p o p u l a t i o n  sys tem of  USSR) 

and t h e  a c t u a l  t i m e  f rame (see T a b l e  2 ,  under  t h e  head ing  " s e n s i -  

t i v i t y  a n a l y s i s " )  . 
T h e r e f o r e ,  a s l i g h t l y  less urban  r a t e  o f  n a t u r a l  i n c r e a s e  

( 0 . 8  p e r c e n t  v e r s u s  0.9 p e r c e n t )  would d e l a y  t h e  c r o s s - o v e r  o f  

t y p e  I by 4 . 4  y e a r s  ( o c c u r r i n g  24.4 y e a r s  a f t e r  t h e  o b s e r v e d  

p e r i o d )  and h a s t e n  t h e  c r o s s - o v e r  o f  t y p e  I1 by 0.2 y e a r s  (occu r -  

r i n g  7 .3  y e a r s  b e f o r e  t h e  o b s e r v e d  p e r i o d ) .  A l s o ,  a s l i g h t l y  

h i g h e r  r u r a l - u r b a n  m i g r a t i o n  r a t e  ( 2 ; 2  p e r c e n t  v e r s u s  2.1 p e r c e n t )  

would d e l a y  t h e  c r o s s - o v e r  o f  ty.pe I by 0.8 y e a r s  and h a s t e n  

t h e  c r o s s - o v e r  o f  t y p e  I1 by 0 . 4 ' y e a r s .  

W e  p r o v i d e  h e r e  a n o t h e r  i l l u s t r a t i o n  f o r  I n d i a  o b s e r v e d  i n  

t h e  l a t e  s i x t i e s ,  f o r  which d a t a  can  be found i n  Rogers and Wi l l ekens  

( 1  976) : 

T h i s  obse rved  p o p u l a t i o n  sys tem a p p e a r s  t o  be i d e n t i c a l  t o  t h e  



Table 2. The Keyfitz Model: Numerical Illustrations. 

1  I N P U T  DATA 

USSR 25.R 17.0 8.0-11.R 19.0 9.0 
I NO I A 37.0 3 0 a 0  10.0 17.A 39.0 17.0 ..................... 

RU GROWTH RATE OF URRAN P D P u L A T 1 0 ~ ( . 1 0 0 0 )  
BU a B I R T H  RATE OF URBAN P D P U L A T I O N ( * ~ B B B )  
DU . DEATH RATE OF URBAN P O P U L A T I O N ( ~ 1 0 0 0 )  
RR GROWTH RATE OF RURAL P O P U L A T I O N ( * I B B ~ )  
BR BIRTH RATe OF RURAL POPULATION(.IBBB) 
DR a DEATH RATE OF RURAL P O P U L A T I O N ( I ~ B ~ B )  

B A S I C  DATA 

REGION U R  M S ALPHA 

USSR @.R098 0.01PA 0 ,0210  1.3125 0 .5676  
I N D I A  0.R200 6 . 0 Z 2 0  0 a 0 0 5 0  0 .2941  0 .2273  ................*.... 

U NATURAL INCREASE RATE OF URBAN POPULATION 
R NATURAL INCREASE RATE OF RURAL POPULATION 
H NET OUTMIGRATIOt4 RATE Of RURAL POPULATION 
S  1 R A T I O  OF URBAN TO RURAL POPULATION 
ALPHA PART OF POPULATION IN URBAN AREA 

1  M A I N  RESULTS 

REGION I N I T  T C I  TC2 I D 1  TD2 RURAL POPULATION AT 
ZERO I N I T  T C l  TCZ 

USSR 40.5 58.5 53.5  18.0 -7.1 1.00 0.64 0.53 0.69 
I N D I A  54,Z 46.6 156.7 -7.6 102.5 1.00 2.51 2.21 14.34 ....... k............. 

ZERO 1 I N I T I A L  PERIOD I N  K E Y F I T Z  T IME FRAME 
I N I T  O R S E U V E o  PERIOD I N  K ~ v F I T Z  T I M E  FRAME 
T C I  CROSS-OVER TVPE ONE I N  K E Y F I T Z  T I M E  FRAME 
TC2 1 CROSS-OVER TVPE T * 0  I N  K E Y F I T Z  T I M E  FRAME 
T D ~  a C R O S S - O V E R  T Y P E  ONE IN A C T U A L  TIME F R A M E  
I D 2  CROSS-OVER TYPE TWO I N  "LTUAL T IME FRAME 

REGION CHANGE I N  TC1 CHANGE I N  I t 2  
DUE TO CHANGE I N  DUE TO CHANGE I N  

u R M u R n 
USSR - 5  e 0 3  l e 2 0  w l e 2 0  -0.45 0.45 - l a b 1  
I N D I A  -3  e 2  1  l e 0 4  ~ 1 ~ 0 4  -1B15b 1 B a 5 b  135.Sb ... I................. 

URBAN POPULATION A T  P A N T  n n ~ c n  IS URBAN A T  
ZERO I N I T  T C l  TCZ ZERO I N I T  T C l  TCZ 

CHANGE I N  1 0 1  CHANGE I N  TD) 
DUE TO CHANGE I N  DUE TO CHANGE I N  

u R n u R n 
-4.39 0.56 0.7b 0 1  -0.19 0.35 
e l a B i !  -0,35 1 0 1 1 5  ~ 0 ~ 1 b  9.16 -24.16 

ALL SYMBOLS HAVE SAME MEANING AS ABOVE 

THE MAGNITUDE OF THE EXOGENOUS C H A N G E S  IN U,R AND M IS 0 ,001  



subsequen t  s t a t e  o f  a  h y p o t h e t i c a l  p o p u l a t i o n  sys tem,  c h a r a c t e r -  

i z e d  a s  i n  t h e  above d i s c u s s i o n ,  and o c c u r r i n g  a t  t i m e  tD g i v e n  

by 

- - i n  1.1764 = 54.2 y e a r s  
t~ 0.033 

I n  t h i s  sys tem,  b o t h  r u r a l  and urban p o p u l a t i o n s  monotonica l -  

l y  i n c r e a s e  and become i n f i n i t e l y  p o s i t i v e  a s  t + + m. Never the-  

le,ss, i n  such  a  sys tem,  a ( t )  monoton ica l l y  i n c r e a s e s  ( t e n d i n g  to- 

ward + m a s  t + + a)  w h i l e  R ( t )  monoton ica l l y  d e c r e a s e s  ( t e n d i n g  

toward z e r o  a s  t + a ) .  The c ross -ove r  p o i n t  o f  t y p e  I i s  reached 

a t  t i m e  T1 g i v e n  by 

- 1 
T1 - 0.033 I n  1.15 = 46.6 y e a r s  

Thus,  t h e  urban growth i n  t h e  obse rved  I n d i a n  sys tem i s  due 

r a t h e r  t o  n a t u r a l  i n c r e a s e  t h a n  t o  n e t  m i g r a t i o n  s i n c e  t h e  c r o s s -  

o v e r  p o i n t  was p a s s e d  7.6 y e a r s  e a r l i e r  (54.2 - 4 6 . 4 ) .  

Note t h a t ,  a t  t h i s  c ross -ove r  p o i n t ,  t h e  p a r t  o f  t h e  popula-  

t i o n  o f  t h e  whole sys tem which i s  urban i s  e q u a l  to: 

i . e . ,  20 p e r c e n t  (compared t o  22.71 p e r c e n t  i n  t h e  obse rved  pe r -  

i o d ) .  On t h e  o t h e r  hand, t h e  c ross -ove r  p o i n t  o f  t h e  second t y p e  

is  reached  a t  t i m e  T2 g i v e n  by 

156.7 y e a r s  



Thus,  t h e  c r o s s - o v e r  po i .n t  o f  t y p e  I1 w i l l  b e  reacheci i n  102 .5  

y e a r s  f rom t h e  o b s e r v e d  p e r i o d .  Again,  t h e  impac t  o f  s m a l l  pa- 

r a m e t e r  changes  on t h e  t i m e  span  n e c e s s a r y  t o  r e a c h  t h e  c r o s s - o v e r  

p o i n t s  h a s  been c a l c u l a t e d  w i t h  r e f e r e n c e  t o  t h e  K e y f i t z  and 

a c t u a l  t i m e  f r ames .  (See T a b l e  2 )  . 
I t  a p p e a r s  t h a t  a s l i g h t l y  less urban  ra te  o f  n a t u r a l  i n c r e a s e  

(1 .9 p e r c e n t  v e r s u s  2.0 p e r c e n t )  would d e l a y  b o t h  c r o s s - o v e r  p o i n t s ,  

t h e  f i r s t  by 1 .8  y e a r s  ( o c c u r r i n g  5.8 y e a r s  b e f o r e  t h e  obse rva -  

t i o n  p e r i o d )  and t h e  second  by 9.2 y e a r s  ( o c c u r r i n g  111.7 y e a r s  

a f t e r  t h e  o b s e r v a t i o n  p e r i o d ) .  On t h e  o t h e r  hand,  a h i g h e r  ra te 

o f  r u r a l - u r b a n  m i g r a t i o n  ( . 6  p e r c e n t  v e r s u s  - 5  p e r c e n t )  would 

d e l a y  t h e  c r o s s - o v e r  o f  t y p e  I by 10.4 y e a r s  ( o c c u r r i n g  a f t e r  

t h e  o b s e r v a t i o n  p e r i o d  e x a c t l y  2 .8  y e a r s  l a te r )  and h a s t e n  t h a t  

o f  t y p e  I1 by 24.2 y e a r s  ( o c c u r r i n g  80 .1  y e a r s  a f t e r  t h e  obse rva -  

t i o n  p e r i o d ) .  

Note t h a t  a d d i t i o n a l  a p p l i c a t i o n s  o f  t h e  R e y f i t z  model t o  

t h e  w o r l d ,  m a c r o r e g i o n s ,  and  r e g i o n s ,  a s  d e f i n e d  by t h e  Un i ted  

N a t i o n s  (1976)  f o r  t h e  y e a r  1960, a p p e a r  i n  Appendix 2. The 

r e s u l t s  shown i n  T a b l e s  3 and 4 s u g g e s t  t h e  f o l l o w i n g  comments. 

a )  on t h e  one  hand,  t h e  more deve loped r e g i o n s ,  a s  would 

b e  e x p e c t e d  s i n c e  t h e i r  u rban  a r e a s  as a whole are more 

p o p u l a t e d  t h a n  t h e i r  r u r a l  r e g i o n s ,  have a l r e a d y  passed  

t h e  c r o s s - o v e r  o f  t y p e  11; on t h e  o t h e r  hand,  t h e  less 

deve loped  r e g i o n s ,  on t h e  b a s i s  o f  p r e s e n t  ra tes ,  a r e  

e x p e c t e d  t o  r e a c h  t h i s  c r o s s - o v e r  i n  t h e  d i s t a n t  f u t u r e  

( i n  a b o u t  200 y e a r s  f o r  South  A s i a  and Western A f r i c a ) .  

b )  S u r p r i s i n g l y ,  t h e  r e s u l t s  r e l a t i n g  t o  t h e  c r o s s - o v e r  

o f  t y p e  I l e a d  t o  a n  o p p o s i t e  c o n c l u s i o n .  I f  p r e s e n t  

r a t e s  a r e  unchanged,  t h e  more deve loped  c o u n t r i e s  w i l l  

r e a c h  t h i s  c r o s s - o v e r  i n  t h e  n e a r  f u t u r e  ( i n  a b o u t  27 

y e a r s  f o r  Western E u r o p e ) .  By c o n t r a s t ,  t h e  less 

deve loped  c o u n t r i e s  have a l r e a d y  p a s s e d  t h i s  c r o s s - o v e r  

(by as much as 25 y e a r s  i n  t h e  c a s e  o f  South  A s i a :  

t h e i r  u r b a n  a r e a s  a r e  a l r e a d y  g r o w i n g  more f rom n a t u r a l  

i n c r e a s e  t h a n  f rom i n m i g r a t i o n .  



There a r e  excep t i ons  i n  bo th  groups o f  reg ions :  North- 

e rn  America has  a l r e a d y  reached t h e  cross-over  o f  t y p e  

I and China has  n o t  y e t  reached it. Th i s  fo l lows from 

t h e  f a c t  t h a t  i n  t h e s e  c o u n t r i e s ,  r u r a l  and urban r a t e s  

of n a t u r a l  i n c r e a s e  a r e  ve ry  s i m i l a r ,  u n l i k e  t h e  o t h e r  

c o u n t r i e s ,  which e x h i b i t  a  h i ghe r  n a t u r a l  i n c r e a s e  r a t e  

i n  t h e  r u r a l  r eg ion .  Consequent ly ,  i f  t h e  Key f i t z  model 

i s  c o r r e c t ,  t h e  ru ra l - u rban  d i f f e r e n t i a l  i n  t h e  r a t e  of  

n a t u r a l  i n c r e a s e  has  an impor tan t  impact on t h e  t i m e  span 

necessary  f o r  n a t u r a l  i n c r e a s e  t o  exceed inmig ra t ion  i n  

t h e  urban reg ion .  

c)  F i n a l l y ,  because t h e  r u r a l  popu la t i on  dec reases  a f t e r  

t h e  observed p e r i o d  i n  most of t h e  developed reg ions  

cons ide red ,  some doubts  a r i s e  concern ing t h e  use fu lness  

o f  t h e  Key f i t z  model. An a l t e r n a t i v e  framework is  t h u s  

needed t o  ana lyze  t h e  sou rces  o f  urban growth. 



11. ANALYSIS BASED ON THE ROGERS MODEL 

A s  a n  a l t e r n a t i v e  t o  t h e  K e y f i t z  model ,  Ledent  (1978)  con- 

s i d e r s  a  c o n t i n u o u s  v e r s i o n  o f  a  two- reg ion ,  components-of-change 

model (Rogers 1 9 6 8 ) .  I n  such  a  model ,  a  more symmetr ic  h y p o t h e s i s  

c o n c e r i n g  m i g r a t i o n  f l ows  between t h e  r u r a l  and u rban  r e g i o n s  i s  

p r e s e n t e d :  c o n s t a n t  g r o s s  m i g r a t i o n  r a t e s  o u t  o f  t h e  r u r a l  and 

urban r e g i o n s ,  r e s p e c t i v e l y  deno ted  by o r  and oU (supposed t o  be: 

p c s i t i v e ) .  Aga in ,  t h e  a n a l y t i c s  o f  t h i s  model have been e x t e n s i v e -  

l y  deve loped  i n  Ledent  ( 1 9 7 8 ) .  

A n a l y t i c s  o f  t h e  Model 

The e q u a t i o n s  d e s c r i b i n g  t h e  p o p u l a t i o n  growth o f  t h e  r u r a l  

and  urban r e g i o n s  a r e ,  r e s p e c t i v e l y :  

and  

I t  h a s  been shown (Leden t  1978) t h a t  t h e  p o p u l a t i o n  sys tem 

d e s c r i b e d  by ( 4 3 a )  and (43b)  e v o l v e s  from an  i n i t i a l  s t a t e  c h a r -  

a c t e r i z e d  by a  c o n c e n t r a t i o n  o f  t h e  whole p o p u l a t i o n  i n  t h e  r u r a l  

r e g i o n  i f  t h e  p a r a m e t e r s  o f  t h e  sys tem a r e  such t h a t  

i n  which i s  t h e  r a t i o  o f  u rban  t o  r u r a l  p o p u l a t i o n  i n  t h e  p e r -  

i o d  a t  which t h e  sys tem i s  o b s e r v e d .  Thus t o  remain g e n e r a l ,  



i . e . ,  t o  p reven t  any p e c u l i a r i t i e s  due t o  t h e  v a l u e  of  5,  w e  i m -  

pose he re  

u-o u  - ( r -or )  + , / (u -oU - r+o r ) '  + 4oroU 

Then, i f  t = 0 deno tes  t h e  i n i t i a l  p e r i o d ,  t h e  s o l u t i o n  of t h e  

system c o n s i s t i n g  of equa t i ons  (43a)  and (43b) i s  given by 

i n  which 

i) x1 and x2 a r e  t h e  two r e a l  r o o t s  o f :  

Note t h a t  t h e  l a r g e s t  r o o t ,  supposed t o  be x l ,  i s  nec- 

e s s a r i l y  p o s i t i v e  and t h a t  t h e  fo l l ow ing  ho lds :  

X2 I u-ou I X l  

and 

x2 I r-or I x l  



ii) A ,  B I  C ,  and D a r e  d e f i n e d  by 

where P ( 0 )  i s  t h e  i n i t i a l  p o p u l a t i o n  o f  t h e  sys tem.  

Note t h a t  a g a i n  w e  have:  

P r ( 0 )  = P ( 0 )  and P u ( 0 )  = 0  

One can  see f rom (47a)  t h a t  A ,  C ,  and D a r e  p o s i t i v e  

whereas B i s  n e g a t i v e .  S u b s t i t u t i n g  (48a )  th rough  (48d)  

i n t o  (45a )  and (45b)  y i e l d s  



and 

I t  can be  shown t h a t  t h e  urban p o p u i a t i o n  mono ton ica i i y  
' 

i n c r e a s e s  w i t h  t ,  becoming i n f i n i t e l y  p o s i t i v e  a s  t + + rn.  

Note t h a t  t h i s  r e s u l t  is  i d e n t i c a l  t o  t h e  one d e r i v e d  w i t h  t h e  

K e y f i t z  model,  a l t h o u g h  t h e  r e s t r i c t i o n  u  > 0 i s  n o t  n e c e s s a r y  

h e r e  t o  o b t a i n  it. 

The r u r a l  p o p u l a t i o n ,  on t h e  c o n t r a r y ,  a lways becomes i n f i n -  

i t e l y  p o s i t i v e  a s  t + + r n ,  growing a t  t h e  same r a t e  a s  t h e  urban 

p o p u l a t i o n .  (Compare t h i s  r e s u l t  w i t h  t h e  c o r r e s p o n d i n g  one ob- 

t a i n e d  w i t h  t h e  K e y f i t z  m o d e l ) .  However, i f  r > o r ,  t h e  r u r a l  

p o p u l a t i o n  i n c r e a s e s  mono ton ica l l y  whereas i f  r < o r ,  it f i r s t  

d e c r e a s e s ,  r e a c h e s  a  minimum and t h e n  i n c r e a s e s  i n d e f i n i t e l y .  

L e t t i n g  a g a i n  S ( t )  d e n o t e  t h e  r a t i o  o f  u rban  t o  r u r a l  popula-  

t i o n  and d i v i d i n g  (45b)  by (45a )  w e  o b t a i n  

which a f t e r  s u b s t i t u t i o n  of (48a )  t h r o u g h  (48d)  l e a d s  t o  

D i f f e r e n t i a t i n g  S ( t )  w i t h  r e s p e c t  t o  t i m e  l e a d s  t o  



i s  p o s i t i v e  and t h u s  a n  e x p r e s s i o n  which i n d i c a t e s  t h a t  - d t  

t h a t  S (t) m o n o t o n i c a l l y  i n c r e a s e s :  i n i t i a l l y  e q u a l  t o  z e r o ,  it 

C t e n d s  toward  t h e  q u o t i e n t  o f  t h e  c o e f f i c i e n t s  o f  e x l  i n  (45a)  

and  ( 4 5 b ) .  

T h i s  q u o t i e n t  c a n  be o b t a i n e d  f rom (48a)  and (48c)  a s  

a  q u a n t i t y  which,  a f t e r  r e c a l l i n g  ( 4 6 ) ,  a p p e a r s  t o  be  also e q u a l  

t o  

Note t h a t  i n  t h e  same way it can  b e  shown t h a t  

The r e l a t i o n s h i p  ( 5 )  e x p r e s s i n g  t h e  p a r t  a ( t )  o f  t h e  popula-  

t i o n  which is u rban  i n  t e r m s  o f  S (t) rema ins  v a l i d :  

Consequen t l y ,  t h e  v a r i a t i o n s  o f  a (t) a r e  s i m i l a r  t o  t h o s e  o f  S ( t)  : 

( f o r  a ( t )  m o n o t o n i c a l l y  i n c r e a s e s  f rom z e r o  ( fo r  t = 0) t o  



t + a) where 

t h e n ,  w h i l e  t h e  K e y f i t z  model l e a d s  i n  t h e  l o n g  run  t o  a  concen- 

t r a t i o n  o f  t h e  p o p u l a t i o n  i n  t h e  urban a r e a ,  t h e  Rogers model 

l e a d s  t o  an  e q u i l i b r i u m  r e g i o n a l  d i s t r i b u t i o n .  

The urban n e t  i n m i g r a t i o n  r a t e  m u ( t )  i s  now d e f i n e d  by 

a  r e l a t i o n s h i p  which p e r m i t s  one t o  conc lude  t h a t  m u ( t )  monoton- 

i c a l l y  d e c r e a s e s  from + m ( f o r  t = 0 )  t o  x l -u  ( f o r  t + + m )  . 
The r a t i o  R ( t )  o f  u rban  n e t  i n m i g r a t i o n  t o  u rban n a t u r a l  i n -  

c r e a s e  s t i l l  g i v e n  by 

i s  now l i n k e d  t o  S ( t )  by t h e  f o l l o w i n g  

Again,  w e  must impose h e r e  t h e  c o n s t r a i n t  



s o  t h a t  R ( t )  monoton ica l l y  dec reases  from + a, ( f o r  t = 0)  t o  

X1-u 

u  ( f o r  t -+ + a,). 

The r e s u l t s  o f  t h e  above model d e f i n e d  by t h e  system (43a)  - 
(43b) and  t h e  r e s t r i c t i o n s  ( 4 4 )  and ( 9 )  a r e  summarized i n  Tab le  

3. 

Tab le  3: The Rogers model a s  a  model o f  u r b a n i z a t i o n :  
t h e  v a r i a t i o n s  o f  t h e  mode l ' s  f u n c t i o n s .  

F i n a l l y ,  n o t e  t h a t  s i n c e  S (t) t e n d s  toward a f i n i t e  l i m i t  

r a t h e r  t h a n  becoming i n f i n i t e  i n  t h e  Key f i t z  model, one can expec t  

t h a t  i n  some c i r cums tances  no c ross -over  p o i n t  o f  t ype  I1 i s  

X1-u 
reached.  I n  t h e  same way, s i n c e  R ( t )  t e n d s  toward - u  r a t h e r  

t han  z e r o  a s  i n  t h e  Key f i t z  model, t h i s  model does n o t  n e c e s s a r i l y  

l e a d  t o  a c ross -ove r  p o i n t  o f  t ype  I e i t h e r .  



The Factors of Urbanization and the Cross-over Point of Type I 

Substituting (50a)  into (55) yields an analytic expression 

Substituting (48a) through (48d) allows rewriting this expression 

as 

and thus to visualize the variations of R(t), appearing in Figure 3 

Figure 3. The Rogers model as a model of urbanization: 
the variations of R (t) . 



The v a r i a t i o n s  of  R ( t )  i n d i c a t e  t h a t  n e t  i nm ig ra t i on  is i n -  

i t i a l l y  p reponderant  i n  accoun t ing  f o r  t h e  growth of  t h e  urban 

reg ion ,  bu t  a s  t ime  p a s s e s ,  i t s  r o l e  d im in i shes  and n a t u r a l  

i n c r e a s e  may o r  may n o t  be t h e  main sou rce  o f  u rban growth. C lea r -  

X - u  
l y ,  F i gu re  3 i n d i c a t e s  t h a t  i f  1 

u  < 1 ( i . e . ,  x 1  < 2 u ) ,  . t h e n  R ( t )  

t e n d s  toward a l i m i t  less t h a n  one: t h e r e  is  a  c ross -over  p o i n t  

o f  t ype  I (denoted by T I )  such t h a t  f o r  t > T1 n a t u r a l  i n c r e a s e  

becomes p reponderan t .  By c o n t r a s t ,  i f  x l  > 2u, t h e r e  does n o t  ex- 

i s t  such a  p o i n t  and n e t  i nm ig ra t i on  accoun t s  f o r  t h e  l a r g e s t  p a r t  

of  urban growth a t  any t i m e  t . 

Again T1 i s  d e f i n e d  by 

and 

From (54)  it can be' shown t h a t  

Then, a t  t h e  c ross -over  p o i n t  T I ,  t h e  r a t i o  of  u rban  t o  r u r a l  pop- 

u l a t i o n  is  s imply e q u a l  t o  t h e  r a t i o  o f  t h e  r u r a l  ou tm ig ra t i on  

rate t o  t h e  sum o f  t h e  urban r a t e s  of n a t u r a l  i n c r e a s e  and  outmigra-  

t i o n .  Consequent ly ,  t h e  p a r t  o f  t h e  whole popu la t i on  which is  u r -  

ban a t  t i m e  T1 i s  



An expression of T 1  can be arrived at by combining (57) and 

(1 2) . We obtain 

I 

X 2 - 2u 
Note that T 1  is defined only if is greater than one, which 

X1 - 2u 

since x 2 < X 1  requires x l  < 2u: thus, we have obtained analytically 

the result previously suggested by Figure 3. 

What is the impact of a parameter change on the value of T I?  

It is clear that the derivation of the first derivatives of T 1  with 

respect to the parameters of the model is more complicated than in 

the case of the Keyfitz model. Since the value of T1  depends on 

x1 and x2, it is necessary to first derive the impact of a small 

parameter change on x l  and x2 and then to determine the consequences 

of the changes in x l  and x2 on TI.  The corresponding calculations 

which are rather tedious (and thus are only outlined in Appendix 3) 

do not lead to the occurrence of definite signs for the first de- 

rivatives of T I ,  as in the Keyfitz model. * 

However, the impact of parameter changes on the part of the 

population which is urban at the cross-over point can be easily de- 

rived. Differentiating (59) with respect to each of the parameters 

yields: 

*In practice, the derivation of the impact of parameter changes is 
simply obtained by comparing the new value of T I  with the initial 
one. 



I t  can be seen  t h a t  t h e  p ropo r t i on  o f  t h e  popu la t i on  which i s  

urban a t  t h e  c ross -over  p o i n t  i s  independent  of  t h e  r u r a l  r a t e  of  

n a t u r a l  i n c r e a s e .  Moreover, t h e  s m a l l e r  t h e  urban r a t e s  o f  n a t u r a l  

i n c r e a s e  and ou tm ig ra t i on  and t h e  h i g h e r  t h e  r u r a l  ou tm ig ra t i on  

r a t e ,  t h e  h i g h e r  t h i s  p ropo r t i on .  

The Magnitude of  Urban iza t ion  and t h e  Cross-over o f  Type I1 

S u b s t i t u t i n g  exp ress ion  (50b) i n t o  ( 5 )  y i e l d s  : 

an  exp ress ion  which pe rm i t s  one t o  v i s u a l i z e  t h e  v a r i a t i o n s  of a ( t )  

appear ing  i n  F i g u r e  4 .  

F i g u r e  4 .  The Rogers model a s  a  model of  u r b a n i z a t i o n :  
t h e  v a r i a t i o n s  of  a ( t)  . 



The v a r i a t i o n s  o f  a (t) i n d i c a t e  t h a t  t h e  popu la t i on  system, 

t o t a l l y  r u r a l  i n i t i a l l y ,  becomes more and more urban ized b u t  u ( t )  
0- 
L 

t e n d s  toward a  l i m i t  e q u a l  t o  
1 - u+oU+o r - . 

L C l e a r l y ,  F i g u r e  4 i n d i c a t e s  t h a t  - u+o +or > ( i . e . ,  
1  u  2  

1 x1 < U-o +or ) , t hen  a ( t)  t e n d s  toward a  l i m i t  g r e a t e r  t han  2 and u  

t h u s  t h e r e  e x i s t s  a  c ross -over  p o i n t  o f  t y p e  I1 (denoted by T2) 

d e f i n e d  a s  i n  S e c t i o n  I .  

From (55)  we f i n d  t h a t  

and from (54) t h a t  

A t  t h e  c ross -over  T2 , t h e  n e t  i nm ig ra t i on  r a t e  of  t h e  urban 

r e g i o n  i s  e q u a l ,  a s  one would e x p e c t ,  s i n c e  bo th  popu la t i ons  a r e  

e q u a l ,  t o  t h e  d i f f e r e n c e  of t h e  r u r a l  and urban ou tm ig ra t i on  r a t e s .  

An exp ress ion  of T  can be a r r i v e d  a t  by combining (62)  and 
2  



( 2 4 ) .  W e  o b t a i n  

X - u + o u  
Note t h a t  T2 i s  d e f i n e d  o n l y  i f  

2  - O r  i s  g r e a t e r  t h a n  
X 1 - u + o u - 0  r 

one.  S i n c e  x2 < x l  r e q u i r e s  x  < u  - o  + o r ,  t h u s  w e  have 1  U 

demons t ra ted  a n a l y t i c a l l y  t h e  r e s u l t  s u g g e s t e d  by F i g u r e  4 .  

What i s  t h e  impac t  o f  a  pa ramete r  change on t h e  v a l u e  of  T2? 

Again,  t h e  d e r i v a t i o n  o f  t h e  f i r s t  d e r i v a t i v e s  o f  T2 w i t h  r e s p e c t  

t o  t h e  p a r a m e t e r s  o f  t h e  mode, d o e s  n o t  l e a d  t o  f o r m u l a s  showing 

a  d e f i n i t e  s i g n  a s  i n  t h e  K e y f i t z  model. Such a  d e r i v a t i o n  i s  

a l s o  o u t l i n e d  i n  Appendix 3 .  

Comparison o f  t h e  Two Cross-over  P o i n t s  

When b o t h  c r o s s - o v e r  p o i n t s  e x i s t ,  which of  t h e  t w o  p o i n t s  

d e f i n e d  above i s  r e a c h e d  f i r s t ?  By  s u b t r a c t i n g  ( 6 )  f rom (65 )  w e  

o b t a i n  

S i n c e  x l  < u  = oU + or and x2  < 2u, i t  f o l l o w s  t h a t  T2 > T1 i f  

(x2 - u + ou - O r )  ( x l  - 2u) > ( x l  - u + ou  - o r )  (x2  - 2 u ) ,  i .e . ,  

i f  



A p p l i c a t i o n  t o  A c t u a l  P o p u l a t i o n  Systems 

L e t  u s  suppose t h a t ,  i n  a  g i v e n  y e a r ,  w e  o b s e r v e  a  popula-  

t i o n  system c h a r a c t e r i z e d  by p a r a n e t e r s  u ,  o U ,  r and or and a  

p r o p o r t i o n  o f  u rban p o p u l a t i o n  e q u a l  t o  . 
I f  t h o s e  p a r a m e t e r s  s a t i s f y  t h e  c o n d i t i o n  ( 4 4 ) ,  t h e r e  e x i s t s  

a  h y p o t h e t i c a l  p o p u l a t i o n  sys tem,  i n i t i a l l y  t o t a l l y  r u r a l  and 

s u b m i t t e d  t o t h e  c o n s t a n t  reg imes o f  n a t u r a l  i n c r e a s e  and migra- 

t i o n  d e f i n e d  by u ,  r ,  and m ,  t h a t  a t  some p o i n t  p r e s e n t s  cha rac -  

t e r i s t i cs  a s  t h e  obse rved  p o p u l a t i o n  sys tem.  

The t i m e  tD, a t  which t h i s  cor respondence o c c u r s ,  i s  s imp ly  

o b t a i n e d  a s  t h e  r o o t  o f  a ( t )  = G I  which is  un ique due t o  t h e  

c o u r s e  of e v o l u t i o n  of a ( t )  (see F i g u r e  4 ) .  I t  i s  r e a d i l y  e s t a b -  

l i s h e d  from (62 )  t h a t  

o r  a l t e r n a t i v e l y ,  

Consequent ly ,  if around t h e  o b s e r v a t i o n  p e r i o d  t h e  a c t u a l  popu- 

l a t i o n  sys tem e x h i b i t s  t h e  c o n s t a n t  reg imes o f  n a t u r a l  i n c r e a s e  

and m i g r a t i o n  d e f i n e d  by u ,  oU ,  r and o r ,  w e  can s imp ly  de te rm ine  

whether  t h i s  sys tem h a s  a l r e a d y  reached  o r  w i l l  r e a c h  t h e  two 

t y p e s  o f  c ross -ove r  p o i n t s  d e f i n e d  above. 

Again,  l e t  Ti  and T i  d e n o t e  t h e  t i m e  s p a n s  n e c e s s a r y  t o  

r e a c h  t h e  c ross -ove r  p o i n t s ,  o f  t y p e s  I and I1 r e s p e c t i v e l y ,  from 



the observed period. Using (39) we have 

and 

Fuom these formulas, it is easy to show that T i  is positive if 

- 0 0 r 
O 1 < U  + o u  + Or 

and that T i  is positive if 

. Note that the knowledge of the variations of 

s (t) and formulas (58) and (25) lead to the same results. 

Hence, the simple comparison of the observed ratio of popu- 

0 r lation with the quotient + permits one to immediately 
u 

determine whether the cross-over point of the first type has 

already been reached. In addition, the relative values of S 
and the number 1 determine whether the cross-over point of the 

second type has been reached or not. 

Again, the impact of small parameter changes on T i  and T i  

can be obtained after tedious computations (See Appendix 3). 



* 
Numer ica l  I l l u s t r a t i o n s  

The p a r a m e t e r s  r e l e v a n t  t o  t h e  a p p l i c a t i o n  o f  t h e  Rogers 

model t o  t h e  USSR c a s e  a r e :  

T h i s  o b s e r v e d  p o p u l a t i o n  sys tem c o r r e s p o n d s  t o  t h e  s u b s e q u e n t  

s t a t e  o f  a  h y p o t h e t i c a l  p o p u l a t i o n ,  c h a r a c t e r i z e d  a s  i n  t h e  above  

d i s c u s s i o n s  and  o c c u r r i n g  a t  t i m e  tD g i v e n  by: 

* *  
tD = 30.2  y e a r s  

I n  t h i s  sys tem,  t h e  u rban  p o p u l a t i o n  m o n o t o n i c a l l y  i n c r e a s e s  

w h i l e  t h e  r u r a l  p o p u l a t i o n  f i r s t  d e c r e a s e s ,  p a s s e s  t h r o u g h  a  min i -  

mum and t h e n  i n c r e a s e s .  Both p o p u l a t i o n s  become i n f i n i t e l y  p o s i -  

t i v e ,  growing a t  t h e  same r a t e  x l  = 0.925 p e r c e n t .  

The u rban  n e t  m i g r a t i o n  r a t e  (+  i n i t i a l l y )  m o n o t o n i c a l l y  

d e c r e a s e s  toward  x l  - u  = 0.00025 (as t + . . ) reaching t h e  v a l u e  1 

c o r r e s p o n d i n g  t o  t h e  c r o s s - o v e r  p o i n t  o f  t y p e  I a t  t i m e  T1 g i v e n  

by 

y e a r s  

The t i m e  span  n e c e s s a r y  t o  r e a c h  t h i s  c r o s s - o v e r  p o i n t  f rom 

t h e  o b s e r v e d  p e r i o d  i s  t h e n  

Ti = t l  - tD = 9 . 9  y e a r s  

*These n u m e r i c a l  i l l u s t r a t i o n s  a r e  summarized i n  T a b l e  4 .  
**The two r o o t s  o f  ( 46 )  a r e  x l  = 0.00925 and  x 2  = -0.03625. 



Table 4. The Rogers Model: Numerical Illustrations. 
INPUT DATA . - -  - - - 

- 
REGION RU 0U OU OU RR BR OR - - O R -  

- - --- - - - 
- USSR 25.0 17.0 0.0 l l . O ~ l l a O  I9.0 9.1 SS.0 
- - I N O I A  37.0 JB.0 10.0 10.B 17.0 39.9 17.8 7.0 -- - - -- - -- . - ............. 

~ . ~- - - . - - - - - -- . . 
RU a GROWTH RATE OF URBAN REGION 

- 

.- ~- . .~ BU rn BIRTH RATE OF URBAN REGION 
OU m DEATH RATE OF URBAN REGION ' -  

-. 

-. OU a OUTMIGRATION RATE OF URBAN REGION .. . . .  . - - - - - - - - - -- . - - - - - - - ... 
RR r GROWTH RATE OF RURAL REGION 

.. 1 BASIC DATA ~ . . . .  ~ . . -. ~- ... - ~ .  . 

- -- REGION U 0 U R OR - a -- ALPHA - - - - - - . - 

~ ~. U NATURAL INCREASE RATE OF URBAN POPULATION . . - . -. - -. - -. -. . 
UU a OUTMIGRATION RATE OF URBAN POPULAf lON 
R a NATURAL INCREASE RATE OF RURAL POPULATION ~ _ _ _  . - .  - -  . -. 

OR OUTMIGRATION RATE OF RURAL POPULATION 
8 8 RATIO 0 1  URBAN TO RURAL POPULATION . ~~ -- - . - . - . . ~. . . ..... 
ALPHA . r r R T  OF POPULATION urxcn IS URBAN 

REGION INIT r e 1  t c 2  TDI 70.2 RURAL POPULATION A T  URBAN POPULATION AT P A R T  WHICH IS URBAN A T  
ZERO I N l T  T C l  _ _ _  TCL ZERO I N l T  T C I  TCa ZERO N I T  T C l  TCZ I N ?  - 

. - USSR 3 0 0 # 1  23.5 9.9 -6.7 l m 0 8  0.58 0.53 B.61 8.80 0.76 0.95 0.65 0.08 0.57 B a b 4  0.10 
I H D I A  49.9 37.7 0.8 r l Z I Z  0.0 t.00 2.29 1 a 8 0 - - 8 1 0 0  0.08 @.I7 0.05 - 8 . 0 0  8.00 0.23 0,iP 0.00 0.36 .... I........ 

. -~ -- .... 
ZERO m I N I T I A L  PERIOD -IN K E Y f I T Z  T IHE FRAME 
I N I T  a OBSERVED PERIOD IN KEVFITZ TIME FRAME - 

-OVER T Y P E  IN KeYfITt  
.. -. 

T C l  . CROSS 
. ... ... -~ % TCZ C40SS-OVER TYPE Two I N  wEvF ITz  TIME FRAME _ 

I D 1  rn CROSS-OVER TVPE ONE I N  AC7dAL TIME FRAHC 
TDZ r CROSSrOVER TVPE TWO I N  ACTUAL TIME FRAME . --- - .~ . ~ ~ 

I N F  a LONG RUN 
.- . - -- - .- - - 

I SENSIT IV ITY  ANALYSIS 

REGION CHANGE I N  T D l  CHANGE I N  TO2 .--- - 

DUE T O  CHANGE IN ouc T O  c n r N o e  r N  
U 0 U R OR U 0 U R p  OR 

-- 

- -- -- - - ALL SVMBOLS nrve SAME MEANING A S  ABOVE- ---- . - 
THE MAGNITUDE 0 t  THE ~XOGENOUS CHANGE8 INUeOU,R-AND-OR I 8  0 .001-  



A t  t h i s  c r o s s - o v e r  p o i n t ,  t h e  p a r t  o f  t h e  p o p u l a t i o n  which 

i s  urban i s  e q u a l  t o  

i . e . ,  63.6 p e r c e n t ,  a  v a l u e  h i g h e r  t h a n  t h e  obse rved  56.76 p e r -  

c e n t  (which was e x p e c t e d  s i n c e  Ti i s  p o s i t i v e ) .  

However, a ( t )  m o n o t o n i c a l l y  i n c r e a s e s  toward a  l i m i t  which 

a p p e a r s  t o  be  0.7568 ( i . e . ,  75.68 p e r c e n t  i s  u l t i m a t e l y  concen- 
1  t r a t e d  i n  t h e  u rban r e g i o n ) .  I t  t a k e s  on t h e  v a l u e  I co r respond-  

i n g  t o  t h e  c r o s s - o v e r  p o i n t  o f  t y p e  I1 a t  t i m e  T2 g i v e n  by 

T~ = 23.5 y e a r s  . 

I t  f o l l o w s  t h a t  t h i s  c r o s s - o v e r  p o i n t  h a s  been r e a c h e d  6 .7  

y e a r s  b e f o r e  t h e  o b s e r v a t i o n  p e r i o d .  

The impact  o f  s m a l l  pa ramete r  changes  on  t h e  t i m e  s p a n s  nec- 

e s s a r y  t o  r e a c h  t h e  c r o s s - o v e r  p o i n t s  h a s  been c a l c u l a t e d  w i t h  

r e f e r e n c e  t o  b o t h  t h e  K e y f i t z  t i m e  f rame ( t h e  one  o f  t h e  hypo- 

t h e t i c a l  sys tems  l e a d i n g  t o  t h e  obse rved  p o p u l a t i o n  sys tem o f  

t h e  USSR) and t h e  a c t u a l  t i m e  f rame.  

I t  t u r n s  o u t  t h a t ,  a  s l i g h t l y  s m a l l e r  u rban r a t e  o f  n a t u r a l  

i n c r e a s e  (0 .8  p e r c e n t  v e r s u s  0.9 p e r c e n t )  would d e l a y  t h e  c r o s s -  

o v e r  o f  t y p e  I by 2.2 y e a r s  and h a s t e n  t h e  c r o s s - o v e r  o f  t y p e  I1 

by 0.2 y e a r s .  A l so ,  a  s l i g h t l y  h i g h e r  r u r a l  o u t m i g r a t i o n  r a t e  

( 3 . 6  p e r c e n t  r a t h e r  t h a n  3 .5  p e r c e n t )  would d e l a y  b o t h  c r o s s - o v e r  

p o i n t s  (by 0.6 and 0 .3  y e a r s  r e s p e c t i v e l y ) ,  w h i l e  a  s l i g h t l y  

h i g h e r  u rban o u t m i g r a t i o n  r a t e  (1 .2  p e r c e n t  i n s t e a d  o f  1 .1  pe r -  

c e n t )  would h a s t e n  b o t h  c r o s s - o v e r  p o i n t s  (by 1 .3  and 0.4 y e a r s  

r e s p e c t i v e l y ) .  



I n  t h e  c a s e  o f  t h e  r u r a l - u r b a n  sys tem of  I n d i a  i n  t h e  l a t e  

s i x t i e s ,  t h e  p a r a m e t e r s  of  t h e  Rogers model a r e  

- 
u  = 0.020; ou = 0.010; r = 0.022;  or = 0.007;  and S = 0 . 2 9 4 .  

T h i s  obse rved  p o p u l a t i o n  sys tem a p p e a r s  t o  be  i d e n t i c a l  t o  

t h e  subsequen t  s t a t e  o f  a  h y p o t h e t i c a l  p o p u l a t i o n  sys tem,  cha rac -  

t e r i z e d  a s  i n  t h e  above d i s c u s s i o n  and o c c u r r i n g  a t  t i m e  t g i v e n  D 
by 

- - * 
i n  2.396 = 49.9 y e a r s  

t~ 0.0175 

I n  t h i s  sys tem,  b o t h  r u r a l  and urban p o p u l a t i o n s  monotoni- 

c a l l y  i n c r e a s e ,  u l t i m a t e l y  growing a t  a 2.125 p e r c e n t  r a t e .  

~ ( t )  m o n o t o n i c a l l y  d e c r e a s e s  f rom + ( f o r  t = 0 )  t o  x l  - u  

= 0.00125 (as t + + m )  r e a c h i n g  t h e  v a l u e  1  c o r r e s p o n d i n g  t o  t h e  

c r o s s - o v e r  p o i n t  o f  t y p e  I a t  t i m e  T1  g i v e n  by 

Thus, t h e  urban growth  i n  t h e  o b s e r v e d  I n d i a n  sys tem i s  due 

r a t h e r  t o  n a t u r a l  i n c r e a s e  t h a n  t o  n e t  i n m i g r a t i o n  s i n c e  t h e  

c r o s s - o v e r  p o i n t  h a s  been p a s s e d  12.1 y e a r s  e a r l i e r  (49 .8  - 3 7 . 7 ) .  

A t  t h i s  c r o s s - o v e r  p o i n t ,  t h e  p a r t  o f  p o p u l a t i o n  which was 

urban was t h e n  

*The t w o  r o o t s  o f  (46 )  i n  t h i s  c a s e  a r e  x l  = 0.02125 and x2 = 
0.00375. 



i . e . ,  18.92 p e r c e n t  (compared t o  22.73 p e r c e n t  i n  t h e  o b s e r v a t i o n  

p e r i o d )  . 
On t h e  o t h e r  hand,  a ( t )  monoton ica l l y  i n c r e a s e s  from z e r o  

( f o r  t = 0)  t o  38.36 p e r c e n t  ( f o r  t + +  a). T h e r e f o r e ,  t h e  

obse rved  I n d i a n  sys tem d o e s  n o t  admi t  any c r o s s - o v e r  p o i n t  o f  

t y p e  11. 

What a b o u t  t h e  e f f e c t  o f  s m a l l  pa ramete r  changes on t h e  

c r o s s - o v e r  of  t y p e  I ?  The r e s u l t s  o f  Tab le  4  under  t h e  head ing  

" S e n s i t i v i t y  A n a l y s i s "  i n d i c a t e  t h a t  a  s l i g h t l y  s m a l l e r  urban 

r a t e  of  n a t u r a l  i n c r e a s e  would d e l a y  t h e  c r o s s - o v e r  p o i n t s  by 

0.74 y e a r s  ( f o r  a  .1 p e r c e n t  d e c r e a s e  i n  u )  . I ndeed ,  h i g h e r  o u t -  

m i g r a t i o n  rates a l s o  d e l a y  t h e  o c c u r r e n c e  o f  t h i s  c r o s s - o v e r  ( t h e  

d e l a y  i s  7.7 y e a r s  i f  t h e  r u r a l  o u t m i g r a t i o n  r a t e  i n c r e a s e s  from 

. 7  t o  .8 p e r c e n t )  . 
Note t h a t ,  s u r p r i s i n g l y ,  a  l a r g e r  r u r a l  r a t e  o f  n a t u r a l  i n -  

c r e a s e  c o n t r i b u t e s  t o  h a s t e n  even more t h e  o c c u r r e n c e  o f  t h e  

c r o s s - o v e r .  

CONCLUS I O N  

T h i s  paper  h a s  s o u g h t  t o  examine t h e  impor tance and t h e  f o r -  

ces o f  u r b a n i z a t i o n  under  c o n s t a n t  schemes o f  n a t u r a l  i n c r e a s e  

and  m i g r a t i o n .  Fo l l ow ing  up a n  ear l ier  paper  (Leden t ,  1 9 7 8 ) ~  w e  

have p o i n t e d  o u t  t h e  problems r a i s e d  by t h e  u s e  o f  t h e  K e y f i t z  

model and e v a l u a t e d  t h e  r e l e v a n c e  o f  u s i n g  a n  a l t e r n a t i v e  frame- 

work f o r  t h i s  pu rpose ,  namely = c o n t i n u o u s  two-region v e r s i o n  o f  

t h e  Rogers model(. 

The main c o n c l u s i o n  is t h a t ,  i f  t h e  second model removes some 

o f  t h e  l i m i t a t i o n s  o f  t h e  K e y f i t z  model ( p o s s i b l e  v a n i s h i n g  r u r a l  

p o p u l a t i o n ) ,  it a l s o  b r i n g s  i t s  own d i f f i c u l t i e s .  The e x i s t e n c e  

o f  a l i m i t i n g  r e g i o n a l  d i s t r i b u t i o n ,  a(..) < 1  ( c o n t r a s t i n g  w i t h  

a ( m )  = 1  i n  t h e  case o f  t h e  K e y f i t z  model) does  n o t  e n s u r e  t h e  

e x i s t e n c e  o f  c r o s s - o v e r  p o i n t s ,  e s p e c i a l l y  i n  t h e  case o f  t h e  

c r o s s - o v e r  o f  t y p e  11. 

Tab le  5 shows t h e  c o n t r a s t  between t h e  r e s u l t s  o f  t h e  two 

a l t e r n a t i v e  models when a p p l i e d  t o  two a c t u a l  p o p u l a t i o n  sys tems.  



It indicates the existence of a large discrepancy between the 

cross-over measures to which they lead. 

Table 5 .  The results of the two models contrasted. 

Which of the two models is then the most relevant to give 

insights into the urbanization phenomenon? This paper has not 

brought any definite answer to this question; nevertheless it 

suggests that the Rogers framework is more appropriate because 

a) its limiting regional distribution (a consequence of 

the Markov chain formulation of the model) is less re- 

strictive than the vanishing of the rural population in 

the alternative nodel, and 

USSR 

b) a rural-urban net migration rate is much more volatile 

than the corresponding rural and urban outmigration 

rates because of the relative variations of the urban 

and rural populations. 

INDIA 

In practice, however, the use of the Rogers framework might 

well be hindered by the fact that actual migration data for most 

regional systems generally consist of data on net migration only 

(United Nations, 1 9 7 6 )  . 

Roqers 
Model 

4 0 . 1  

0 . 6 4  

2 3 . 5  

- 3 0 . 2  

9 . 9  

- 6 . 7  

1  

a ( T I  

T2  

T~ 

T i  

Keyfitz 
Model 

4 6 . 6  

0 . 2 0  

1 5 6 . 7  

- 5 4 . 2  

7 . 6  

1 0 2 . 5  

Keyfitz 
Mode 1 

5 8 . 5  

0.70 

3 3 . 4  

- 4 0 . 5  

1 8 . 0  

- 7 . 1  

Rogers 
Model 

3 7 . 7  

0 . 1 9  

---- 
-- - , 

- 4 9 . 9  

- 1 2 . 2  

---- 



F i n a l l y ,  s i n c e  a c t u a l  p o p u l a t i o n  sys tems do n o t  e x h i b i t  con- 

s t a n t  schemes o f  n a t u r a l  i n c r e a s e  and m i g r a t i o n ,  t h e  q u e s t i o n  o f  

whether  u rban  a r e a s  grow from n a t u r a l  i n c r e a s e  o r  from inmigra-  

t i o n ,  ought  t o  b e  reexamined i n  t h e  c o n t e x t  o f  v a r y i n g  r a t e s .  

T h i s  e x t e n s i o n  w i l l  be  c a r r i e d  o u t  i n  a  fo r thcoming  paper .  
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Appendix - 1 

The K e y f i t z  model: O b t a i n i n g  t h e  s i g n s  o f  t h e  f i r s t  de- 

r i v a t i v e s  of  TI w 

The f i r s t  d e r i v a t i v e  o f  TI w i t h  r e s p e c t  t o  t h e  urban r a t e  

dT 1  of  n a t u r a l  i n c r e a s e  - 
du I g i v e n  by ( 1 6 ) ,  h a s  t h e  s i g n  o f  

Because o f  t h e  r e s t r i c t i o n s  ( 2 )  and ( 9 ) ,  it i s  obv ious  t h a t  

y  i s  n e g a t i v e  i f  r i s  less t h a n  o r  e q u a l  t o  m. I n  t h e  c a s e  

r > m, w e  must a n a l y z e  t h e  v a r i a t i o n s  of  y  t o  d e t e r m i n e  i t s  s i g n .  

S i n c e  t h e  f i r s t  component o f  y  can b e  r e w r i t t e n  a s  

t h e  f i r s t  d e r i v a t i v e  * i s  o b t a i n e d  a s  
du 

4 1 r - m  ( u + m - r )  - - + - - - I +  I ( 2 u + m - r ) 2  ua u ( 2 u  + m - r )  

m - r  - -  
u2 



Th is  e x p r e s s i o n  r e d u c e s  t o  

(U  + m - r )  ( m  - r) (4u  + m - r )  ---. - ..----- --- r - m  r - m  + - - - --- - .+- - - - 
u 2 ( 2 u  4- m - r) u ( 2 u  + m - r )  u ( 2 u  + ~n - r )  

i n  which t h e  l a s t  two t e r m s  c a n c e l  o u t .  Thus 9 dU h a s  t h e  s i g n  of 

( m  - r) . S i n c e  r > m ,  3 i s  n e g a t i v e  and y d e c r e a s e s .  Moreover, du 

w e  n o t e  t h a t  i f  u = r - m [ t h e  s m a l l e r  v a l u e  k h a t  u can t a k e  be- 

c a u s e  o f  t h e  c o n s t r a i n t  ( 2 ) 1 ,  y t a k e s  on t h e  v a l u e  z e r o .  W e  t h e n  

conc lude t h a t  y i s  a l s o  n e g a t i v e ,  whatever  t h e  v a l u e s  o f  t h e  model 

p a r a m e t e r s ,  i n  t h e  c a s e  r > m .  Then, i n  a l l  c i r c u m s t a n c e s  

dT 1 
and dr , g i v e n  by ( 1  7)  , h a s  t h e  s i g n  of  

which c a n  be d e t e r m i n e d  by a n a l y z i n g  t h e  v a r i a t i o n s  o f  z .  D i f f e r -  

e n t i a t i n g  z w i t h  r e s p e c t  t o  r y i e l d s :  



an e x p r e s s i o n  which r e d u c e s  t o  

which i s  indeed  n e g a t i v e .  

Then, z m o n o t o n i c a l l y  d e c r e a s e s .  Because o f  t h e  c o n s t r a i n t  

( 2 ) ,  z i s  a lways  h i g h e r  t h a n  t h e  v a l u e  it t a k e s  on when r = u + m, 
i . e . ,  z e r o .  Thus,  z i s  a lways p o s i t i v e  and 

dT1 - 
dm 

dT 1 F i n a l l y ,  s i n c e  - - - - 
d r  w e  have 



Appendix 2 

The Key f i t z  model: App l i ca t i on  t o  t h e  wor ld ,  macroreg ions,  

and r e g i o n s  a s  d e f i n e d  by t h e  Uni ted Nat ions .  

The Model proposed by Key f i t z  has  been a p p l i e d  t o  t h e  wor ld ,  

macroregions a s  d e f i n e d  by t h e  Uni ted Nat ions  (1976) f o r  t h e  

y e a r  1960. 

Tab le  A1 shows t h e  i n p u t  d a t a  found i n  t h e  UN p u b l i c a t i o n  

and used t o  d e r i v e  t h e  parameters  reques ted  by t h e  Key f i t z  model. 

The l a t t e r  a r e  d i s p l a y e d  i n  Tab le  A 2 .  

Table A3 shows t h e  v a r i o u s  t i m e  spans necessa ry  t o  r each  

bo th  o f  t h e  c ross -over  p o i n t s  ( i n  t h e  Key f i t z  t i m e  frame and 

a c t u a l  t i m e  f r a m e s ) .  Comments sugges ted  by t h e  r e s u l t s  o f  t h i s  

Tab le  appear  i n  t h e  t e x t  a t  t h e  end o f  t h e  f i r s t  s e c t i o n .  

The impact  o f  sma l l  parameter  changes on t h e  v a r i o u s  c ross -  

over  measures was c a l c u l a t e d  us ing  t h e  formulas  t h a t  g i v e  t h e i r  

f i r s t  d e r i v a t i v e s  w i t h  r e s p e c t  t o  t h e  model pa ramete rs .  I t  was 

a l s o  determined by comparing t h e  new c ross -over  measures,  ca lcu -  

l a t e d  f o r  sma l l  parameter  changes equa l  t o  . I  p e r c e n t ,  w i t h  t h e  

r e f e r e n c e  measures.  The cor respond ing r e s u l t s  a r e  shown i n  Table 

A 4  and A5 r e s p e c t i v e l y ;  t hey  i n d i c a t e  t h e  e x i s t e n c e  of  sma l l  

d i s c r e p a n c i e s .  



Tab le  A l .  I N Y ~ I T  [)AT A 

WDRLO 33 .g  
k * * * * * * * k * * * * * t * * t * * *  

M O R E  WFVFLOPEU R E G ,  23 .5  
L E S S  OEVELCIPEII REG, 45.5 
* * * * * * * * * a * * * * * * * * * * *  
A F R I C A  44.8 
NORTHFRh A M E R T C A  211.3 
L A T I N  AflEWZCA 4 b . h  
EAST A S I A  48 .b  
SOUTH A S I A  Jb.7  
EUROPE 17.9 
o C E A N I A  26.P 
USSR 34.5 
* * * * * * * * * & * * * * * * * * * * *  
WESTERN A F R I C A  49 .9  
EASTERN A F Q I C A  49.9 
NORTHERN A F R I C A  42.3 
M IOOLE  4 F W l C A  58 .6  
SOUTHERN A F R I C A  3 2 . 9  
NORTHERN AYERICA  24.3 
T R O P I C A L  SOUTH AMER, 49 .6  
M I O D L E  AMtR.  (MA INL .1  U 7 . 6  
TEMPERATE SOUTH A Y E ,  38.2 
C A R I B B E A N  34.2 
C H I N P  5m.3 
JAPAN 29 .2  
OTHER EAST  A S I A  5 6 . 2  
M I O n L E  S O l J T H  A S 1 4  32.b 
SOUTH EAST  A S I A  U3.3 
SOUTH WEST A S I A  46.4 
MESTERN EUROPE 19 .5  
SOUTHERN EUROPF 2 1  ,fl 
E A S T E R N  E U R O P E  19,r? 
NORTHkRN El lRDpE l i e ?  
A U S T R A L I A  AND N . 7 ,  2 5 , 8  
MELANESIA  47.9 
M I C R f l N E S I A  AND P q L ,  47,h 
IJSSR 34.5 
..................... 

RU 3 G P ~ W T H  RATE OF I I A P A ~  P O P U L A T I Q N ( * ~ C ~ @ B )  
e l l  = RIWTH R A T E  n F  LIWBAN P U P U L A T I O N ( * ~ O B ~ )  
DlJ = DFATH RATE OF URBAN P O P U L A T I O N ( * I B B @ I  
R R  : G H n d T H  RATE OF RURAL P C I P I J L A T I O N ( * ~ C J ~ ~ )  
RR 3 B I R T H  R A T E  OF PIJRAC P O P U L A T I O N ~ * ~ @ ~ ~ ~ I  
nR = D C A T H  R A T E  OF ~ I J R A L  P O P U C A T I O N ( * ~ ~ ~ P I  



Table A 2 .  B A S I C  DATA 

REGION 

WORLD 
* * * * * * * * * * * a * * * * * * * * *  
MORE DEVELOPEC) REG.  
L E S S  DEVELOPED REG. 
..................... 

AFRICA 
NORTHERN AMERICA 
L A T I N  AHERICA 
EAST A S I A  
SOUTIl A S I A  
EUROPE 
OCEANIA 
1'SSR 
. . . . . . . . . . . . . . . . . . . . .  
WESTERN A F R I C A  
EASTERN AFRICA 
NORTHERN AFRICA 
M I D D L E  AFRICA 
SOUTHERN AFRICA 
NORTHERN AMERICA 
TROPICAL SOUTH AHER, 
M I D D L E  AHER,(MAINL,) 
TEHPERATE SOUTH AME, 
CARIBBEAN 
C H I N A  
JAPAN 
OTHER EAST A S I A  
M I D D L E  SOUTH A S I A  
SOUTH EAST A S I A  
SOUTH WEST A S I A  
WESTERN EUROPE 
SOUTHERN EUROPE 
EASTERN EUROPE 
NORTHERN EURqPE 
AUSTRALIA A N t  N,Z, 
M E L A N E S I A  
MICRONESIA AND POL, 
USSR 
* * * * * * * * * * * * * * * * * * * * *  

ALPYA 

U m N A r u R A L  INCREASE HATE OF UHAAN POPULATION 
R E NATURAL INCREASE RATE OF RURAL POPULATION 
H r NET OUTMIGRATION RATE OF RURAL POPULATION 
S r R A T I O  OF URBAN TO R U R A L  POPULATION 
ALPHA m PART OF POPULATION I N  URBAN AREA 














