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PREFACE 

To forecast  observations from a time s e r i e s  provides an 
important bas is  fo r  planning and cont ro l .  The problem of how 
t o  make good fo recas ts  a r i s e s  i n  many areas of app l ica t ion  a t  
IIASA, and i s  dea l t  within the System and Decision Sciences 
area.  

Forecasters who use models which are  spec i f ied  and e s t i -  
mated from past  data a re  concerned whether s t ruc tu re  and param- 
e t e r s  of t he  models change over time. The s t a b i l i t y  ( o r  ad- 
a p t i v i t y )  of fo recas ts  from time s e r i e s  models with respect  t o  
in tervent ions such a s  s tep  changes o r  o u t l i e r s  i s  discussed i n  
t h i s  paper. Furthermore a s t a t i s t i c a l  t e s t  t o  assess parameter 
changes i n  the  model i s  described. 





ABSTRACT 

The e f f e c t  o f  i n t e r v e n t i o n s  on economic v a r i a b l e s  i n  t h e  
p r e s e n c e  o f  a  time dependen t  n o i s e  s t r u c t u r e  i s  mode l l ed  i n  
t h i s  p a p e r .  F o r e c a s t s  f rom such  models  a r e  d e r i v e d  and  it i s  
d i s c u s s e d  whe the r  f o r e c a s t s  f rom ARIb rS  t i m e  series models  a r e  
a d a p t i v e  w i t h  r e s p e c t  t o  i n t e r v e n t i o n s  such  a s  changes  i n  t h e  
l e v e l  o r  o u t l i e r s .  

An o v e r a l l  c r i t e r i o n  t o  t e s t  t h e  s t a b i l i t y  o f  t h e  param- 
eters  i n  ARIhIA models  i s  d e r i v e d  and a p p l i e d  t o  t h r e e  A u s t r i a n  
macroeconomic s e q u e n c e s .  





ADAPTIVITY AND STABILITY OF TII4E SERIES MODELS 

I n t r o d u c t i o n  and Sumrnarv 

Economic f o r e c a s t e r s  who use  models which a r e  s p e c i f i e d  and 

e s t i m a t e d  from p a s t  d a t a  are always concerned whether  t h e  s t r u c -  

t u r e  and t h e  pa rame te r s  of  t h e i r  models change o v e r  t i m e .  S i n c e  

p r e d i c t i o n s  are u s u a l l y  o b t a i n e d  under  t h e  assumpt ion  of  con- 

s t a n t  pa rame te r s ,  t i m e  chang ing  pa ramete rs  can s e r i o u s l y  a f f e c t  

t h e  f o r e c a s t s .  

S t a b i l i t y  o f  t h e  s t r u c t u r e  and pa ramete rs  o f  t h e  model ove r  

t i m e  i s  impo r t an t  bo th  f o r  f o r e c a s t s  from economet r i c  models 

( s imu l taneous  e q u a t i o n  models which r e p r e s e n t  r e l a t i o n s h i p s  among 

economic v a r i a b l e s )  as w e l l  a s  f o r  f o r e c a s t s  which are d e r i v e d  

from u n i v a r i a t e  t i m e  series models ,  commonly known under  t h e  name 

o f  Box-Jenkins ( o r  ARIMA) models. 

I n  t h i s  pape r  w e  f o c u s  on t i m e  s e r i e s  models and c o n s i d e r  

v a r i o u s  a s p e c t s  o f  pa ramete r  changes i n  such models.  I n  p a r t i c -  

u l a r  w e  d i s c u s s  how t h e  e f f e c t  o f  an i n t e r v e n t i o n  on a  g i ven  

economic v a r i a b l e  can  be  model led i n  t h e  p resence  o f  a t i m e  de- 

pendent  n o i s e  s t r u c t u r e .  Examples f o r  i n t e r v e n t i o n  e f f e c t s  on 

economic v a r i a b l e s  are t h e  e f f e c t s  o f  a  preannounced i n t r o d u c t i o n  

o f  an a d d i t i o n a l  car sales t a x  on c a r  sales, t h e  e f f e c t s  o f  t h e  

i n t r o d u c t i o n  of  v a l u e  added t a x  on consumpt ion,  t h e  e f f e c t s  o f  

a  r e c e s s i o n  on main economic i n d i c a t o r s ,  t h e  e f f e c t s  o f  a  wage 

p r i c e  f r e e z e  on t h e  consumer p r i c e  i ndex ,  etc.  W e  i n t r o d u c e  

d i f f e r e n c e  e q u a t i o n  models t o  r e p r e s e n t  t h e  p o s s i b l e  dynamic 

c h a r a c t e r i s t i c s  o f  t h e  i n t e r v e n t i o n  and t h e  n o i s e .  Fur thermore  

w e  d i s c u s s  t h e  a d a p t i v i t y  ( o r  s e n s i t i v i t y )  o f  f o r e c a s t s  f rom 

t i m e  series models w i t h  r e s p e c t  t o  such i n t e r v e n t i o n s .  I t  i s  

i n v e s t i g a t e d  whether  f o r e c a s t s  from ARIMA t ime  series models can  

be expec ted  t o  be  a d a p t i v e  w i t h  r e s p e c t  t o  a n  i n t e r v e n t i o n  such  

as a change i n  t h e  l e v e l  o f  t h e  series. 



The d e t e c t i o n  of  pa ramete r  changes and a  t e s t  f o r  s t a b i l i t y  

o f  t h e  model is d i s c u s s e d  i n  t h e  l a s t  s e c t i o n  of t h e  paper .  Such 

an  a n a l y s i s  i s  on l y  p o s s i b l e  i f  o b s e r v a t i o n s  a f t e r  t h e  supposed 

i n t e r v e n t i o n  a r e  a v a i l a b l e .  An o v e r a l l  c r i t e r i o n  i s  g iven  which 

uses  t h e  f o r e c a s t  e r r o r s  t o  t e s t  whether  t h e  model h a s  s i g n i f i -  

c a n t l y  changed a f t e r  t h e  i n t e r v e n t i o n  took  p l a c e .  T h i s  o v e r a l l  

tes t  c r i t e r i o n  h a s  t h e  advantage of  be ing n o t  s p e c i f i c  w i t h  re- 

s p e c t  t o  t h e  f e a r e d  d isc repancy .  

I t  i s  i l l u s t r a t e d  on t h r e e  q u a r t e r l y  Aus t r i an  economic 

s e r i e s  ( g r o s s  n a t i o n a l  p roduc t ,  t o t a l  p r i v a t e  consumption, t o t a l  

g r o s s  inves tment  i n  f i x e d  a s s e t s ;  a l l  i n  r e a l  t e r m s ) .  I t  i s  

t e s t e d  whether  t h e  t ime s e r i e s  models which a r e  e s t i m a t e d  u s i n g  

d a t a  up t o  1974/3 s t i l l  adequa te ly  d e s c r i b e  t h e  p e r i o d  1974/4 

t o  1976/4. Such an a n a l y s i s  i s  u s e f u l  s i r~ce it can i n d i c a t e  

whether  t h e  l a s t  economic crisis changed t h e  dynamics o f  t h e  

mode 1. 

I f  one conc ludes  t h a t  a g iven  model i s  n o t  a  v a l i d  d e s c r i p -  

t i o n  o f  t h e  most r e c e n t  d a t a  one has  t o  examine t h e  f o r e c a s t  

e r r o r s  and s u g g e s t  t h e o r e t i c a l  e x p l a n a t i o n s  f o r  t h e  model change. 

P a t t e r n s  i n  t h e  f o r e c a s t  e r r o r s  can be used t o  s p e c u l a t e  on how 

t h e  model h a s  changed. 

1 . The Model 

Le t  u s  deno te  t h e  t i m e  series, which i s  observed a t  e q u a l  

i n t e r v a l s ,  by ... z I Z ~ I ~ ~ + ~ ~ - ~  . The model which i s  con- t- 1 
s i d e r e d  i n  t h i s  pape r  i s  g i ven  by 

where 

(a) t h e  n o i s e  nt f o l l ows  a  s t o c h a s t i c  d i f f e r e n c e  equa t i on  

(ARIMA) model o f  t h e  form 



{ a  ) i s  a  sequence of independent  normal ly  d i s t r i b u t e d  random t 
v a r i a b l e s  w i t h  mean ze ro  and c o n s t a n t  va r i ance .  B i s  t h e  back- 

m s h i f t  o p e r a t o r  i . e . ,  B a t  = a  e ( B )  = 1 - e l ~ -  . - e B~ i s  t - m  ' q  
t h e  moving average o p e r a t o r  and it i s  assumed t h a t  i t s  r o o t s  l i e  

o u t s i d e  t h e  u n i t  c i r c l e  ( i n v e r t i b i l i t y  c o n d i t i o n ) .  Y ( B )  = 

1 - V , B - .  . . - Q p B  i s  t h e  a u t o r e g r e s s i v e  o p e r a t o r  and i t s  r o o t s  

a r e  assumed t o  l i e  on o r  o u t s i d e  t h e  u n i t  circ le.  Roots of  
4 

'Q(B) = 0 on t h e  u n i t  c i r c l e  ( i .e .  t e r m s  l i k e  1 - B ,  1 - B  , 
1 - O B  + B ~ ,  e t c . )  a r e  a b l e  t o  r e p r e s e n t  c e r t a i n  k i n d s  o f  s t a b l e  

non s t a t i o n a r y  p rocesses .  

The c l a s s  of a u t o r e g r e s s i v e  i n t e g r a t e d  moving average  mod- 

els  ( 1 .2 )  ( i n t e g r a t e d  because of  d i f f e r e n c e  o p e r a t o r s  1 - B )  was 

o r i g i n a l l y  i n t r oduced  by Box and Jenk ins  [ I ] .  A d e t a i l e d  de- 

s c r i p t i o n  and a p p l i c a t i o n  of  t h e s e  mcdels t o  Aus t r i an  economic 

d a t a  can be found i n  L e d o l t e r ,  Schebeck and Thury [ 6 ] .  

( b )  f  ( w ,  8 ,x, t )  i s  a  dynamic d i f f e r e n c e  equa t i on  model re- - - 
p r e s e n t i n g  t h e  a d d i t i o n a l  e f f e c t  o f  an  exogenous v a r i a b l e  xt 

over  t h e  n o i s e ;  

w ( B )  and b ( B )  a r e  polynomials  i n  B o f  degree  r and s ,  r e s p e c t i v e l y ;  

The r o o t s  of  8 ( B )  = 0 a r e  assumed t o  l i e  o u t s i d e  t h e  u n i t  c i r c l e .  

xt i s  an exogenous t ime series whose e f f e c t  needs t o  be taken  

i n t o  account .  I n  t h i s  paper  xt w i l l  be an i n d i c a t o r  v a r i a b l e  

t a k i n g  t h e  v a l u e s  0 and 1 t o  d e s c r i b e  t h e  nonoccurrence and oc- 

cu r rence  of  an i n t e r v e n t i o n .  

E s p e c i a l l y  u s e f u l  i n d i c a t o r  v a r i a b l e s  a r e  t h e  i n d i c a t o r  

v a r i a b l e  r e p r e s e n t i n g  a s t e p  



- ('1 = o for t < T) ('I= 1 for t > T  and xt (xt ; x t  

and the i n d i c a t o r  v a r i a b l e  r e p r e s e n t i n g  a  p u l s e  

(xip); xiP) = 1 for t = T and x (P) = 0 otherwise). 
t 

These simple indicator variables, together with the trans- 

fer function w(B)/G(B), are capable of representing many differ- 

ent forms of interventions. Several simple cases are given 

below : 

(i) change in level 

(ii) instantaneous change (outlier) 
a I 

(iii) exponentially decreasing effect 

(iv) dynamic first order model effect 

(gradually increasing effect, a m .  
converging to a constant) • 

(v) linearly increasing effect 



( v i )  a n t i c i p a t o r y  e f f e c t  

- 1 where F = B i s  t h e  fo rward  s h i f t o p e r a t o r ,  i . e . ,  m (P )  = x ( ~ )  Xt t + m '  

The e f f e c t s  of i n t e r v e n t i o n s  such  a s  t h e  preannounced i n t r o d u c -  

t i o n  o f  new t a x e s  ( f o r  example t h e  s p e c i a l  s a l e s  t a x  on new cars 

i n  A u s t r i a  i n  1969,  o r  t h e  v a l u e  added t a x  i n  1973) c a n  be  mod- 

e l l e d  by ( 1 . 4 ) .  

( v i i )  The i n t e r v e n t i o n  model can  b e  e x t e n d e d  t o  c o v e r  t h e  

a d d k t i o n a l  e f f e c t  o f  s e v e r a l  exogenous v a r i a b l e s  (or  i n d i c a t o r s )  

5; = ( ~ ~ ~ x ~ ~  " '  Xmt)  

where w .  ( B )  and 6 .  ( B )  ( 1  < i < m )  a r e  po l ynomia l s  i n  B a s  d i s -  
1 1 - - 

c u s s e d  b e f o r e .  D e t a i l e d  d e s c r i p t i o n  o f  i n t e r v e n t i o n  models  

and t h e i r  a p p l i c a t i o n  t o  e n v i r o n m e n t a l  prob lems i s  g i v e n  by 

Box and T i a o  ( [ 2 , 3 ] ) ,  T i a o ,  Box and Hamming [ 7 ] .  



2. E f f e c t  o f  i n t e r v e n t i o n s  on t i m e  series f o r e c a s t s  

I n  t h i s  s e c t i o n  op t ima l  f o r e c a s t s  f o r  f u t u r e  obse rva t i ons  

from model (1 .1)  a r e  de r i ved .  Furthermore t h e  b i a s  in t roduced  

by i gno r i ng  t h e  d e t e r m i n i s t i c  i n t e r v e n t i o n  p a r t  of  t h e  model i s  

computed. The r e s u l t s  a r e  i n t e r p r e t e d  and t h e  a d a p t i v i t y  (sen- 

s i t i v i t y )  of f o r e c a s t s  from ARIMA models t o  s t e p  changes and 

o u t l i e r s  i s  d i scussed .  

T h e o r e m :  Assume t h a t  t h e  obse rva t i ons  fo l low t h e  model 

d i scussed  i n  t h e  p rev ious  s e c t i o n  

where 

viB) = w ( B ) / 8 ( 5 )  

and 

+ ( B )  = @ ( B ) / ~ ( B )  . 

{xt} i s  a d e t e r m i n i s t i c  i n d i c a t o r  sequence known f o r  a l l  t 

(such a s  s t e p  o r  p u l s e  i n d i c a t o r ) ,  {a t }  i s  a wh i t e  n o i s e  se-  

quence. 

Then i t can be shown t h a t  t h e  R-step ahead minimum mean 

square  e r r o r  (W4SE) f o r e c a s t  o f  z i s  g iven  by n+ R 

where 

and t h e  n - w e i g h t s  a r e  t h e  c o e f f i c i e n t s  i n  
j 

and g iven by 



P r o o f :  Model ( 2 . 1 )  can be w r i t t e n  a s  

n ( B )  Z n + &  = v  ( B )  n ( B )  xn+& + a n+R (2.5)  

I t  i s  e a s i l y  shown (see  f o r  example Box and Jenk ins [ I ] ,  page 

1 2 6 )  t h a t  t he  minimum mean square e r r o r  f o r e c a s t  of zn+v given 

observat ions up t o  t ime n, i s  t h e  cond i t i ona l  expec ta t ion  

E ( z n + &  1 zn, z ~ - ~  , .. . ) . For R = 1 ,  (2.5)  i s  given by 

S ince t h e  expec ta t ion  of a  f u t u r e  shock i s  zero ,  t h e  one s t e p  

ahead f o r e c a s t  is  given by 

The proof of t h e  theorem is  completed by i nduc t ion .  Assuming 

t h a t  ( 2 . 2 )  holds f o r  R-1, we show i t i s  t r u e  f o r  R .  

The cond i t i ona l  expec ta t ion  of zn+% is given by 

S u b s t i t u t i o n  of ( 2 . 2 )  f o r  2n ( 1  ) , . . . , Bn ( R - 1  ) i n t o  equat ion ( 2 . 7 )  

giv2s 

+ 1 'R+j z n- j  + ~ ( B ) T ( B ) X ~ + ~  
j  > O  - 

rearranging terms 



Using t h e  r e l a t i o n  i n  ( 2 . 3 )  l e a d s  t o  

(2  
z, (e)  = 1 n j + p n m j  " j + l  ' " x  n - j  ] . (2 .10 )  

j > 0  - - 

B i a s  i n t r o d u c e d  b y  i g n o r i n g  t h e  i n t e r v e n t i o n  

I f  t h e  i n t e r v e n t i o n  p a r t  o f  t h e  model i s  i g n o r e d  f u t u r e  

o b s e r v a t i o n s  a r e  p r e d i c t e d  a c c o r d i n g  t o  

A 

z * ( a )  = ( 2 )  
n  1 lTj+l n - j  

i > O  

and t h e  b i a s  i n  t h e  p r e d i c t i o n  i s  g i v e n  by 

A 

B~ ( 2 )  = zn ( e l  - g t  n  = v ( B )  1 " j + l  ' " x  n - j  I .  (2 .11)  

- 

E x p r e s s i o n  (2 .11 )  w i l l  h e l p  t o  i l l u s t r a t e  t h e  a d a p t i v i t y  o f  

f o r e c a s t s  f rom s t o c h a s t i c  d i f f e r e n c e  e q u a t i o n  (ARIMA) models  

w i t h  r e s p e c t  t o  i n t e r v e n t i o n s .  F i r s t ,  w e  c o n s i d e r  a  

Change i n  l e v e l  -- 

a t  t i m e  T ( i - e .  v ( B )  = w o  and x t  = 1  f o r  t - > T  and xt  = 0  f o r  

t < l l ) .  P r e d i c t i o n s  a r e  d e r i v e d  f rom t i m e  n  ( i . e .  n - T >  - 0  p e r i o d s  

a f t e r  t h e  change i n  l e v e l  t o o k  p l a c e ) .  W e  a r e  i n t e r e s t e d  how 

t h e  i n t e r v e n t i o n  n - T  t i m e  p e r i o d s  a g o  a f f e c t s  t h e  c u r r e n t  p r e -  

d i c t i o n s .  

From (2 .11 )  it f o l l o w s  t h a t  

The f o l l o w i n g  lemma w i l l  h e l p  i n  t h e  i n t e r p r e t a t i o n  o f  t h i s  

r e s u l t .  



L e m m a :  For  n o n s t a t i o n a r y  models ( i . e .  models which have 

a t  l e a s t  one  r o o t  o f  P(B)  = 0 on t h e  u n i t  c i rc le )  it c a n  be  

shown t h a t  

Proof: By i n d u c t i o n  

f o r  R = 1 ,  n ( ~ )  = 1 -  1 n . ~ '  = P ( B ) / B ( B )  . 
j > l  - 3 

S i n c e  a t  l e a s t  one r o o t  o f  P (B )  = 0 i s  on t h e  u n i t  c i rc le ,  it 

f o l l o w s  t h a t  

A s s G n e  t h e  lemma i s  proved f o r  R-1; t h e n  

E q u a t i o n  ( 2 . 1 2 )  and t h e  r e s u l t  o f  t h e  lemma show t h a t  non- 

s t a t i o n a r y  d i f f e r e n c e  e q u a t i o n  (ARIMA)  models  a d a p t  t hemse lves  

w i t h  r e s p e c t  t o  changes  i n  t h e  l e v e l ;  i n  t h e  s e n s e  t h a t  even i f  

t h e  i n t e r v e n t i o n  i s  i g n o r e d  t h e  f o r e c a s t  b i a s  w i l l  e v e n t u a l l y  

approach z e r o  i f  t h e  i n t e r v e n t i o n  o c c u r r e d  some t i m e  b e f o r e  t h e  

p r e d i c t i o n  i s  made. 

S i n c e  t h e  common model form f o r  macroeconomic q u a r t e r l y  

series i n c l u d e s  r e g u l a r  and  s e a s o n a l  d i f f e r e n c e s  (i .e. o p e r a t o r s  



4 
( 1 - B )  and ( 1 - B  1 )  t h e  p r e d i c t i o n s  from such  models w i l l  b e  

a d a p t i v e  t o  changes  i n  t h e  l e v e l ;  t h e  speed  w i t h  which t h e  f o r e -  

c a s t s  a d a p t  t o  t h e  new l e v e l  depends on t h e  n-weights  o f  t h e  

model. 

I f  t h e  model i s  s t a t i o n a r y  ( i .e .  9 ( B )  = 0  h a s  a l l  i t s  r o o t s  

o u t s i d e  t h e  u n i t  c i rc le  and t h e r e f o r e  3 ( 1 )  = 1 - r r j  # 0 )  
j > l  

i g n o r i n g  t h e  i n t e r v e n t i o n  w i l l  l e a d  t o  a  f o r e c a s t - b i a s  which 

even i n  t h e  l i m i t  i s  non z e r o .  

S e n s i t i v i t y  o f  model f o r e c a s t s  w i t h  r e s p e c t  t o  o u t l i e r s  

I f  w e  c o n s i d e r  t h e  model f o r  a n  o u t l i e r  ( z t  = w x + n t ,  0  t 
where xt  = 1 f o r  t = T  and z e r o  o t h e r w i s e )  t h e  f o r e c a s t  b i a s  

( 2 . 1 1 )  f o r  f o r e c a s t s  d e r i v e d  from t i m e  n  ( n - T >  - 0  p e r i o d s  a f t e r  

t h e  o u t l i e r  o c c u r r e d )  i s  g i v e n  by 

The e f f e c t  o f  t h e  o u t l i e r  on  t h e  f o r e c a s t s  depends on how f a s t  

t h e  n ( ' ) -weights  app roach  z e r o .  S i n c e  n  (B) = P ( B )  / 0  ( B )  , t h e  

convergence o f  t h e  n-weights  depends on  how c l o s e  t h e  r o o t s  o f  

8(B) = 0  are t o  t h e  u n i t  ci rc le.  For  i n v e r t i b l e  models ( r o o t s  

o f  8 (B)  = 0  o u t s i d e  t h e  u n i t  circ le)  t h e  n-weights  converge 

f a i r l y  r a p i d l y .  

3 .  S t a b i l i t y  a n a l y s i s  f o r  s e l e c t e d  A u s t r i a n  economic v a r i a b l e s  

I n  t h i s  s e c t i o n  w e  c o n s i d e r  t h e  f o l l o w i n g  q u a r t e r l y  series: 

g r o s s  n a t i o n a l  p r o d u c t  (QWSSMR . . .  B r u t t o n a t i o n a l p r o d u k t  zu  

M a r k t p r e i s e n )  

t o t a l  p r i v a t e  consumpt ion (CINSGR ... p r i v a t e r  Konsum, i n s g e s a m t )  

t o t a l  g r o s s  i n v e s t m e n t  i n  f i x e d  assets (ITSSGR ... B r u t t o a n l a g e -  

i n v e s t i t i o n e n ,  i n s g e s a m t ) .  * 

Time series models  f o r  t h e s e  series are g i v e n  i n  L e d o l t e r ,  

Schebeck and Thury [ 51  . 
* 
QWSSMR, CINSGR, ITSSGR c o r r e s p o n d  t o  da tabank  l a b e l s  o f  

t h e  A u s t r i a n  I n s t i t u t e  o f  Economic Research .  



I n  t h i s  p a r t  o f  t h e  paper  w e  d i s c u s s  t h e  s t a b i l i t y  o f  t h e  

f i t t e d  t i m e  series models.  I n  p a r t i c u l a r  w e  a d d r e s s  t h e  q u e s t i o n  

i f  and how t h e  l a s t  r e c e s s i o n  ( f rom t h e  f o u r t h  q u a r t e r  1974 on- 

wards)  a f f e c t e d  t h e  form o f  t h e  models a s  e s t i m a t e d  from empir-  

i c a l  d a t a  ove r  t h e  p e r i o d  1954/1 t o  1974/3. 

To d e t e c t  model changes w e  compare t h e  f o r e c a s t s  made f rom 

t h e  model b u i l t  on d a t a  p r i o r  t o  t h e  s u s p e c t e d  change ( i n  t h i s  

c a s e  d a t a  up t o  and i n c l u d i n g  1974/3) w i t h  d a t a  a c t u a l l y  occu r -  

r i n g .  An o v e r a l l  tes t  c r i t e r i o n  which can be used t o  a s s e s s  t h e  

s t a t i s t i c a l  s i g n i f i c a n c e  o f  t h e  d i f f e r e n c e s  between a c t u a l  d a t a  

and f o r e c a s t s  i s  d e s c r i b e d  below. 

The R-step ahead f o r e c a s t  e r r o r  from ARIMA models 'P (B ) z t  = 

8 (B )a t  i s  g iven  by 

where t h e  $-weights  a r e  g i ven  by t h e  expans ion  $ ( B )  = 8 ( B ) / Q ( B )  

and {a  ) is  t h e  w h i t e  n o i s e  sequence (sequence of  random shocks )  t 2 w i t h  v a r i a n c e  IJ . The f o r e c a s t  e r r o r s  made by p r e d i c t i n g  

Z n+ l t zn+2 " "  ' 'n+k w i t h  i n f o rma t i on  up t o  t i m e  n ,  a r e  denoted 

by e '  = ( e n ( l ) e n ( 2 )  ... e n ( k ) )  and a r e  g i ven  by 

where Y i s  t h e  lower t r i a n g u l a r  m a t r i x  

and 

a '  = - (an+ 1 an+2 ... a n+k) 



Under t h e  u s u a l  assumpt ion  o f  no rma l l y  d i s t r i b u t e d  shocks  and 

under  t h e  n u l l  h y p o t h e s i s  t h a t  t h e  model up t o  t i m e  n  i s  s t i l l  

v a l i d  f o r  t > n ,  t h e  d i s t r i b u t i o n  o f  e i s  a  m u l t i v a r i a t e  normal  
- 2  w i t h  mean z e r o  and c o v a r i a n c e  m a t r i x  a Y Y  I .  Thus,  t h e  s t a t i s -  

t i c  

f o l l o w s  a  X2 d i s t r i b u t i o n  w i t h  k  d e g r e e s  o f  f reedom. E x p r e s s i o n  

( 3 . 3 )  shows t h a t  Q i s  t h e  s t a n d a r d i z e d  sum o f  s q u a r e s  o f  t h e  one 
h 

s t e p  ahead f o r e c a s t  e r r o r s  a  = z  n + j  n + j  - 'n+j- l  (1 - 
The tes t  c r i t e r i o n  i n  ( 3 . 3 )  which h a s  been used by Box and 

T i a o  [4]  , T i a o ,  Box and Hamming [7 ]  i s  an o v e r a l l  tes t  c r i t e r i o n .  

I t  is  a  " c a t c h  a l l "  c r i t e r i o n  which l o o k s  a t  d i s c r e p a n c i e s  i n  a  

g e n e r a l  way and i s  n o t  s p e c i f i c  a b o u t  t h e  n a t u r e  o f  t h e  f e a r e d  

d i s c r e p a n c y  ( a l t e r n a t i v e  h y p o t h e s i s ) .  

W e  i l l u s t r a t e  t h e  u s e  o f  t h i s  tes t  s t a t i s t i c  on t h e  fo l l ow-  

i n g  t h r e e  economic series: 

( a )  QWSSMR 

The model f o r  t h e  p e r i o d  1954/1 t o  1974/3 i s  g i v e n  by 

The p r e d i c t i o n s  f o r  t h e  p e r i o d  1974/4 t o  1976/4 (9  p r e d i c t i o n s ) ,  

u s i n g  t h e  d a t a  up t o  and i n c l u d i n g  1974/3 and t h e  model (3 .4 )  
e 

a r e  g i v e n  i n  F i g u r e  1. The Q s t a t i s t i c  i s  g i v e n  by  18.24 which 

compared t o  a  X2 d i s t r i b u t i o n  w i t h  9  d e g r e e s  o f  f reedom is s i g -  

n i f i c a n t  a t  t h e  a = - 0 5  l e v e l  ( x2  t a b l e  v a l u e  f o r  a = . 05  i s  

1 6 . 9 2 ) .  Both F i g u r e  1  and t h e  Q s t a t i s t i c  show t h a t  model ( 3 . 4 )  

d o e s  n o t  a d e q u a t e l y  r e p r e s e n t  t h e  o b s e r v a t i o n s  o v e r  t h e  l a s t  9 

q u a r t e r s .  

( b )  CINSGR 

The model f o r  t h e  p e r i o d  1954/1 t o  1974/3 i s  g i v e n  by 



4 3 4 (1 - B )  (1 - B ) l og  z t  = (1 - . 6 0 ~ )  (1 + . 2 4  B ) (1 - -56 B ) a t  (3 .5 )  

The Q s t a t i s t i c  which i n c o r p o r a t e s  t h e  in fo rmat ion  from t h e  nex t  

9  p r e d i c t i o n s  i s  6.87. Compared t o  a  X 2  d i s t r i b u t i o n  w i t h  9  

degrees  o f  freedom t h e r e  i s  no reason t o  r e j e c t  t h e  n u l l  hypoth- 

esis ( i . e .  t o  doubt  t h e  v a l i d i t y  o f  model (3 .5 )  f o r  t h e  l a s t  9  

o b s e r v a t i o n s ) .  

(c )  ITSSGR 

The model f o r  t h e  pe r i od  1954/1 t o  1974/3 i s  g i ven  by 

The Q s t a t i s t i c  i s  3.74. Again t h e r e  i s  no reason  t o  doubt  t h e  

v a l i d i t y  of  t h e  model f o r  t h e  pe r i od  1974/4 - 1976/4. 

The conc lus ion  from t h e  o v e r a l l  tes t  c r i t e r i o n  i s  t h a t  t h e  

model f o r  QWSSMR has  changed w h i l e  t h e  models f o r  CINSGR and 

ITSSGR remained t h e  same f o r  t h e  pe r i od  1974/4 t o  1976/4. 

I n  s p e c u l a t i n g  how t h e  model f o r  QWSSMR has  changed w e  have 

t o  examine t h e  d a t a ,  i n  p a r t i c u l a r  t h e  f o r e c a s t  e r r o r s .  The 

s t a n d a r d i z e d  one s t e p  ahead f o r e c a s t  e r r o r s  f o r  t h e  o b s e r v a t i o n s  

1974/4 t o  1976/4 us ing  model ( 3 . 4 )  a r e  g i ven  i n  F igu re  2a. 

A p o s s i b l e  e x p l a n a t i o n  f o r  c o n s i s t e n t l y  h i g h e r  R s t e p  ahead 

f o r e c a s t  e r r o r s  (F igu re  1 )  i s  an i n t e r v e n t i o n  o c c u r r i n g  a f t e r  

1974/3. I n  t h i s  c a s e  t h e  model f o r  t > 1974/4 would be  g i ven  by - 

w i t h  e l  = . 25 ,  e 4  = . 43  and v (B)  xt o f  t h e  form ( 1 . 3 ) .  Equat ion  

(3 .7 )  can  e q u i v a l e n t l y  be w r i t t e n  a s  



IT ( B )  zt  = v (B)  IT (B)xt  + a t  

where 

Fur thermore,  n ( B ) z t  = a: where a o  a r e  t h e  one s t e p  ahead f o r e -  t 
c a s t  e r r o r s  f o r  model (3 .4)  g i ven  i n  F igu re  2a. 

Thus, equa t i on  ( 3 . 8 )  can be w r i t t e n  

(3 .9)  is i n  t h e  form o f  a  r e g r e s s i o n  model. Pars imonious models 

f o r  t h e  i n t e r v e n t i o n  e f f e c t  have t o  be s p e c i f i e d .  

( a )  A s imple  model d e s c r i b i n g  t h e  e f f e c t  of  t h e  r e c e s s i o n  

i s  a  change (dec rease )  i n  t h e  l e v e l  a t  p e r i o d  1974/4 (compare 

w i t h  c a s e  (i) of S e c t i o n  1 ; w < 0) ; i. e . ,  v (B )x t  = w x  where 
s 

0  t 
x (  = 1 f o r  t 2 1974/4 and z e r o  o the rw i se .  The e q u a t i o n  
t 

i s  f i t t e d  by l e a s t  s q u a r e s  and t h e  e s t i m a t e  o f  w i s  g iven  by 
0 

w i t h  a: i n d i c a t e s ,  A comparison o f  t h e  f i t t e d  v a l u e s  con  ( B )  xt 

however, t h a t  t h e  change i n  t h e  l e v e l  model (3.10)  does  no t  adequa- 

t e l y  d e s c r i b e  t h e  p a t t e r n  o f  t h e  one s t e p  ahead f o r e c a s t  errors. 

( b )  Model (3 .10)  i m p l i e s  t h a t  t h e  impact  of  t h e  r e c e s s i o n  

on g r o s s  n a t i o n a l  p roduc t  i s  f e l t  immediate ly  i n  i t s  f u l l  s t r e n g t h .  

A more p l a u s i b l e  assumpt ion,  however, is  t h a t  t h e  change i n  t h e  

l e v e l  i s  n o t  sudden,  b u t  f o l l ows  a  f i r s t  o r d e r  dynamic model; 

t h u s  d e c r e a s i n g  e x p o n e n t i a l l y  a t  f i r s t  and t hen  r e a c h i n g  a  new 

e q u i l i b r i u m  l e v e l  a f t e r  a  few s t e p s  (compare w i t h  c a s e  ( i v )  of 

S e c t i o n  1; w <  0 ) ;  i . e . ,  

wo 
= 1  f o r  t > 1974/4 and zero o the rw i se .  where xt v(B1xt = xt - 



The equa t ion  

i s  f i t t e d  by n o n l i n e a r  l e a s t  squares  and t h e  e s t i m a t e s  o f  w o  

and 6 a r e  g iven by 

A 

Comparing t h e  f i t t e d  va lues  
("0 

A [ n ( ~ ) x i ~ ) ]  w i t h  t h e  one s t e p  
1  - 6 B  

ahead f o r e c a s t  e r r o r s  shows good agreement. 

The s tanda rd i zed  r e s i d u a l  sum of  squa res  

Thus, t h e  i n t e r v e n t i o n  model (3.11)  accounts  f o r  (18.24 - 1.824) /  

18.24 = 90 pe r  c e n t  of  t h e  Q s t a t i s t i c  f o r  QWSSMR. 

4 .  Concluding remarks 

The conc lus ions  of t h i s  paper  can be summarized: 

( 1 )  Simple d i f f e r e n c e  equa t i ons  and i n d i c a t o r  v a r i a b l e s  such 

a s  s t e p  o r  p u l s e  i n d i c a t o r s  can be used t o  r e p r e s e n t  a  

wide v a r i e t y  o f  d i f f e r e n t  i n t e r v e n t i o n  e f f e c t s .  

( 2 )  It i s  shown t h a t  t h e  p r e d i c t i o n s  from non-s ta t ionary  t ime  

s e r i e s  models, which u s u a l l y  prov ide a  good d e s c r i p t i o n  of 

economic t i m e  s e r i e s ,  w i l l  even tua l l y  adap t  themselves t o  

t h e  new l e v e l .  The speed w i t h  which t h e  f o r e c a s t s  adap t  

themselves depends on t h e  n-weights of t h e  model. 

( 3 )  I f  d a t a  a f t e r  t h e  supposed i n t e r v e n t i o n  i s  a v a i l a b l e ,  an 

o v e r a l l  c r i t e r i o n  can be g iven which tests  whether t h e  

model has  changed a f t e r  t h e  i n t e r v e n t i o n  took  p lace .  Th i s  



criterion is applied to Austrian data and it is tested 

whether the last recession changed the dynamics of the 

estimated models. For total private consumption and 

total gross investment in fixed assets no such change 

can be found. For gross national product the hypothesis 

of model stability, however, has to be rejected. A 

simple first order intervention model can be shown to 

explain most of the bias in the forecast errors. 

(4) If observations after the intervention are not available 

one can sometimes use theoretical knowledge and incorpo- 

rate it into the model. Forecasts for different scenarios 

(i.e. assumptions about the expected effect of the inter- 

vention) can be derived. 
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Figure 1: W !&-step ahead forecasts of QWSSMR 
from 74 /3  for next 9 quarters (logarithm) 

0 observations (logarithm) 



F i 2 r e  2a: Stand rdized one step - - B forecast errors a /a = [zt - 2 ( 1  
t = 1974/4, ..., 19$6/4; t- I 

f~recasts calculated according to -2.  QWSSMR (logarithm). 

ahead 
)]/a; 

mode 1 

Figure 2b: Standardized fitted values of 
model -10) : GO [ n  (B)xt] /n. 

fitted values of 

[T (B)xtI /a- 
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