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Preface 

I n t e r e s t  i n  human se t t l emen t  systems and p o l i c i e s  has  been 
a  c r i t i c a l  p a r t  o f  u rban- re la ted  work a t  IIASA s i n c e  i t s  incep- 
t i o n .  Recent ly  t h i s  i n t e r e s t  has  g iven r ise t o  a  concen t ra ted  
resea rch  e f f o r t  focus ing on m ig ra t ion  dynamics and s e t t l e m e n t  
p a t t e r n s .  Four sub- tasks  form t h e  co re  o f  t h i s  r esea rch  e f f o r t :  

I. t h e  s tudy  o f  s p a t i a l  popu la t ion  dynamics; 

11. t h e  d e f i n i t i o n  and e l a b o r a t i o n  of  a  new resea rch  
a r e a  c a l l e d  demometrics and i ts  a p p l i c a t i o n  t o  
m ig ra t ion  a n a l y s i s  and s p a t i a l  popu la t ion  
f o r e c a s t i n g ;  

111. t h e  a n a l y s i s  and des ign o f  m ig ra t ion  and sett le- 
ment po l i c y ;  

I V .  a  comparat ive s tudy  o f  n a t i o n a l  m ig ra t ion  and 
se t t l emen t  p a t t e r n s  and p o l i c i e s .  

Th i s  paper ,  t h e  s i x t h  i n  t h e  comparat ive s tudy  series, 
d e s c r i b e s  two computer programs f o r  s p a t i a l  demographic a n a l y s i s .  
The f i r s t  i s  a  program which c a l c u l a t e s  a  mu l t i r eg i ona l  l i f e  
t a b l e .  The second program gene ra tes  a mul t i r eg i ona l  popu la t ion  
p ro j ec t i on .  L i s t i n g s  o f  t h e  a c t u a l  programs a r e  inc luded i n  t h e  
Appendices. 

Re la ted papers  i n  t h e  comparat ive s tudy  series, and o t h e r  
p u b l i c a t i o n s  of  t h e  m ig ra t ion  and s e t t l e m e n t  s tudy ,  are l i s t e d  
on t h e  back page o f  t h i s  r e p o r t .  

A. Rogers 

J u l y  1976 
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Abs t rac t  

Th is  paper l a y s  o u t  t h e  a lgor i thms and p r e s e n t s  
t h e  FORTRAN I V  codes o f  computer programs f o r  s p a t i a l  
demographic a n a l y s i s .  The programs compute t h e  mul t i -  
r eg iona l  l i f e  t a b l e  and perform t h e  popu la t ion  pro jec-  
t i o n  f o r  a mu l t i reg iona l  demographic system. The focus 
of t h i s  paper i s  on t h e  i n t e r p r e t a t i o n  of t h e  ou tpu t  
and on t h e  p repa ra t i on  of  t h e  inpu t  da ta .  
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Computer Programs f o r  S p a t i a l  

D e m o g r a p h i c s i s  

There i s  a growing awareness among resea rche rs ,  p lanners  

and governments t h a t  popu la t ion  growth must be viewed i n  i t s  

s p a t i a l  dimension. The d e c l i n e  of  major c e n t r a l  c i t i e s  o f  t h e  

world,  t h e  con t inu ing  depopu la t ion  of r u r a l  a r e a s  i n  developing 

c o u n t r i e s  and t h e  a c c e l e r a t i n g  suburban iza t ion  movements i n  

developed na t i ons  have l e d  governments a l l  over  t h e  world t o  

examine t h e  d e s i r a b i l i t y  of  popu la t ion  d i s t r i b u t i o n  p o l i c i e s .  

A b a s i c  requi rement  f o r  an e f f e c t i v e  po l i cy  regard ing  

popu la t ion  r e d i s t r i b u t i o n  i s  a well-developed understanding 

of  s p a t i a l  popu la t ion  dynamics. The mathematics of s p a t i a l  

demographic growth has  been s tud ied  by Rogers (1968, 1975).  

W e  have t r a n s l a t e d  t h i s  body of knowledge i n t o  a set o f  FORTRAN 

computer programs, t o  prov ide t h e  use r  w i th  a ready t o o l  f o r  

t h e  a n a l y s i s  of h i s  own d a t a .  I t  is  hoped t h a t  t h e  programs 

he lp  resea rche rs ,  s t uden ts ,  p lanners ,  and po l i c y  makers t o  

b e t t e r  understand t h e  dynamic behavior  of demographic systems. 

The computer programs a r e  t h e  r e s u l t  of a cons ide rab le  

investment  i n  t i m e ,  nerves and money, both a t  Northwestern 

Un ive rs i t y  (USA) and a t  IIASA. Before reaching t h e i r  f i n a l  

ve rs i ons ,  they  have passed through a number of  success ive  formu- 

l a t i o n s .  Jacques Ledent,  Richard Walz and Richard R a q u i l l e t ,  

former g radua te  s t u d e n t s  a t  Northwestern Un ive rs i t y ,  a l l  wrote 

e a r l i e r  ve rs i ons .  For cons is tency reasons,  t h e i r  programs have 

been completely r e w r i t t e n .  The i r  e f f o r t s ,  however, have guided 

and f a c i l i t a t e d  ou r  work, and t h e i r  con t r i bu t i on  t o  t h i s  p r o j e c t  

t h e r e f o r e  has been a s i g n i f i c a n t  one. 

Prev ious pub l i ca t i ons  o f  computer programs f o r  popu la t ion  

a n a l y s i s  and f o r  ope ra t i ons  resea rch  methods have guided u s  i n  

our  work. Most i n f l u e n t i a l  i n  t h i s  regard  has been t h e  book 

of  Keyf i tz  and F l i e g e r  (1971).  I t  served a s  our  b a s i c  r e fe rence .  

Other r e fe rences  w e r e  Greenberg, Krueckeberg and Mautner (1973),  

and Land and Powell (1973).  



This paper is organized into five sections. In an intro- 

ductory section, our general approach to computer programming 

is clarified. The next three sections explain the output and 

the mathematical formulas of observed population statistics, the 

life table and the population projection. The final section 

describes the format in w W c h  the input data must be provided. 

To illustrate the programs and their use, the two-region system 

of Slovenia and Rest of Yugoslavia has been used. Some sample 

runs, in addition to the one which produced the tables in the 

text, are set out in the Appendices. 

1. THE APPROACH 

The concept underlying the programs is that of a modular 

system. It consists of a set of subroutines, each of which 

performs a specific task, such as matrix inversion, reading of 

data, computation of life table, printing of the output, and so 

on. The main program is kept very short. It coordinates the 

computations through CALL statements and transmits information 

from one subroutine to another through labeled COMMON statements. 

It may also create data files which serve as input files for 

later computations (stable population) and for plotting purposes. 

No major computations are performed in the main program. 

Two general purpose subroutines are used frequently by a 

number of subroutines: MULTIP for matrix multiplication, and 

INVERT for matrix inversion. The other subroutines perform the 

following specific tasks: 

DATAS : reads in the data; 

PRINTD1: prints the data and some observed demographic 

characteristics, such as age composition, rates, 

mean ages, and features of the aggregated system; 

PROBR: computes the migration probabilities under the 

assumption of no multiple transitions; 

PROBSCH: computes the migration probabilities allowing 

multiple transitions; 

LIFE: computes the life table; 



WHOLE : aggregates  t h e  l i f e  t a b l e  s t a t i s t i c s  over  a l l  

t h e  reg ions;  

PRINTL: p r i n t s  t h e  l i f e  t a b l e ;  

GROWTH : computes t h e  growth mat r ix ;  

PROJECT: p r o j e c t s  t h e  populat ion u n t i l  s t a b i l i t y  i s  

achieved. ( I t  i s  equ iva len t  t o  t h e  power-method 

a lgor i thm f o r  e igenva lue computat ions.)  

The purpose of sepa ra t i ng  each major t a s k  i n t o  subrou t ines  

is t o  keep t h e  whole s t r u c t u r e  of  t h e  programs very  c l e a r  and t o  

enab le  t h e  u s e r  t o  change p a r t s  of t h e  programs t o  make it f i t  

h i s  needs b e t t e r .  C l a r i t y  and f l e x i b i l i t y  a r e  major o b j e c t i v e s  

w e  t r i e d  t o  keep i n  mind whi le  w r i t i n g  t h e  programs. Computa- 

t i o n a l  e f f i c i e n c y  was of  secondary importance. I n  a r a p i d l y  

growing f i e l d  such a s  mu l t i reg iona l  demographic a n a l y s i s ,  

computer programs must be f l e x i b l e  and easy t o  adapt  t o  new 

t h e o r e t i c a l  o r  methodological  developments. The computer 

programs pub l ished he re  a r e  not  f i n a l  p roducts  t o  be consumed, 

bu t  working t o o l s  t o  produce use fu l  numerical demographic 

r e s u l t s .  The use r  i s  urged t o  adap t  them t o  f i t  h i s  own needs 

i n  o r d e r  t o  g e t  t h e  most o u t  of them. 

Each subrou t ine  t h a t  performs a major computat ional t a s k  

i s  covered i n  d e t a i l .  The ou tpu ts  a r e  organized i n t o  t h r e e  

p a r t s :  observed populat ion c h a r a c t e r i s t i c s ,  t h e  mu l t i r eg iona l  

l i f e ,  t a b l e  and t h e  mu l t i reg iona l  popu la t ion  p ro jec t i on .  ' The 

focus of ou r  expos i t i on  is  on t h e  c l a r i f i c a t i o n  of t h e  ou tpu t .  

For a d e t a i l e d  mathematical  t rea tment  of t h e  va r ious  t o p i c s ,  

t h e  u s e r  is r e f e r r e d  t o  Rogers (1975).  

2. OBSERVED POPULATION CHARACTER1 STICS 

Before proceeding t o  i t s  main t a s k  of computing a l i f e  

t a b l e  and a popu la t ion  p ro jec t i on ,  t h e  program f i r s t  computes 

some observed populat ion c h a r a c t e r i s t i c s  d i r e c t l y  from t h e  d a t a .  

Th is  t a s k  is performed by t h e  subrou t ine  P R I N T D l .  The d a t a  

- -  - - - - - 

 he programs work equa l l y  w e l l  f o r  a s i n g l e  reg ion  system. 
An i l l u s t r a t i o n  i s  given i n  Appendix 3 .  



a r e  g i ven  i n  Tab le  1. The u s e r  shou ld  check t h e  d a t a  c a r e f u l l y  

f o r  any i n p u t  e r r o r .  The t o t a l s  are computed. and may t h e r e f o r e  

be used f o r  a  qu i ck  check. The p r e p a r a t i o n  o f  t h e  i n p u t  d a t a  

w i l l  be d i s c u s s e d  l a t e r .  

Tab le  2 g i v e s  t h e  pe rcen tage  d i s t r i b u t i o n  of  t h e  p o p u l a t i o n ,  

p a r e n t s  a t  t i m e  o f  c h i l d b e a r i n g ,  d e a t h s ,  and m ig ran ts .  The mean 

age i s  d e f i n e d  a s  

where c i ( x )  i s  t h e  pe rcen tage  d i s t r i b u t i o n ,  

NY i s  t h e  age i n t e r v a l ,  and 
NY 

( x  + T )  i s  t h e  average age o f  t h e  i n t e r v a l .  

The d i r e c t  i n p u t  t o  t h e  l i f e  t a b l e  c o n s i s t s  o f  observed 

a g e - s p e c i f i c  r a t e s  (Tab le  3 ) .  The d e a t h  rates are computed by 

d i v i d i n g  t h e  annua l  number o f  d e a t h s  by t h e  mid-year p o p u l a t i o n  

i n  each  age group. F e r t i l i t y  and m i g r a t i o n  r a t e s  a r e  d e r i v e d  

i n  a s imi lar  f a s h i o n .  I f  d e a t h ,  b i r t h  o r  m i g r a t i o n  d a t a  are 

n o t  a v a i l a b l e  on an annua l  b a s i s ,  b u t  f o r  a f i ve -yea r  p e r i o d ,  

say ,  t h e n  t h e  program reduces  t h e  d a t a  t o  an annua l  b a s i s .  

The p o p u l a t i o n  must i n  t h i s  c a s e  b e  t h e  p o p u l a t i o n  a t  t h e  mid- 

p e r i o d .  The sum o f  t h e  a g e - s p e c i f i c  rates is  c a l l e d  t h e  g r o s s  

r a t e .  The g r o s s  f e r t i l i t y  r a t e  of  S loven ia ,  f o r  example, i s  

0.222562. To g e t  t h e  g r o s s  rep roduc t i on  rate (GRR) ,  one must 

m u l t i p l y  t h i s  by NY,  t h e  age i n t e r v a l  ( i n  t h i s  c a s e ,  f i v e ) .  

S i m i l a r l y ,  t h e  g r o s s  migraproduc t ion  ra te (GMR) is t h e  g r o s s  

m i g r a t i o n  rate t i m e s  f i v e .  The c rude r a t e  is t h e  t o t a l  number 

o f  b i r t h s ,  d e a t h s  o r  ou tm ig ran ts  d i v i d e d  by t h e  t o t a l  mid-year 

popu la t i on .  Fo r  example, t h e  c r u d e ' b i r t h  rate o f  S loven ia  i s  



Tab le  1 

* * 
* M u l t i r e g i o n a l  L i f e  Tab le  * 
* Yugoslavia:  Two Regions 1961 rlr 

* Sloven ia  - R e s t  Yugoslavia rlr 

l i s t  o f  pa ramete rs  
( a )  

****************** 

na - - 

nzb = 

i r u n t  = 

i n i t  = 

nu - - 
npar2  = 

npar5  = 

npar8  = 

18 nY - 5 - 
1 nzd = 1 

2 . i o p t g  = 2 

1961 ka - 1 - 

3 10 - 2 - 
2 npar3  = 2 

201 6 npar6 = 200 

0 

n r  - - 2 

nzo = 1 

ngro = 1 

kc - - 2 

npar l  = 0 

npar4 = 7 

npar7 = 0 

( a )  The meaning of  t h e  parameters  is g i ven  i n  
S e c t i o n  5. 



Table 1 (continued) 

Observed population Characteristics 

Input-Data * * * * * * * * * *  
region slovenia ----------------- 

age population births deaths migration from slovenia to 
slovenia r.yugos. 

total 832800. 14159. 6795. 0. 2195. 

region r . yugos. ----------------- 
age population births deaths migration from r.yugos. to 

slovenia r.yugos. 

total 8670200. 190851. 76493. 2792. 0. 



Table 2 

Percentage Distribution ....................... 

region slovenia ----------------- 
age population births deaths migration from slovenia to 

slovenia r.yugos. 

total 100.0000 100.0000 100.0000 100.0000 100.0000 
m. age 33.3796 27.6427 66.0931 0.0000 25.0376 

region r .yugos , -------------- 
age population births deaths migration from r.yugos. to 

slovenia r.yugos. 

total 100.0000 100.0000. 100.0000 100.0000 100.0000 
m. age 30.6024 27.1063 50.2401 26.0781 0.0000 



T a b l e  3 

Observed Rates ************** 
d e a t h  rates *********** 

a g e  S l o v e n i a  r.yugos. 

gross 0 . 5 4 2 1 1 2  0 . 4 7 3 9 6 2  
crude 0 . 0 0 8 1 5 9  0 . 0 0 8 8 2 3  
m. age 7 9 . 1 6 3 5  74 .4001  

fert i l i ty  rates *************** 

age s l o v e n i a  r . y u g o s .  

gross 0 . 2 2 2 5 6 2  0 .271501  
c r u d e  0 , 0 1 7 0 0 2  0 . 0 2 2 0 1 2  
m, age 2 7 . 7 6 8 3  2 7 . 4 7 4 0  



Table 3 (continued,) 

outmigration rates  ****************** 

gross 
crude 
m. age 

gross 
crude 
m. age 

migration from slovenia t o  
t o t a l  slovenia r.yugos. 

migration from r.yugos. t o  
t o t a l  slovenia r.yugos. 



The mean age g iven i n  t h i s  t a b l e  is t h e  mean age  of  t h e  

schedu le .  The mean age of  t h e  f e r t i l i t y  schedu le  of S l oven ia ,  

f o r  example, is 

where F l (x )  a r e  t h e  age-spec i f i c  f e r t i l i t y  r a t e s  o f  S loven ia  and 

MY i s  f i v e .  

The mean age of  t h e  S loven ia  t o  Rest-of-Yugoslavia m ig ra t i on  

schedu le  i s  29.48 yea rs .  The mean age o f  t h e  m ig ran ts  i s  con- 

s i d e r a b l y  less (25.04 y e a r s ) .  Th is  i s  due t o  t h e  r e l a t i v e l y  

young age composi t ion of  S l o v e n i a ' s  popu la t i on .  The age composi- 

t i o n  does n o t  a f f e c t  t h e  m ig ra t i on  schedu le  o r  i t s  mean age. 

A l a s t  t a b l e  of  observed c h a r a c t e r i s t i c s  g i v e s  in fo rmat ion  

on t h e  whole system (Table 4 ) .  I t  i s  an  aggrega t ion  of t h e  

r e g i o n a l  d a t a .  The m ig ra t i on  column c o n t a i n s  t h e  number of  

m ig ran ts  between t h e  r eg i ons  i n  t h e  system. I t  is  obv ious  t h a t  

t h e  number of m ig ran ts  depends on t h e  r e g i o n a l  d e l i n e a t i o n .  

3. THE MULTIREGIONAL LIFE TABLE 

The m u l t i r e g i o n a l  l i f e  t a b l e  is a  dev i ce  f o r  e x h i b i t i n g  

t h e  m o r t a l i t y  and mob i l i t y  h i s t o r y  o f  an a r t i f i c i a l  popu la t i on ,  

c a l l e d  a  coho r t ,  a s  it g radua l l y  dec reases  i n  s i z e  u n t i l  a l l  i t s  

members have d i ed .  The method of  c o n s t r u c t i n g  such a  l i f e  t a b l e  

i s  t r e a t e d  i n  d e t a i l  i n  Rogers (1975, Chapter  3 ) .  

The cohor t  w e  d e a l  w i t h  is a  b i r t h  coho r t ,  o r  r a d i x .  It 

i s  a  group o f  peop le  born a t  t h e  same moment i n  t i m e  and i n  t h e  

same reg ion .  T h e i r  l i f e  h i s t o r y  i s  o f  s p e c i a l  i n t e r e s t  because 

it p rov i des  t h e  necessary  i n p u t  i n fo rmat ion  t o  t h e  numer ica l  

computat ions of t h e  m u l t i r e g i o n a l  demographic growth models. 

The r e g i o n a l  r a d i c e s  a r e  prov ided by t h e  u s e r  and s t o r e d  i n  

t h e  l a b e l e d  common a r e a :  



Table 4 

Total Population System . . . . . . . . . . . . . . . . . . . . . . .  

t o t a l  
crude 
m . age 

population 
absolute percent 

births 
absolute percent 

0. 0.0000 
0. 0.0000 

59. 0.0288 
17288. 8.4328 
68272. 33.3018 
61681. 30.0868 
35019. 17.0816 
16341. 7.9708 
5037. 2.4570 

974. 0,4751 
339. 0,1654 

0. 0.0000 
0. 0.0000 
0. 0.0000 
0. 0.0000 
0. 0.0000 
0. 0.0000 
0. 0.0000 

205010. 100.0000 

27.1434 

deaths 
absolute percent 

migration 
absolute percent 

obeerved rates  
b irth  death migration 

0.000000 0.021 260 0.000462 
0.000000 0.000651 0.000327 
0.000067 0.000463 0.000264 
0.025517 0.000834 0.001076 
0.086596 0.001182 0.001435 
0.073386 0.001513 0.000904 
0.044021 0.001690 0.000637 
0.023472 0.001997 0.000365 
0.01 1662 0.002785 0.000259 
0.002008 0.003858 0.000138 
0.000671 0.006264 0.000184 
0.000000 0.009444 0.000250 
0.000000 0.01 6434 0.000276 
0.000000 0.027566 0.000246 
0.000000 0.048032 0.000164 
0.000000 0.072454 0.000207 
0.000000 0.115432 0.000249 
0.000000 0.148531 0.000163 

0.267401 0.480391 0.007607 
0.021573 0.008764 0.000525 

27.4908 74.8451 33.5908 



where RADIXT i s  t h e  sum of  a l l  t h e  rad i ces .  I n  most cases ,  

r a d i c e s  of 100,000 w i l l  be used. 

The computation of t h e  mu l t i r eg iona l  l i f e  t a b l e  beg ins  

w i t h  t h e  es t ima t i on  of age-spec i f i c  outmigra t ion  and dea th  

p r o b a b i l i t i e s  (Rogers, 1975, p. 60 ) .  The p r o b a b i l i t i e s  a r e  

es t ima ted  by t h e  subrou t ines  PROBR (op t ion  1) and PROBSCH 

(op t ion  3 ) .  They w i l l  be d iscussed  l a t e r .  The p r o b a b i l i t i e s  

a r e  s t o r e d  i n  a  l abe led  common a rea :  

where Q ( X , I )  i s  t h e  p r o b a b i l i t y  t h a t  an i nd i v i dua l  i n  reg ion  I 

w i l l  d i e  be fo re  reaching age X + h. ( I n  o u r  

example, h  = 5 ) .  

P ( X , J , I )  i s  t h e  p r o b a b i l i t y  t h a t  an i n d i v i d u a l  i n  reg ion  I 

a t  age X w i l l  su rv i ve  and be i n  reg ion  J a t  age 

X + h. 

Table 5  con ta ins  t h e  p r o b a b i l i t i e s  of dy ing and outmigra t ing  of 

females of  a  two-region system o f  Yugoslavia f o r  1961. They 

have been computed us ing PROBSCH. There fore ,  they  d e v i a t e  

s l i g h t l y  from t h e  p r o b a b i l i t i e s  presented by Rogers (1975, 

p. 66 ) ,  which w e r e  computed by PROBR. A s  a consequence, a l l  

l i f e - t a b l e  s t a t i s t i c s  d e v i a t e  from Rogers ' .  The PROBR probab i l -  

i t i es  and t h e  a s s o c i a t e d  l i f e  t a b l e  i s  given i n  Appendix 2.  

3.1  L i f e  H i s t o r i e s  

The l i f e  h i s t o r i e s  of  t h e  r a d i c e s  a r e  computed by app ly ing 

t h e  age-spec i f i c  p r o b a b i l i t i e s  of  dying and ou tm ig ra t ing  

r e c u r s i v e l y  t o  t h e  rad i ces .  Assuming equa l  r a d i c e s  of 100,000 

i n  S loven ia  and t h e  R e s t  of Yugoslavia,  Table 6  g i v e s  t h e  complete 

l i f e  h i s t o r y  of t h e s e  r a d i c e s .  Let  t h e  number o f  people i n  reg ion  

i a t  e x a c t  age x ,  who a r e  born i n  reg ion  j, be denoted by 



Table 5 

Probab i l i t i e s  o f  Dying and Migrating . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
region s lovenia  **************** 

age death migration from s lovenia  t o  
s lovenia  r .yugos . 

region r . yugos. **************** 

age death migration from r.yugos. t o  
s lovenia  r.yugos. 



T a b l e  6 

L i f e  H i s t o r y  of I n i t i a l  Cohort  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

i n i t i a l  r e g i o n  of c o h o r t  s l o v e n i a  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
number of d e a t h s  i n  e a c h  r e g i o n  of r e s i d e n c e  

age s l o v e n i a  r .yugos . 

total  8 4 7 2 1 . 4 6  11809 .09  

number of m i g r a n t s  from s l o v e n i a  to 
age s l o v e n i a  r . yugos . 

t o ta l  1 2 4 0 8 1 9 . 6 3  1 5 4 3 7 . 8 8  



Table  6 (cont inued. )  

number of m i g r a n t s  from r . y u g o s .  to  
a g e  s l o v e n i a  r . y u g o s  . 

t o t a l  1 5 9 . 3 5  132936.91 

i n i t i a l  r e g i o n  of c o h o r t  r . y u g o s .  
................................. 

number of d e a t h s  i n  e a c h  r e g i o n  of r e s i d e n c e  
a g e  s l o v e n i a  r . yugos  . 

t o t a l  1371 .07  98287 .20  



Table  6  ( c o n t i n u e d )  

total  

number of migrants  f r o m  s l o v e n i a  t o  
s l o v e n i a  r . yugos  . 

number of migrants  from r . y u g o s .  t o  
s l o v e n i a  r . yugos  . 

total  1838.86 1242163.00 



R .  (x )  . Then j0  1 

a . ( O )  = RADIX(0,j) 
10 I 

The expec ted  number o f  peop le  a l i v e  i n  r e g i o n  i a t  e x a c t  

age  x ,  born i n  r e g i o n  j, who w i l l  d i e  b e f o r e  r e a c h i n g  age  x + h ,  

i s  j O R i s ( ~ ) .  The expec ted  number of  m i g r a n t s  from i t o  k among 

t h e  peop le  l i v i n g  i n  i a t  a g e  x and born i n  j i s  R ( x ) .  
j 0  i k  

From t h e  100,000 b a b i e s  born i n  S loven ia ,  3081 w i l l  d i e  b e f o r e  

t h e y  r e a c h  age 5 ,  i .e . ,  

and 1310 w i l l  move t o  t h e  R e s t  of  Yugoslav ia ,  

The r e s i d u a l ,  i .e . ,  

remain i n  S loven ia ,  and are t h e r e  a t  e x a c t  a g e  5. T h e r e f o r e ,  

from t h e  females  born i n  S loven ia ,  on l y  95.6% w i l l  st i l l  b e  

t h e r e  5 y e a r s  l a t e r .  

Of t h e  100,000 females  born i n  S loven ia ,  a t  e x a c t  age 5 ,  

95,608 w i l l  s t i l l  b e  t h e r e ,  and 1 ,310  w i l l  be i n  t h e  R e s t  of  



Yugoslav ia .  From t h e s e  95,608, t h e  number o f  females  dy ing  

b e f o r e  r e a c h i n g  age  1 0  is 

and t h e  number m i g r a t i n g  t o  t h e  R e s t  of Yugoslav ia  i s  

The r e s i d u a l  i s  t h e  number of  females ,  who were i n  S loven ia  

a t  age  5 and are s t i l l  t h e r e  a t  age 10: 

What happens t o  t h e  1310 m ig ran ts  born i n  S l o v e n i a ,  b u t  

who are i n  t h e  R e s t  of Yugoslav ia  a t  e x a c t  age 5? They d ie ,  

move back t o  S l o v e n i a  o r  s t a y  i n  t h e  R e s t  of  Yugoslav ia .  I f  

one  assumes t h a t  t h e  m o r t a l i t y  and m i g r a t i o n  behav io r  depends 

on t h e  reg ion  o f  r e s i d e n c e ,  t h e n  



females d i e  be fo re  reach ing age 10,  and 

move back t o  S loven ia ,  wh i le  

remain i n  t h e  R e s t  of Yugoslavia. 

Pursuing t h i s  procedure u n t i l  t h e  l a s t  age group, w e  have 

a d e t a i l e d  d e s c r i p t i o n  o f  t h e  l i f e  h i s t o r y  of  t h e  peop le  born 

i n  Slovenia.  The l a s t  age group 85 i s  open-ended, t h e r e f o r e  a l l  

peop le  who reach  age 85 a r e  expected t o  d i e  i n  t h a t  age group, 

i .e. qi (85)  = 1.0, and hence 

An analogue procedure is fo l lowed t o  d e r i v e  t h e  l i f e  

h i s t o r y  of  t h e  females born i n  t h e  R e s t  of Yugoslavia. 

The fo l lowing l i f e  t a b l e  s t a t i s t i c s  a r e  va r ious  aggrega t ions  

o f  Table 6. 

3.2 Expected Number o f  Surv ivors  a t  Exact Age x 

Table 7 i s  an aggregat ion  o f  Table 6. I t  g i ves  t h e  number 

of  peop le  by p l ace  o f  b i r t h  and p lace  of res idence.  W e  s a w  

a l ready  t h a t  of t h e  100,000 g i r l s  born i n  S loven ia ,  t h e r e  a r e  

1310 who a t  exac t  age 5 r e s i d e  i n  t h e  R e s t  of Yugoslavia. Th is  

number may a l s o  be found i n  Table 7. Of t h e  people,  born i n  

S loven ia  and r e s i d i n g  i n  the R e s t  o f  Yugoslavia a t  age 10,  f o r  

example, some were t h e r e  a l ready  a t  age 5 and s tayed t h e r e ,  

wh i le  o t h e r s  moved i n  from Sloven ia ,  i .e.  



Table 7 

Expected Number of Survivors 
a t  Exact Age x in  Each Region . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

age aggregated age i n i t i a l  region o f  cohort slovenia *** ********** *** .................................. 
t o t a l  slovenia r.yugos. 

age i n i t i a l  region o f  cohort r.yugos. ***  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
t o t a l  slovenia r.yugos. 



where jo2i(x) i s  t h e  number of people i n  region i a t  exact  age x, 

who a r e  born i n  region j .  Equation ( 1 2 )  i s  equiva lent  to :  

The t o t a l  of 2392 is  given i n  Table 7 ,  while t h e  components 

may be found i n  Table 6 .  

The computation of t he  expected number of surv ivors  a t  

exact  age x  i n  a  mul t i reg ional  system i s  more convenient ly 

performed using matr ix  notat ion.  For our two-region example, 

1 e t  

The matr ix  analogue of  equation (13) i s  then 

a ( ~  + 5) = P ( X ) R ( X )  . - .., ... 

For x = 5,  we have 



The p r o b a b i l i t y  t h a t  an i nd i v i dua l  i n  reg ion  i a t  age x  

w i l l  su rv i ve  and be i n  reg ion j, n  years  l a t e r ,  i s  e a s i l y  de r i ved  

from t h e  e n t r i e s  o f  Table 7 .  The p r o b a b i l i t y  of  su rv i v ing  from 

age x  t o  x  + n  i n  t h e  mu l t i r eg iona l  system i s  

I t  fo l lows from (16) t h a t  

Hence, 

The p r o b a b i l i t y  t h a t  an i nd i v i dua l  i n  reg ion  i a t  age x  w i l l  be 

i n  j, n  yea rs  l a t e r ,  i s  t h e r e f o r e  g iven by 

where t h e  e n t r i e s  o f  R(x + n)  and R(x) a r e  found i n  Table 7 .  - - 
For example, i f  one knows t h e  d i s t r i b u t i o n  o f  people a t  t h e  

t i m e  they  e n t e r  t h e  l a b o r  f o r c e  o r  marr iage,  age 20 say,  and 

denote  t h i s  by ( ~ ( 2 0 ) ) r  then  t h e i r  d i s t r i b u t i o n  a t  r e t i r e m e n t  - 
age,  60 say ,  is given by 



The probability that an individual in Slovenia at age 20 will be 

in the Rest of Yugoslavia at retirement age is quite high, namely 

13.7%. 

3.3 Number of Years Lived in Each Region by the Initial 

Unit Cohort 

The number of years individuals at age x may expect to live 

in the next five years On the average is 

where 

with L.(x) being the expected numbers of person-years lived 
jo 1 

in region i between x and x + 5, by an individual born in region 

j and now x years of age. 

The numerical approximation of (21) has given rise to a 

number of variants of life table construction (Keyfitz, 1968, 

pp. 228). A simple approximation of L(x) is a linear 
-d 

combination of the people at exact age x and the people at 

exact age x + 5: 



I n  t h e  computer program, a i s  set equa l  t o  0.5. There fore ,  

The person-years l i v e d  i n  each reg ion  i n  each age group pe r  

u n i t  r a d i c e s  is  

For example, L(10)  g iven i n  Table 8 i s  computed from t h e  t a b l e  - 
a s  fo l lows:  

The t e rm ina l  age i n t e r v a l  i n  a l i f e  t a b l e  is a hal f-open 

i n t e r v a l :  z y e a r s  and over .  The p r o b a b i l i t y  o f  dy ing i n  t h i s  

i n t e r v a l  t h e r e f o r e  i s  un i t y .  I t  i s  assumed t h a t  people do n o t  

move i n  t h a t  age group. S ince t h e  l eng th  of  t h e  i n t e r v a l  is 

i n f i n i t e ,  L ( z  + 5 )  is n o t  a v a i l a b l e  and (24) cannot  be used t o  ." 
compute L ( z ) .  - Fol lowing t h e  approach of  Rogers (1975, p.  64) 

w e  set 

where Mg(z) - i s  a d iagona l  mat r i x  w i th  t h e  reg iona l  dea th  r a t e s  

o f  t h e  l a s t  age group i n  t h e  d iagona l .  



Table 8 

Number of Years Lived in Each Region 
by the I n i t i a l  Unit Cohort . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

age aggregated age i n i t i a l  region of  cohort Slovenia *** ********** *** . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
t o t a l  slovenia r .yugos. 

age i n i t i a l  region of  cohort r.yugos. *** .................................. 
t o t a l  slovenia r.yugos. 



The L(x)  matr ix  i s  f u r t h e r  used f o r  computations of s t a b l e  
..d 

populat ion c h a r a c t e r i s t i c s .  Its values a r e  s to red  i n  a labe led 

common area:  

where L(X, I ,J )  denotes t h e  number of years  l i v e d  i n  region J 

between ages x and x + 5 by an ind iv idua l  born 

i n  region I. 

with.RADIX(1) being t h e  rad ix  of  region I ,  and 

RADIXT = 1 R A D I X ( 1 )  . 
I 

3 . 4  Total  Number of Years t o  be Lived 

The number of years  people a t  age x, may expect  t o  l i v e ,  i s  

where z i s  t h e  o l d e s t  age group. For example, t h e  value of 

T(10) i n  Table 9 is  - 



T o t a l  Number o f  Y e a r s  t o  be L i v e d  -T,- . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

age i n i t i a l  region of cohor t  s loven ia  
* * r C  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

t o t a l  s loven ia  r.yugos. 

i n i t i a l  reg ion of cohor t  r.yugos. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
t o t a l  s loven ia  r.yugos. 



The number of  yea rs  t h a t  a g i r l ,  j u s t  born i n  S loven ia ,  may 

expect  t o  l i v e  beyond age  10 i s  62.71. From t h i s  t o t a l ,  

55.26 yea rs  a r e  expected t o  be l i v e d  i n  S loven ia  and 7.45 yea rs  

i n  t h e  R e s t  of  Yugoslavia.  S im i l a r l y ,  a new born baby g i r l  of 

S loven ia  has 10T(60) o r  15.73 yea rs  of r e t i r e m e n t  t o  look  

forward t o ,  2.48 years  o f  which w i l l  be spen t  i n  t h e  R e s t  of 

Yugoslavia.  

3.5 E x ~ e c t a ' t i o n s  o f  L i f e  

The most impor tant  l i f e  t a b l e  s t a t i s t i c  i s  t h e  l i f e  

expectancy. The expec ta t ion  o f  l i f e  a t  age x i s  t h e  number o f  

y e a r s  an i n d i v i d u a l  may expec t  t o  l i v e  beyond age x ,  g iven t h a t  

he reaches  age x: 

where 

w i t h  ioej (x )  t h e  expec ta t ion  o f  l i f e  a t  age x o f  a person 

born i n  r eg ion  i and expected t o  be l i v e d  i n  

reg ion  j .  

The l i f e  expectancy a t  each age,  except  t h e  f i r s t ,  i s  h igher  

than  T (x )  , s i n c e  it is a c o n d i t i o n a l  measure. - 
The l i f e  expec tanc ies  o f  lo-year  o l d  g i r l s  a r e  (Table 1 0 ) :  

. . .  



Table 10 

Expectations of Life . . . . . . . . . . . . . . . . . . . .  

age aggregated *** ********** age i n i t i a l  region of cohort slovenia *** . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
t o t a l  slovenia r.yugos. 

age i n i t i a l  region of cohort r.yugos. *** . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
t o t a l  slovenia r.yugos. 



where the matrix inverse is la (10) !Z-'(O)]-' . 

A girl, born in Slovenia, may expect to live another 64.85 years, 

when reaching 10 years of age. Of this, 7.70 years will be 

spent in the Rest of Yugoslavia, i.e. 12%. At age 65, however, 

2.34 years of the future life time of 14.46 years will be spent 

in the Rest of Yugoslavia, i.e. 16%. 

It is the special feature of the multiregional life 
table that the demographic measure of the expectation of life is 

decomposed according to where that life is spent. It introduces 

the spatial dimension into classical demographic analysis. 

3.6 Survivorship and Outmigration Proportions 

A most useful application of the multiregional life table 

is found in multiregional population projection. The assumption 

is that the survivorship and migration behavior exhibited by 

the stationary life table population adequately represents the 

survivorship and migration experience of the empirical population 

for which the life table was developed. 

The necessary information for the projection of age groups 

beyond the first one, is given by age-specific matrices of 

survivorship proportions. The number of people in age group 

x + 5 in the stationary population is 

L - (x + 5) = S (x) L (x) - - 
where 



wi th  s i j ( x )  be ing t h e  p ropor t ion  of i n d i v i d u a l s  aged x t o  x + 4 

who surv ived t o  be x + 5 t o  x + 9 yea rs  o l d  5 yea rs  

l a t e r ,  by new p laces  of res idence.  

For  example, t h e  number of  people i n  t h e  R e s t  o f  Yugoslavia 

a t  ages 15 t o  19 ,  who w e r e  horn i n  S loven ia ,  pe r  u n i t  r a d i x  i s  

(Table 11) : 

The computation o f  L (x )  i n  t h e  l i f e  t a b l e  i s  n o t  performed us ing - 
(30) bu t  by ( 2 4 ) .  I n  ( 3 0 ) ,  t h e  unknown i s  S ( x ) ,  t h e r e f o r e  - 

S ... ( x )  = L - (x  + 5) ~ - l ( x )  - . 

For x = 10 i n  t h e  Yugoslavia example, S ( x )  i s  - 

and 

The number 0.016308 i s  t h e  p ropor t ion  of  t h e  g i r l s  r e s i d i n g  i n  

S loven ia  and 10 t o  14 yea rs  o l d ,  bha t  w i l l  be a l i v e  and i n  t h e  

R e s t  o f  Yugoslavia 5 yea rs  from now. 



Table 11 

Surv ivorsh ip  Propor t ions . . . . . . . . . . . . . . . . . . . . . . . .  

reg ion  s loven ia  **************** 
t o t a l  s loven ia  r.yugos. 

reg ion r. yugos. 
* S t * * * * * * * * * * * * *  

t o t a l  s loven ia  r.yugos. 



3.7 Estimation of Age-Specific' Outmigration and Death 

Probabilities 

The probabilities are derived from the observed annual 

age-specific rates of outmigration and death. The rates are 

computed by dividing the number of outmigrants and deaths in a 

certain age group by the mid-year population. The computation 

is performed in the subroutine PRINTDl and the output is listed 

together with the other observed population characteristics. 

The death and outmigration rates are given in Table 3. 

Starting from the observed rates, the probabilities of 

dying and outmigrating may be computed along two lines. The 

basic difference is the assumption about multiple transitions. 

In the original set-up of the probability estimation procedure, 

no multiple transitions were allowed (Rogers, 1975, p. 82). 

In other words, it was assumed that an individual only makes 

one move during a unit time period, five years say. This is 

consistent with the ideas underlying Markov chain analysis. In 

later developments, this assumption has been dropped, and multiple 

moves can be accommodated (Schoen, 1975; Rogers and Ledent, 

1976). The estimation of the probabilities under the assumption 

of no multiple transitions is performed by the subroutine PROBR 

(option 1). The subroutine PROBSCH (option 3) does the estima- 

tion without this assumption. The numerical illustrations of 

the life table in the text are based on probabilities computed 

by PROBSCH. 

a. Estimation under multiple transition. 

The observed outmigration and death rates are arranged in 

the following matrix H(x) . 
* 



where n is t h e  number of  reg ions;  

Mi 6 
( x )  i s  t h e  age-spec i f i c  m o r t a l i t y  r a t e  i n  reg ion  i; 

Mi j 
(x )  i s  t h e  age-spec i f i c  migra t ion  r a t e  from reg ion  i 

t o  reg ion j. 

I t  can be shown t h a t  t h e  p r o b a b i l i t y  mat r ix  P (x )  - i s  (Rogers 

and Ledent,  1976):  

where, f o r  a two-region case  

w i th  p i j ( x )  be ing t h e  p r o b a b i l i t y  t h a t  an i nd i v i dua l  i n  reg ion  i 

a t  exac t  age x w i l l  su rv i ve  and be i n  reg ion j f i v e  yea rs  l a t e r .  

The of f -d iagonal  e lements a r e  migra t ion  p r o b a b i l i t i e s  analogous 

t o  t r a n s i t i o n  p r o b a b i l i t i e s  i n  Markov theory .  The d iagona l  

e lement  p i i (x)  denotes  t h e  p r o b a b i l i t y  of su rv i v i ng  and remaining 

i n  reg ion i. The elements o f  each column i n  P ( x )  do no t  sum - 
up t o  u n i t y  s i n c e  m o r t a l i t y  i s  accounted f o r .  Rather ,  P - (x) i s  

analogous t o  t h e  t r a n s i t i o n  ma t r i x  of an absorbing Markov cha in .  

However, t h e  i n t e r p r e t a t i o n  o f  P ( x )  is somewhat d i f f e r e n t .  The - 
element p i j ( x )  f o r  example, d o e s  no t  denote  t h e  p r o b a b i l i t y  o f  

making a move from i t o  j by a person l i v i n g  i n  i a t  t h e  beginning 

o f  t h e  t r a n s i t i o n  per iod .  What it r ep resen ts  i s  t h e  p r o b a b i l i t y  

t h a t  an i nd i v i dua l  i n  reg ion i i n  t h e  beginning of t h e  t i m e  

per iod  is  i n  reg ion j i n  t h e  beginning of t h e  nex t  pe r iod .  

During t h e  per iod ,  s e v e r a l  moves may have been made. 

For example, t h e  mat r i x  of  p r o b a b i l i t i e s  a t  age 10 i s  

(Table 5)  : 

p ( l o )  = r 1 1 3 1  O . o o ~ ~ l  

- 
0.007381 0.996834 



The probability that a female in ~lovenia at age 10 will be in 

the Rest of Yugoslavia at age 15 is 0.007381. 

The probabilities of dying are found by subtraction. The 

probability that an individual in region i at age x dies before 

reaching x + 5 is 

The probability of dying in the next five years for a 10 year old 

in Slovenia is 

As the computer programs also work for a single region 

population system, equation (34) is equally valid in the single- 

region case. Since migration is ignored, (34) becomes 

Formula (36) is equivalent t6 equation (1.1.9) of Keyfit2 (196.8 
p. 14) and Keyfitz and Flieger (1971, p. 135). The probability of 

dying is 

b. Estimation under no multiple transition. 

Rogers (1975, p. 8-2) shows that under the assumption of 

no multiple transition, the outmigration probability pij(x) 

is given by 



The p r o b a b i l i t y  o f  dying i n  reg ion  i i s  

The p r o b a b i l i t y  of  su rv i v ing  and remaining i n  t h e  reg ion  i s  

found a s  a  r e s i d u a l  

The p r o b a b i l i t i e s  computed by t h i s  method a r e  g iven i n  Appendix 2.  

The mat r ix  of p r o b a b i l i t i e s  a t  age 10 i s  

For  a  s i n g l e  reg ion  case ,  p i j  (x)  = 0  and formula (34) reduces 

t o  ( 3 6 ) .  I t  is c l e a r  t h a t  t h e  d i s t i n c t i o n  between m u l t i p l e  

t r a n s i t i o n  and no m u l t i p l e  t r a n s i t i o n  is i r r e l e v a n t  i n  a  s i ng le -  

reg ion  s i t u a t i o n ,  s i n c e  one can d i e  on ly  once. 

3 . 8  Aggregated L i f e  Table S t a t i s t i c s  

The l i f e  t a b l e  s t a t i s t i c s  cons idered t hus  f a r  r e f e r  t o  a  

mu l t i r eg iona l  system. The l i f e  t a b l e  f unc t i ons  a r e  b a s i c a l l y  

mat r i x  equa t ions  and g i v e  r e g i o n a l  s t a t i s t i c s .  I n  o rde r  

t o  aggregate  t h e  r e g i o n a l  measures t o  y i e l d  t h e  l i f e  t a b l e  

s t a t i s t i c s  f o r  t h e  whole system ( coun t r y ) ,  r eg iona l  weights 

must be in t roduced.  The weights a r e  t h e  reg iona l  r a d i c e s ,  

s p e c i f i e d  by t h e  u s e r .  



The aggregation of regional statistics is done in the sub- 

routine  WHOLE.^ The reason for separating the aggregation proce- 

dure in a distinct subroutine is to enable the user to experiment 

with different radices without recomputing the whole life table. 

WHOLE is called in the main program and may easily be adapted 

for such experiments. 

3.9 Life Table Output 

The printing of the life table output is completely separated 

from its computation. All printing is done by the subroutine 

PRINTL, which is called by the main program. The life table 

measures are transferred to PRINTL, via the main program, by 

labeled COMMON statements. The user may suppress the output, 

parts of the output, or change its lay-out without disturbing the 

life table computations. 

If the number of regions is less than three, summary life 

tables are produced. Table 12 summarizes the major life table 

statistics treated in this paper. A single region life table is 

given in Appendix 3. 

4. MULTIREGIONAL POPULATION PROJECTION 

The population growth process has been represented by 

demographers as a matrix multiplication or, equivalently, as a 

system of linear, first-order, homogeneous difference equations 

with constant coefficients. This approach was used by Leslie in 

1945 to project populations composed of a number of age group. 

Rogers (1966) and later Feeney (1970) have generalized Leslie's 

idea to encompass multiregional population systems. 

The general matrix expression of the multiregional growth 

process is (Rogers, 1975, pp. 122-123): 

2~arning: Unless regional radices are set in proportion 
to an estimate of appropriate life table births, the aggregated 
life table values will be incorrect. For example, setting all 
radices equal to 100,000 implies that regional births in the 
life table population are all equal in number. If in the 
empirical population they are not, then obviously the life table 
statistics in the aggregated column are wrong. 
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where IK - (t) 1 is the age and regional distribution of the popu- 
lation at time t, 

G - is the multiregional matrix growth operator or 

generalized Leslie matrix. 

The vector {K - (t) 1 is partitioned as follows: 

and 1 ~ ' ~ )  - (x) 1 = 

where Kit) (XI denotes the population in region i at time t, who 

are x to x + 4 years of age, and 

lK(t) (x) 1 is the regional distribution of the population 

in age group x to x + 4. 

4.1 The Growth Matrix 

The arrangement of the growth matrix G is: - 



where a and B are the first and last age of childbearing 

respectively. The matrix of survivorship proportions S(x) - is 

computed in the multiregional life table. Recall that 

where sij (x) is the proportion of x to (x + 4)-year-old residents 

of region i at time t who are alive and x + 5 to x + 9 years old 

in region j five years later at time t + 1. 

The first row of G is composed of matrices B(x): 

where bij(x) is the average number of babies born during the unit 

time interval and alive in region j at the end of that interval, 

per x to (x + 4)-year-old resident of region i at the beginning 

of that interval. The off-diagonal elements of B(x) are measures - 
of the mobility of children 0 to 4 years old, who were born to 

x to (x + 4)-year-old parents. 

It can be shown that B(x) obeys the relationship (Rogers, - 
1975, pp. 120-121): 

whence 



since 

where L (0) , R (0) , P (0) , and S (x) are life table statistics. - - .., - 
F(x) a is a diagonal matrix containing the annual regional birth- 

rates of people aged x to x + 4. The number of births in year t 

from people aged x to x + 4 at t is F(x) .., {K'~) - (x) 1 .  The number 

of births during a five year period starting at t, from people 

aged x to x + 4 at t, is 

Of these births, a proportion L (0) [ 5 R  (0) 1 will be surviving - - 
in the various regions at the end of the time interval. Because 

'of the special structure of the generalized Leslie matrix, 

(41) may be written as two equation systems: 

The relationships (47) and (48) are the basic components 

of the population projections as performed by the computer 

program. The growth matrix is created by the subroutine GROWTH. 
- 



The i npu t  in format ion  and t h e  ou tpu t  a r e  conta ined i n  two 

l abe led  COMMON sta tements :  

COMMON/CSU/SU (18,4 ,4)  , SSU (18,4)  

COL~MON/CGROW/BR(18,4,4) PP1(4,4) ,  POPR(18,4) , 
POPPR ( 4 )  , POPPRT 

where SU(X, I ,J)  s t a n d s  f o r  S - (x) . It denotes  t h e  p ropor t ion  of 

x  t o  (x + 4)-year-old people i n  reg ion I ,  who 

w i l l  surv ive  t o  be i n  J i n  t h e  next  t i m e  i n t e r v a l .  

B R ( X , J , I )  s t a n d s  f o r  B (x ) :  - f i r s t  row of  growth mat r ix .  

It denotes  t h e  number of  c h i l d r e n  born i n  

reg ion  I from a mother x  t o  (x + 4 )  y e a r s  of  

age,  who w i l l  surv ive  t o  be i n  reg ion J i n  t h e  

f i r s t  age group i n  t h e  beginning of t h e  next  

t i m e  i n t e r v a l .  

PP1 (J,  I)  s t a n d s  f o r  P - (0) : t h e  p r o b a b i l i t y  t h a t  a  baby 

born i n  reg ion  I w i l l  su rv i ve  and be i n  J a t  

e x a c t  age 5 f i v e  yea rs  l a t e r .  

POPR(X,I): popu la t ion  of age group x  t o  (x + 4 )  i n  reg ion  

I. A t  t h e  beginning of  t h e  p r o j e c t i o n  p rocess ,  

POPR(X,I) = POP ( X , I )  , t h e  base year  popu la t ion .  

During t h e  p r o j e c t i o n  p rocess ,  POPR(X,I) con ta i ns  

t h e  p ro jec ted  popu la t ion .  A t  t h e  end of  t h e  

p rocess ,  it con ta ins  t h e  s t a b l e  equ i va len t  

popu la t ion .  

POPPR(1): t o t a l  popu la t ion  i n  reg ion  I 

POPPRT: t o t a l  popu la t ion  

POPPRT = 1 POPPR ( I )  . 
I 



The elements of the matrices B(x) - and ~'(x) are given in Table 13. - 
For example 

4.2 Projection Process 

The age- and region-specific population is projected forward 

in time by the equation systems (47) and (48) using constant 

coefficients. This procedure is equivalent to (41). The initial 

population is the observed base-year population. The projections 

are for unit time intervals of NY years (five, say) that are equal 

to the age-interval (Table 14). 

For pragmatic reasons, a distinction is made between short- 

term and long-term projections. Short-term projection outputs 

are given for every NY years, whereas long-term projection outputs 

are listed for every NPAR6 years (100 or 200, say). The limit 

between short- and long-term projections is specified by the user. 

The purpose of the long-term projection is to identify the stable 

characteristics of the population system. 

In addition to the regional and total population in each 

age group and the age composition, the output contains the mean 

age (M.AGE) of the population, the regional shares (SHA) of the 

total population, and the growth ratio (LAM) of the previous 

period, i.e. from (t - 1) to t. 



Table 13 

The Discrete Model of Multiregional Demographic Growth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

multiregional projection matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

region slovenia **************** 

age first row 
slovenia r . yugos 

a 'b 

survivorship proportions 
slovenia r.yugos 

c d 

0.970932 0.012622 
0.988783 0.009392 
0.981648 0.016308 
0.966751 0.030062 
0.965259 0.031117 
0.972930 0.022849 
0.980794 0.013638 
0.985297 0.006854 
0.982557 0.003827 
0.975364 0.002925 
0.964468 0.003098 
0.945701 0.003512 
0.904756 0.004072 
0.831859 0.003743 
0.737167 0.003589 
0.590754 0.002983 
0.620487 0.002454 



Table 13 (continued) 

region r . yugos. **************** 

age first row 
slovenia r.yugos 

e 'f 

age survivorship proportions 
slovenia r.yugos.h 

9 



Table 1 4  

M u l t i r e g i o n a l  P o p u l a t i o n  P r o j e c t i o n  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

year 1961 ---------- 
p o p u l a t i o n  - - - - -  

a g e  total  s l o v e n i a  r . y u g o s .  

tot  9503000.  832800.  8670200.  

p e r c e n t a g e  d i s t r i b u t i o n  - - - - - - - - - - - -  
age total  slovenia r.yugos. 

total  100.0000 100 .0000  1 0 0 . 0 0 0 0  
m.age 3 0 . 8 4 5 8  33 .3796  3 0 . 6 0 2 4  
sha 100 . O O O O  8 . 7 6 3 5  9 1 . 2 3 6 5  



T a b l e  1 4  ( c o n t i n u e d )  

year 1966 .----.-.-- 
p o p u l a t i o n  - - - - -  

age total  slovenia r . y u g o s  . 

t o t  10090763.  870955.  9219808 .  

p e r c e n t a g e  d i s t r i b u t i o n  ----....---- 
age total slovenia r . y u g o s .  

total  100 .0000  100 .0000  100 .0000  
m.age  31 .6928  34 .1771 31 .4581 
sha 1 0 0 . 0 0 0 0  8 . 6 3 1 2  91 - 3 6 8 8  
lam 1 .061  850  1 . 0 4 5 8 1 5  1 .063390  



Table 14 (continued) 

year 1971 

population - - - - -  
age total slovenia r.yugos. 

tot 10642274. 90651 5. 973575.9. 

percentage distribution - - - - - - - - - - - -  
age total slovenia r.yugos. 

total 100.0000 100.0000 100.0000 
m.age 32.4294 34.8436 32.2046 
sha 100 .OOOO 8.5181 91 -4819 
lam 1.054655 1.040829 1.055961 












































































































































































